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HOMOCLINIC ORBITS
OF FIRST ORDER NONLINEAR HAMILTONIAN SYSTEMS
WITH ASYMPTOTICALLY LINEAR NONLINEARITIES
AT INFINITY

GUANWEI CHEN

ABSTRACT. By using variational methods and critical point theory, in par-
ticular, a generalized weak linking theorem, we study a first order nonlinear
Hamiltonian system with asymptotically linear nonlinearity at infinity. We
obtain the existence of ground state homoclinic orbits for this nonlinear
Hamiltonian system. In particular, we obtain a necessary and sufficient
condition for the existence of ground state homoclinic orbits. To the best
of our knowledge, there is no published result focusing on necessary and
sufficient conditions of the existence of ground state homoclinic orbits for
this system.

1. Introduction and main results

In this paper, we consider the following first order nonlinear Hamiltonian
system:
(L.1) —Ju(t) — L(t)u = VW (t,u(t)), teR,
where J = ( I(i, ~In ) denotes the standard symplectic matrix, L(t) is a given con-

0
tinuous T-periodic and symmetric 2N x 2 N-matrix-value function and W (t, u) €

2010 Mathematics Subject Classification. 37J45, 37K05, 58E05.

Key words and phrases. Nonlinear Hamiltonian system; necessary and sufficient condition;
ground state homoclinic orbit; asymptotically linear; generalized weak linking theorem.

Research supported by the National Natural Science Foundation of China (No. 11401011,
No. 11326113).

499



500 G. CHEN

CH(R xR?N R) is T-periodic in the ¢-variable and VW (¢,u) denotes its gradient
with respect to the u variable. Recall that a solution u of (1.1) is a homoclinic
orbit if u # 0 and v — 0 as [t| — oo.
In this paper, we are interested in the strongly indefinite case for (1.1), that is,
(A1) A :=sup(o(B) N (—00,0)) < 0 < A := inf(c(B) N (0,0)), where B :=
—J4 — L(t) and o(B) denotes the spectrum of B. Clearly, o(B) is
absolutely continuous.

REMARK 1.1. If (A1) holds and the nonlinearity W (t,u) of (1.1) is su-
perquadratic at infinity, i.e.
W (t, u)

= —|—C)O7

the authors of [2] have obtained the existence of ground state homoclinic orbits
of (1.1) (i.e. solutions corresponding to the least energy of the action functional
of (1.1)). Inspired by [2], we study the existence of ground state homoclinic
orbits of (1.1) in the case where W (t,u) is asymptotically quadratic at infinity,
see Theorem 1.3. As we know, the asymptotically quadratic case is very dif-
ferent from the superquadratic case. In particular, we obtain a necessary and
sufficient condition of the existence of ground state homoclinic orbits for (1.1),
see Theorem 1.4.

REMARK 1.2. The main novelty of this paper is that we obtain a necessary
and sufficient condition for the existence of ground state homoclinic orbits in the
strongly indefinite case (A7), see Theorem 1.4. In fact, for the positive definite
case, i.e. inf o(B) > 0, we believe that the necessary and sufficient condition can
also be obtained.

Let W (t,u) := (VW (t,u),u)/2 — W(t,u), where (-, -) denotes the standard
inner product in R*V, and the associated norm is denoted by |- |. We assume
that

(W1) |[VW (t,u)| = o(Ju|) as |u| — 0 uniformly in ¢ € R.
(Wa) ,u) >0 for all (t,u) € R x R2N and W (¢,u) > 0 if u € R2V \ {0}.
)

W(t,u
(W3) W(t,u) = V(t)|u|?/2 + F(t,u), where 0 < V(t) < +00 and

[IVE(t,u)] = o(|u|) as |u| — oo uniformly in t.

(Wy) W(t,u) = +o0 as |u| — 400, and there is a function P(t) (| P(t)] < +o0,
for all ¢ € R) such that

2
lim sup # = P(t) uniformly in ¢.
lul=0  W(t,u)

Now, our main results read as follows:
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THEOREM 1.3. If (A1) and (W1)—(Wy) hold, and V(t) > A for all t € R,
then (1.1) has at least one nontrivial homoclinic orbit, which is a ground state
solution.

As we know, nonlinear problems usually do not have necessary and sufficient
conditions of the existence of solutions. However, we obtain a necessary and
sufficient condition of the existence of ground state homoclinic orbit for (1.1).

THEOREM 1.4. Assume that (A1) and (W1)-(Wy) with V(t) =V in (W3)
hold (V is a positive constant). If VW (t,u)|/|u| <V, for all (t,u) € R x R?N,
and

(1.2) A+V <min{0,A — V},
then (1.1) admits a nontrivial homoclinic orbit if and only if V > A.

REMARK 1.5. Notice that (1.2) always holds if V' is small enough, thus The-
orem 1.4 shows that V' > A is a sharp condition for the existence of ground state
homoclinic orbit for (1.1). To the best of our knowledge, there is no published
result focusing on necessary and sufficient conditions of the existence of ground
state homoclinic orbits for (1.1).

Next, we give an example, which illustrates the main results.
EXAMPLE 1.6. Let
1
Wt ) = SV (uf* = (1 + [uf?)),

where 0 < V() < 400 is continuous and T-periodic. It is not hard to check that
it satisfies conditions (W1)—(Wy).

It is maybe worthwhile recalling here that since appearance in 1990 of the
work [3], there were obtained many sufficient conditions of the existence of ho-
moclinic orbits for systems (1.1). For example, in the papers [1], [3], [6]-[8], [10],
[11], [13], [15], [16] there were obtained sufficient conditions of the existence of ho-
moclinic orbits for (1.1) by considering the well-known Ambrosetti-Rabinowitz
(AR for short) super quadratic condition. Roughly speaking the role of AR super
quadratic condition is to insure that all Palais—Smale sequences for the corre-
sponding function of (1.1) at the Mountain—Pass level are bounded. If W (¢, u)
and L(t) depend periodically on ¢ so that 0 lies in a gap of o(—J % — L), Ding [4]
has obtained sufficient conditions of the existence of infinitely many homoclinic
orbits for (1.1) with W (¢, u) super quadratic or asymptotically quadratic in u at
infinity by some recent information on strongly indefinite functionals in critical
point theory. If W (t,u) and L(t) depend periodically on ¢ while 0 lies on the
boundary of o(—J% — L), Ding and Willem [7] have obtained sufficient condi-
tions of the existence of one homoclinic orbit, and Ding and Girardi [6] have
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got sufficient conditions of the existence of infinitely many homoclinic orbits for
some super quadratic systems. The authors of [3] firstly studied sufficient con-
ditions of the existence of homoclinic orbits for (1.1) by means of critical point
theory. Under the assumptions that L is constant and 0 is a hyperbolic point of
f(J% + L), W(t,u) strictly convex in u and satisfying the AR super quadratic
condition, they obtained the existence and multiplicity of homoclinic orbits of
(1.1). This result was deepened in [10], [11] when Séré established the existence
of infinitely many homoclinic orbits. Independently, Hofer and Wysocki [8], us-
ing Fredholm operator theory and a linking argument, and Tanaka [13], passing
through a subharmonic approach, managed to remove the convexity assumption
to get sufficient conditions of the existence of one homoclinic orbit. Later linking
type arguments were used in [1], [6], [7] to get sufficient conditions of the exis-
tence and multiplicity of homoclinic orbits of (1.1) when L depend periodically
on t and certain symmetries on W (¢, u) are assumed for the multiplicity.

The rest of this paper is organized as follows. In Section 2, we first establish
the variational framework of (1.1), and then we give some preliminary lemmas,
which are useful in the proofs of our main results. In Section 3, we give the
detailed proofs of our main results.

2. Variational framework and preliminary lemmas

We first give some notations used in this paper.

Notations. Let B,.(s) :==[s—1r,s+r]. Let || - ||r« and (-, -)r« denote the
usual norm and the inner product of L(R,R?V), respectively.

Under assumption (A;), B = —J4 — L(t) is a self-adjoint operator acting
on L*(R,R?N) with the domain D(B) := H'(R,R?N). Let E := D(|B|'/?) be
the domain of the self-adjoint operator \B|1/ 2 which is a Hilbert space equipped
with the inner product

(u,v)p = (u,v) 2 + (|B|"?u, |B|*/?v) 2.

Moreover, to B there corresponds a bounded self-adjoint operator x: £ — F
such that

O, ) = /R (—Ji — L(t)u, v) dt,

E = E~ © EYt, where E* are y-invariant and (u*,u")p = (u,u")z> = 0, for
all ut € E*. Also, (xu,u)p is positive definite on E* and negative definite
on F~. We introduce a new inner product in F by setting

(2.1) (u,v) = (xu™, 0" )p — (xu™,v7)p.

Then (xu,u)p = ||ut]|?> —|Ju~||?, where ||| is the norm corresponding to (-, - ).
Obviously, the decomposition £ = E~ @ E is orthogonal with respect to both
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(+,-) and (-, -)r2. Therefore, the corresponding functional with (1.1) can be

rewritten as:

(2.2) I(u) = % /R(—Ja — L(t)u,u) dt — /RW(t, w)dt

=5 =) = [ Wit

The hypotheses on W imply that I € C'(E,R) and a standard argument shows
that critical points of I are homoclinic orbits of (1.1).

The following abstract critical point theorem plays an important role in prov-
ing our main result. Let F be a Hilbert space with norm | - | and have an
orthogonal decomposition £ = N @ N+, N C E is a closed and separable sub-
space. There exists norm |v], satisfying |v|, < ||v] for all v € N and inducing
a topology equivalent to the weak topology of N on bounded subset of N. For
u=v+w€E=N@®N! withve N, we N, we define |ul? = |v|2 + |Jw]?.
Particularly, if (u, = v, + wy) is || - |-bounded and wu, [y u, then v, — v
weakly in N, w,, — w strongly in N+, u,, — v +w weakly in E (cf. [12]).

Let E = E- @& Et, zp € Et with ||29] = 1. Let N := E~ & Rzy and
Ef := Nt =(E~ @ Rz)*. For R >0, let

Q:={u=u +sz|scR", v € E7, ||lu| <R}

with pg = sgzg € @, sg > 0. We define
D:={u:=sz+w"|scR, wh €Ef, ||s20+w"| =50}

For I € CY(E,R), define T' := {h | h: [0,1] x Q@ — E is | - |,-continuous,
h(0,u) = u, I(h(s,u)) < I(u), for all u € Q. For any (sg,ug) € [0,1] x Q, there
is a | - |,-neighbourhood Uy, u,), such that

{u—h(t,u) | (t,u) € Usyue) N ([0,1] X Q)} C Egn},
where Fg, denotes various finite-dimensional subspaces of E, I" # 0 since id € T'.

The weak linking variant is:

LEMMA 2.1 ([12]). The family of C*-functionals {I\} has the form Iy(u) :=
J(u) — AK(u) for all X € [1,2]. Assume that:

(a) K(u) >0, forallue E, I = I;

(b) J(u) = oo or K(u) — o0 as |lul| = oo;

(c) Iy is | - |w-upper semicontinuous, I is weakly sequentially continuous
on E. Moreover, I\ maps bounded sets to bounded sets;

(d) sup I\ <infIy, for all X € [1,2].
8Q D

Then, for almost all X € [1,2], there exists a sequence {uy} such that

sup [[un|l < 0o,  I\(un) =0, In(un) = ca,
n
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where ¢y = }1}1% sup,ecq In(h(1,u)) € [i%f I,supl].
¢ "
Q

In order to apply Lemma 2.1, we consider

1 1, _
D)= gt P = A (Gl 1?4 [ W)

It is easy to see that I satisfies conditions (a), (b) in Lemma 2.1. To see (c),

if uy, Qg w and I)(u,) > a, then u} — w™ and w, — v~ in E, going to

a subsequence if necessary, u, — w almost everywhere on R. Next, we prove
I\ (u) > a, which means that Iy is | - |,-upper semicontinuous. Since

1 1
D) = gl 2 = A (gl P+ [ Wt uar) > o

it follows from u;} — u™ and u; — u~ in E, the weak lower semicontinuity of
the norm, W (¢, u,) > 0 and the Fatou’s lemma that

1 1
a < limsup Iy (u,) = limsup {2|u$2 - )\<2||un|2 + / W (t, un) dtﬂ
R

n— 00 n—so00
1 1
< gt =t (Gl 2+ [ Wt )
1 1
< ot - A *IIu_IIQ—i—/W(t,u)dt — L(u).
2 2 .

Thus we get Ix(u) > a. I} is weakly sequentially continuous on E, see [14].

LEMMA 2.2 ([5, 15]). E embeds continuously into LY(R,R?N) and compactly
into LL (R, R2N) for all q € [2,00).

loc
In this section, we always assume (A7) and (W1)—(W4) hold, and V() > A
for all t € R. To use Lemma 2.1, we still need to verify condition (d). Indeed,
we have:
LEMMA 2.3. The following facts hold true:
(a) There exists p > 0 independent of A € [1,2] such that k := inf I, (S,E™T)
>0, where S,E™ :={z € ET | ||z|| = p}.
(b) For fized zg € ET with ||z0|| = 1 and any X € [1,2], there is R > p > 0
such that sup I\(0Q) < 0, where Q :={u:=v+s2|s>0, veE,
[ull < R}
ProOOF. (a) By (W;) and (W3), for any € > 0 there exists C. > 0 such that
(2.3) VW (t,u)| < elu| + CelulP™t,  |W(t,u)| < elul® + Celul?,
where p > 2. Hence, by Lemma 2.2, for any u € E™, we have

1
I(u) = S lull® = Aelful® = Cful”.

It implies the conclusion.
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(b) Note that V/(¢) is T-periodic, it follows from V(¢) > A for all ¢ € R that
there exists eg > 0 such that V(t) > A + 2¢¢ for all t € R. Note that o(B)
is absolutely continuous, so we can choose 29 € ET with ||29]] = 1 such that
lz0ll? < (K + 20) 20/12-

Suppose by contradiction that there exist u,, € E~®R™T zg such that Iy (u,) >0
for all n and |Juy|| — 00 as n — co. Set wy, = up/||tun| = Snzo + w,, , then
I(u,) 1 W(t,un)
[ |2
From (W3), we know W (t,u) > 0 and have |Jw,, ||*? < M|w,, ||* < s2 = 1—|jw, ||,
therefore, ||wy, || < 1/v2 and 1/v2 < s, < 1. So s, — s # 0 after passing to
a subsequence, w, — w and w, — w almost everywhere in R. Hence w =
szo + w™ # 0, and thus |u,| = |wy| - [|un|| = co. It follows from (W3), (W3),
(2.4), |zl =1, V(t) > A+ 2¢0 for all t € R, ||z0]|* < (A + &0)]20]|32, Fatou’s
lemma and the weak lower semicontinuity of the norm that

(2.4) 0< lwy, |? dt.

(s = Allwg [I?) = X
R

1
0 < limsup )‘(unz)

1 t
~limsup (2(s2 — Az [2) = A [ )2 g
2 n n R

n—o00 |un|2

1 1
<@ lall - ™ IP) - 5 [ Vet ar
2 2 Ju
1, 2 1 & 2 2
< 58 llz0ll” = 5 (A + 2e0)s7[|z0]
1, — 1 — 1
<55 (A +eo)lz0l7z — 5 (R +220)5% |20]1 72 = = 505720/ 72 <0,
which is a contradiction. Therefore, the proof is finished. (]

LEMMA 2.4. For almost all X € [1,2], there exists uy such that I} (uy) = 0
and Iy(uy) <supl.
Q
PRrROOF. By Lemmas 2.1 and 2.3, for almost all A € [1,2], there exists a se-
quence {uy} such that sup ||u, || < oo, I} (u,) — 0 and I(u,) — cx € {n, sgp]],
where £ is defined in Lemma 2.3. ¢

We write u, = u;, +u;} with uX € E*. Since {u;} is bounded, by a Lion’s
concentration compactness principle [9], either {u;’} is vanishing: for each [ > 0,

lim sup/ lut |2 dt =0
Bi(s)

n—oo sER
(in this case u} — 0 in LI(R,R?Y) for all ¢ € (2,0)), or it is non-vanishing:

there exist r,d > 0 and a sequence s, € R such that

lim lut|? dt > 6.

n— 00 By (sn)
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If {u}} is vanishing, then u; — 0 in LI(R,R?*Y) for all ¢ € (2,0), it follows
from (2.3), the boundedness of {u,} and Hélder’s inequality that

/ (VW (t, u), u,l)| dt gs/ [tn| - |t dt—i—CE/ |, [P | dt

R R R
<ellunllzzllut [l + Cellunlly et |l — O

as n — o0o. Therefore,

In(un) < g |1 = I3 (un )uyy + )‘/(VW(t,Un)»u:{)dt =0
R

as n — 0o, which contradicts with the fact that I(u,) > . Hence {u;} must

be non-vanishing. Let us define v, = u, (- — s,), then
1)
(2.5) lim lof |2 dt > .
n—=oe /B (0 2

Since I and I} are both invariant under translation, we know that I} (v,) — 0

and Ty(v,) — cx as n — oo. Since {v,} is still bounded, we may assume that

vf = uf, v; — uy in E. Lemma 2.2 implies v;} — ul in L2 (R,R?M), it

follows from (2.5) that uy = u} +uy # 0 and I} (uy)p = lim I}(v,)e = 0, for
n—oo
all ¢ € C§°(R). By (W3) and Fatou’s lemma, we have
1
supl > cy = lim (I)\(Un) - QIQ(vn)vn)

n—oo
Q

~ lim (;(VW(t,vn),vn) —W(t,vn)> dt

n—roo R

Y

1
/ (2(VW(t,U)\),U)\) — W(t,U)\)> dt = I (uy),
R
thus we get Iy(uy) <supl. O
Q

LEMMA 2.5. There exist {\,} C [1,2] with A, — 1 and {ux,} such that

I3 (ux,) =0 and I, (uy,) <supl. Moreover, {uy,} is bounded.
Q

PRrROOF. The existence of {\,} C [1,2] with A, — 1 and {uy,} such that
I§ (ux,)=0and Iy, (uy,) < sup! is the direct consequence of Lemma 2.4.

Q
The facts I} (ux,) =0 and I, (uy,) < supg I imply that

1 1
— | I, (ux,) = 515, (ur,)us, | <C,
N, 2

it follows from the definition of I, that

=~ 1 1
(2.6) / W(t, uz,)dt = ~ (L\n (ua,) — iff\n (U,\n)U,\n> <C.
R n
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Note that (W) implies [, W (t,u)dt — 400 as |u| — +oo, thus it follows from
(2.6) that

(2.7) lux, | < C1

for some positive constant C;. From (Wy), there exists a positive constants Co
such that

(2.8) VW (t,up, )2 < CoW (t,uy,), t€Rand |uy, |<Ch.

Thus by (2.6)-(2.8), the fact I} (u,\n)u;\: = 0, Holder’s inequality and the
Sobolev imbedding theorem,

|wxm2:AnAJVW«uuhqu)m

1/2 1/2
gAn</ |VW(t,u,\n)|2dt> (/ |uj\rn|2dt>
R R

1/2
< [1owun)Par) )< il |
R

for some positive constants C3 and Cy. It implies that ||u>+\n || < C. On the other
hand, the condition (Wg) and I} (ux,)us, =0 imply that

W&W*MWLW:M/WmeJmJﬁZQ
R

that is, [luy [|* < Anlluy [|I> < |luf ||>. Therefore, we get {uy,} is bounded. [

LEMMA 2.6. If {uy,} is the sequence obtained in Lemma 2.5, then it is also

a (PS) sequence for I satisfying lim I'(uy,) =0 and lim I(uy,) <supl.
n—oo n— oo o)

PrOOF. Note that uy, is bounded. From

i 1) = i (10,0 + O = (Gl P+ [ Wikt )

n—oo n—oo

and
lim I'(uy, )¢
n—oo

= tin (B, ()04 O = (0,007 + [ (FW).0) ) )

n—oo

for any ¢ € E, we obtain the conclusion. (]
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3. Proofs of main results
PROOF OF THEOREM 1.3. Lemma 2.5 implies {u,, } is bounded, thus we

have either {uy, } is vanishing: for each [ > 0,

lim sup/ lu, |*dt =0,
Bi(s)

n—oo sER

or non-vanishing: there exist 7,6 > 0 and a sequence {s,} C R such that

lim luy, |* dt > 0.

n— 00 By (sn)

If {uy, } is vanishing, Lion’s concentration compactness principle implies uy, —
0 in LP(R,R?Y), for all p € (2,00). However, (2.3), Hélder’s inequality, the
Sobolev embedding theorem and the fact I] (u An)u;\rn = 0 imply that

et 17 = A (ku,uxn),u;n) dt

R
Ss/ lux,, | - |uj\'n|dt+C’s/ |U)\n|p71‘ujn|dt
R R
< elfun, I - 1, | + Clllu, 72 I, I
<ellun, |- lluf, 1|+ CZ llun, 2 x| - e, |
< ellu, I + CLlux, 1722, I
Similarly, we have
lux, 17 < ellux, 17 + G lux, 172 lun, .

Therefore,
2

)

2 < 2¢fun, |12 + 2C2 |Jux, 11722 lua,

[[ux,
which means |Juy,, ||z» > C for some constant C. Hence {uy, } is non-vanishing.
Let us define vy, = uy, (- — sp), from lim [, (50) luy, |? dt > &, we have

n—oo v Prisn

(3.1) lim oy, |* dt > o

n— Jp (o) 2
Note that I and I’ are both invariant under translation, so we know I'(vy, ) — 0.
Since {vy, } is still bounded, we may assume vy, — w in E. By Lemma 2.2,
vy, = uin LE (R, R*Y). It follows from (3.1) that u # 0 with I’(u) = 0.

Let K := {u € EF | I'(u) = 0, u # 0} be the critical set of I and ¢ :=
inf{I(z) | z € K\ {0}}. For any critical point u of I, assumption (W2) implies
that

1

1(w) = T(w) = 5T (w)u = /R @(vvv(t,u),u) _w, u)> Q>0 ifuo0.

Therefore, we have ¢ > 0. We prove that ¢ > 0 and there is u € K such that
I(u) = c. Let u; € K\{0} be such that I(u;) — c¢. Then, the proof of Lemma 2.5
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shows that {u;} is bounded, then by the concentration compactness principle
discussion above we know u; — u € K \ {0}. Thus

j*}OO J—00

¢= lim I(u;) = lim <I(uj) - ;I’(uj)uj)

= lim <;(VW(t,uj),uj) - W(t,uj)> dt

Jj—o0 R

> /R (;(VW(t,u),u) _ W(t,u)) dt = I(u) >

where the first inequality is due to Fatou’s lemma. So I(u) = ¢ and ¢ > 0 because
u # 0. O

PrOOF OF THEOREM 1.4. By virtue of Theorem 1.3, it suffices to show
that (1.1) has no nontrivial homoclinic orbit if (A1), (W1)-(W4) with V(t) =V,
VW (t,u)|/|u| <V for all (t,u) € R x R? and V' < Ay := min{—A, A} hold.
By way of contradiction, we assume that (1.1) has a nontrivial homoclinic orbit
u € E, then for any € > 0 there exists R > 0 such that |u(t)| < e if [t| > R. Tt
follows from (2.1), (2.2), (W1), I'(u)(ut —u™) =0, [VW (t,u)|/|u] <V for all
(t,u) € R x R?YN and V < Ag := min{—A, A} that

(But,u™)p2 — (Bu",u" )2 = (Bu,ut —u")p2 = /(VW(t,u),u"‘ —u7)dt
R

</ Wt —
{teR||t|<R} |ul
VW (t
+/ VW (¢, “)|| -t — | dt
{teR||t|>R} |ul
1/2 1/2
< /V|u|-|u+—u_|dt§ (/Vqut) (/V(u+—u_)2dt)
R R R
1/2 1/2
§A0</u2dt) </(u+u)2dt>
R R

=Aoflut |72 + AolluT 17> < Allu™ 7> — Allu”||Z..

That is, (Bu™,u™)2 — (Bu™,u" )2 < Alju™ |2, — Alju™||2.. However, by (A1),
we have

(But,uf)pe — (Bu™,u”)g2 > Alu™ |72 — Allu”|[7-.

Therefore, we get a contradiction, which completes the proof. O
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