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OSCILLATORY CRITERIA FOR
THE SYSTEMS OF TWO FIRST-ORDER
LINEAR DIFFERENTIAL EQUATIONS

G.A. GRIGORIAN

ABSTRACT. A definition of strict oscillation of the sys-
tem of two first-order linear ordinary differential equations
is given. It is shown that oscillation follows from strict os-
cillation of its system, but strict oscillation does not follow.
Sturm-type theorems are proven. Oscillatory and strict os-
cillatory criteria in terms of coefficients of the system are
obtained.

1. Introduction. Let a;x(t), j, k = 1,2, p(t), ¢(t) and r(t) be real-
valued continuous functions on R = (—o0;00), and let p(t) > 0, ¢t € R.
Consider the system

{¢'<t> = a1 (£)(t) + ara()(2),

(1.1)
Y (t) = a1 () (1) + ax(t)(t),

and the equation

(1.2) (p(1)¢'(1))" + q(t)d' (t) + r(t)$(t) = O,
on R. The substitution ¥ (t) = p(t)¢’(¢) in (1.2) leads to the system

)
(1.3) {w) (1/p(£)0(D),
¥() = —r(£)6(t) — (a(t)/pO)b(2),

which is a particular case of (1.1). It is not difficult to show that, when
a12(t) # 0, at € Ror ax(t) #0, t € R, the system (1.1) can be reduced
to equation (1.2). Other conditions also exist on the functions a;(t),
4,k = 1,2, for which system (1.1) is reducible to equation (1.2). In spite
of this and the fact that the study of equation (1.2) has been the subject
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of much research, see [1, 2, 5, 7, 9, 10, 12, 13, 14, 15, 16], and the
references cited therein, taking into account the fact that there is no
known way of reducing system (1.1) to equation (1.2) in the general
case, gives our premise for the study of system (1.1).

An important problem in qualitative theory regarding differential
equations is the study of the question of oscillation of system (1.1).
Although the study of the question of oscillation of equation (1.2) has
been the subject of much research, see [1, 10, 14, 15] and references
cited therein, as well as [5, 7, 9, 12, 13, 16], a result in this direction,
related to system (1.1), has heretofore not been found. The set of zeros
of the components of solutions of system (1.1), in contrast to the set of
zeros of solutions of equation (1.2), may have a very complex structure.
However, as is shown in this work, see Section 3, these sets can be
partitioned into separate classes (null-classes), for which Sturm-type
theorems are valid. In Section 3, we give a definition of strict oscillation
of system (1.1) in terms of null-classes. We show that its oscillation
follows from strict oscillation of system (1.1). It turns out that the
oscillation of equation (1.2) is equivalent to the strict oscillation of
system (1.3). As an example, we show that, from the oscillation
of system (1.1), its strict oscillation does not follow. In Section 4,
we prove oscillatory and strict oscillatory theorems for system (1.1).
From Theorem 4.3, Ph. Hartman’s oscillatory criterion follows (see
Corollary 4.1 ff. and Theorem 4.4 ff.). We give an example, showing
that Corollary 4.1 does not follow from Ph. Hartman’s criterion.

2. Auxiliary propositions. Let a(t), b(t) and ¢(t) be real-valued
continuous functions on R. Consider the Riccati equation
(2.1) 2'(t) + a(t)z2(t) + b(t)z(t) + c(t) = 0.

The solutions z(t) of equation (2.1) exist on an interval I(C R) and are
connected with solutions (¢(¢),4(t)) of the system

{¢'<t> = a(t)p(t),
W () = —c(t)p(t) — b(t)w(t),

by relations (see [4, pages 153, 154])

(2.2)

(23 8(t) = Blto) exp { / a(r)=(r) dT},

to
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1/1(t) = Z(t)(b(t)? tvtO S I7 ¢(t0) 7é 0
(to is fixed).

Lemma 2.1. For every tg € R and for each complex number zoy =
x ) + W)y with yoy # 0, equation (2.1) has a solution zy(t) on R,
satisfying initial value condition zy(to) = z(o)-

The proof of this lemma is elementary, and we omit it, see [8].

Let z(t) be a solution of equation (2.1) on R. Denote
z(t) = Rez(t), y(t) = Im z(t).

We substitute z(t) = z(t) + iy(f) in (2.1) and separate real and imag-
inary parts. For y(t), we obtain

y'(8) + [2a(t)z(t) + b(1)]y(t) =0,

from which
t
(2.4) y(t) = y(to) exp {—/ [QG(T)x(T) + b(T)] dT}
to
follows. Consider the Riccati equation

(2.5) 2/() + a12(t)22(t) + B(8)=(t) — az (t) = 0,

where B(t) = a11(t) — a22(t). Let zo(t) be the solution of this equation,
satisfying the initial value condition zo(tp) = ¢. By virtue of Lemma 2.1,
20(t) exists on R. Let (¢o(t),vo(t)) be the solution of (1.1) with
¢o(to) = 1 and o(tg) = i. Then, it is easy to show that

(2.6) do(t) = exp { /t[am(T)Zo(T) + a1 (7)] dT},

Yo(t) = Zo(t)cﬁo(;)-

Since a;i(t), j, k = 1,2, are real valued, (¢o(t),¢o(t)) are also solutions
of system (1.1). Let

o (t) £ po(t _ Polt) £ ()
P+ (t) 022‘?1)/02()’ Vi(t) = %'
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Then (¢4 (t),1+(t)) are real-valued solutions of system (1.1). It is
evident that

o+ (t) =1, Pi(t)
&) {(b =0, v

Denote zo(t) = Rezo(t), yo(t) = Im zo(¢). Taking into account (2.5),
from (2.6), it is easy to derive the equalities

0,
1.

(28) 1) = L0 o /t:au(T)yo(T) i)

Yo(t)

9) =220 an(oycos | eis(run(r) dr

2100 o) =220 g ( /tt a1 (7)o () dT>,

uy (=220 ao(osin ([ esz(rhun(r) v

+ 90t cos ( /t t a1 (7)o () df)] ,

S(t) = au(t) + GQQ(t),

Ju(t) = exp{/t:u(T) dT},

u(t) is an arbitrary continuous function on R. Denote

(1) _
x5 (t) + yp(t)

where

ap(t) = arcsin
Then,

Zo() cos a(t) =

sinag(t) = N OET 0k NZIOER 0K
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Now, from (2.9) and (2.11), it follows that

(2.12)
Py (t) {\];;207\/ ) sin (ao / a12(7)yo(T) dT) ,
(2.13)

bt "JS;T\/ (ao /am(r)yo(r)ch),

Since yo(to) = 1, by virtue of (2.4), yo(t) > 0, t € R. Therefore,

(2.14) —g<%w<g,teR

Let (¢(t),1(t)) be an arbitrary real-valued solution of system (1.1).
Since, by (2.7), the solutions (¢4 (t), ¥+ (t)) are linearly independent,

P(t) = cr o4 (t) +c—o_(2), Y(t) = ey (t) + c—y_(1),

where cy are some real constants. Then, from (2.8), (2.10), (2.12) and
(2.13), we get

@15) o) =n?2Y g (/ ra(uolr) dr +3)

Yo(t)

(2.16)
0(t) = 1 J73(0) + 13 (0) % os [ ooty ar+3 - aolt)).

where

p=plc_sep) =1/cA + A,

~ {arctan(c+/c_), for c_ #£0,

0 =06(c_; =
(c-iex) arctan(c_/cy), for ¢y #0.

By analogy, the following equalities
(2 17)

NF‘]E/Q (/tt aoy (7Y (7) dr + 6 — ﬂo(t)>,
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@18) o) =220 g (/ () () dr + 7).

Y1 (t)
are derived, where z1(t) = x1(¢) + iy1 (¢) is the solution of
(2.19) 2 (t) + a2 (t)2%(t) — B(t)z(t) — a1a(t) = 0,

with 21(t0) = 4, Bo(t) = z1(t)/\/23(t) + y2(t). Note that an equality
for the general solution of equation (1.2) with ¢(¢) = 0, which is an
analogue of (2.15), is given in [11, pages 152-154].

Definition 2.2. A real-valued solution of equation (2.1) is said to be
t1-regular if it exists on [t1; +00).

Definition 2.3. A t;-regular solution z(¢) of equation (2.1) is said to
be t1-normal if there exists a § > 0 such that every solution x1(¢)
of equation (2.1) with x1(¢t1) € (x(t1) — d;z(t1) + J) is ti-regular.
Otherwise, it is said to be t1-marginal.

Definition 2.4. A ¢;-marginal solution z(t) of equation (2.1) is said
to be a lower (upper) t;-marginal solution if every solution z1(t) of
equation (2.1) with z1(¢t1) < x(t1), (1(t1) > 2(t1)) is not ¢1-regular.

Denote by reg(t1) the set of z(g) € R, for which the solution x(t) of
equation (2.1) with x(t1) = x(g) is ti-regular. In the sequel, we suppose
that the function a(t) has unbounded support on [tg; +00).

Lemma 2.5. Let a(t) > 0, t > t;, and suppose that equation (2.1) has
a t1-reqular solution. Then, it has a lower t1-marginal solution x.(t),
and

reg(t1) = [z« (t1); +00).
Proof. See [6]. O

Let x(t) be a tj-regular solution of equation (2.1). Consider the
integral

va(t) = /t = a(r) exp {— /t ' [2@(8)36(3) + b(s)} ds} dr, t>t.
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Theorem 2.6 ([6, Theorem 2.A]). Let a(t) > 0, t > t1. Then the
integral v, (t) converges for all t > t1 if and only if x(t) is t1-normal.

Denote

(Mﬂ) _ Jb()/(2a(t)) a(t) #0,
2a(t) ), ~ )0 a(t) = 0.

The next lemma is a modification of the mandatory condition of
Ph. Hartman’s lemma, see [10, page 431, Lemma 7.1].

Lemma 2.7. Let the following conditions hold:
(i) a(t) >0, t > to;
(ii) j::oo a(t)dr = 4o0;
(iii) supp b(t)\supp a(t) has null measure and (b(t)/(2a(t)))o € LY (to;
+00);
(iv) there exists a to-reqular solution x(t) of equation (2.1) such that

/t:OO a(7) [x(T) — (;{f&)J QdT < 4o
Then, there exists a finite limit
P= lim (/tT a(7) dT) -
b ) 0w

Proof. From conditions (iii) and (iv) it follows that

() — /jm a(7) {x(f) - (2’25(:)))0} ik

I AC-o R e




By virtue of Schwartz’s inequality
(2.21)

([[sow) [ - (22 o
<{(fars) [aoleo-(23) " o2

(7
Let € > 0. We choose N (> tg) la

arge enough such that
/T+Ooa(s) {x(s)— <2ba‘°‘)))J ds<e for > N.
T>
s) —

Then, by virtue of (i) for N,ihefllwngnqultyhld
[ et [ (555) |
g/ ) dr /m { (b )Idsﬁ/NTa(T)dr.

By (ii), it follows that, for large enough values of T,

F(T) = (/:a(f)ch)_l/:a(f) dr
[ (2o
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Therefore, limy_, o f(T) = 0. From here, from (i), (ii), (iv), (2.20)
and (2.21), existence of the finite limit P follows. The lemma is
proven. ([l

3. Sturm-type theorems. In the sequel, we assume the solutions
of all equations and systems of equations to be real valued. On the set

R of subsets of R define an order relation <, assuming = < y if and
only if, for every t, € z € 2 and t, € y € 2%, the inequality t, < t,
holds. Obviously, < is a partial ordering.

Let (4(t),%(t)) be a nontrivial solution of system (1.1). Since the
functions ¢(t) and ¥(t) are continuous, their zeros form closed sets.

Definition 3.1. A connected component of zeros of the function ¢(t)
(1(t)) will be called a null-element of the function ¢(t) (¥(t)).

Let N(¢) and N () be null-elements of ¢(t) and v (t), correspond-
ingly. By virtue of (2.15) and (2.18) we have:

t
(3.1) / a12(T)yo(7) dr + 0 = 7ko, t € N(¢), ko € Z;

to

t ~
(3.2) / a1 (M)y1(r)dr+ 0 =wky, te N(®), ki € Z;

to

0 = const. In the sequel, for arbitrary ¢1,t; € R under the symbol
[t1;t2], we mean the set of points of R inclusive, lying between t; and
to.

Definition 3.2. Null-elements Ni(¢) and Na(¢) (N1(¢0) and Na(v)))
of the function ¢(t) (¢(t)) of the solution (¢(t),1(t)) of system (1.1)
are called congenerous if, for every t; € N;(¢) (€ N;(v)), j = 1,2, the

following inequality holds
t
/ agl(’]’)yl (T) dT

‘/ a12 yo )dT <7T<
ty

It follows from this definition that, for every congenerous element N; (o)
(N;(¥)), 7 = 1,2, and for every t; € N;(¢) (€ N;(¥)), j = 1,2, the

<7T>, te[tl;tg].
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inequality

/t2 az1(T)y1 (1) dr

t1

<7T), te[tl;tQ].

<n(

holds. At the same time, by virtue of (3.1) (by virtue of (3.2))

’ a12 )dT

:7'(]{707

/t2 a12(7)yo(7) dT—/t1 a12(7)yo(7) dr

‘ to to
ko € Z,

ta
(‘/ a1 (T)y1 (1) dr
t1
Therefore,

(3.3) /t2 a12(7)yo(7)dr = ()(/t2 ao1 (T)y1 (1) dr = 0>.

t1 tl

‘ 0,12 7') dT

:ﬂa,aez)

It follows that, for every ¢ € [t1; 2], the inequality

lgadﬂmﬁ)

= ‘ /tlt a12(7) dryo () dm — /t2 a12(7)yo(7) dr

t1
t
=| [ anim(ryar
t1
holds (analogously,

‘/(121 yl ‘/&21 yl

This means that the congeniality relation is symmetric. Let N;(¢),
j = 1,3 be null-elements of ¢(t), and suppose that N (¢) is congenerous
with Na(¢), and N2(¢) is congenerous with N3(¢). We show that Ny (¢)
and N5(¢) are congenerous. Let t; € N;(¢), j = 1,3, and let ¢ € [t1;3).
Then, t € [tl;tg] orte [tQ; t3]. Ifte [tlgtg], then

’ /tlt a12(7T)yo(T) dr

<7

)| < 7).

<,
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by virtue of congeniality of N1(¢) and Na(¢). However, if ¢ € [to; 3],
then, taking (3.3) into account, we have

/ sl dr

t1

= ‘/: a12(T)yo(T) dr + /tau(T)yo(T) dr

ta

t
= ‘ / a12(7)yo(7) dr| <,

to
by virtue of the congeniality of No(¢) and N3(¢). Therefore, N;(¢) and
N3(¢) are congenerous. This means that the relation of congeniality
between null-elements of the function ¢(¢) is transitive. From (3.1),
it immediately follows reflexivity of the relation of congeniality among
null-elements of function ¢(¢). Thus, the congeniality relations among
null-elements of function ¢(t) is an equivalence relation. Similarly, it is
shown that the congeniality relations among null-elements of function
1 (t) are equivalence relations.

Definition 3.3. The equivalence class, generated by the relation of
congeniality among null-elements of function ¢(t) (¢ (t)) of the solution
(o(t),v(t)) of system (1.1) is called the null-class of function ¢(t)

(¥ (#))-

Theorem 3.4. Null-classes of function ¢(t) (¢¥(t)) of the solution
(p(t), () of system (1.1) are linearly ordered by <.

Proof. Let ni(¢) and na(¢) be distinct null classes of function ¢(t).
We show that ni(¢) < na(¢) or na(¢) < ni1(¢). Suppose that t9 €
n;j(®), j = 1,2. Then, t§ < tJ or t3 < 9. Suppose that t9 < 3. This
yields

(3.4) 1) <t, t€nae).

Suppose the converse, i.e., there exists a t € no(¢) such that t < 9 (it
is evident that the equality ¢ = ¢; is impossible). Since, by hypothesis,
t9 < 19, it follows that 9 € [t;¢9]. Then,

<,

’ /t ¥ na(To(r) dr

since t,t9 € ny(¢). This means that ¢ and t9 belong to the same null-
class. The contradiction just obtained proves (3.4). Similarly, it can
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be shown that
(3.5) t<ty, teny(o).

From (3.4), it follows that the set ma(¢) is upper bounded and,
from (3.5), it follows that the set n;(¢) is lower bounded. Then, let
ti1 =sup{t : t € ni(¢)} and ty = inf{t : t € na(¢)}. It is easy to see
that n;(¢), j = 1,2, are closed sets. Then, t; € ni(¢) and ty € na(¢).
Therefore, by virtue of (3.4), we have tJ < t,. Furthermore, by virtue
of (3.5), t1 < to. It follows that, for every t; € n;(¢), the inequality
t1 <11 <ty <ty holds. Thus, if t9 < ¢3, then ny(¢) < n2(9).

Likewise, it can be shown that, if t3 < ¢9, then na(¢) < ny1(¢) or else
n1(¢) < na(¢) or na(¢) < n1(¢). Hence, the set of null-classes of the
function ¢(t) is linearly ordered by <. Furthermore, it can be shown
that the set of null-classes of function t(t) is linearly ordered by <.
The theorem is proven. |

Theorem 3.5. There exists at least one null-element of function 1(t)
(o(t)) which lies between two null-classes of function ¢(t) (¥ (t)) of the
nontrivial solution (¢(t),1(t)) of system (1.1).

Proof. Let n1(¢) < n2(¢p) be two null-classes of function ¢(¢).
Denote t; = sup{t : t € n1(¢)} and to = inf{t : t € ny(4)}. Since
t1 € n1(¢), then, by virtue of (2.15), the equality

ta
(3.6) / ar2(T)yo(r)dr + 04 =k, ke Z,

to
holds, where 6, is defined from representation (2.15) for ¢(t) on [t1;ta].

We consider the function

fO(t)E/ a12(7)yo(7) dr.

ty

Since ¢; and t3 belong to different null-classes, there exists a t1 € [t1;t2]

such that |fo(t1)| > w. Since fo(¢1) = 0 and fo(¢) is continuous, from
the last inequality, fo(t2) = £ follows for some ty € [t1;t2]. From this
and (3.6), it follows that

(3.7) / : a12(T)yo(T) dr + 0 = Tk,

to
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where k1 = k £+ 1. We prove the theorem in the case where k1 =k + 1
(the proof in the case k1 = k —1 is similar). From (2.14) and (3.6), the
inequality

t1
/ 1o (F)yo(r) dr + 8 — aFr) < ok + 5

to

follows and, from (2.14) and (3.17), the inequality

ta
/ a12(T)yo(7) dT + 04 — o (t2) > w(k + 1) — g =7k + g
to

follows. Therefore, there exists a t3 € [t1;t2] such that

t3
/ ara(T)yo(7) dr + 6,5 — ao(ts) = 7k + <.
to
By virtue of (2.16), it follows that ¢ (t3) = 0. Let N(v) be the null-
element of the function (¢) containing the point ¢3. Since, by virtue of
the uniqueness theorem, the null-elements of functions ¢(t) and ¥ (t) are
disjoint, and #; < t3 < t2, we have {1} < N(¢) < {t2}. It follows from
here that n1(¢) < N(¢) < na(¢). Likewise, it can be proven (using
equalities (2.17) and (2.18) in place of (2.15) and (2.16)), that there
exists at least one null-element of the function ¢(t), which lies between
two null-classes of the function v (¢). The theorem is proven. ]

Corollary 3.6. Every segment of the real line R intersects with at
most a finite number of null-classes of the functions ¢(t) and ¥(t) of
every solution (p(t), v (t)) of system (1.1).

Proof. Let (¢(t),¥(t)) be a nontrivial solution of system (1.1). Sup-
pose that some segment [t1;s] intersects with an infinite number of
null-classes of the function ¢(¢). Then, by virtue of Theorem 3.1, there
exists an infinite-ordered sequence

(3.8) n1(p) < n2(@) <+ < Ny (@) < -+
Oor a sequence
(3.9) = () < < na(e) < ni(e),

of null-classes of the function ¢(t), each element of which intersects with
[t1;t2]. Suppose that sequence (3.8) exists with the above-mentioned
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property. By virtue of Theorem 3.2, there exist null-elements N;(v),
j=1,2,..., of function 1 (¢) such that

(3.10) n1(¢) < N1(¥) < na(¢) < Na(i) < nz(p) <---

Suppose that t; € n;(¢) N [ti;t2], j = 1,2,.... It follows from (3.10)
that {t;} < N;(v) < {tj11}, 7 =1,2,.... Therefore, the intersections
N;() N [t;t2], j = 1,2,..., are nonempty. Let t; € N;(¢) N [t1; 2],
j=1,2,.... It follows from (3.10) that

Ty <ty <ty <t <ty <o <ty <) <tjpn<--- <t
Therefore, limits exist which are equal to each other.

(3.11) jlgr_loo tj = jEToo th =t € [t1; o).

Since ¢(t;) = w(t}) =0,j=1,2,..., by virtue of (3.11) and continuity
of the functions ¢(¢) and ¥ (t), equality takes place at ¢(tg) = 1(to) = 0,
which is impossible. The contradiction thus obtained shows that every
segment of R intersects with at most a finite number of null-classes of
function ¢(t).

Likewise, it can be proven that every segment of R intersects with
at most a finite number of null-classes of function (t). The corollary
is proven. O

The proof of sequence (3.9), with the above-mentioned assumptions,
is similar.

If a12(t) does not change sign, then the function

t
go(t) E/ a12(T)yo(T) dr
to

is monotone. In this case, by virtue of (2.15), every null-class of function
@(t) of every solution (¢(t),%(t)) of system (1.1) consists of only one
null-element. Similarly, if as1(t) does not change sign, then every null-
class of function ¢(t) of the above-mentioned solution consists of only
one null-element. Therefore, from Theorem 3.5, we immediately obtain
the next corollary.

Corollary 3.7. If ai2(t) and a2 (t) do not change signs, then, for
every nontrivial solution (¢(t),¥(t)) of system (1.1), the null-elements
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of function @(t) are separate null-elements of function ¥(t) and are
separated by them.

The next theorem is an analog of Sturm’s separation theorem, see,
[10, page 396], [14, pages 167, 168].

Theorem 3.8. Let (¢;(t),¢;(t)), j = 1,2, be linearly independent
solutions of system (1.1). Then, between two null-classes of function
d1(t) (P1(t)) lies at least one null-element of function ¢o(t) (a(t)).

Proof. By virtue of (2.15), we have

Jg/a(t ¢
(3.12;) ;(t) = MjL() sin (/ a12(7)yo(T) d7 + 93'),
Yo(t) to
where p; and 6; are some real constants, j = 1,2. Let ni(¢1) < na(¢1)
be two neighbor null-classes of function ¢1(t). Denote t; = sup{t: t €
ni(¢)} and to = inf{t : t € na(¢)}. Consider the functions

t
B0 = [ anndr 6, j=12
to
Since t1 € nq1(¢1) and ta € ny(¢1), from (3.125), j = 1,2, it follows that
fa(ta) — fa(t1) = fi(t2) — fi(t1) = £7. From this and from (3.123),
by virtue of the continuity of fo(t), it follows that ¢2(t3) = 0 for some
ts € [t1;t2]. Let N(¢2) be a null-element of function ¢o(t), containing
the point ¢3. Since (¢;(t),%;(t)) j = 1,2, are linearly independent,
ti,ta ¢ N(¢2). Therefore, {t;} < N(¢2) < {t2}. It follows that
n1(¢1) < N(¢2) < n2(¢1). Similarly, it can be shown that between two
null-classes of function 1 (t) lies at least one null-element of function
12(t). The theorem is proven. O

If a12(t) (a21(t)) does not change sign, then, as shown above,
every null-class of function ¢(¢) (¥(t)) of every solution (¢(t),(t))
of system (1.1) consists of only one null-element. Therefore, from
Theorem 3.3, we immediately obtain:

Corollary 3.9. Let (¢;(t),¢;(t)) j = 1,2, be linearly independent
solutions of system (1.1), and suppose that a12(t) (a21(t)) does not
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change sign. Then the null-elements of function ¢1(t) (¥1(t)) separate
null-elements of function ¢2(t) (Y2(t)) and are separated by them.

4. Oscillation. Hereinafter, we consider equations and systems of
equations on the half axis [to; +00) (to fixed).

Definition 4.1. System (1.1) is said to be oscillatory if, for every
nontrivial solution (¢(t),1(t)), functions ¢(t) and () have arbitrary
large zeros.

Definition 4.2. System (1.1) is said to be strictly oscillatory if, for
every nontrivial solution (¢(t),1(t)), functions ¢(t) and ¥ (t) have an
infinite number of null-classes.

By virtue of Corollary 3.1, if (1.1) is strictly oscillatory, then it is
oscillatory. The next example shows that the converse assertion is false.

Example 4.3. Suppose that tg < & <mp < t1 <& <m <to+ T,
o —& = m — & = 2w, and let a(t) be a continuous and periodic
function on [tp; +00) with period T satisfying the conditions: a(t) > 0,
t € (to;t1), a(t) <0, t € (t1;t0 +T), a(t) = 1, t € [£o;m0], a(t) = —1,
t € [&5m)

Define

A(t)* Ak tG[t0+kT;t1+kT], k=0,1,2,...,
Sk te€[ti+ET o+ (k+1DT), k=0,1,2,....

We set a12(t) = A(t)a(t), a1 (t) = —aia(t), t > to. Consider the system
) 08) = anat)o1).

P'(t) = a1 (t)B(t).
Let (¢;(t),%,(t)), 7 = 1,2, be the solutions of this system such that

{¢1(to) =0 i(to) =1,

4.2) balto) =1 wslty) = 0.
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It is not difficult to see that

(4.3) $2(t) = P1(2), Pa(t) = =i (t), t>to.

Obviously, on segment [£ + 2kT'; ng + 2kT], system (4.1) is equivalent
to the equation u” (t)+ A2u(t) = 0, and on segment [&o+ (2k+1)T;no +
(2k+1)T) system (4.1) is equivalent to the equation u” () +p2u(t) = 0,
k=1,2,.... Then,since ng—&y = n1—& = 2m for A\, = 1 (u, = 1), each
of the functions ¢;(t) (¢;(t)), j = 1,2, on each segment [to+kT; t1+kT]
([t1 + kT to + (k + 1)T)) has at least one zero. By virtue of (2.15), it
follows that, for Ay = pur = 1, the following inequalities hold:

t1+kT
/ ar2(T)yo(7) dr > T,
to+kT

to+(k+1)T
/ a2(T)yo(r)dr < —m, k=0,1,2,....
t1+kT

Taking these inequalities and continuous dependence y(t) on A and
wi, k=0,1,..., into account, we choose \y > 0 such that

/ 1 a12(T)yo(T) dr = 7.

to

Next, choose g > 0 such that

to+T
/ a12(T)yo(7)dr = —7.

t1

Finally, choose A; > 0 and p; > 0 such that

t1+T to+2T

/ a12(T)yo(T)dr = 7, / a12(T)yo(7)dr = —,
to+T t1

and so on. After a countable number of such operations of successive

determinations of Ay > 0 and ur > 0, &k = 0,1,2,..., we obtain a

function aj2(t) such that

t1+kT
(4.4) / ara(rYyo(r) dr = m,
to+kT

to+(k+1)T
/ aa(T)yo(r)dr = —m, k=0,1,2,....
t1+kT
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Then,
(4.5) d1(to + kT) = do(t1 + kT) =0, k=0,1,2,....
Note that .

0< / ar2(T)yo(T)dr <m, t>to.

to

Then, by virtue of (2.15) and (4.2), ¢1(t) > 0, t > to. It follows
that all zeros of function );(t) are contained in one (unique) null-
class. Thus, system (4.1) is not strictly oscillatory. We show that it is
oscillatory. From (4.5), it follows that ¢;(¢) has arbitrary large zeros.
Let (¢3(t),13(t)) be a solution of (4.1), which is linearly independent
of (¢1(t),¥1(t)). From (4.4), it follows that to,t1 + T,to + 27, ...,
pairwise belong to different null-classes of function ¢q(¢). By virtue of
Theorem 3.3, and (4.5), it follows that ¢3(t) has arbitrary large zeros.
Similarly, using (4.3)—(4.5), it can be shown that, for every solution
(o(t),v(t)) of system (4.1), function (t) has arbitrary large zeros.
Therefore, system (4.1) is oscillatory.

In equation (2.5), we make the change z(t) = ctgf(t), which leads to
the equation

(4.6) 0'(t) = aa(t) cos? O(t) + B(t) sin O(t) cos O(t) — az (t) sin® O(t).

Since the right hand side of (4.6) for every continuous function 6(t)
on [to;t1), t1 < +oo is bounded on [to;t1) (see [3, pages 274, 275],
[10, page 19], Picard’s theorem 1.1), for every 6y € R, it has a
unique solution 6(t) on [tg; +00) satisfying the initial value condition
0(to) = 0(p). Rewrite equation (4.6) in the form

(4.7)

20'(t) = a12(t) — az1(t) + v/ B2(1) + (a12(t) + a2 (1)) sin(20(2) + (1)),

where

arcsin(aia(t) + az1(t))/v/B2(t) + (a12(t) + a21(t))2
v(t) = a12( ) +az(t) # 0,
0 alg(t) + azl(t) =0.

Denote Ry (t) = a12(t) — az1(t) £ v/B2(t) + (a12(t) + a21(2))2. Let 6(2)
be a solution of equation (4.7). Then, obviously,

R_(t) <20'(t) < Ry (t), t>to.
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It follows that

(4.8) t R_(7)dr <2(0(t) — 6(tg)) < t Ry(r)dr, t=>tp.

t(J t(J

Lemma 4.4. Let (¢(t),¥(t)) be a solution of system (1.1) with
d(&) # 0, and let Oy(t) be the solution of equation (4.7), satisfying
the initial value condition cot0y(&) = Y(&)/P(€). Then, in all of the
points of null-class n(P) of function ¢(t), the solution 0y(&) takes the
same value ko, ko € Z.

Proof. By the uniqueness theorem, cot fy(t) coincides with the so-
lution z(t) = ¥(t)/o(t) of equation (2.5) on I, where I = (p;q) is a
maximum interval of existence for x(t), or I = [to;q), x(t) exists on
[to;q) and cannot be continued beyond g. Therefore, 6y(q) = ko for
some ko € Z. Let t; € n(¢). We show that 0y(¢t;) = wko. Con-
sider the case t; > ¢ (the proof in the case t; < ¢ is similar). Sup-
pose that 0y(t1) # mko. Then, 0(t1) = 7ky, k1 € Z, ki # ko. This
means that [0(t1) — 0p(q)| > 7. By continuity of 6y(t), it follows that
Bo(t2) = 00(q) £ 7 for some to € (g;t1].

Suppose that 0y(t2) = 6o(q) + 7 (the proof in the case Oy(t2) =
0o(q) — m is similar). Denote ¢; = max{t € [g;t1] N n(p) : Oo(t) = 7ko}
and to = min{t € [t1;t1] N (@) : Oo(t) = ko + m}. It is evident that
t <ta,

(4.9) Oo(t1) = mho,  Oo(tz) = mko +,
and
(4.10) ko < Oo(t) < ko +m, t € (t1;t2).

This means that Z(t) = cot 6y(t) exists on (f1;t2) and defines a solution
of equation (2.5) there. Since, by (2.6), Z(t) = A(/)/g;r), where
(d)h(t/),m) is a solution of system (1.1), and, by (4.9), ( 1) = $oo,
F(ty) = +o0, we have ¢(f1) = ¢(ty) = 0. It follows that (B(t) ) W(t) =
Ao(t),¥(t)), A = const # 0. Therefore, Z(t) = ¥(t)/o(t), t € (t1;t2).
t1;ta).

Furthermore, it follows that ¢(t) does not change sign on (#1;t
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By (2.16), the following equality occurs:
(4 11)

t

=g/ 75 () ?;Z— (/alz( )yo(T)dTJraabao(t)),

where p4 and 0, are some constants. Since t1,ts € n(¢), by (3.3),

to

ty to ~ ~
/ a12(T)yo(T) dr + 04 = ar2(T)yo(r)dr + 04 =7k, ke Z
to

to
Now, from (2.14) and (4.11), it follows that sign 1 (¢1) = sign ¢ (t2) # 0.
Then, since ¢(t) does not change sign on (1;t2), we have Z(t; +0) =
z(ty +0) = z(ta — 0) = Z(t2 — 0) = oo. However, on the other
hand, from (4.9) and (4.10), it follows that Z(t; +0) = cot (1 + 0) #
cot By(t2 — 0) = Z(t2 — 0). The contradiction just obtained shows that
0o (t) takes the same value 7k on n(¢). The lemma is proven. O

In equation (2.19), we change z(t) = cot 6(t), which yields
20'(t) =az1 () — ara(t) + /B2(t) + (a12(t) + az1(1))? sin(20(t) +(t))-

It is evident that, for every solution (¢) of this equation,

—Ry(t) <20'(t) < —R_(t), t>to.

Therefore,

(4.12) t —R(7)dr <2(0(t) — 0(tg)) < — /t R_(1)dr, t>to.

t() tO

Theorem 4.5. If

¢ ¢
(4.13) limsup [ R_(7)dr =+oc0 or lim inf/ Ry(1)dr = —0

t—+oo Jitg t—+o00

then system (1.1) is oscillatory, and, if

+0o0 +oo
(4.14) R_(r)dr =400 or Ry (1)dr = —o0,

to to

then system (1.1) is strictly oscillatory.

Proof. Suppose that system (1.1) is not oscillatory. Then, there
exists a solution (¢(t),1(t)) of system (1.1) such that ¢(t) #0,¢t > T,
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or Y(t) # 0, t > T, for some T" > to. Suppose that ¢(t) #0,t > T.
Then, by (3.6), z(t) = ¥(t)/é(t) is a solution of equation (2.5) on
[T; +00). Therefore, 6(t) = arccot z(t) is a solution of equation (4.7)
on [T;+400). By (4.8), we have:

/t R_(7)dr < 2(0(t) — 0(T)] < /t R.(r)dr, t>T.
T T

It follows that

(4.15) /Tt R_(r)dr <27 —20(T), t>T,

t

(4.16) / Ry(t)dr > =27 —20(T), t>T.
T

Suppose that the first of equalities (4.13) occurs. Then,

t
limsup/ R_(7)dr = +o0,

t—+oc0 JT
which contradicts (4.15). Suppose that the second of equalities (4.13)
occurs. Then,

t

lt1g1+1£10f/T Ry (7)dr = —o0,
which contradicts (4.16). Thus, the assumption that ¢(t) # 0, t > T,
leads to the contradiction.

Similarly, using (4.12) in place of (4.8), it can be shown that the
assumption ¥ (t) # 0, t > T', for some T > 1y, leads to a contradiction.
Therefore, system (1.1) is oscillatory. Suppose that (4.14) takes place.
Then (4.13) holds. Therefore, as already proven, system (1.1) is
oscillatory. Thus, for every solution (¢p(t),1(t)) of system (1.1), the
function ¢(t) (¥ (t)) has at least one null-class.

Suppose that (1.1) is not strictly oscillatory. Then, for its solution
(o(t),1(t)), function ¢(t) or 1(t) has a finite number of null-classes.
Suppose that ¢(t) has a finite number of null-classes n1(¢) < na2(¢) <
-+« < Ny (@) (the proof which assumes that 1(¢) has a finite number
of null-classes, is similar). Since ¢(t) has arbitrary large zeros, there
exists an infinitely large sequence {t,} C np (o).
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Suppose that ¢(£) # 0, and let 6y (¢) be the solution of equation (4.7)
satisfying the condition cot0y(§) = ¥(£)/P(€). Then, by virtue of
Lemma 4.1, 6y(t,) = ko, ko € Z, n = 1,2,.... By virtue of (4.8),
it follows that

tn
(4.17) / R_(r)dr <0, n=1,2...,
t1

t’!L

(4.18) / Ry(r)dr >0, n=1,2,....
ty

Then, the first of equalities (4.14) contradicts (4.17), and the second

contradicts (4.18). The above-obtained contradiction proves the theo-

rem. ]

Remark 4.6. It is not difficult to check that —R_(t)R(t) coincides
with the characteristic discriminant of system (1.1). Therefore, in the
case of constant coefficients a;r(t), j,k = 1,2, the conditions of the
theorem are necessary for oscillation of system (1.1) as well.

Theorem 4.7. Suppose that the integrals ft::oo Ry(7)dr converge.
Then, system (1.1) has a solution (¢(t),1(t)) such that ¢(t) # 0,
P(t) £0,t>T, for some T > tg.

Proof. We choose T' > t, large enough such that

(4.19) Ry(r)dr

+oo T
< —.
8

T

Let 0(t) be a solution of equation (4.7) with 8(T') = «/8. Then, by (4.8),
we have:

t t
/ R_(r)dr <20(t) — % g/ Ry(r)dr, t>T.
T T
From this and (4.19), it follows that

™ 3
— < <
16 — o)

—, t>T
_167 —
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Then, z(t) = cot§(¢) is a solution of equation (2.5) on [T;+00), and
z(t) £0,t > T. By (2.6), it follows that the functions

"0 :exp{ / Tara(r)e(r) + an (7)] dr}, (1) = 2(0)0(0),

T

form a solution (¢p(t),(t)) of system (1.1) on [T;4+00), and ¢(t) # 0,
P(t) # 0, t > T. Evidently, the continuation of this solution on
[to; +00) is the required solution of system (1.1). The theorem is
proven. ([l

Lemma 4.8. Suppose that a12(t) does not change sign. Then, if, for
some solution (p(t), 1 (t)) of system (1.1), function ¢(t) has an infinite
number of null-classes, then system (1.1) is strictly oscillatory.

Proof. Since a12(t) does not change sign, the function
¢
fot) = / a12(7)yo(T) dr
to

is monotone. Then, by (2.15), every null-class of function ¢(t) consists
only of one null-element. Therefore, the number of null-classes of func-
tion ¢(t) is infinite. Let

n1(P) < na(@) < -+ < np(P) < - -

all be null-classes of function ¢(t). By Theorem 3.2, between n,;(¢) and
n;+1(¢) lies some null-element N, (1) of function 1 (¢). Thus,

(420) Nj(d)) {le+1(¢) <Nj+1(’(/}), j: ].,2,...,

and there is no other null-class of function ¢(t) between N;(y)) and
Nji1(¥). Let t; € N;(¥), t; € nj(#), j =1,2,.... By (4.20), we have:

(4.21) tp <tjy1 <tjip1, j=1,2,....

Since fo(t) is monotone and ¢(t;) = 9(t;) = 0, by (2.15) and (4.21),
it follows that function ¢(¢) takes the values of different signs in the
points ¢; and t;41 (due to only one null-element of function ¢(¢) which
lies between N;(¢) and N;41()). By (2.18), it follows that

t:+1
‘ ao1 (T)y1 (1) dr| = 7.
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Then, from (4.20) and (4.21), it follows that N;(v) and N,,(¢)) are
contained in different null-classes of function ¥(t) for all j,m = 1,
2,...,5 # m. Therefore, 1(t) has infinitely many null-classes. Let
(¢1(t),11(t)) be a nontrivial solution of system (1.1). Since aj2(t) does
not change sign, and ¢(¢) has infinitely many null-classes, by (2.15),

+oo
/ lax2(r)lo(r) dr = +oo.

to

By (2.15), it follows that ¢1(¢) has infinitely many null-classes. Then,
that the function v (t) has infinitely many null-classes follows from the

above observations. The lemma is proven. |
Denote
( B(t) ) _ ) B(t)/ai2(t) aia(t) #0,
a2(t) /o |0 aia(t) =0,
-1

LT[ ), 57 2enie}as- o]

T > to.

Theorem 4.9. Suppose that the following conditions hold:

(1°) a12(t) >0, t > to;

(2°) t;roo a2 (1) dr = +o0;

(3°) supp B(¢) \ supp a12(t) has zero measure, and (B(t)/a12(t))o €
L (to; +00);

(4°) liminfr_, o F(T) < limsupy_, | o F(T);

(5°) there exists a ko > 0 such that

/t:w a12(T') exp { /tOT {@12(7’) {ko - /t: {2a21(3)

n B;s) (fj&)o}ds] B(T)} dT} dT = +oo.

Then, system (1.1) is strictly oscillatory.
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Proof. Let (¢(t),(t)) be a nontrivial solution of system (1.1) with
¢(tp) = 0. By condition (1°) and Lemma 4.2, it is enough to show
that ¢(t) has infinitely many null-elements. Suppose that ¢(¢) has a
finite number of null-elements N1(¢) < --- < N,,,(¢) (since ¢(tg) = 0,
then ¢(t) has at least one null-element). We show that N,,(¢) is upper
bounded.

For the converse, suppose that it is not so. Then, by (2.15), from
(1°), it follows that N,,(¢) = [t1; +00) for some ¢1 > to. From this and
from the first equation of system (1.1), it follows that a;2(t) = 0 on
[t1; +00). However, then

+oo ty
/ a12(7) dr = / a12(7) dr < 400,

to tO

which contradicts condition (2°). The above-obtained contradiction
proves the upper boundedness of N,,(¢). Therefore, there exists a
ta > to such that ¢(t) # 0, t > t2. By (2.6), it follows that
equation (2.5) has a ta-regular solution. Then, by Lemma 2.2 and (1°),
it follows that (2.5) has a to-normal solution x (t). Taking into account
(3°), we have:

(4.22)  an(t) = 2y (ts) — / taw(T) {IN(T) + 1< () >Ord7

ts 2 alg(T)

s 22 Lo e

By virtue of Lemma 2.3, and (1°)—(4°), it follows that

/t :Oo a1(r) {zN(T) - % <a]132((77))>0] 7 = oo

In view of this, we choose t3 > t5 such that

o (ts) — /t a12(7) [xN(T) - ;( B(r) )Ordr

ts aia(7)

ot [ o 222
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for t > t3. Then, from (4.22), we obtain
(4.23)

/t:OO a12(T) exp {—/: {Qalg(t)xN@) n B(t)} dt} .
> M/t:mau(T) exp{ {a12 [ko / {2@21
<ai((r))>o}4 B(t)}dt}dT,
where

M= exp{ ~ /tt {alg(t) [ko - /tt {Qazl(f)
N Bér) (ai((TT)))O} dT:| _ B(t)} dt}.

Since zn(t) is t3-normal (because it is te-normal), by Theorem 2.1, the
left hand side of (4.23) is finite, while from (5°), it follows that its right
hand side is equal to +00. The above-obtained contradiction shows
that ¢(t) has infinitely many null-classes. The theorem is proven. [

By virtue of the connection between (1.2) and (1.3) from Theo-
rem 4.3, we immediately obtain:

Corollary 4.10. Suppose that the following conditions hold:

(1) liminfp_ 4o (1/T) ft dtft T)dr < limsupp_, (1/T) ftf dt
fto r(7)dT;

(2) there exists a ko > 0 such that

+o0o T t
/ exp{koT—i—Q/ dt/ r(T) dT} dT = +c0.
to to to

Then, the equation
(4.24) ¢"(t) +r(t)o(t) =0,

is oscillatory.
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It is not difficult to see that, from Corollary 4.1, Ph. Hartman’s
theorem follows, see [5, page 958], [10, page 433].

Theorem 4.11 ([10]). I

—00 < hmmf—/ dt/ T)dr < hmsup—/ dt/
T—+oo T' T—>+oo

then equation (4.24) is oscillatory.

Example 4.12. Let r(¢) define the equality

1

— [ dt
to

Then,

T t
—o0 = lim inf —/ dt/ 7)dr < limsup — / dt/ r(r)dr
T~>+oo T*}J’,oo to to

Therefore, Theorem 4.4 is not applicable to equation (4.24) with
such an r(t). It is easy to see that Corollary 4.1 is applicable to
equation (4.26) with the above-mentioned r(¢).

/t J sin® T te2nk; (2k+1)7), k=0,1,2,...,
’7—:
to eTsin® T te[(2k+1)m;2(k+1)n), k=0,1,2,....
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