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R. A. Fisher and Evolutionary Theory

Samuel Karlin

Abstract. R. A. Fisher, apart from his fundamental contributions to
statistical science, fostered many developments of theoretical evolution-
ary science. In commemoration of Fisher’s birth centenary (1991), this
paper highlights several of Fisher’s interests in evolutionary processes.
These include the “Fundamental Theorem of Natural Selection,” stud-
ies on the phenomenon of an even sex ratio in natural populations, the
“runaway process” of sexual selection and models of polygenic inheri-
tance. Some historical discussions and perspectives on evolutionary
science and the Fisher legacy are also presented.

1. INTRODUCTION

I never met Fisher but his influence on me was
profound, particularly since I established important
bonds and collaborations with several of his stu-
dents and post docs. The year 1990, the centenary
of Fisher’s birth, brought forth many symposia and
publications devoted to honoring his seminal con-
tributions to evolutionary theory and statistical sci-
ence. In this article, I further this objective by
reviewing four problems and controversies of evolu-
tionary theory that intrigued and engaged Fisher.

Some background material and historical per-
spectives on the nature of evolutionary processes
are presented in Sections 2 and 3. Section 4 focuses
on Fisher’s basic mathematical model of heterozy-
gote advantage as a mechanism in maintaining
genetic variability. The ‘“Fundamental Theorem of
Natural Selection” is also discussed in this context.
Section 5 examines the ubiquity of an even sex
ratio in natural populations and Fisher’s ideas on
parental expenditure to account for this. The Fisher
“runaway process,” proposed to explain extreme
dimorphisms as a concomitant of sexual selection,
is considered in Section 6. A brief analysis of
Fisher’s classic 1918 paper that attempts the recon-
ciliation of Darwinism and Mendelism and gives a
method of calculating correlations of relatives is
considered in Section 7. The concluding section
reviews some personal activities and viewpoints of
Fisher that have influenced evolutionary genetics
research to date.

Samuel Karlin is Professor of Mathematics at Stan-
ford University, Stanford, California 94305. This
paper is an expansion of a talk given at the AAAS
meeting on February 20, 1990, in New Orleans in
commemoration of Fisher’s centenary.
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2. BACKGROUND: COMPONENTS AND
FORCES OF EVOLUTIONARY PROCESSES

Evolutionary processes and theory study tempo-
ral and spatial changes in the numbers of possible
types (e.g., genotypes, species) within one or more
populations, subject to genetic, ecological and cul-
tural influences. Two general balancing forces op-
erate on natural populations: (1) the propensity to
adaptation and persistence of specific types suited
to a given environment: determinism of natural
selection; and (2) the advantage for populations of
maintaining potential for variation to cope with
changing environments: vigor of polymorphism.

The agencies and forces acting on populations of
individuals include natural and sexual selection,
mutation, migration, mating patterns, recombina-
tion and linkage, varying environmental condi-
tions, founder effects, historical influences and
chance perturbations. We now annotate these fac-
tors in qualitative terms.

Forms of Natural Selection (‘‘Fitness’’)

Differential viability bears on how types differ in
their ability to survive. Fertility selection reflects
the variation in numbers of offspring produced by
the different parental crosses. Segregation distor-
tion (meiotic drive) refers to deviation from the
Mendelian (equally likely donation of parental
gametes) segregation.

Mutation

Mutation events, the ultimate source of genetic
variability, commonly include substitution, dele-
tion or insertion of nucleotides in DNA chains. On
a larger scale, chromosomal aberrations change the
arrangement of genes or duplicate blocks of genes,
or translocate segments of chromosomal pieces, etc.
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The rates of mutation vary among species and are
sensitive to environmental and genetic conditions.

Mating Patterns and Sexual Systems

A variety of systems exist. Parthenogenesis
(asexual reproduction) is pervasive in bacterial pop-
ulations and in certain insect, fish, reptile and
plant populations. Many amphibians (e.g., shrimp)
are sequential hermaphrodites, acting as males
during part of their life and females during the
other part. Most plant populations are simultane-
ous hermaphrodites, carrying both sex organs. In a
number of plant varieties, incompatibility mecha-
nisms (analogous to separate sexes) compel out-
crossing. Among social insects (e.g., wasps, bees,
ants), three classes of individuals are present: fer-
tile males, fertile females and sterile females.

Mating behaviors can exhibit a variety of forms.
Sexual selection has two primary aspects: (1) how
the sexes meet—the social structure in which sex-
ual encounters occur; and (2) having met, how mat-
ing pairs are formed—the behavioral mechanism of
pairing and maintaining pairs. Social encounters
often take place either in groups where males and
females congregate at special sites known as leks
or between individual males and females in differ-
ent encounter patterns. Matings are typically
polygamous in lekking groups. The mechanism of
pairing may depend on male competition, female
choice or both. Females are not just impartial
arbiters but often make their own independent
judgments between the males. They may have an
inherited tendency to choose a particular male phe-
notype. As Fisher (1915, 1930) proposes, such mat-
ing preference will be selected if females choose in
favor of selectively advantageous males.

Recombination and Sex

A significant source of new variation is the phe-
nomenon of recombination, in which separate (usu-
ally homologous) chromosomes exchange portions
of DNA at reproduction (meiosis). Tied to the re-
combination process is the extent of ploidy. Fungi
live most of their lives as haploids (single gene
dose) but take excursions as diploids (two gene
doses). Vertebrates are invariably diploids, so that
a gene unit carries two doses of the genetic mate-
rial determining its genotype. Higher ploidy
abounds in plant populations but is apparently rare
in the animal kingdom. Prokaryotes (organisms
whose cells lack a distinct nucleus) allow recombi-
nation from time to time mediated by processes of
transformation (i.e., exchange of DNA between dis-
tinet bacterial strains), transduction (i.e., transfer
of DNA material between species through viral

vectors) and conjugation (a process akin to sexual-
ity).

Environmental Factors

The interactions of natural and sexual selection
forces, mutation, migration and environment are
complex and subtle. These include the effects of
frequency and density-dependent factors, the age
structure of the population, behavioral characteris-
tics, life history strategies, ecological covariates,
species abundances and historical factors. Popula-
tion size, chance factors and initial conditions all
play a role in the evolutionary process. In a small
population, “sampling effects” or “random genetic
drift” can induce statistical (uncontrolled) variabil-
ity. A deleterious mutant type can be established
purely by chance.

Biological Diversity

Taxonomists have recorded about 1 to 1.5 million
bacterial, plant and animal species and surmise
that another 10 up to 100 million species remain to
be classified (see symposium on biodiversity, Au-
gust 9, 1991 issue of Science). The number of species
throughout the evolution of life is estimated from 4
to 16 billion. Simpson (1953) asserts that over 99.9%
of all species that ever existed are extinct. More
than 50% of all living species are of the insect
genera. Counts of bird species vary from 3,000 to
10,000.

The ubiquitous variability within species of bio-
chemical, morphological, physiological and behav-
ioral traits is also intriguing. As observation and
experimental techniques are being refined, increas-
ing numbers of segregating genes in populations
(those exhibiting at least two alternative types) are
being detected. Another aspect of nonuniformity is
the prodigious variety of sexual mechanisms, mat-

.ing patterns, life cycles, strategies for survival and

reproduction, growth characteristics and ecosystem
interactions.

Concomitant to the observed diversity in living
forms and life patterns, there are some universals.
The basic DNA, RNA and protein components are
present in “all” organisms. And although energy
conversion and production are managed in a num-
ber of ways, common to all these is the generation
and use of ATP (adenosine triphosphate), the main
energy source used in driving all other activities.

A central problem of evolutionary theory is how
to explain the vast variability observed on all lev-
els. How much of this and what kinds can be
accounted for by natural and/or sexual selection,
and what is the nature of the selection forces and
causal mechanisms? Non-Darwinists ascribe to evo-
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lution a significant role for chance events and
founder effects in the initiation and maintenance of
variability. Other questions relate to assessments
of rates of change in frequency patterns within and
between populations and species. Another problem
is to explain the trends and forms observed in the
fossil data (e.g., issues of stasis versus punctuation).
For further general references, see Futuyma (1979)
and Wallace (1981). ’

3. A BRIEF HISTORY OF EVOLUTIONARY
THEORY

In my view, it is convenient to divide modern
evolutionary science into five periods, as depicted
in Table 1.

The Period Prior to 1900

The writings of Darwin offer an enthralling expe-
rience in observation, synthesis, inference and spec-
ulation. Darwinism, the theory of natural (1859)
and sexual selection (1871), is not a set of rigorous
theorems. But there is no doubt of the existence of
“natural selection” underlying many changes in
the composition of natural population at all levels.
The significance of Mendelism (segregating genes)
comes to the fore only at the turn of the century
(publication appeared in 1865; see Mendel 1958).
Fisher (1930) identifies Mendel as “a young mathe-

TaBLE 1
Five periods of modern evolutionary science

" CLASSICAL DARWINISM
(variation of continuous traits

Before 1900
(Linnaeus, Lamark,

Darwin, Galton, between and within populations)

“Mendel”)

1900-1920 EARLY MENDELISM

(K. Pearson, Bateson) the population genetics of
discrete traits

1915-1955 NEO-DARWINISM

(Fisher, Haldane, Wright) reconciliation of Darwinism and
Mendelism

1944-1970 First major revolution of
' molecular genetics (Watson
Crick Model, unraveling
the Genetic Code)

1955-1970 Influence of molecular biology
on evolutionary theory (deluge
of biochemical polymorphism)

1970- Studies of polygenic inheritance,
studies of evolution
of behavioral traits

1975- Advent of paleobiology and

'sociobiology, second major
revolution of molecular
genetics (recombinant
technology)

matician whose statistical interests extended to the
physical and biological sciences,” who modeled his
laws of inheritance to be consistent with his experi-
mental results. Biological science prior to the
mid-19th century overwhelmingly focused on classi-
fications of plants and animals by a myriad of
criteria. There was little quantitative theory and
even qualitative speculations in elucidating the vast
observed variability in forms, taxa and species. The
aim of the Linnaean classifications of plant and
animal organisms and subsequent hierarchical
nomenclatures was to reduce the arbitrariness and
to introduce some order. Most naturalists now view
these motivations as of secondary value.

In the latter part of the 19th century, investiga-
tors were bemused by the subtleties and variations
manifested in quantitative characters and, in par-
ticular, were curious about the frequency changes
of continuous traits as transmitted over successive
generations in human populations. Galton (a cousin
of Darwin) and K. Pearson (a protegé of Galton)
pioneered the fundamentals of biometry (the pre-
cursor of modern statistical science), motivated
mainly by problems of evolution and eugenics. In
1889, Galton proposed that human stature is inher-
ited and calculated the parent offspring correlation
as 0.33. He also was the first to use twin studies for
the purpose of assessing the heritability of poly-
genic traits.

Galton proposed a model of multifactorial inheri-
tance of the following form:

X + X

(8.1) X, = h—"—z—" +Y, +au,

where X/ and X are the parental trait values in
generation n, X,.; is the trait value of an off-
spring, Y, is an independent environmental contri-
bution of mean zero, p, is the population mean of

~ generation n, h? is the heritability coefficient (the

regression of an offspring on the midparental value)
and a serves as a constant scale adjusting the
relative influence of the population to that of
parental transmission. Where X, and X, are inde-
pendent normal, N(u,,o?Z), variables and Y, is
distributed N(0, b%), then for a + h <1, X, has a
limiting normal distribution N(0, ¢2) with ¢2 =
b%/(1 — h?/2). The variance o converges provided
h? < 2.

The analysis of (3.1) led to the principle of regres-
sion to the mean, where children resemble their
parents but regress toward the population average,
the latter concept apparently in contradiction to
Mendelian principles. Later, K. Pearson in a land-
mark publication (1904) rejected Mendelism, but
all the same this work served decisively in laying
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the bridge connecting biometrical population genet-
ics to Mendelian principles.

Galton and Pearson formalized and quantified
concepts such as “population,” “measures of vari-
ability” and “regression structures.” They empha-
sized the fundamental existence of various forms of
variability within and between populations. In par-
ticular, the Pearson family of distribution laws was
developed to fit data on populations. The recogni-
tion of variability within populations led to the
natural inquiry about the mechanisms causing this
variability.

The Period from 1900 to 1920

The year 1900 saw the formal recognition of
Mendel’s work. Parenthetically, that year also
marked the birth of modern quantum mechanics
with Planck’s celebrated formula on the relation of
energy and frequency of a light photon. Mendel’s
famous paper of 1865 is a paradigm of experiment,
observation, data analysis, deduction and abstrac-
tion. The 10 years from 1900 to 1910 further wit-
nessed a meshing of mainly genetic plant breeding
and cytological examinations with the deductive-
inductive mathematical statistical method and gave
proof to a renovated form of Mendelian principles
and simultaneously elaborated a whole panoply of
evolutionary genetic concepts. The concepts ‘“‘ex-
pression of a gene,” ‘“genotype,” “phenotype,”
“dominance,” ‘“recombination,” ‘“linkage groups,”
“gene mapping,” “mutation,” “epistasis,” ‘“hetero-
sis,” “pure lines,” “inbreeding” and others as
causes and agencies of evolution were crystallized
and clarified. These concepts arose from what was
described as ‘“a beautiful merge of statistical and
mathematical reasoning” (Dunn, 1965).

A consortium of plant physiologists, geneticists
and biometricians nurtured these developments.
Notable contributors included the biometricians-
statisticians Galton, K. Pearson, Weldon and Yule;
a wide spectrum of biologists, Bateson, Castle, Mor-
gan (and his whole school), Garrod, Weinberg and
Hardy, of mathematical fame, participated in dis-
covering the Hardy-Weinberg Law (Hardy, 1908;
Weinberg, 1908) of constancy of gene frequency;
among the plant physiologists, notable contribu-
tions were made by Johannsen, Nilsson-Ehle and
Jennings. The primacy of this work was genetic
observation and afterwards statistical or mathe-
matical modeling and deduction. Thus, for exam-
ple, the linear order of genes was inferred from
statistical analyses.

The experiments from 1900 to 1920 were done
largely by agriculturists and Morgan (and associ-
ates), who exploited expeditiously the advantages
of the organism Drosophila. Johannsen, principally,

and Nilsson-Ehle foreshadowed the use of mathe-
matical and statistical analyses as developed later
by Fisher and Haldane but to an extent promul-
gated earlier by Galton and K. Pearson for
purposes of appraising the variation due to the
interaction of mutation and selection and also due
to response of genotype to the environment. Jo-
hannsen studied the inheritance properties of bean
seed size and shape, and realized that continuous
variation could be explained by discontinuous ge-
netical variation coupled to environmental factors.
He and others manipulated genes by imposing a
variety of regular systems of matings and evalu-
ated the consequences partly with the help of math-
ematical methods.

The Period of 1915 to 1955

Between 1915 and 1955, theoretical evolutionary
genetics was dominated by R. A. Fisher, J. B. S.
Haldane and Sewall Wright.

Fisher trained as a mathematician (he was a
Wrangler, indicating high honors in mathematics,
at Cambridge). After his degree Fisher taught
school, tried farming and served in his early career
as a statistical consultant for biologists. His first
efforts in genetics produced a classic paper (1918)
that embodied the seminal ideas of ANOVA (analy-
sis of variance) and aspects of the design of experi-
ments (see Section 7). [His earlier brief papers in
1911 and 1912 contained some ideas along these
lines; see Bennett (1983).]1 He is the indisputable
founder of the theory of experimental design. His
efforts to understand evolutionary and genetic the-
ory paralleled and nurtured his statistical exploits.
Fisher’s monograph on natural selection (1930) is
still a source of stimulation and conundrums in
evolutionary theory. Although Fisher wrote about
50 papers concerned with the theory of population
genetics, his main responsibility over an extended

_ period was as chief statistician at the Rothamsted

Agricultural Station. The motivation of design in
agricultural layouts intermeshed with his interests
in genetic theory.

The condition for selection balance at a single
gene locus involving two alternative alleles (gene
types), called the overdominance principle or het-
erozygote advantage, was modeled by Fisher in 1922.
This important result provides the simplest mecha-
nism for the existence of a stable polymorphism
arising solely from the balance of differential via-
bility effects and random mating (see Section 4).
This model has effectively been used to explain the
gene frequency polymorphism of the sickle cell dis-
ease trait in Central African populations.

Sewall Wright, a zoologist by training, used equi-
librium principles in comparing observation with
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expectation in rejecting a one-gene hypothesis for
the inheritance of blue eye color in humans and in
a case of color inheritance in cattle. (Felix Bern-
stein, a noted mathematician, in 1925 employed
similar ideas to reach a correct interpretation of
the inheritance of the ABO blood typings.) Wright
(1923) also proposed the method of path analysis,
which was the precursor of general variance decom-
position methods widely used in the social sciences
during the past three decades under the name of
“linear structural equation model.”

Haldane, whose undergraduate degree was in
classics at Oxford, roamed over the sciences, his-
tory and politics and wrote popular science as well.
He contributed significantly to enzyme kinetics,
statistical practice and to many facets of population
biology. He was competent in mathematics and
statistics as well as in chemistry and genetics. In a
famous series of papers on “Mathematical contribu-
tions to the theory of natural selection” that
appeared in the Proceedings of the Cambridge
Philosophical Society in the 1920s, Haldane set
forth a variety of simple mathematical analyses
concerned with the way natural selection might be
supposed to act. He worked out the theory of differ-
ent forms and intensities of selection and mutation
" balance and its effects on frequencies of autosomal,
dominant, recessive and partial sex-linked genes.
His model of mutation selection balance (see Sec-
tion 4) is still useful in the study of genetic diseases
and medical genetic counseling. This gives an esti-
mate of equilibrium values where recurrent muta-
tion of deleterious alleles are balanced by their
elimination through selection.

Galton and Watson in 1874 (see Galton, 1889)
showed that the theory of stochastic branching pro-
cesses could be used to study chance effects on the
development of families or populations. Their stud-
ies mainly concerned the problem of extinction of
surnames in a family lineage. Specifically, if a man
has probabilities p,, p;, Py, ... of having0,1,2, ...
sons, respectively, and each son has the same prob-
abilities for having sons of his own and so on, what
is the probability of a given number of male descen-
dants in a given generation? Branching processes
were later revitalized by Fisher and Haldane to
study the degree of survival of a mutant gene in
populations. More recently, the Galton-Watson
model and more generalized branching processes
have been extensively studied mathematically (e.g.,
Harris, 1963; Athreya and Ney, 1972; Jagers, 1981)
and in many other applied contexts.

Wright, in 1931, established that in small popu-
lations evolutionary theory should take account of
the sampling effects involved in producing one gen-
eration from the previous. He called this effect

“random drift.” The significance of Wright’s sam-
pling force has become a focal point of a sharp
controversy on the nature of the evolutionary pro-
cess (the neutralist-selectionist controversy). Evolu-
tion can be considered to be a sequence of gene
replacement processes, whereby in each such pro-
cess one allele is replaced in a population by an-
other allele. Classical Darwinian theory maintains
that the replacing allele is superior to the replaced
allele and that the mechanism directing the re-
placement procedure is natural selection. The
essence of the neutralist theory is that a large
proportion of the replacement processes has arisen
purely as a result of chance phenomena acting on
selectively equivalent alleles and, just by chance,
the individuals carrying a new mutant allele hap-
pen to leave more offspring than the remaining
individuals. Thus, the changes due to random
genetic drift in small population could be nonadap-
tive. Parenthetically, the work of Wright on ge-
netic models of finite size population was the prime
stimulus for the boundsry theory of diffusion pro-
cesses (cf. Feller, 1951).

Table 2 highlights six key topics and works of
evolutionary theory that keenly occupied Fisher.
These are only a few of many areas in which Fisher
made notable contributions. The underlying con-
cepts of the first four will be detailed in the subse-
quent sections.

Fisher, a confirmed selectionist in his viewpoints,
wrote two books on these subjects. The Genetical
Theory of Natural Selection (1930), virtually bib-
lical in style and content, contains numerous
developments, insights, opinions, and obscure tan-
talizing sentences and challenging hypotheses. The
later book on The Theory of Inbreeding (1949) is
primarily technical.

The Period from 1960 to the Present

The main directions of recent research in evolu-
tionary theory include at least six major areas:

1. Multilocus (Multigene) Studies. Studies of
complex genetic systems integrating the interac-
tive effects of several agents and relations among
loci. For a review of n-locus selection models,
for example, see Karlin and Avni (1981) and
Christiansen (1989a, b). The last three decades
have also witnessed a renewal of activity devoted to
the elaboration of dynamic models on polygenic and
quantitative characters. A strong motivation stems
from interest in the heritability of behavioral,
physiological and medical conditions, for example,
coronary risk factors, cognitive traits and connec-
tions to cultural transmission. Recent theoretical
and mathematical models of multifactorial trans-
mission occur in many writings (consult Weir,
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TABLE 2
Key studies of R. A. Fisher in evolutionary theory

Model of heterozygote advantage Section 4
(Fundamental Theorem
of Natural Selection)
Models of evolution of sex ratio Section 5
“Runaway process” of sexual selection Section 6
Assortative mating model of polygenic Section 7

inheritance
(1918 paper—correlations of relatives)
Selection-migration interactions, wave of
advance (1950)
Method of diffusion processes in genetics
(1930 book)

Elsen, Goodman and Namkoong, 1988, and refer-
ences therein on quantitative inheritance).

2. Variation in Natural Populations in Space
and Time. The quantification of the interaction of
environmental-ecological profiles, population struc-
ture and evolutionary development has, over the
last 30 years, become a subject of wide-ranging
investigation both on the empirical and theoretical
fronts. (For reviews, e.g., see Nagylaki, 1978b;
Karlin, 1982.) ,

3. The Study of Stochastic Genetic Models.
Many advances in the theoretical description of
random genetic drift have been inferred from re-
sults and techniques of diffusion stochastic pro-
cesses. First Fisher (1930) and Wright (1931) and
later chiefly Kimura (1983), and many others, ex-
tensively applied diffusion analyses to the study of
stochastic genetic models; see the books of Ewens
(1979), Kimura (1983) and the recent edited vol-
umes by Lessard (1987) and Feldman (1989).

The neutralist-selectionist controversy especially
has uncovered ‘many natural stochastic models.
These include the Ewens sampling formula (1972)
and its intimate connections with Poisson-Dirichlet
processes. For an elegant review with several new
results and perspectives, see Kingman (1980);
charge state models, Watterson (1975); wandering
profile models, Moran (1975) and Kingman (1976);
genealogical stochastic structures, Kingman (1980),
Hoppe (1984) and Tavaré (1984); coalescent and
ancestral processes, Kingman (1982a, b), Watter-
son (1984) and Donnelly (1991).

4. The Formulation of Mixed Genetic, Demo-
graphic and Ecological Systems. A triumvirate
pioneered the subject starting in the early 1920s;
see Lotka (1925), Volterra (1931) and Kositizin
(1937). Recently the interaction of demographic,
ecological and genetic systems has become a major
focus of evolutionary studies (for a review, see
Ginzburg, 1983; Demetrius, 1992).

5. Studies in the Population Genetics of Be-
havioral Traits. Attempts have been made to
quantify the evolution of behavioral traits in the
areas of group selection, kin selection and the
evolution of altruism. Theoretical and qualitative
modeling along these lines have been done by
Wynne-Edwards (1962) and Hamilton (1964), and
mathematical formulations by Boorman and Levitt
(1980), Uyenoyama and Feldman (1980), Karlin
and Matessi (1983) and Matessi and Karlin (1986).
Observation, speculation and theorizing about be-
havioral patterns and organizational structure by
ethologists and naturalists such as Tinbergen,
Lorenz, E. O. Wilson and G. C. Williams have been
of great help in understanding the structure of
certain animal and insect societies. In this litera-
ture, the genetic basis of population control,
mimicry, signaling and alarm calls in prey-preda-
tor situations, communication systems and hierar-
chical status in groups are discussed in terms of
strategy analysis, and the role of kin selection is
underscored.

6. The Evolutionary Dynamics of RNA
Molecules, Viruses, Introns, Enzymes, etc. For
a recent review, see Ratner (1990) and references
therein.

4. THE FUNDAMENTAL THEOREM OF
NATURAL SELECTION

We review first Fisher’s (1922) important modél
of heterozygote advantage. Consider a large popu-
lation comprised of two possible gene (allele) types
A and a undergoing random mating and subject to
differential viability selection. Specifically, the
genotypes AA, Aa and aa survive to reproduce in
the ratio o, : 0, : 03, respectively. If the frequency of
A(a) in the present generation is p(¢g =1 - p),
then random union of genes (equivalent to random
mating) produces the genotype frequencies p?, 2 pq,

"q? for AA, Aa, aa, respectively.

The relative frequencies of the three productive
genotypes are then ¢, p%, 6,2 pq, 0;9%. Following
Mendelian segregation, the A-gene frequency of the
next generation is

o, P? + 0, pq

0, P% + 20,09 + 03q° fp).

(41) p =

For ¢, > gy, 05 the population evolves (that is, the
iterates f,(p) = f,_1(f(p)) converge) to the inter-
mediate stable gene frequency p* = (g, — 03)/
(205 — 0, — 03). (For all other fitness relationships,
the population settles to a fixation state where
either p* =0 or p* = 1.) The circumstance g, >
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0,, 04 is called heterozygote advantage (the het-
erozygote survives the best).

The foregoing analysis indicated the first formal
mechanism allowing for natural selection effects
leading to stable polymorphism. It was later veri-
fied empirically that the sickle cell anemia disease
could reach high frequencies because of selective
advantage of the heterozygote in malaria regions
where the disease afflicting the heterozygotes was
observed to be less frequent. This hypothesis was
proved to be correct in Africa for sickle cell anemia
by Allison (1954a, b) and is believed to hold also for
other genetic diseases including thalessemia and
G6PD deficiency in Mediterranean populations. In
sickle cell (A = normal form and S,C, E mutant
forms), the frequency of S reaches ¢* = 16% in
central Africa. Sickle cell anemia was dubbed by
L. Pauling “the first molecular disease.”

In 1927 Haldane analyzed a simple model of
mutation-selection balance:

genotypes AA Aa aa
relative 1 1-hs 1-s
viabilities (0 < s <1, h = degree of

dominance, 0 < h < 1),

obviously favoring the AA genotype; in this repre-
sentation, a completely recessive disease has ~ = 0.
Recurrent mutation A — a is assumed at the rate p
per individual per generation. For u very small it
can be proved easily with a recursion paraphrasing
(4.1) that a stable equilibrium a-gene frequency is
approximately /u/s for A = 0. This model was
fitted to the cystic fibrosis disorder, yielding ¢* =
1/2000. The actual gene underlying cystic fibrosis
was mapped only in the last two years to human
chromosome 7. ‘

The importance of the one-locus multiallelic se-
lection balance model was reorganized and worked
on by Fisher and his students. Normal eukaryotic
genes are invariably multiallelic (multitype) in-
volving exons, introns and cis-regulatory elements
. generally inherited as a unit.- The discovery of
elaborate gene machinery including mRNA tran-
scription of flanking regions and intervening seg-
ments with subsequent processing of deletions and
splicings adds further to the multiplicity and com-
plexity of the allelic spectrum. Moreover, multiple
alleles have been documented for many morpholog-
ical, physiological, serological and electrophoretic
markers. These include genes responsible for color
and shape patterns (e.g., banding for snail, color for
butterflies), a host of red and white blood typings
(e.g., ABO, Duffy, HLA), incompatibility and sex
determinants (e.g., Hymenoptera-ants, bees) and
segregation distorter genes.

Consider a population characterized by r alleles
A, Ay, ..., A at an autosomal locus with associ-
ated genotypes A;A;. Under the effects of viability
selection, random mating and Mendelian segrega-
tion, the parameters of the model are as follows.
The viability fitness matrix for females is F =
| fijlli and for males M = ||m;||{, respectively,
where the quantity f;;(m;;) is interpreted as the
relative number of A;A; female (male) offspring
that survive to contribute to the next generation.
Let the frequency of genotype A;A; in the female
population be denoted by 2 p;; when i # j, and p;;
for i = j. Accordingly, the frequency of allele A; in
this population is p; = Y ;_1 p;;- The corresponding
frequencies for the male population are denoted by

2g;, q;; and g;.

Under viability selection the results from ran-
dom mating are equivalent to random union of
gametes (e.g., see Kempthorne, 1957; Karlin, 1978),
and therefore the frequency of A;A; offspring is
p;q; + q; p;. Taking account of viability selection
and Mendelian segregation for a 1:1 sex ratio, the
genotypic frequencies over two successive genera-
tions obey the recursion relations

mij(piqj + qipj)
2w

, fij(Pqu' + qipj)
’ ij= 2U ’

’

qij =

where w = w(p,q) = X, ;m;;p;q; and v =
X, ifiipig;

It follows that the allele frequencies p; and q; of
the next generation are calculated from the trans-
formation equations [in vector notation, writing
a0Ob = (a,b,, agb,,...,a.b) and (a,b) =

Yio1a:bl,
1 pOFq + qOFp
2 Fq) ’
(4.2) (p
, 1qOMp + pOMq
1727 (o, Mg

The designation pOF stands for the matrix product
D, F where D, is the diagonal matrix having the
components of p down the main diagonal.

In the case M = F (such that selection operates
on the male and female zygotes in the same man-
ner), then p’ = ¢, and in all subsequent genera-
tions the transformation T can be reduced to the
single recursion (ratio of quadratics)

pOMp
4.3 = —— = Sp,
(43) D=y P

where the sexes need not be distinguished. For the
case of r = 2 alleles, the transformation (4.3) is
equivalent to Fisher’s equation (4.1).
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. The analysis of the transformation S, its conver-

gence and equilibrium properties, has received
much attention (e.g., see the books of Crow and
Kimura, 1970, and Ewens, 1979). The mean fitness
function,

(44) w(p)= Z m;;p;p; = (Mp,p),

i,j=1

provides a strict Lyapounov function for the map-
ping S, such that

(4.5) w(Sp) = w(p) with equality
' if and only if p’ = Sp = p.

This remarkable property is sometimes referred to
as the discrete form of the fundamental theorem of
natural selection (Crow and Kimura, 1970, Chapter
5; Ewens, 1979, Chapter 2). Inequality (4.5) re-
duces to

(4.6) lEJ m;;p; p;Ww;w; = [w(p)]a,

r

where w; = Yioamiippi=12,...,r.

An elegant proof appears in Kingman (1961a, b).
(Sir John Kingman, as an undergraduate, was a
student of A. R. G. Owens, who was an assistant of
Fisher.) A wider perspective derives inequality (4.6)
as a special case of the generalized moment

inequality

(4.7)

(Cx, x) )” - (C*x, x)

(x,x) (x,x)

where C = | c;;||] is a symmetric matrix of positive
elements, x = (x,, x,,. .., x,) a positive vector and
k a positive integer.

Equation (4.6) can be deduced from (4.7) with
k = 3. Indeed, applying (4.7) to the matrix C =
D\/ﬁMD\/ia Where \/I'_’= (\/p_l’ \/p_2$ L] \/p_r)a
the left-hand side of (4.6) is (since (v/p, vP) =
rp;i=1)

(M(pOMp),pOMp) = <C3\/5’ \/5)
=(C*Vp,VP)/(VP,VP)

= (C\/Ea \/5))3 = (Mp’ p)3,

the last inequality being a ‘consequence of (4.7).
The cases of equality can also be analyzed.

A recurrent theme in Fisher’s 1930 book and
other writings centers on what he called “The Fun-
damental Theorem of Natural Selection” stated in
the form “The rate of increase in fitness of any

organism at any time is equal to its genetic variance
at that time,” and often set in the equation

am
(4.8) - = ve(m),
where m is fitness as a Malthusian population
growth parameter and Vg(m) refers to the additive
genetic variance. Proofs, reformulations, interpre-
tations and exegeses of this principle abound. Crow
(1990b) writes, ‘“No doubt this is an important idea
but exactly what does it mean?” Edwards (1990), in
his tribute to Fisher, offers some recent perspec-
tives.

The mean fitness function for the multilocus or
two-sex models involving differential selection ef-
fects unlike (4.5) is generally not increasing over
successive generations (e.g., Moran, 1964; Karlin,
1975; Ewens, 1989). The formulation and interpre-
tation of the Fundamental Theorem of Natural
Selection remains cryptic. At best, Fisher’s de-
scription on change of mean fitness is a within
population property and bears no consequences on
understanding macroevolutionary change such as
extinction and speciation.

Motivated by Fisher’s simple (one-locus two al-
lele) overdominance model, we may inquire con-
cerning an appropriate notion of overdominance for
a one-locus multiple allele viability model and in
the context of several loci. We may state tautologi-
cally under viability selection that overdominance
occurs if a stable polymorphism exists. Unfortu-
nately, this concept is inadequate in several re-
spects. For example, for an overdominant viability
matrix M, suppose M is modified to the new viabil-
ity matrix M =M — D, where D is a diagonal
matrix D = diag(d,, d,,...,d,) and m;; > d; > 0.
After this perturbation, the viability array of M
retains the identical heterozygote viability values
as M but the homozygote viability values may be
diminished. A natural inquiry: Is M overdomi-

nant? The answer can be in the negative. However,

there is a stronger notion of overdominance that
preserves natural properties of stable polymorphic
arrays. Qualitatively, we say that a viability ma-
trix W is totally overdominant if any subcollection
of alleles can maintain a stable equilibrium re-
stricted to these alleles that is unstable with the
introduction of any new allele. This notion applies
to various natural classes of viability matrices based
on allelic activity values, selection reflecting par-
tial or complete dominance relations and selection
induced by patterns of multilocus associations
(Karlin, 1981). Moreover, if W is totally overdomi-
nant, then W — D (D positive diagonal) is also
totally overdominant. The concept can also be used
in terms of models of ecological resource utilization
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to establish species equilibria for a natural class of
competition systems (Karlin, 1990).

Another interesting question concerns character-
istics of the population frequency array at a stable
equilibrium. Let u;; be the population frequency of
the ordered A;A; genotype such that allele A, is
contributed from the maternal side and A ; is do-
nated from the paternal side. We assume parental
symmetry so that u,;=u;. The A, allele fre-
quency in the population is

u,-j+uj,~

; 2

J
When does the population frequency array | u; Sl
entail heterozygote excess (or deficiency)? For two
alleles we would compare u,, with u,u,. Observe
that wyuy — ujp = (g + U)(Ugy + Ugy) — Uyp(uyy +
Upg + Ugy + Ugy) = Uj lUgy — U2y, A multiallelic
generalization natural to evolutionary models of
viability and familial selection is as follows.

A population polymorphic state U = | u;;| with
all u;; > 0 is said to show heterozygote excess if all
its eigenvalues distinct from the Frobenius eigen-
value (the largest positive eigenvalue of U) are
negative (equivalently, all the eigenvalues of V =
Nu;;/u;|| distinct from 1 are negative) and het-
erozygote deficiency if V has only positive eigen-
values.

For an overdominant matrix W = || w;;||, we might
expect at a polymorphic stable equilibrium an in-
creased average heterozygote fitness in the adult
population (i.e., after selection) compared to the
whole population. Indeed, we have

Y Wi utul

12 12
LS N w, utut

ko %k
Yia U U iJ

where w7 is a polymorphic equilibrium, and this is
an easy consequence of the mean fitness inequality
4.5).

5. SEX RATIO THEORY

The evolution of the sex ratio has been consid-
ered from many perspectives. Although anomalous
brood sex ratios, especially in certain insect popula-
tions, have been documented, the predominance of
the 1:1 sex ratio in mammalian and avian popula-
tions is unambiguous. Why? The propensity toward
an equal representation of males and females was
understood by Fisher in terms of the reproductive
advantage for the rarer sex. Fisher (1930) proposed
that such a ratio should be obtained in the long run
at least in random mating populations, since an
individual increases its contribution to succeeding
generations by “investing’ more of its reproductive
potential in the sex that is less numerous at the

time of investment. In this vein, a number of be-
havioral models based on the precept of parental
expenditure that can result in an even-sex ratio in
random mating populations have been formalized
(Bodmer and Edwards, 1960).

Fisher’s thesis, in simple parlance, is that the sex
in the minority is in high demand as,a sexual
mate. Recent experimental tests on silverside fish
claim to have corroborated Fisher’s theory. Sex in
silverside fish is determined in part at birth by the
temperature of the water. It is shown that sex ratio
of these fish held constant at 1:1 independently of
the conditions in the laboratory (Conover and Van
Voorhees, 1990).

The variety and complexity of sex-determining
systems and controls are under intense study in
numerous articles and books (e.g., Bell, 1982;
Charnov, 1982; Bull, 1983; Karlin and Lessard,
1986). Sex determination can be classified into
seven modes: (1) one-locus multiallele autosomal or
sex linked; (2) multigene (and polygenic) with mod-
ifier gene effects; (3) chromosomal heteromorphism,
including distinguished XY-male (mammals), ZZ-
male (birds) or XO-male (insects); (4) hermaphrodi-
tism (simultaneous-plants or sequential-shrimp); (5)
mixed parthenogenesis (e.g., haplodiploid systems,
fertilized eggs-females, unfertilized-males) as oc-
curs with ants, bees, wasps and mites; (6) envir-
onmental sex determination (e.g., influenced by
cytoplasmic milieu or endogenous conditions at
birth; operational in turtles, alligators); (7) extra-
chromosomal factors (e.g., viral particles, contagion
and conditions fostering meiotic drive). In broad
terms, there are distinguished genotypic and envi-
ronmental determinants subject to zygotic, parental
or population controls.

Several kinds of questions arise in consideration
of sex ratio evolution. (1) Under what conditions is
a 1:1 sex ratio advantageous? (2) What is an opti-
mal sex order and time of sex change for sequential
hermaphrodites? (3) Why is simultaneous
hermaphroditism so common in higher plant popu-
lations? (4) What is the domain of dioecy (separate
sexes) versus hermaphroditism? (5) What are ad-
vantages and disadvantages of environmental ver-
sus genetic sex determination systems?

Fisher proposed that the aggregate genetic con-
tribution to the next generation of all females is
equal to that of all males, implying that members
of the rarer sex individually contribute relatively
more than members of the more abundant sex.
Many authors discuss aspects of parental strate-
gies, short- versus long-term fitness, individual ver-
sus populational emoluments and influences of
patchy versus fine environmental conditions
directed toward sex ratio controls. Their verbal
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arguments contend that many of these opposing
considerations are best reconciled by a 1:1 sex ra-
tio. In most of these treatments, the actual sex
determination mechanisms (i.e., the underlying
multiallelic or multiloci factors) are not explicitly
considered.

An alternative point of view holds that sex ratios
arise as an evolutionary concomitant of the sex
determination system—simply the consequence of
the cytological machinery. For example, the XY /XX
system and the formal Mendelian rules help pro-
duce and maintain a 1:1 sex ratio. This does not
answer the question: How did it evolve and for
what reasons? Moreover, sex-dependent fitness
components, variants of parthenogenesis, forms of
hermaphroditism and sex conversion may all affect
the sex ratio.

A 1:1 sex ratio seems to predominate in most

animal species in the early stages of development,

although a smaller number of males would seem a
priori more advantageous. Sex chromosomes over-
whelmingly induce a 1:1 sex ratio at conception
(but there are counterexamples). Sex determina-
tion under two blocks of genes often shows a 1:1 sex
ratio even in haplodiploid organisms. Also, selec-
tion of X-linked genes that determine or affect the
sex of offspring can produce a stable 1:1 sex ratio.

There are two main approaches to understanding
the causes and effects of sex ratio. One emphasizes
the optimization and adaptive functions of sex allo-
cation, the other the consequences of the genetic
sex-determination machinery.

An example of the first approach predicting a 1:1
sex ratio attributed to Fisher (Eshel, 1975) goes as
follows. Consider a three-generation population (I,
grandparents; II, parents; III, children) in which
generation II consists of n, males and n, females,
which produce an aggregate of N offspring in gen-
eration III. Then the average number of children
for a male of generation Il is N/n, and the average
number of children for a female of generation II is
N/ny. Say a grandparent of generation I has a
total of m offspring consisting of x males and
m — x females. In this situation, the expected num-
ber of descendants in generation III for a grandpar-
ent of generation I is

T = x(N/ny) + (m — x)(N/n,)
=mN/ny + (1/n, — 1/n,) Nx.

T is an increasing function of x when n, > n,, but
a decreasing function of x when n, < n,. Therefore
the expected number of-children of a grandparent
in generation I increases if he or she produces more
offspring of the underrepresented sex. If each
grandparent makes an equal genetic contribution

to each of its progeny, the expected sex ratio is 1:1.
When males “cost” ¢ compared to 1 for females (¢
is analogous to a viability differential factor for
males as against females) and the total “parental
expenditure” is constant, the expected male to fe-
male sex ratio at conception is 1:¢ such that
parental expenditure is equalized between the sexes
for disparate costs in rearing males and females.
The sex ratio at the end of parental care remains
1:1.

Shaw and Mohler (1953) gave the following anal-
ysis of sex ratio evolution. They consider a dioe-
cious random mating population with normal brood
sex ratio M. If a deviant female adopts a sex ratio
m, the relative number of her genes transferred to
the third generation through her male offspring is
m /M compared to 1 for a typical female and the
number transferred through her female offspring is
(1 — m)/(1 — M) compared to 1; the total number is
then m /M + (1 — m)/(1 — M) compared to 2 for a
typical female. Elementary analysis of this quan-
tity shows that for M +# 1/2 there exists a value m
closer to 1/2 that gives a greater contribution of
genes to the subsequent generations, and that for
M = 1/2 there is no such m.

Random mating and Mendelian segregation seem
to be a priori conditions for 1:1 population sex ratio
outcomes. A numerical parity between the sexes is
then believed to be optimal, males and females
having the same individual “reproductive value”
(Fisher, 1930) on the basis that each sex provides
half the (autosomal) genetic material to the future
gene pool. On the other hand, sex-linked meiotic
drive effects and population structures that impose
more reproductive constraints on sibs of one sex or
the other are likely to bias the sex ratio outcome.
The Fisher sex ratio model (1930) can be summa-
rized succinctly as follows. Let R be the maternal
resource to be divided among sons and daughters.

. He proposed the law

number of sons

number of daughters

5.1
(5.1) cost of one daughter in terms of R

cost of one son

For the remainder of this section, we discuss
more formally a general multiallelic model of sex
determinations. Examples of sex controls based on
multiple alleles or loci include the wasp Habrobra-
con (9 to 11 alleles), some poecilid fishes (polygenic),
platyfish (3 to 4 alleles), toad (Bufo bufo) (with
both male and female heterogamety), the mosquito
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Aedes aegypti (involving multiple alleles and modi-
fiers) and the wood lemming (a rodent) (3 to 4
alleles).

Consider a bisexual population with r possible
alleles A,, A,,..., A, at an autosomal locus pri-
marily responsible for sex determination. We de-
note the frequency of genotype A;A; in the female
population by 2p;; when i #j and by p;; when
i = j. The frequency of allele A; is p, = X_; p,;.
The quantities 2gq;;, q;; and g; are defined analo-
gously with respect to the male population. We
assume discrete generations, random mating,
Mendelian segregation and equal fertility for all
mating types. Let m;; be the probability for an
A, A; offspring to become a male and 1 — m;; that
of being a female. Clearly, 0 < m;; = m;; <1. We
refer to M = ||m;;|] ;_; as the sex-determination
coefficient matrix. The case 0 < m;; < 1 may reflect
the effects of modifier genes coupled to prenatal or
neonatal interactions. When m;; is 1 or 0 only, the
sex phenotype is determined such that the collec-
tion of all genotypes A;A; partition into two
groups, ¥, and %, where every individual of
type ¥, and %, is unambiguously male and fe-
male, respectively. We refer to this situation as
dichotomous (exact) genotypic sex determination.

For the general model, we find that the genotype
frequencies over two successive generations obey
the recursion relations

,  my(pia;+pa:)

(5.2) b 2w ’
o _-my)(pgtee)
pi_)_ 2(1_w) » Uy 9 s Iy

where w = X} ,_ym;;p;q; is the proportion of
males, the sex rgtio, in the total population for the
given allelic frequency state.

The allele frequency changes are given by the
equations

_ P> jmiq;+ q;>_ mi;p;
2w ’

’

q;

(5 .‘3)

7

_pY(1-my)g+a. 3 ,(1-my)p;
B 2(1-w)

and we recognize this system as a special case of
the two-sex viability model, (4.2) of Section 4.

The analysis of the transformation equations (5.3)
is done in’ Karlin and Lessard (1986, Chapters 2
and 3). There emerge two kinds of equilibria: geno-
typic and phenotypic. A genotypic equilibrium is
characterized by identical allele frequencies for the

male and female populations; it tends to show a
biased (non 1:1) population sex ratio and is vulner-
able to allelic mutational substitutions that are
generally in the direction of reducing the bias. By
contrast, a phenotypic equilibrium persistently
shows a 1:1 population sex ratio, but this ratio can
be realized by many genotypic frequency configura-
tions. Phenotypic equilibria are structurally stable;
that is, they cannot be altered by mutational events,
although the underlying genotypic frequencies may
change.

Optimality properties of phenotypic equilibria can
be established. In the basic sex determination model
of r alleles, the optimality property for an even
sex-ratio evolution is understood to mean that, with
the introduction of a new allele (from r to r + 1
alleles), all possible equilibrium states that are
stable for the extended model cannot attain a sex
ratio farther from 1:1 than the existing ratio in the
r-allele subsystem. This expresses an evolutionary
tendency toward an even sex ratio. A sex ratio that
is evolutionarily “optimal” has the property that
under modifications by successive mutant genes
any deviant sex ratio would normally evolve to a
sex ratio closer to this optimum. The 1:1 population
sex ratio is optimal in this sense. This finding
applies to sex determination under zygotic or
parental controls in diploid and haplodiploid popu-
lations. '

When the genotype-phenotype classes of sex de-
termination at one locus are not absolute; that is,
for 0 < m; <1l a stable non-1:1 sex ratio is possi-
ble according to Theorem 3.3 of Karlin and Lessard
(1986). This may be the case if a probabilistic
mechanism is imposed by virtue of endogenous or
exogenous genetic and environmental covariates. It
can be proved that if exact genotypic sex determi-
nation (m;; =0 or 1 for all i, j) delimits the sex
dimorphism of the two phenotype classes in such a
way that %, consists of all genotypes with m,; = 1
and 9%, consists of all genotypes with m;; =0,
then only a 1:1 population sex ratio can be stable.

The study of multifactorial sex determination is
relevant in at least two contexts. First, the sex
phenotype may be influenced by many loci (e.g.,
mediated through some developmental or physio-
logical process), as is probable with various fish,
amphibian, reptile and invertebrate species. Sec-
ond, environmental sex determination (e.g.; where
sex depends on nesting temperature) probably re-
flects a complex situation of gene-environment-
interactions.

The main conclusion that emerges from our
studies of multifactorial sex determination is
that a non-1:1 population sex ratio is expected
when environmental pressures affect the sexes
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asymmetrically, or when paternal or maternal ge-
netic or phenotypic contributions are unequal.

Non-even sex ratios are also promoted by multilo-
cus determinants of sex expression under loose
linkage. The prevalence of non-even sex ratios
among invertebrates leads to the hypothesis that
the sex factors in many fish, amphibian, reptile and
invertebrate species are not confined to a single
gene but are distributed over the genome.

For recent multilocus sex ratio evolution studies,
see Feldman, Christiansen and Otto (1991), Liber-
man et al. (1990), and Nordborg (1991).

6. SEXUAL SELECTION AND FISHER’S
‘‘RUNAWAY PROCESS”’

Darwin (1871) in studying the sometimes ex-
treme dimorphism (e.g., distinctive visual and
acoustical displays—in birds, frogs, fish) of sec-
ondary sexual characters (generally expressed in
adults during mating season) considered the possi-
ble effects of sexual selection caused either by com-
petition for mates between individuals of one sex,
or by female choice preference. For very recent
field studies in this respect, see Andersson (1990)
and Ryan (1990). It is observed, particularly in
polygamous species, that great variation in mating
success within the chosen sex (usually males) can
arise, with a strong consequent influence on the
genetic evolution of the population. Even for
monogamous systems, Darwin suggested that there
may still be an advantage in being a preferred
male, since this would lead to mating earlier in the
breeding season when nutritional conditions are
superior. O’Donald (1980, Chapter 7) has demon-
strated this phenomenon in operation in the mainly
monogamous Arctic skua bird.

Two primary forms of sexual selection are female
choice and male competition. Female choice is ef-
fected often through visits of the female to lekking
groups (gathering sites for males and females dur-
ing mating seasons) or in a more individual behav-
ioral encounter context (e.g., see O’Donald, 1980).
Discussions on the persistence of extreme traits
weigh advantages conferred by mating success ver-
sus viability loss. Another view emphasizes the
extreme trait as an isolating mechanism such that
the display serves as an unambiguous cue prevent-
ing individuals from mating wrongly. For example,
the Tungara frog has conspicuous calls and males
evolve to a pre-existing bias in calls; although these
male displays may attract appropriate females, they
can also bring dangerous predators. Some students
of sexual selection postulate that good genes corre-
late with unusual displays. Hamilton and Zuk
(1982) hypothesize that bright colorations are asso-

ciated with resistance to parasites (diseased males
tend to be more pale), which is recognized in female
choice.

The problem of how extreme selectivity in mat-
ing can come into being, and how preference and
character might evolve together, is the context of
Fisher’s succinct proposals (1930, 1958). He writes
“whenever appreciable differences exist in a
species, which are in fact correlated with selective
advantage, there will be a tendency to select also
those individuals of the opposite sex which most
clearly discriminate the difference to be observed,
and which most decidedly prefer the advantageous
type.” Modification of the male character will then
proceed “under two selective influences: (i) an ini-
tial advantage not due to sexual preference, which
advantage may be quite inconsiderable in magni-
tude, and (ii) an additional advantage conferred by
female preference.” Male character and female sex-
ual preference “must thus advance together, and so
long as the process is unchecked by severe counter-
selection, will advance with ever-increasing speed.”
The idea is that there will be a “runaway,” which
will continue beyond the point where the initial
advantage has been passed, and indeed will go on
until the character’s development is so extreme
that, in terms of selective forces other than sexual
selection, it is now disadvantageous and this coun-
terselection brings the process to a halt. In polyga-
mous species, this is known as “Fisher’s Runaway
Process.”

Many have tried to quantify Fisher’s proposal for
how character and preference may evolve jointly
(e.g., O’Donald, 1962, 1967, 1980, 1990; Lande,
1981; Kirkpatrik, 1982, 1987; Tomlinson and
O’Donald, 1989; Karlin and Raper, 1990). We
briefly review the model of Karlin and Raper (1990)
(cf. Lande, 1981) on the runaway process in the
context of quantitative characters with its qualita-

. tive predictions.

We suppose for simplicity that the character may
be measured by a single scalar value. The prefer-
ences of each female will be expressed on the same
scale as the male character itself. Both sexes carry
genetic information for both traits: the character
and the preference. Let x denote the phenotypic
trait in males of two components with x, giving
the character value and x, the (unexpressed) pref-
erence value. Let y denote a typical female trait
vector. We shall consider a model of a large popula-
tion reproducing in discrete generations. Assuming
there are no differences between the sexes in the
mode of inheritance and the action of the perturb-
ing forces (mutation, environment, etc.), the distri-
butions p(x) of x and p(y) of y at the zygote stage
will be the same in any particular generation.
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Let s(x) and ¢(y) be the relative viabilities of
males and females with phenotype values x and y,
respectively. Let y(x,y) be the relative conditional
probability for a male of phenotype x and a female
of phenotype y to mate; encounters occur in propor-
tion to their frequencies in the adult population.
Assume that males mate polygamously, but fe-
males mate once and with equal fertility. Then the
joint distribution of mating pairs is given by

p(x)s(x)¥(x,y) p(y)
/p(a)s(u)y¥(u,y)du’

We stipulate that transmission is given by the
midparental value plus a random independent per-

p(x,y) =

turbation, and therefore the offspring will have

phenotype value

+§,

=73
where £ represents a random mutation term. Given
s, t, ¥, and the distribution of £, the above rela-
tions permit the establishment of a recursion on
the population density function p.

Gaussian Distributions. If the viability selec-
tion functions s and ¢, the preference function
and the random perturbations ¢ are all Gaussian
in form, then any Gaussian population distribution
will remain Gaussian under the action of the recur-
sion described above. In particular, let viability
selection act on males according to the function

s(x) = exp{—((x — 0),S(x — 9))/2}

({(a, B) denote the inner product of the vectors «
and B), and similarly on females according to

t(y) = exp{—((y - ), T(y - ¢))/2}.

We will specify s(x) and #(y) to depend only on x,
and y,, respectively, taking

s=(s o)o=(2)

t 0
T= (0 0),¢_(¢ 0).
We assume that the perturbing random variable ¢
is Gaussian with uncorrelated components, mean
zero, and variance components f and g.

For the special case ¥(x,y) = exp{—v(x; —
¥2)/2} and S and T (with, ¢ = 0) given in (6.1)
where viability selection operates only on the char-
acter trait with the covariance matrix of p(x) de-
fined by :

6.1

(6.2) Z=(z Z), A=ab-c?,

we have the recursion
a = {a+ a\+ 2acv\ + ®bv?N} /4 + f,
b = {b + b\ + 2bcv\ + be?v?N

+Ms +v)A}/4 + g,

¢’ = {c+ ch+ abvl + c®v\ + bev?N} /4,

where the prime superscript denotes values in the
succeeding generation, abbreviating the quantity
A=1/0 + (v + s)a). (For the derivation of (6.3),
see Karlin and Raper, 1990.)

It is clear that the equations (6.3) are increasing
in b, so that the variation in female preference does
exert a disruptive effect on the male character. An
important question is whether Y- will converge to a
finite limiting equilibrium. There are disruptive
feedback effects that could cause instability and
divergence at the covariance level. Conversely, the
mechanism of midparental transmission having the
effect of halving the variance each generation is a
very strong factor in favor of convergence.

The principal result on the covariance dynamics:

Resurtr 1. If A(= v/g/f) =<1 + s/v, where
mutation in the preference variable is small or
moderate compared to perturbation on the charac-
ter variable, there is a unique positive-definite
equilibrium Y for the recursion of variance and
covariance.

(6.3)

The case of A > 1+ s/v is, in contrast, more
variable. Numerical cases have been found where
there are two covariance equilibria and where there
are none. We present some simulation results.

(1) For A > 1 + s/v, there are either 0 or 2 finite
equilibria.

(2) If there are no finite equilibria, then ¥
followed over successive generations diverges to
infinity.

(3) If there are two finite equilibria, then the

- smaller one is locally stable, the larger is unstable:

the successive Y either converge to the smaller
equilibrium or else diverge to infinity.

(4) For h <1 + s/v, the unique finite equilib-
rium is locally stable. However, it is not globally
stable; there are always initial values for ¥ from
which divergence to infinity occurs.

ResuLt 2. When Y. diverges to infinity, then its
components a, b, ¢ increase geometrically at the
same rate in the limit. Furthermore, a:c:b are in
geometric ratio in the limit, so that the correlation
coefficient between character and preference, p =
c/ Vab , converges to 1.

This result demonstrates the manner in which
divergence of 3" can occur: situations can arise in
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which the preference and character are very closely
correlated, and the former always has greater vari-
ance than the latter, .which is sufficient that the
resulting disruptive effect is more than the relative
stabilizing power of viability selection. Result 2
entails that infinity always has a domain of attrac-
tion whatever the relative strengths of viability
and sexual selection.

Dynamics of Mean Values

Resurt 3. (a) If 3, diverges or converges to a
limit that has ¢/a > 1 + s/v, then the sequence of
population mean vectors does not in general con-
verge. In this case, u,, will move off at a geometri-
cally increasing rate in a direction asymptotically

approaching + (c}a .
b)If>,» >, with ¢/a <1+ s/v, then g, also
converges.

Result 3 indicates that there is always the possi-
bility that variation in female preference will prove
so disruptive that the covariance matrix diverges to
infinity. This is true however small the available
power of sexual selection, as measured by v > 0,
and however large the stabilizing power of viability
selection. However, divergence will only occur if
the mutational /segregation/environmental vari-
ance of the preference is sufficiently larger than
that of the mutational /segregation /environmental
variance of the male trait.

Result 3 involves a line of equilibria for the
population mean values, a condition for its stability
and the manner of convergence to it when it is
stable (Karlin and Raper, 1990). There are condi-
tions under which this line is unstable, namely
when the coefficient of regression of preference on
character is too high. This is one way to interpret
the runaway predicted by Fisher.

In summary, Darwin (1871) and Fisher (1930,
1958) were motivated to explain extreme sexual
dimorphism (e.g., spectacular male displays) in cer-
tain natural populations. Darwin invoked male
competitive behaviors (e.g., combat, territorial
defense) and female mating preferences (see
Kirkpatrick, 1987, for a recent review on these
behavioral patterns; see also Karlin and O’Donald,
1981; and O’Donald and Majerus, 1989, for refine-
ments on mating selection forms). Pronounced sex-
ually differentiated natural selection could also
produce dimorphism, but this gives qualitatively
different patterns. Fisher (1930) proposed a quali-
tative scenario “runaway process’” of how extreme
dimorphism can evolve starting with a slightly ad-
vantageous (viability) male phenotype selected for,

engendering a correlated female mating preference
more powerful than the viability factor and leading
to more extreme male character displacement,
eventually halted by counter natural selection
forces. There are two types of runaway results, one
on the metric trait, the second on the frequency
domain of associated alleles. O’Donald (1967, 1980)
presented simulations of a two-locus model perti-
nent to the frequency (allelic substitution) array
runaway. O’Donald stressed the importance of the
dominant or recessive nature of the underlying
genotype and argued that, in this framework, evo-
lution is generally slow and does not necessarily
proceed at a geometric rate, contrary to the projec-
tions of Fisher’s verbal theory. In Kirkpatrick’s
(1982) haploid model, it is suggested that preferred
trait alleles can undergo frequency runaway in
some cases, where there is an initial viability dis-
advantage which contrasts with Fisher’s initial
condition (see also O’Donald, 1990). We call atten-
tion to several recent finite multilocus theoretical
studies of models incorporating both sexual selec-
tion (and mating selection) forces and viability
selection (see Karlin and Raper, 1982; Raper,
1983; Lessard, 1986; O’Donald and Majerus, 1989;
Christiansen, 1989a, b).

7. FISHER AND POLYGENIC INHERITANCE

The pioneering paper in this context is that of
Fisher (1918) entitled “The correlation between
relatives on the supposition of Mendelian inheri-
tance.” This paper was rejected by Biometrika
(Pearson, editor) in 1916 and ultimately published
in the Transactions of the Royal Society of Edin-
burgh (on this affair, see Joan Fisher Box, 1978).

Fisher’s classic 1918 paper sought to establish a
framework to account for continuous variation of
metric traits in terms of Mendelian laws of inheri-
tance with discrete Mendelian factors. This work
introduced many seminal ideas and techniques in-
cluding several key first steps in the development
of the analysis of variance. In this presentation,
the phenotypic variance of a trait, influenced by
several loci subject to appropriate assumptions, is
decomposed as a sum of independent ‘“‘additive-
genetic” and “dominance” variances plus an inde-
pendent environmental variance. Fisher computed
a number of phenotypic correlations of relatives as
functions of the variance components and proposed
to estimate components of variance from observed
correlations and concomitantly to assess various
heritability coefficients.

Fisher recognized the obvious necessity to take
account of assortive mating. In looking for a rule of
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mating that was tractable and meaningful, he pro-
posed a mating function, but in the course of the
approximations the analysis becomes difficult and
obscure (cf. Kempthorne, 1957, Chapter 22). He
effectively postulated time invariant marital corre-
lations among spouses. Crow and Felsenstein
(1968), Felsenstein (1981) and Feldman and
Cavalli-Sforza (1977) also stipulated a time invari-
ant correlation of mates, but none of these authors
suggested any mechanism or process that explains
how this correlation arises. It appears to be partly
based on extrinsic factors not related to the popula-
tion distribution of the polygenic trait.

It is unfortunate that, as Kempthorne (1977, page
722) has pointed out, the early works of Fisher
[especially the 1918 paper, and perhaps Wright
(1921a,b)] “had dominated thought ever since, and
has perhaps limited the approaches of subsequent
workers.” It is awesome to recall that Fisher’s
paper was unconventional wisdom at the time.
Kempthorne (1977) characterizes the Fisher 1918
paper as “remarkably difficult to understand so
much that it is still under debate” (page 3). This
work has been subjected to many exegeses. For
example, Moran and Smith (1966) felt compelled to
offer an annotated account with interpretations of
the Fisher 1918 work. Further commentaries and
alternatives on the frequency-dependent and selec-
tive nature of the assortative mating mechanism in
the Fisher model occur in Kempthorne (1957, pages
492-493), Wilson (1973, 1978), Vetta and Smith
(1974) and Karlin (1980a), among others.

Wilson (1973) endeavored to find a well-defined
framework in which to justify the results of Fisher’s
assortative mating constructions. She underscores
a number of apparent assumptions of Fisher that
may be biologically problematic. For example, (1)
the frequency of each allele is prescribed invariant
over successive generations; (2) each individual has
an equal probability independent of phenotype of
being eligible to mate. This is called a “one-sided
model.” Wilson suggests a “two-sided model” and

, notes (even at equilibrium) that the variance of the
children exceeds the variance of the parents.

The effects of selective assortative mating gener-
ally imply non-Hardy-Weinberg gene frequen-
cy distributions. The concept of additive genetic
variance and breeding value is therefore not well
defined. Kempthorne (1977, page 726) points out
several of the ambiguities in the decomposition of
variance when the frequencies of observations in
the cells are not proportional. There is no natural
way to define additive genetic variance for a non-
Hardy-Weinberg population, especially in minimiz-
ing with respect to least squares (a procedure of

which Fisher was so fond). Consider the case of a
two allele trait with the following structure:

AjA, AJA, A A,
(7.1) Phenotype values 1 J K
Genotype frequencies P 2Q R.

Assuming total mean effect as zero (i.e., IP +
J@ + KR = 0) the additive deviation is taken (e.g.,
see Vetta, 1975) to be

(72) 2(PI + QJ)

where p=P+ Q, g = Q + R.

The above expression is not invariant nor does it
provide any of the usual least square properties.
The attempt to introduce additive (breeding) values
a; and «, that minimize

L=P[I-20]*+2Q[J - o, — a]®
+ R[K - 2a,]?
produces the value
i q[ PI + QJ]
~ pg+Pq-pQ’

which reduces to (7.2) only if P = p%, @ = pq, R =
q%, that is, when the population exhibits the
Hardy-Weinberg proportions. This is in accord with
observations of Kempthorne to the effect that the
decomposition of variance has no natural represen-
tation in the situation of non-Hardy-Weinberg pop-
ulation frequencies. With multiple loci (say two)
and phenotype values u;;. (i, J, k, [) traversing the
allelic possibilities of locus 1(2), then, unless geno-
type frequencies are in global gametic equilibrium
(i.e., pij.ps = PP PP pP), there is no natural and
meaningful way to define additive genetic variance
and dominance variance. '

To sum up, under assortive mating with a metri-
cal trait serious problems arise from: (a) the ap-
proximations in the treatment of nonadditivity; (b)
the definitions and interpretations of additive ge-
netic and dominance variances; (c) the lack of a
meaningful analysis of variance for non-Hardy-
Weinberg populations; (d) a hierarchy of condi-
tional independence assumptions in the calculation
of correlations of relatives; (e) linear relationships
in regression of phenotype values on an individual
or relative; (f) the independence of gene-environ-
ment interactions and lack of transmission of cul-
tural components and their consequences on the
biological variables; and (g) the assumption of con-
stant within-sibship variance.

Perhaps completely new perspectives are called
for and not modifications of the early approaches of

2(QJ + RK)
q b

(7.3) &
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Fisher and Wright. Recently, advances have been
made via the concept of selective mating functions.
The method of selective mating functions does not
impose conditional independence assumptions and
can apply for extended family sets and pedigrees
(see Karlin, 1979a, ¢; Wagener, 1976; Carmelli and
Karlin, 1980).

What is the future of polygenic (multifactorial)
inheritance? The problems of quantitative inheri-
tance over the past two decades has re-emerged as
a subject of intense activity. A broad spectrum of
multifactorial polygenic models have been promul-
gated especially for purposes of evolutionary
studies and for statistical objectives in genetic epi-
demiology and artificial selection programs. These
models can be grouped into four categories: (1)
polygenic models based on multiple alleles at many
loci, (2) phenotypic transmission models without
explicitly defining genotypic-phenotypic relation-
ships, (3) biometrical approaches and (4) finite mul-
tilocus determinations.

Polygenic Models

Polygenic determinations generally postulate
many additive allelic and loci effects that can be
altered by mutations and environmental perturba-
tions. Recent contributors to these studies include
Kimura (1965), Lande (1975), Cavalli-Sforza and
Feldman (1975), Fleming (1979), Nagylaki (1984),
Turelli (1986), Turelli and Barton (1990) and oth-
ers. There are differences among these models in
the approximations and mathematical analyses
used, in the assumptions made and in empirical
adequacy. For convenience of tractability, most
models on polygenic traits stipulate a Gaussian
distribution of population phenotypes. This as-
sumption is problematic since many physiological,
biochemical, behavioral, and morphological quanti-
tative traits are clearly non-Gaussian. Highly
skewed phenotype distributions include lipids and
lipoproteins, uric acid concentrations, body mass
index, blood pressure readings, longevity (Sing and
Skolnick, 1979; Rao et al., 1984), fiber strength in
cotton, chicken egg count per year and egg size
(Weir, Elsen, Goodman and Namkoong, 1988). Sig-
nificant kurtosis occurs in measurements of human
stature, human fetus birth weight and plant germi-
nation times. Multimodality is seen in the amount
of phenylalanine in blood plasma (Penrose, 1951),
coat color in mammals, fat content in raw milk,
enzyme activity levels (e.g., taste thresholds in
phenylthiocarbamide (PTC), red-cell acid phos-
phatase; see Cavalli-Sforza and Bodmer, 1971,
Chapter 9). Many physiological variables entail
strong nonlinear age dependence and show marked
sex differences.

Among the reasons that many physiological and
biochemical phenotype distributions are non-
Gaussian, we emphasize three.

1. Many quantitative trait distributions are mix-
tures: major and polygenic components; different
categories of normal and mutant genes contribut-
ing in diverse ways, some yielding extreme effects
entailing rare phenotypes; polymorphism; and sam-
ple population heterogeneity.

2. The pervasive gene-environment interactions
are a paramount source of non-Gaussian addends.
Mixtures of genetic effects confounded with envi-
ronmental influences often underlie multimodality.

3. Natural constraints: for example, stringent
lower bounds but considerably more variable upper
bounds occur with respect to blood pressure, body
weight and heart rate. Limitations on one end of
the character range would probably cause a skewed
phenotype distribution; stringent constraints on
both ends, a pronounced kurtosis.

Phenotypic Transmission Models

It is formidable, if not prohibitive, to accommo-
date interacting loci. However, study of the pheno-
typic changes due to mating pattern, parental or
collateral transmission rules subject to nontrans-
mitted environmental perturbations is reasonably
tractable even in the non-Gaussian context. Apart
from an integrity of its own, phenotypic variation
modeling also offers insights concerning biological
factors contrasted with cultural effects. Various
models of phenotypic transmission motivated by
genetic, ecological, and demographic phenomena
occur in Slatkin (1970), Eshel (1971), Kingman
(1980), Karlin (1979a-d, 1980), Biirger (1986) and
others.

In simple quantitative terms, the dynamics of the
population phenotype model involve two major
stages: the mating (pair formation) process coupled
to natural selection pressures and the parent-
offspring transmission structure. A male and fe-
male x and y are joined by a preference (selection)
process that is intrinsically nonlinear. For an es-
tablished parental couple (%, %), a male offspring
acquires a phenotype value of form x’ = R(%, y) +
™, where R is a transformation of the parental
values and e conveys a residual (random-environ-
mental) contribution independent of the parental
phenotypes. For a female offspring, the analogous
transmission rule is y’ = S(%, 5) + ¢, where S
may differ from R.

Biometrical Studies of Quantitative Inheritance

These include path analysis (linear) models (e.g.,
used extensively in genetic epidemiology; see the
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edited volumes of Sing and Skolnick, 1979, and
Rao et al., 1984), variance decomposition and re-
gression methods (Cockerham, 1954), and nonpara-
metric methods (e.g., Karlin and Williams, 1984).

Multilocus and Major Gene Models

A second important category of continuous trait
models recognizes an underlying major gene (or a

few genes) involving a number of alleles with corre-

sponding genotypes whose expression traverses a
wide range of phenotypic values. The variability in
the expression of a genotype is contributed to by a
complex of genetic and environmental heteroge-
neous influences. The key ingredients of the major
gene models can be summarized as follows: (1)
genetic factors controlled at the major loci produce
large effects relative to the phenotypic standard
deviation; (2) other genetic and environmental fac-
tors and/or errors of measurement cause a continu-
ous phenotype expression; and (3) segregation is
Mendelian for the major loci. The foregoing model
has been used for problems of animal and plant
breeding in investigating the consequences of vari-
ous artificial selection protocols. Also, extensive
biometrical and statistically oriented studies in
family and pedigree analyses reflect current efforts
to demonstrate the major gene factors that play a
significant role in multifactorial diseases (e.g., Sing
and Skolnick, 1979, Chapter 23; statistical ap-
proaches are reviewed in Lalouel, Rao, Morton and
Elston, 1983, and Bonney, 1984). The extension of
the theory on major gene models to accommodate
selective assortative mating mechanisms is consid-
ered in Carmelli and Karlin (1980).

The recent (1987) extensive conference on quanti-
tative genetics in all its ramifications and the con-
sequent voluminous conference volume (Weir,
Elsen, Goodman and Namkoong, 1988) offer much
theoretical and applied information and challeng-
ing issues for future research in the agricultural,

health and basic biological enterprise.

8. PERSONALITY, IDIOSYNCRASIES AND
LEGACY OF R. A. FISHER

Fisher accepted a Professor Chair (of Genetics) at
Cambridge only after WWII. This opened opportu-
nities for formal experimental work to complement
his theoretical and field data studies. With respect
to his experimental efforts, Fisher was very inter-
ested in recombination (phenomenon of crossing
over). For lack of space, he set up a laboratory in
his home (also the lodge of his department) to study
recombination primarily in the mouse. The large
garden of the genetics department laboratory

was converted to a plant breeding station (Cavalli-
Sforza, 1990). Here he cultivated the Mendel
varieties of peas and generally was intrigued by
problems of polyploidy (see Section 2) in plants.
His book The Theory of Inbreeding (1949) under-
scores problems stimulated by his horticulture prac-
tices. Earlier Fisher (1941) investigated extensively
theoretical genetic models of incompatibility sys-
tems and self-sterility mechanisms in plant species.

Because of enthusiasm for linkage and recombi-
nation and recognizing its importance in the genet-
ics of human diseases, he proposed the construction
of a human genetic map 40 years prior to the
present human genome initiative. From data pro-
vided to him he characterized the single dominant
gene nature of the Huntington’s chorea syndrome.
He also predicted new Rh antigenic variants based
on a 3-locus tightly linked cystron (1947), which
were later confirmed experimentally. Fisher’s
greatest contributions to evolution and genetics
were theoretical; he was best with intuition and
informal mathematical insights supported by com-
putations done on his desk calculator.

Fisher had idiosyncrasies. His relations with
other scientists were either intensely positive or
intensely negative. Because of bad relations with
K. and E. Pearson, he helped found the Biometric
Society and its journal as a competitor to
Biometrika. Fisher was an uncompromising eugeni-
cist; he wrote many articles espousing strict con-
trols on human marital prerogatives and was very
active in the British Eugenics Society, inter alia,
serving as major editor of Annals of Eugenics for
many years. Especially fascinating are the letters
of Fisher on topics of heredity and eugenics (see
Bennett 1983), including selected correspondence
with Leonard Darwin. Fisher and others (especially
Haldane) discussed short- and long-term fitness
relationships as the biological bases of social be-
havior. Fisher (1930) devoted three chapters to
qualitative modeling proposals concerned with so-
cial hierarchies and their place in human evolu-
tion. In parallel discussions, he examined cases of
evolution of distasteful qualities in insect larvae,
mutual interaction between parental care and fer-
tility in social insects and humans and social selec-
tion for fertility in human tribal societies. In these
contexts he, as other more recent evolutionists,
emphasized the roles of kin and group selection.
Despite the overwhelming evidence on the dangers
of smoking (e.g., lung cancer), Fisher associated
the deleterious health aspects of smoking exclu-
sively to genetic dispositions. Fisher’s relationships
with other major evolutionists and statisticians
were frequently combative. This is manifest in
his polemic writings and verbal disputations with
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Haldane and Wright. Each of these giants tried to
surpass the others, thus illustrating the Talmudic
adage ‘““jealousy of scribes increases wisdom.”

Students of Fisher

Fisher did not have many students (apparently
only one in statistics), but the few he had were
superb. We mention five.

(1) J. H. Bennett studied evolutionary models of
multilocus systems. He recently edited a five-
volume collection of Fisher’s papers.

(2) C. R. Rao is, over the past four decades,
among the leaders worldwide in pure and applied
statistics.

(3) P. O’Donald extensively researched sexual
selection in many forms.

(4) A. W. F. Edwards studied adaptive models of
sex ratio evolution and wrote a book on Likelihood.

(5) Sir W. F. Bodmer is among the world’s lead-
ing molecular biologists. He has contributed broadly
and incisively to evolutionary theory, immunology
and cancer genetics.

Genetic Associates of Fisher

(1) L. Cavalli-Sforza (post-doc. 1948 to 1950)
ranks among the leading human geneticists.

(2) K. Mather made important contributions on
recombination models. He also authored a well-
known text on Statistical Analysis in Biology
(1966).

B) A. R. G. Owens taught in Fisher’s depart-
ment and helped develop mathematical models
of recombination based on renewal stochastic
processes.

(4) E. B. Ford, a frequent collaborator of Fisher,
helped characterize genetic polymorphisms of
melanism and mimicry in moths and butterflies.

(5) R. Race, a great friend, much influenced by
Fisher, was among the first to classify human blood
groups and their distribution and with R. Sanger
wrote a definitive early book on human red blood

" cell typings.

(6) A. Mourant, with the advice of Fisher, estab-
lished a detailed data base of protein polymorphic
frequencies of humans.

(7) D. J. Finney, interacting with Fisher, studied
models of sex incompatibilities in plant populations
and wrote a text on the practice of biological as-
says. .

All of these students and associates are gems of
Fisher’s legacy.

Given his interest in evolution and statistics, on
what would Fisher’s efforts focus were he alive
today? My personal surmise is that on the experi-
mental side he would labor hard as a molecular

geneticist and certainly be a key player in the
Human Genome Initiative (like his student Sir
W. F. Bodmer). On the theoretical side, the com-
puter in all its embellishments would serve his
intuition.

ACKNOWLEDGMENTS

It is my pleasure to acknowledge T. W. Ander-
son, B. E. Blaisdell, V. Brendel, D. Carmelli,
K. Lange, R. Olshen and T. Speed for useful sug-
gestions and critical reading of the manuscript.
Supported in part by NIH Grants HG00335-03,
GM10452-28 and DMS-86-06244.

REFERENCES

AvLisoN, A. C. (1954a). The distribution of the sickle-cell trait
in East Africa and elsewhere, and its apparent relationship
to the incidence of subtertian malaria. Transactions of the
Royal Society of Tropical Medicine and Hygiene 48 312-318.

ALLisoN, A. C. (1954b). Protection afforded by sickle-cell trait
against subtertian malarial infection. British Medical Jour-
nal 1 290-294. -

ANDERSSON, A. (1990). A case of male opportunism. Nature 343
20.

ATHREYA, K. and NEy, P. (1972). Branching Processes. Springer,
Berlin.

BEeLL, G. (1982). The Masterpiece of Nature: The Evolution and
Genetics of Sexuality. Univ. California Press, Berkeley.
BenNETT, J. H., ed. (1983). Natural Selection, Heredity, and
Eugenics: Selected Correspondence of R. A. Fisher. Claren-

don, Oxford.

BenNETT, J. H. ed., (1990). Statistical Inference and Analysis:
Selected Correspondence of R. A. Fisher. Clarendon, Oxford.

BERNSTEIN, F. (1925). Zusammenfassende Betrachtungen iiber
die erblichen des Menschen. Z. Abst. Vereb. 37 237-269.

BopomMmer, W. F. and Epwarps, A. W. F. (1960). Natural selection
and the sex ratio. Ann. Human Genetics 24 239-244.

BonnNEY, G. E. (1984). On the statistical determination of major
gene mechanisms in continuous human traits: regression
models. American Journal of Medical Genetics 18 731-749.

BoorMAN, S. A. and Levrrr, P. R. (1980). The Genetics of
Altruism. Academic, New York.

Box, J. F. (1978). R. A. Fisher, The Life of a Scientist. Wiley,
New York.

BuLL, J. J. (1983). Evolution of Sex Determining Mechanisms.
Benjamin-Cummings, Menlo Park, Calif.

BULMER, M. G. (1980). The Mathematical Theory of Quantitative
Genetics. Clarendon, Oxford.

BURGER, R. (1986). On the maintenance of genetic variation:
Global analyses of Kimura’s continuum of alleles model. oJ.
Math. Biol. 24 341-351.

CarMELLI, D. and KARLIN, S. (1980). The effects of increased
phenotypic variance on the evolutionary outcomes of gener-
alized major-gene models. Ann. Human Genetics 44 81-93.

CAVALLI-SFORzA, L. L. (1990). Recollections of Whittingehame
Lodge. Theoretical Population Biology 38 301-305.

CAVALLI-SFORZA, L. L. and BobpMER, W. F. (1971). The Genetics
of Human Populations. W. H. Freeman, San Francisco.

CAVALLI-SFORZA, L. L. and FELDMAN, M. W. (1975). Evolution of
continuous variations: Direct approach through joint distri-
bution of genotypes and phenotypes. Proc. Nat. Acad. Sci.
U.S.A. 73 1689-1692.



R. A. FISHER AND EVOLUTIONARY THEORY 31

CHarNoOV, E. L. (1982). The Theory of Sex Allocation. Princeton
Univ. Press.

CHRISTIANSEN, F. B. (1989a). Linkage equilibrium in multi-locus
genotypic frequencies with mixed selfing and random mat-
ing. Theoretical Population Biology 35 307-336.

CHRISTIANSEN, F. B. (1989b). The multiple-locus symmetric fer-
tility model. Theoretical Population Biology 35 337-362.

CockErHAM, C. C. (1954). An extension of the concept of parti-
tioning hereditary variance for analysis of covariances
among relatives when epistasis is present. Genetics 39
859-882.

CoNOVER, D. O. and VAN VoorHEES, D. A. (1990). Evolution of a
balanced sex ratio by frequency-dependent selections in a
fish. Science 250 1556-1558.

Crow, J. F. and FELSENSTEIN, J. (1968). The effect of assortive
mating on the genetic composition of a population. Eugenics
Quarterly 15 85-97.

Crow, J. F. and Kimura, M. (1970). Introduction to Population
Genetics Theory. Harper and Row, New York.

Crow, J. F. (1990a). R. A. Fisher, a centennial view. Genetics
124 207-211.

Crow, J. F. (1990b). Fisher’s contributions to genetics and
evolution. Theoretical Population Biology 38 263-275.

DarwIN, C. (1859). The Origin of Species. John Murray, London.

Darwin, C. (1871). The Descent of Man and Selection in Relation
to Sex. John Murray, London.

DeEMETRIUS, L. (1992). Growth rates, entropy and evolution.
Theoretical Population Biology 41 208-236.

DoNNELLY, P. (1991). Weak convergence to a Markov chain with
an entrance boundary: Ancestral processes in population
genetics. Ann. Probab. 19 1102-1117.

Dunn, L. C. (1965). A Short History of Genetics. McGraw-Hill,
New York. _

Epwarps, A. W. F. (1990). Fisher, W, and the fundamental
theorem. Theoretical Population Biology 38 276-284.

EsHEL, I. (1971). On evolution of a population with an infinite
number of types. Theoretical Population Biology 2 209-236.

EsHEL, I. (1975). Selection on sex ratio and the evolution of sex
determination. Heredity 34 351-361.

Ewens, W. J. (1972). The sampling theory of selectively neutral
alleles. Theoretical Population Biology 3 87-112.

Ewens, W. J. (1979). Mathematical Population Genetics.
Springer, Berlin.

Ewens, W. J. (1989). An interpretation and proof of the funda-
mental theorem of natural selection. Theoretical Population
Biology 36 167-180.

FeLbman, M. W, ed. (1989). Mathematical Evolutionary Theory.
Princeton Univ. Press.

FeLpmaN, M. W. and CAvALLI-SForza, L. L. (1977). Quantita-
tive inheritance, stabilizing selection and cultural evolu-
tion. In Proceedings of the International Conference on
Quantitative Genetics (E. Pollak, O. Kempthorne and T. B.
‘Bailey, Jr., eds.) 761-777. Iowa State Univ. Press, Ames,
Ia.

FeLpmaN, M. W., CHrisTIANSEN, F. B. and Otro, S. (1991).
Lewonten and Kujima meet Fischer: Linkage in a symmet-
ric model of sex determination. Genetics 129 297-312.

FeLLErR, W. (1951). Diffusion processes in genetics. In Proc.
Second Berkeley Symp. Math. Statist. Probab. 227-246.
Univ. California Press, Berkeley.

FELSENSTEIN, J. (1981). Continuoﬁs—genotype models and assor-
tative mating. Theoretical Population Biology 19 341-357.

FinNEY, D. J. (1952). The equilibrium of a self-incompatible
polymorphic species. Geretica 26 33-64.

FIsSHER, R. A. (1915). The evolution of sexual preference. Eugen-
ics Review 7 184-192.

FisHER, R. A. (1918). The correlation between relatives on the

supposition of Mendelian inheritance. Transactions of the
Royal Society of Edinburgh 52 399-433.

FisHER, R. A. (1922). On the dominance ratio. Proc. Roy. Soc.
Edinburgh 42 321-341.

FisHER, R. A. (1930). The Genetical Theory of Natural Selection.
Clarendon, Oxford.

FisHER, R. A. (1941). The theoretical consequences of polyploid
inheritance for the mid style form of Lythrum salicaria.
Annals of Eugenics 11 31-38.

FisHER, R. A. (1947). The Rhesus factor: A study in scientific
method. Amer. Sci. 35 95-102, 113.

FISHER, R. A. (1949, 1965). The Theory of Inbreeding. Oliver and
Boyd, Edinburgh.

FisHER, R. A. (1950). Gene frequencies in a cline determined by
selection and diffusion. Biometrics 6 353-361.

FisHER, R. A. (1958). The Genetical Theory of Natural Selection,
2nd ed. Dover, New York.

FLEMING, W. H. (1979). Equilibrium distributions of continuous
polygenic traits. SIAM J. Appl. Math. 36 148-168.

Furuyma, D. J. (1979). Evolutionary Biology. Sinauer, Sunder-
land, Mass.

GaLTON, F. (1889). Natural Inheritance. Macmillan, London.

GINZBURG, L. (1983). Mathematical Evolutionary Theory. Ben-
jamin, New York.

HALDANE, J. B. S. (1927). A mathematical theory of natural and
artificial selection. Part V: Selection and mutation. Pro-
ceedings of the Cambridge Philosophical Society 23 838-844.

HamiLton, W. D. (1964). The genetical evolution of social be-
havior. I, II. J. Theoret. Biol. 7 1-52.

HamiLtoNn, W. D. and Zuk, M. (1982). Heritable true fitness and
bright birds: A role for parasites? Science 14 281-312.

Harpy, G. H. (1908). Mendelian proportions in a mixed popula-
tion. Science 28 49-50.

HaARgRris, T. (1963). The Theory of Branching Processes. Springer,
Berlin.

Horrg, F. M. (1984). Pélya-like urns and the Ewens’ sampling
formula. J. Math. Biol. 20 91-94.

JAGERS, P. (1981). Branching Processes with Biological Applica-
tions. Wiley, London.

KARLIN, S. (1975). General two-locus selection models: Some
objectives, results and interpretations. Theoretical Popula-
tion Biology 7 364-398.

KARLIN, S. (1978). Theoretical aspects of multilocus selection
balance. I. In Studies in Mathematical Biology (S. A. Levin,
ed.) 16 503-587. Math. Assoc. Amer., Washington, D.C.

KARLIN, S. (1979a). Models for multifactorial inheritance. I.
Multivariate formulations and basic convergence result.
Theoretical Population Biology 15 308-355.

KarLIN, S. (1979b). Models for multifactorial inheritance. IIL.
The covariance structure for a scalar phenotype under selec-
tive assortative mating and sex-dependent symmetric
parental-transmission. Theoretical Population Biology 15
356-393.

KARLIN, S. (1979c). Models for multifactorial inheritance. III.
Calculation of covariance of relatives under extended selec-
tive mating mechanisms. Theoretical Population Biology 15
394-423.

KaRrLIN, S. (1979d). Models for multifactorial inheritance. IV.
Asymmetric transmission for a scalar phenotype. Theoreti-
cal Population Biology 15 424-438.

KaRLIN, S. (1980a). Models of multifactorial inheritance. V.
Linear assortative mating as against selective (nonlinear)
assortative mating. Theoretical Population Biology 17
255-275.

KARLIN, S. (1980b). Models of multifactorial inheritance. VI.
Formulas and properties of the vector phenotype equilib-



32 S. KARLIN

rium covariance matrix. Theoretical Population Biology 17
276-297.

KARLIN, S. (1981). Some natural viability systems for a multial-
lelic locus: A theoretical study. Genetics 97 457-473.

KARLIN, S. (1982). Classifications of selection-migration struc-
tures and conditions for a protected polymorphism. In Evo-
lutionary Biology (M. K. Hecht, B. Wallace and C. T. Prance,
eds.) 14 61-204. Plenum, New York.

KARLIN, S. (1990). Levels of multiallelic overdominance fitness,
heterozygote excess and heterozygote deficiency. Theoretical
Population Biology 37 129-149.

KarLIN, S. and Avni, H. (1981). Analysis of central equilibria in
multilocus systems: A generalized symmetric viability
regime. Theoretical Population Biology 20 241-280.

KARLIN, S. and LEssARD, S. (1986). Theoretical Studies on Sex
Ratio Evolution. Princeton Univ. Press.

KarLIN, S. and MaTessi, C. (1983). Kin selection and altruism.
Proc. Roy. Soc. London Ser. B 219 327-353.

KarLIN, S. and McGreGor, J. L. (1972). Polymorphisms of
genetic and ecological systems and weak coupling. Theoreti-
cal Population Biology 3 210-238.

KarLiN, S. and O’DonaLD, P. (1981). Sexual selection at a
multiallelic locus with complete or partial dominance.
Heredity 47 209-220.

KARLIN, S. and WiLLiaMms, P. T. (1984). Permutation methods for
the structured exploratory data analysis (SEDA) of familial
trait values. American Journal of Human Genetics 36
873-898.

KARLIN, S. and RAPER, J. (1982). Preferential mating in sym-
metric multilocus systems: Stability conditions of the cen-
tral equilibrium. Genetics 100 137-147.

KARLIN, S. and RAPER, J. (1990). The evolution of sexual prefer-
ences in quantitative characters. Theoretical Population Bi-
ology 38 306-330.

KarN, M. N. and PEnrosg, L. S. (1851). Birth weight and
gestation time in relation to maternal age, parity and infant
survival. Annals of Eugenics 16 147-164.

KEMPTHORNE, O. (1957). An Introduction to Genetic Statistics.
Wiley, New York.

KEMPTHORNE, O. (1977). The International Conference on Quan-
titative Genetics: Introduction. In Proceedings of the Inter-
national Conference on Quantitative Genetics (E. Pollack, O.
Kempthorne and T. B. Bailey Jr., eds.) 1-19. Iowa State

) Univ. Press, Ames, Ia.

Kmura, M. (1965). A stochastic model concerning the mainte-
nance of genetic variability in quantitative characters. Proc.
Nat. Acad. Sci. U.S.A. 54 731-736.

Kmura, M. (1983). The Neutral Theory of Evolution. Cambridge
Univ. Press.

KiNngMaN, J. F. C. (1961a). A matrix inequality. Quart. J. Math.

, Oxford Ser. (2) 12 78-80. .

Kmaman, J. F. C. (1961b). A mathematical problem in popula-
tion genetics. Proceedings of the Cambridge Philosophical
Society 57 574-582.

KingMaN, J. F. C. (1976). Coherent random walks arising in
some genetical models. Proc. Roy. Soc. London Ser. A 351
19-31.

KmngMaN, J. F. C. (1978). A simple model for the balance
between selection and mutation. J. Appl. Probab. 15 1-12.

KineMman, J. F. C. (1980). Mathematics of Genetic Diversity.
SIAM, Philadelphia.

KingMaN, J. F. C. (1982a). The coalescent. Stochastic Process.
Appl. 13 235-248.

KINGMAN, J. F. C. (1982b). On the genealogy of large popula-
tions. J. Appl. Probab. 19A 27-43.

KIRKPATRICK, M. (1982). Sexual selection and the evolution of
female choice. Evolution 36 1-17.

KIRKPATRICK, M. (1987). Sexual selection by female choice in
polygamous animals. Annual Review of Ecology and Sys-
tematics 18 47-70.

KosrTizIN, V. A. (1937). Biologie mathématique. A. Colin, Paris.

LALOUEL, J.-M., Rao, D. C., MortoN, N. E. and ELston, R. C.
(1983). A unified model for complex segregation analysis.
American Journal of Human Genetics 35 816-826.

LaAnDE, R. (1975). The maintenance of genetic variability by
mutation in a polygenic character with linked loci. Genet.
Res. 26 221-235.

LANDE, R. (1981). Models of speciation by sexual selection on
polygenic traits. Proc. Nat. Acad. Sci. U.S.A. 78 3721-3725.

LESsARD, S. (1984). Evolutionary dynamics in frequency-depen-
dent two-phenotype models. Theoretical Population Biology
25 210-234.

LessarD, S. (1986). Evolutionary principles for general fre-
quency-dependent two-phenotype models in sexual popula-
tions. J. Theoret. Biol. 119 329-344.

LEessARrD, S. ed. (1987). Mathematical and Statistical Develop-
ment of Evolutionary Theory: Proceedings of the NATO Ad-
vanced Study Institute and Seminaire de Mathematiques
Superieures on Mathematical and Statistical Developments
of Evolutionary Theory. Academic, Boston.

LiBERMAN, U., FELDMAN, M. W., EsHEL, 1. and Otro, S. (1990).
Two-locus autosomol sex determination I: On the evolution-
ary genetic stability of the even sex ratio. Proc. Nat. Acad.
Sci. U.S.A. 87 2013-2017.

LoTka, A. J. (1925). Elements of Physical Biology. Williams and
Wilkins, Baltimore.

Martess, C. and KARLIN, S. (1986). Altruistic behavior in sibling
groups with unrelated intruders. In Evolutionary Processes
and Theory (S. Karlin and E. Nevo, eds.) 689-724. Aca-
demic, New York.

MatHER, K. (1966). Statistical Analyses in Biology, 5th ed.
Methuen, London.

MEeNDEL, G. (1958). Experiments in Plant Hybridization. Cam-
bridge Univ. Press.

MoraN, P. A. P. (1964). On the nonexistence of adaptive to-
pographies. Annals of Human Genetics 27 383-393.

MoraN, P. A. P. (1975). Wandering distributions and the elec-
trophoretic profile. Theoretical Population Biology 8
318-330.

MograN, P. A. P. and Smith, C. A. B. (1966). Commentary on
R. A. Fisher’s paper on “The correlation between relatives
on the supposition of Mendelian inheritance.” Eugenics
Laboratory Memoirs 46.

NacyLaky, T. (1978a). The correlation between relatives with
assortative mating. Ann. Human Genetics 42 131-137.
NacyLaxi, T. (1978b). The relations between distant individuals
in geographically structured populations. In Studies in
Mathematical Biology (S. A. Levin, ed.) 15 588-624. Math.

Assoc. Amer., Washington, D.C.

Nacyrakr, T. (1984). Selection on a quantitative character. In
Human Population Genetics: The Pittsburgh Symposium (A.
Chakravarti, ed.) 275-306. Van Nostrand Reinhold, New
York.

NoORDBORG, M. (1991). Sex ratio selection with general migra-
tion schemes: Fishers result does hold. Evolution 45
1289-1293.

O’DoNALD, P. (1962). The theory of sexual selection. Heredity 17
541-552.

O’DoNALD, P. (1967). A general model of sexual and natural
selection. Heredity 22 499-518.

O’DoNALD, P. (1980). Genetic Models of Sexual Selection. Cam-
bridge Univ. Press.



R. A. FISHER AND EVOLUTIONARY THEORY 33

O’DoNALD, R. (1983). The Arctic Skua. A Study of the Ecology
and Evolution of a Seabird. Cambridge Univ. Press.

O’DonNaLD, P. and MaserUs, M. E. N. (1989). Sexual selection
models and the evolution of melanism in ladybirds. In
Mathematical Evolutionary Theory (M. W. Feldman, ed.)
247. Princeton Univ. Press.

O’DoNaLp, P. (1990). Fisher’s contributions to the theory of
sexual selection as the basis of recent research. Theoretial
Population Biology 38 285-300.

PearsoN, K. (1904). On a generalized theory of alternative
inheritance with special reference to Mendel’s laws. Philos.
Trans. Roy. Soc. London Ser. A 203 53-86.

PENROSE, L. S. (1951). Measurement of pleiotropic effects in
phenylketonuria. Annals of Eugenics 15 297-301.

Rao, D. C,, Erston, R. C., KULLER, L. H., FEINFELB, M., CARTER,
C. anp HavLik, R. H., eds. (1984). Genetic Epidemiology of
Coronary Heart Disease: Past, Present, and Future. A. R.
Liss, New York.

RAPER, J. (1983). General analysis of frequency-dependent sex-
ual selection at a multi-allelic locus. Theoretical Population
Biology 24 192-211.

RATNER, V. A. (1990). Towards a unified theory of molecular
evolution. Theoretical Population Biology 38 233-261.

Ryan, M. J. (1990). Signals species and sexual selection. Amer.
Sci. 78 46-52.

Suaw, R. F. and MoHLER, J. D. (1953). The selective advantage
of the sex ratio. American Naturalist 87 337-342.

SmvpsoN, G. G. (1953). The Major Features of Evolution.
Columbia Univ. Press.

SiNG, C. F. and SkoLNICK, M., eds. (1979). Genetic Analysis of
Common Diseases and Applications to Predictive Factors in
Coronary Diseases. A. R. Liss, New York.

StatkiN, M. (1970). Selection and polygenic characters. Proc.
Nat. Acad. Sci. U.S.A. 66 87-93.

TAVARE, S. (1984). Line of descent and genealogical processes
and their applications in population genetics models. Theo-
retical Population Biology 26 119-164.

TomLinsoN, I. and O’DonaLp, P. (1989). The co-evolution of
multiple female mating preferences and preferred male
characters: The “gene-for-gene” hypothesis of sexual selec-
tion. J. Theoret. Biol. 139 219-238.

TureLLy, M. (1986). Gaussian versus non-Gaussian Genetic
analyses of polygenic mutation-selection balance. In Evolu-
tionary Processes and Theory (S. Karlin and E. Nevo, eds.)
607-628. Academic, New York.

TureLLl, M., and Barton, N. H. (1990). Dynamics of polygenic
characters under selection. Theoretical Population Biology
38 1-57.

UveNovaMA, M. K. and FELDMAN, M. W. (1980). Theories of kin

and group selection: A population genetics perspective. The-
oretical Population Biology 17 380-414.

VETTA, A. (1975). Assortative matings, linkage, and genotype
frequencies. Ann. Human Genetics 39 105-109.

VETTA, A. and Smits, C. A. B. (1974). Comments on Fisher’s
theory of assortative mating. Ann. Human Genetics 38
243-248.

VOLTERRA, V. (1931). Legons sur la Théorie Mathématique de la
Lutte pour la Vie. Gauthier-Villars, Paris.

WALLACE, B. (1981). Basic Population Genetics. Columbia Univ.
Press, New York.

WATTERSON, G. A. (1975). On the number of segregating sites in
genetic models without recombination. Theoretical Popula-
tion Biology 7 256-276.

WATTERSON, G. A. (1984). Lines of descent and the coalescent.
Theoretical Population Biology 26 77-92.

WAGENER, D. K. (1976). Preferential mating. Nonrandom mat-
ing of a continuous phenotype. Theoretical Population Biol-
ogy 10 185-204.

WEINBERG, W. (1908). Ueber der Nachweis der Vererbung beim
Menschen, Jahreschefte des Veriens fir Viterlandische
Naturkunde in Wiirttenburg 64 368-382.

WEIR, B. S., ELSEN, E. J., GoopmaNn, M. N. and Namkoong, G.,
eds. (1988). Proceedings of the Second International Confer-
ence on Quantitative Genetics. Sinauer, Sunderland, Mass.

WiLLiams, G. C. (1975). Sex and Evolution. Princeton Univ.
Press.

WiLLiams, G. C. (1979). The question of adaptive sex ratio in
outcrossed vertebrates. Proc. Roy. Soc. London Ser. B 205
567-580.

WiLsoN, S. R. (1973). The correlation between relatives under
the multifactorial models with assortative mating. I. Ann.
Human Genetics 37 289-304.

WiLsoN, S. R. (1978). A note on assortative mating, linkage, and
genotype frequencies. Ann. Human Genetics 42 129-130.

WRIGHT, S. (1921a). Correlation and causation. Journal of Agri-
cultural Research 20 557-585.

WRIGHT, S. (1921b). Systems of mating. Genetics 6 111-173.

WRIGHT, S. (1923). The theory of path coefficients. Genetics 8
239-255.

WricHT, S. (1931). Evolution in Mendelian populations. Genetics
16 97-159. 7

WynNE-EpwaRrDs, V. C. (1962). Animal Dispersion in Relation
to Social Behavior. Hofner, New York.

ZE1, G., MaTEssI, R. G., Sry, E., MoroNI, A. and CAVALLI-SFORZA,
L. (1983). Surnames in Sardinia: I. Fit of frequency distri-
butions for neutral alleles and genetic population structure.
Ann. Human Genetics 47 329-352.



