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RANDOM WALKS AND RIESZ KERNELS

J. A. WILLIAMSON

It is the purpose of this paper to study the behavior for
large |z — y| of the Green Function, G(z,y), of a random
walk, {S,, n€ N}, having increments belonging to the domain
of attraction of a d-dimensional stable law with characteristic
exponent a, 0 < a < min(d,2)., The main results are concerned
with the problem of finding conditions under which G(0, ) is
asymptotic to |z |¢*L(|x|) where L is a function of slow
growth, The results, including those found in the discussion
of the discrete potential theory for such random walks, are
for the most part discrete analogs of theorems for transient
stable processes.

Throughout this paper the notation, definitions, and conventions
of [16] will be used. The position of the random walk at time =
will be denoted by S, with S, =0. The independent identically
distributed random variables, S, — S,_,, will be denoted by X,. P will
refer to the measure on the underlying probability space.

P(t) = FetTr) = Se“'xl Pldw} .

Pn(xyy):Pn(Oyy-'x): P{S,,:y——x},'nzl,Z,-u .
P(x) y) = Pl(x’ y) and 5(“’9 ?J) = PO({D, y) .

G, v) = 3 P, ) .

It follows either from Lemma 2-B or from T8.2 of [16] that for all
random walks considered in these pages, G(x, y¥) < o for all x and y
in the state space.

The state space, R will always be {x:2 = (2, x,, --- 2,), Z; is an
integer for each i}. d-dimensional random walks are always assumed
to be genuinely d-dimensional as defined in D7.4 of [16]. Definitions
of aperiodic and strongly aperiodic are also found in [16] in D2.2 and
D5.1. The set {tc E%t = (t, &y, ++- L), |t;]| <7 for each 1} will be
denoted by C and the integration with respect to ¢ of expressions
involving o(t) will be over C unless otherwise indicated.

The main result takes the form:

THEOREM. Let {S,, ne N} be an aperiodic d-dimensional random
walk having increments X, X,, X;, -+ belonging to the domain of
attraction of a nondegenerate d-dimensional stable law with density
9.x) and with characteristic exponent «,d/2 < a < min(d,2). If
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E(X)) = 0 where it exists, then

lim || P(|2)G(0, z) = aS”ga(Wx)vd_l_ad,v
0

|z |00

1.1
(.1) uniformly in u, = x/| x| where P(y) = P{{ X,| > y}.

If a >1 or, in the case d =1, if |B| <1 (B defined in (1.5)), then
(1.1) can be replaced by the slightly stronger
|2 P(| % ])G(0, x)

(1.2) lim -
ag g (vu, )0 dw
0

|z |—o0

=1 uniformly in u, .

Under the assumptions of this theorem with d = 1, (1.1) was first
proven by Garsia and Lamperti, [5]. Their work is in the setting of
renewal theory so that they assume P{X, < 0} = 0. However their
arguments handle the case when P{X, < 0}P{X, =0} >0. In [5] a
lower bound for

lim nP(n)G(0, n)
is obtained by extracting an approximating Riemann sum which
approaches an integral as = becomes large. This approach is then
dropped in favor of a direct attack on

G0, n) = (1/2n)§“ e=m(1 — @(t))idt .
We have used the approximating sum technique of [5] and estimated
the error terms which naturally arise. We have not tried to extend
to d > 1 those methods which were finally used in [5] to get their
result. The case d =1 is cared for here with the same methods
which are used to handle d > 1.

Also in the case d =1 and P{X, <0} =0, (1.1) can be obtained
for 0 <a <1 as a corollary to a theorem of deBruijn and Erdos,
Theorem 3 of [1]. However their result is obtained under the ad-
ditional assumption: P(0,n + 1)P(0,n — 1) — P*0,n) >0 for all n = 2,
Under a monotone condition on P(0, ), one less stringent than this,
(1.1) is proven in our Corollary 3-A for 0 < a < 1. Corollary 3-B
contains results for d = 2 and 0 < @ < 2.

Spitzer in P26.1, [16], obtained (1.2) in the case a =2,d =3,
E( X, ) < o, and E(X,) = 0 with P(|«]) replaced by 1/|«>. In the
case when E(X,) + 0 and when P(0, x) goes to 0 exponentially fast
as |x|— o, Ney and Spitzer, [11], have determined explicitly the
asymptotic behavior of the relativized Green function G(z, v)/G(0, ¥),
x fixed, for arbitrary d. Using their result they obtain a “concrete
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realization” of the Martin boundary for this class of Markov chains.
In §4 there are found some potential theoretic corollaries to the
results of this paper.

When the mean is not 0, Doney, in [2], has determined the
asymptotic behavior of G(x, %) in the direction of the mean vector
under the assumption that there are [d/2] moments when d > 5 and
max (2, [(d + 1)/2]) moments when 2 < d < 5.

Section 2 contains lemmas that determine which terms can be
ignored in the sum which defines |z|*P(|2|)G(0, ). Following the
lead of [5] strong use is made of the Karamata Theorem which gives
the form of a function of slow growth. Specifically, if L(x) is a
measurable function of a real variable satisfying

lim L®2) _ 4
e L()

for every k > 0, then by [8],

(1.3) L(x) = C(x) exp {S:[s(t)/t]dt} where C(z) has a finite

nonzero limit as ¢ — c and lime(t) = 0.

t—ro0

Also in §2, and later in §3, we need the Lévy Formula, [10], for the
characteristic function of a d-dimensional stable law, G.(z), 0 < a < 2.

1.4) Se“"dG,,(x) = exp {1A-t — A t|*[C.(t/| t]) + 1C.2(t)]
where A is a constant vector, 4 is a positive constant,
cieh = flo-ent11-ame),

Cio(t) = Ci (¢l ) = | sgn (0-1) tan (zaj2) | 6-1] ¢ | Fd (D)
fora+1,
c(t) = @/m) |01/t in |0-¢| dH(O)

and H is a probability measure on the surface of the d-dimensional
unit sphere. When d = 1 the above takes the form, [6],

(1.5) Se““dG,,(x) = exp {ivt — At |7[1 + iB(H|t Do (¢, @)]

where v, 4, and B are real constants, |S]| <1, w(t, ) = tan (ra/2)
for @ = 1, and (¢, 1) = 2/n)ln|t].

Section 5 contains examples which show that (1.1) does not hold
for a < d/2 unless additional conditions are imposed on P(0, ), and
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which also show that the behavior of g¢.(x) for large x can also cause
trouble when a < (d — 1)/2.

2. Negligible terms.

DEFINITION. Let P be a real nonincreasing function of a real
variable. The function P~ is defined by P~'(y) = inf {x: P(x) < y}.

LeMMA 2-A. Let X be a random vector with P(x) = P{{X| >} >0
for all x > 0. If for any k>0

(2.1) lim P(x)/P(kz) = k*

then for any k >0
(2.2) lim P~(x)/P~*(kx) = k'~ .

Proof. The right continuity of P together with (2.1) gives for
arbitrary ¢ > 0

(1 — &)* = lim P(P(y)) < lim P(P(y)
= P(P7(y)[1 —e]) — v P(P'(y) —1)
= lim P(P7(y))/y = 1 and hence lim P(P'(y))/y = 1.

Y—0 v

2.3)

To establish (2.2) assume that there exists a sequence {y,} with ¥, >0
for all » and lim,_.y, = 0, and v > 0 such that

Lim P~'(y,)/P~(ky,) = (k + 7)"" .
Then
1k = lim P(P~(y,))/P(P~(kya))
= E@P(P‘I(yn))/P(P“‘(yn)(k + )7 =1/(k + 7).
But k£ = k + v is impossible so that
lyiTI?P"I(y)/P“(ky) = ke
A similar argument shows that

lim P~'(y)/P~(ky) = k"

y—0

and hence the lemma is proven.

LEMMA 2-B. Let {S,,n € N}bea strongly aperiodic d-dimensional
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random walk having increments X,, X,, X, - - - belonging to the domain
of attraction of a mnondegenerate d-dimensional stable law, G.(x),
with characteristic exponent «, 0 < o < min(d, 2). If P{{a| > a} =
P(x) then

(2.4) lim|z|?P(lz]) 3, P.0,2) =0 uniformly in 2.
R—oo n>R[P(lz])

Proof. Denote by {B(n)} that sequence of constants such that
for suitably chosen vectors, {A(n)}, P{S, < B(n)(A(n) + x)} converges
to G.(x) for each x = (x,, 2., --+ x,). From the proof of Theorem 4.2,

[14], it can be seen that B(n) can be taken to be P~'(1/n).
It will be shown first that

(2.5) lim|z|?P(x]) > (B(n)) =0 uniformly in .

n>R|P(lz])

To this end we can assume H = 1 and, because P~' is monotone, it
is enough to show

(2.6) limlxldP(]x[)S (P=(fy)~*dy = 0 uniformly in .

R|P(]
Arguing as in (2.3) we get
2.7 lim P (P(x))/e = 1.

g~r00

This fact together with the change of variable, » = P(|2|)y, reduces
the proof of (2.6) to the establishment of

o (T 2Pz D)) Ty, — : ;
(2.8) 11352 SR[W] dy = 0 uniformly in x.

Let J(v) = P~'(1/v)/v'*. By Lemma 2-A, lim,., J@)/J(kv) =1 for
every k> 0. J is then a function of slow growth and hence J has
the form

J(v) = C(v) exp {S:[e(t)/t]dt}

where C(v) and &(t) have the properties stated in (1.8). Now choose
& > 0 so that d/a — de > 1. For |z| so large that |e(¢)| < ¢ and

CU/P(z)) _,
Cw/P(a)) —

whenever ¢ > 1/P(|«|) and vy > 1, we have

[t oy L7 LTy PP
P=P(alm 1 = LawPqay™d = '
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The limit in (2.8) is obviously uniform over any finite # set and
hence we have the desired uniformity for all .

We return to (2.4). The strongly aperiodic condition means that
for any € > 0 there exists p(¢) < 1 such that for all

teC—{t:|t| =< ¢, |p@t)] = ple) .
We write
| PO, 9)| < | 2m)] ety
< e eorene + | o]

and remark that showing that for fixed ¢ > 0,

lim|z[*P(z]) g |@(t) ["d¢ = 0 uniformly in
R—oo n>R|P(|z]) Jlit|se

proves the lemma. To accomplish this we modify an argument found

in the proof of Theorem 6.1 of [14]. Choose ¢ >0 so small that

|t] < e implies

«_ _In|e@)] « _
2 —_lnlg)(t/2”|<n<(2 /2.

This is possible by Theorem 4.3 of [14]. Then

Smgel P@)|at” = (B(N))—dS (n) |p(t/B(n) | d¢

|t|<eB

= @], _1etB@) P+ 3 | | (t/Bln) [*dt ]

M|t sem+1

Here & = k(n) is chosen such that 2 < eB(n) < 2¥+!, But
k

mz=o Szm<|t¢gzm+1

= 32| expiu(@ — p)in|p/Bo) dt ,

m=0

B dt < 32| ey B) |t

and this together with the fact that

lim nln | p(¢/B(n) | = —[¢["Ci(t/|t])
uniformly for 1< |t]| <2, the fact that C,(¢/|t]) is bounded away
from 0 because G.(x) is nondegenerate, and the fact that 2*—7>1+
yields

[ ,_le01dt = Bowy-<m
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where M is a constant independent of ». An appeal to (2.5) com-
pletes the proof.

LEMMA 2-C. Let {S,,ne N}bea strongly aperiodic d-dimensional
random walk having increments X,, X,, X;- - belonging to the domain
of attraction of a nondegenerate d-dimensional stable law, G.(x), with
characteristic exponent «, d/2 < a < min(d, 2). If E(X,) =0 where
it exists then

(2.9) lim|x|?P(lx]) >, P.0,z) =0 uniformly in x.
e—0 n< )]

e/P(|z

Here P(x) = P{| X,| > z}.
Proof. Case 1. d = 1. First we observe that

ot +z0) —p®)| < | 2aP(X <)

|
0

+{ (@2 DaPIX < v} < 2P(]) + (=/}o])| Py .
If it can be shown that
(2.10) lim 1/|o )| PP 2y = | duly

then it will be possible to conclude that there exists a positive
constant M independent of both ¢ and 2 such that for all x, x == 0,
and for all te[—mx, 7],

(2.11) lp(t + m/w) — ()| = MP([x]) .

To establish (2.10) let L(x) = P(x)x*. By Theorem 4.2 of [14],
lim, ... L(kx)/L(x) = 1 for every k& > 0 and hence L is a function of
slow growth. Therefore

L(z) = C(x) exp {S:[e(t)/t]dt}

where C(x) and e(t) have the properties stated in (1.3). Now choose
v>0 so that a+v<1. For |z| so large that |e(t)| <7 and
|C(y|z])/C(|x]) — 1] <~ whenever ¢ > v|z|P(lz|) and % > YP(|z])
we have
/o) PPy = | (Pel=)/P( =)y
<7+ (PlahP(zhdy =7+ @+ dupy

and also
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x| 1
Wle)| PPy = | dyyer.

v can be made as small as we like. This proves (2.10), and hence
(2.11). (2.11) is stated and proved as Lemma 3.32 in [5] under the
additional assumption that P{X, <0} = 0. The above proof is the
same as that in [5] and is given here only for completeness and to
familiarize the reader with arguments involving functions of slow
growth. We now use (2.11) to get (2.9) when d =1. For 2 > 0 and
x an integer,

S;eﬁimg’k(”dt = %[g:e”“’(ﬁ(v) — @ + 7/x))dv

+ S_ / e~ k(v + mjx)dv — SO

—rlx

e~k (y + n/x)dv]
(2.12)

—

n %[SO e~ (@t (v) — PH(v — m/x))dv

—7

+ S—M/xe—ivzgo"(v — /x)dv — Sklxe“i”@"(v -/ x)dv] ’

The above results from letting ¢ = v + /¢ when t >0 and t =v — /e
when £ < 0. From (2.12) for z > 0,

2P(®) S, P.0, 1) < cP@) Y, PO, 2)

n<e/P(x)

[e/P(x)] T
2.13) + 5 @@ 1920 — 97t + w/m) lat

n=

+ | 1o — o7t — 7o) dt | + @P @)z /)l P@)

where N will be fixed later. For any fixed j,S; belongs to the
domain of attraction of a stable law with characteristic exponent «.
Hence P{|S;| > «} = L,(x)/x* where L, is a function of slow growth
as £— oo, a>1/2 and therefore the first term on the right in
(2.13) is small for large x. The last term on the right in (2.13) is a
constant times ¢. We will show that the second term on the right
in (2.13) can be made small for large x and small ¢ in a way much
like that used to prove Lemma 2-B

[e/P(x)]

SUeP@| | 1970 — @7t + /) |t

+ " 120 — ot — ) at
(2‘14) [E/P-(:)] z n—1
=23 wP@| [9) — ot + /) | S | 240)|

X |@m=i=k(t + m/x) | dt < 2MI’ + 2MI”
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where
1= "5 P S 20| |k + mo) | e

and

[e/P(x) 8B
0

mr="5" oP@)| " B S 2B |
X |9"=H(¢ + B/a) |/B() .

Here B(n) = P~'(H/n), ¢ is chosen so that 0 < ¢ < 26 implies

a In|ot)] } 2¢ _ 1)/2
2 o8] <7< )2,
and N is taken large enough and & small enough to insure that
B(n)w/x < 0 and nln [@p(v/B(n))| = — C|v|* for some C > 0 uniformly
inv for 1<v<2+ S whenever N <n =< ¢/P(x). Strong aperiodicity
together with 1/2 < a gives lim,..I’ = 0. An argument like that
used in Lemma 2-B yields

n—1 (8B

5 SO " |9 (t/Bm) | | 9" H(t + B(m)m/w)/B(n) | dt < ne’

where ¢’ is some positive constant. «* times the exponential part of
a function of slow growth is eventually monotone for each v, v # 0.
Hence it is sufficient to replace I” by an integral and show it has
the desired behavior.

. e . a1 (E P—'(P(x))dy
lim 2P <x)gN [y(P~(1/y)) ]dy—hmhmﬂw

:1im§s y_l‘f’_“i(_lﬁ)_(_xﬁdy:y
veio JIP@) :

o0 Lo

yl-—llady .

Z—oo

Passing to the limit under the integral can be justified by exploiting
the fact that J is a function of slow growth. Therefore given any
v > 0 there exist ¢ > 0 and x, > 0 such that

xP(x) 3, P,0,x) <~
n<e\P(x)
whenever ¢ < ¢, and « = «,. The limit in (2.9) is obviously uniform
in ¢ for 0 <2 <, The estimates for negative x are handled as
above except in (2.12) the substitution required is ¢ = v + 7/x when
t<0and ¢t =v — w/x when ¢ > 0.
Case 2. d =23, Let t=(t, -+, t;). For a >1 if E(X,) =0
then there exists a constant M > 0 such that for all ¢,
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.15) |%] < MP(1/|t)) |t™].

To establish (2.15) we write

a@(t) — itXq __
, ot; l_ ’Slmsi/m(e DX, P{dw}
SIXI /Itl(e“X1 N I)XMP{dw}
={ _ |XFIt|P@e}+ | 21X Pldo}
12Xy S1/1¢] 1Xy1>1/18]
(2.16) = "2y 1t Pw)dy + 2P/t E
+ |7 2P@dy = PajtpIer

x| | cvPwit Pt iy

+ 2+ 2{ Wit )Pty

where X, = (X, +++, Xs). An argument involving functions of slow
growth allows us to let |¢]|— 0 under the integral in the right side
of (2.16) and this gives the desired result.

The following estimates are also required and can easily be shown
to be true.

There exists M’ > 0 such that for all ¢ and real »

@.17) 8]~ ] Swér(em - 1)XM~P{dco}1 < M'7*P(r) ;
(2.18) H.Xﬂ»(wl - l)Xu-P{da)}] < M'rP(r) ;
and
(2.19) Hlxm(ewl - l)XfiP{da)}I < M'PP(r) .
Let

Q(j)={ﬂ7=(x1,x2, "'sxd)eR:‘x[ = Ixal‘l/g}‘

We will show that (2.9) holds uniformly in x for 2 < Q(j) and since
R c Ui, Q(J), this will prove the lemma. Integrating by parts and
applying (2.15), (2.17), (2.18), and (2.19) gives
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[0t | = | [ (imienprt
X (Swswi(ewx — 1)X,,P{dw}

(e - l)leP{dw}>]dt'

Slxﬂ»zj

(2.20)
< [[[zten (cp"-*(tx—1>§,X1w(e“% ~ )X P{dw}
+ (0 — 1)¢"—2(t)i§’%Slxﬂwﬂi(eitxl - l)Xl,-P{dw})]dt[
+ M'P( !)Sn lo™(t) | dt < B’ + E”
where
B’ = 2M'P(w;)|n ] p*40)| dt
and

E" = P(a; )MM'n(n — || 9*t) | P(L/|¢)dt .

Again using the fact that P(y)y® is a function of slow growth we
get that there exists M"” > 0 such that for all

©eQ(j), P(x;)) = M"P(l2]),
also for

It] =1, P(B(n)/|t]) = P(B(n))
and },HB nP(B(n)) = 1. Hence

@ P(e) S Pu0,0) < loP(w)[ 3 PO, @)

n<e/P(lz|)
[e/P(121)]

>V (E + BN S e lP(w) 5 PO, 0)

n=N

[e/P(12])]
EISTED S 22 M| 1)
n=N teC—(t:|t| =8}

(2.21) [e/PUz]
+ MM'M"(n — 1) | @ (t) [|dt + >, n(B(n))~4*

8 S mssmm[zM’M" | p"(t/B(n)) |

where 6 is small. Arguments like those found in the case where
d =1 complete the proof. The critical term following the passage
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to the limit in |z ]| is i!y‘*"”"dy. For a > d/2, y*~%~ is integrable on
[0, ¢] and hence (2.9) holds.

3. Proof of the theorem. We first prove the following lemma.

LEMMA 3-A. Let g.4,x) be a probability density function on
E?¢ satisfying

Semga( A, v)dx = exp{—4|t|[C.(t/|t]) + iC&@®)]}

where Cy(t/|t]) and C&(t) are defined in (1.4). Then there exists a
constant M = M(A) such that for all =,

(8.1) 9.4, %) < M/lx|.
Proof.

9u(dy 7) = Sga(A/z, & — ¥)g.(4/2, y)dy

- g 0.(4/2, & — ¥)g.(4[2, )
(3.2) lyI=lzl/2

+ Swwga(/l/& x — ¥)9.4/2, y)dy

< oM’ }'i: P{Y;| > |z|2vT)

where M’ is a uniform upper bound for ¢,(4/2,x) and ¥ = (Y,,Y,,---Y},)
is a random vector with density g¢.(4/2, z). Each Y; has a one di-
mensional distribution function which is stable with characteristic
exponent « and hence by [6], p. 182, I, (¢ |*P{|Y,| > |2 |} is asymp-
totically constant for each ¢. This proves the lemma.

Proof of the theorem. Initially we assume that the random walk
is strongly aperiodic. Under this additional assumption we first show
that the limit in (1.1) holds for fixed direction u, = x/|%|. Let 6 >0
be given. By Lemmas 2-B, 2-C, and 3-A, ¢ can be chosen so small
and R so large that

3.3) |e['P(lx]) > Py0,2) <4, [2"P(z]) 3, P0,2)<9d,

n<e/P(|z|) a>R[P(|z|)
R—1/a oo
ago g (vu, )¢ % dy = S (v u v dy < 6,
R
and

o €
S yJevu v T = S Iolv™ U™ dn <6 .
e—l/a 0
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The local limit theorem for d-dimensional lattice random vectors,
Theorem 6.1, [14], allows us to write

(3.4) P,(0, x) = (B(n))*[Go(z/B(n)) + e(n, x)]
where lim,_., ¢(n, ) = 0 uniformly in x. Also

lim (nP(|w )" = |/B(n)

@5 = lm PP w(P( @ D) eP-(Ln)

= lim JAP(2])) 1 uniformly in % for

|| —reo J(n)
[5/P( )] < n < [RIP(2)].
Hence
lim [o'P(w)) > (B (| ./ Bw)

@8 =lm "5 g wmP(e ) @P (e )P ()

= SRga(v“”“ux)v—d"’dv
and
(3.7 lim |z [<P(a)) 51 (B etn, &) = 0,

From (3.3) through (3.7) it is possible to conclude that (1.1) holds
for fixed u,. The approximating sum technique used in the above
argument is due to [5] as was mentioned in §1.

To show that the limit in (1.1) is actually uniform in u, requires
an additional argument. Set

R/P

[R/P(r)]
F(r,u) = r"P(r) n=[£/2p(m (B(n)~*gu(ru/B(mn))
where ¢ is a real number and |u| = 1. The estimates in (3.8) and
(3.7) hold uniformly in %, and hence showing that

3.8) lim F(r,u) = SRga(v‘”“u)v""’"‘dv = h(w) uniformly in u

will complete the proof of (1.1). If (3.8) did not hold uniformly in u
then there would exist ¢, > 0 and sequences {u,} and {r,}, r,— o such
that for all =, | F(r,, w,) — h(x,) | > ¢&. The unit sphere is compact
so that we can assume that there exists u, with lim,_.. |, — u,| = 0.
Then
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(3°9) 80 < |F(7"M un) - h(un)[ g IF(/"%’ un) - F(’r'rn uo)l
+ | F(ry, %) — h(w) | + | h(w,) — h(u,)| holds for all n.

The uniform continuity of g.(x) together with the fact that

[R/P(r)

#P@) S (B

n=[e/P(
is bounded in » gives lim,_.. | F(r,, u,) — F(r., )| = 0. Clearly

lim | F(r,, w) — h(u)| =0 and lim|hA(u,) — h(u,) | =0.
(3.9) is, therefore, impossible. Thus we have (3.8), and hence (1.1)
in the case when the random walk is strongly aperiodic. To get
(1.1) in the case when the random walk is aperiodic but not strongly
aperiodic we make use of a technique found in p. 26.1, [16]. For
0<v<l1, let P(0,2) = vP(0,x) and P'(0,0)=1—v. >, P'0,2)=1
because P(0,0) = 0. P’(0,0) >0 implies that the random walk defined
by P’'(0,x) is strongly aperiodic. Also G(0, x) = vG’(0, x), P'(|z]|) =
vP(|x]), 1 — ¢(t) = u(l — o(t)), and

ln(ge“”g;(ac)dm)z v(ln(Se"“‘ga(x)dw)) .

Here the prime indicates that the expression is defined in terms of
P’(0,x). Form the above it also follows that

v Smgi,(vux)vd—l—ad@ = Sﬁga(vux)vd‘l‘“dv .
0 0

Hence |z[|?P(|z|)G(0, 2) = |z |*P'(J2|)G'(0, ) and this expression ap-

oo

proaches (a/v)S g(vu,)v*~%dv as |x|— o uniformly in %,. v can be
taken arbitrarily close to 1 and therefore the proof of (1.1) is complete.

(1.2) follows immediately. If a > 1 then by Theorem 1, [17],
g.(x) >0 for all . In the case d = 1 since we are substracting no
sequence of constants from S,/B(n),

v = lim lim (B(n))~* 3.

e—0tF nooo k=1 SlzlseB(n)

wdP{X, <} =0.

When v = 0 a necessary and sufficient condition for there to be positive
probability on both (0, «) and (—,0) is |8] < 1, [15]. In each of
the above cases « wga(vu,)v"‘l““dv is bounded away from 0 and that
is enough to give (01.2).
In the corollaries dealing with a < d/2 we require in addition that:
There exists K > 0 such that for all xe R

3.10
B0 kPO, wyP(s) < K .
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COROLLARY 3-A. Let {S,,nec N} be an aperiodic one-dimensional
random walk having increments belonging to the domain of attraction
of a mondegenerate stable low with demsity g.(x). If (8.10) s satis-
fied then (1.1) holds for all a satisfying 1/4 < a < 1. If we assume
that

There exists p > 0 such that if |x| = p then

3.11
G p0,9) 2 PO, 5 + 212
then (1.1) holds for all a satisfying 0 < a < 1,

Proof. We need only establish that (2.9) holds and in doing so
we may assume that the random walk is strongly aperiodic.

First we show that under (3.10) with 1/4 < @ < 1, (2.13) can be
estimated in such a way as to yield (2.9). Applying to

[[12"® = @t + m/o)at

first Holder’s inequality with 2 > ¢ > 1/2a and then the Hausdorft-
Young inequality, [18], gives

S:l P"(t) — Pt + 7/w) |dt < <§_‘ P(t) — o(t + 7/z) ]Pdt>”P
(3.12) XQ:

= <k=§;"» (KV—Z—;{ P(k D [1— eitklz |/ k [)q>1/qf’n(B(n))_1/q
= Fm—'1+1/'lnp(x)(B(/n))-—1/q

n—1

q ilq
S @i HtgHt + /)| "dt)

where I" and I" are positive constants independent of 2 and n. A
similar estimate can be made on the integral over [—, 0] in (2.13).
These bounds applied to (2.13) give (2.9) and hence (1.1) for 1/4 < @ < 1.

Under (3.11) P(jx|) = |z | (P(0, 22) + P(0, —2x)) for all large |z |
and hence (3.11) implies (3.10). By taking & =1 in the proof of
Corollary 3-B it can be seen that (3.11) gives P,(0,2) < ¢ || for all
n =1 and all z,x = 0. Here c is some constant. From this estimate,
(2.9), and hence (1.1), follows.

Under the additional assumption that g.(x) places positive proba-
bility on both sides of 0, it is possible to conclude (1.2) in the above
corollary.

The fact that for 1/4 < a < 1/2 (3.10) implies (1.1) is noted in [5].
We have modified their technique to get our result for 1/4 < a < 1/2.

For any sequence a(x), * = (2,,%;, - - +,%,), denote by a(x; b, ,b;,,- - -, bs,)
the sequence a(z) with «,; fixed and equal to by, for j=1,2,--.,n. We
define the difference operator, D,, by D,(a(x)) = a(x; x,) — a(x; 2, + 1)
if x, = 0 and D, (a(x)) = a(x; x,) — a(x; 2, — 1) if 2, < 0. One of the



408 J. A. WILLIAMSON

conditions we will impose in higher dimensions, the one needed together
with (3.10) to justify d integrations by parts, reduces to (3.11) when
d = 1. Specifically:

There exists o > 0 such that for any «, |z| = p,

(3.13)
DD, - -- Du(P(0, 2)) = 0.

(3.13) immediately implies that for any z,|2| = p, and any set of
distinct integers, k,, k;, -+, k,, k, <d, D, D,, -+ D, (P(0,2)) =0. Also
to avoid the difficulty pointed out in Example 5-B we will require that

(3.14) lim rga(vux)vd"‘““dv — 0 uniformly in u, .
Noeo JN

One method for varifying conditions (3.13) and (3.14) is suggested by
the approach found in Example 5-C.

COROLLARY 3-B. For d =2 let {S,,ne N} be an aperiodic d-
dimensional random walk having increments belonging to the domain
of attraction of a nondegenerate d-dimensional stable law with density
g.(x). Also let (3.10), (3.13), and (3.14) be satisfied. Then:

(I) (1.1) holds for all a such that 0 < a0 < 1;

(II) (1.2) holds in the case when a = 1 and the random walk
18 symmetric;

III) (1.2) holds in the case when 1 < a < 2 and E(X,) = 0.

Proof. It is sufficient to prove the corollary for strongly aperiodic
random walk. Let C;={teC:t;#0 for 1<t¢=d,7+J}. It will be
shown that for v < d, 0”p(t)/0t” exists on C; except when v =d
and ¢; = 0. Also it will be shown that d integrations by parts in
the variable ¢; of 3 e="*o"(t)dt is possible. Let b(t;,v) = | IIio b, |

CA
where j = 4, and 1,,"%,, - -, 1, are distinct integers. Finally it will be
shown that there exists some M > 0 which is independent of ¢ such
that ‘

(3.15) For » = a, [ 220 | < M(b(t,, ») P(Lb(t;, )

5ty

and such that

(3.16) For 1< a < 2, la_ja?%itl[ < MP(/|t))| ¢ .

When all of the above is accomplished then the usual change of
variables, ¢, = v,/B(n), in each of the terms that arise in the d

integrations by parts together with the facts: S dt = 0; the right

c—C;
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side of (3.15) is integrable in each t,; and |x|*P(J«|) is a function
of slow growth; gives |2 |*P,(0, ) is bounded uniformly in » and =z
for » =1 and 2€@Q(j). From this, (2.9) follows. (3.14) and (2.9)
imply (1.1). As before, Theorem 1 of [17] then gives (1.2) when
1 < a< 2. The results of Theorem 1, [17], are not applicable when
a =1 but the fact that for fixed u,, g.(vu,) can be extended to a
function analytic in an open strip which includes the real v axis
means that g¢,(x) can not be identically 0 on a ray from 0. This is
enough to deduce (1.2) from (1.1) when a = 1,

We now turn to the proofs of the assertions made above. Let
a(x) be a sequence for which (3.13) holds. Let z be in R and let
by, by, +++, by, be integers with the property that when the z,, are
replaced by the b,,¢=1,2, .-+, m, then |x| > p. If ¢ ,cp, v+, 0,
are integers such that ¢,, and b,, have the same sign and such that

lew, | > by, | for each 4,7 =1,2, ..., m, then
2 km m —1
(3.17) S,o-ee D, eta(@)| < 2ma@; by, ceey by,) | T1 (L — €i%)
‘Fki=bki mkm=bkm im

The proof of (3.17) proceeds by induction on m. We assume that
0 <b, <e. If ¢, <b, <0 then appropriate changes in sign must
be made in what follows.

Ckl

S eta(m) = 3,

eztklbkl _ e”h‘”k{“)

Jlate; v.) - atw; 0., + 1]

@ =bg v =bk 1 — ety
1 1 1 1
eitklbkl — eitkl(ckl-q—l)
a(x; ¢ 1].
e [T

Taking absolute values and applying (3.13) proves (3.17) for the case
m =1, To complete the induction all we need do is observe that for
fixed v, the sequences a(x; v,,) — a(x; v,, + 1) and a(x; ¢, + 1) also
satisfy (3.13).

Next fix teC;. Let CIN)={x=(, +++,2)cR: |2;,] =N for
each 1 =1,2, ---,d}. Applying (3.17) and (3.10) gives

—1

d
W%ﬂ%mxw§24%2“1HX1—eW) 3K P (2,)55
=y i
-1

o5 KP (@) (@} + N2y

zeC(M)—C(N)

11— e

k=
k#j

+2¢(d — 1) 3 20
zjzl

whenever p < N < M. Hence for fixed ¢, -+, t;_,, tj11, » -+, ts With

d
H tz #* 0, Z eimx;P(O’ x)
zeC(N)

i=1

Lt
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converges uniformly in ¢; for each v,v <d — 1. Therefore on C; for
each integer
a(v)

v, v=d— 1,55?—)50(1&)

exists, is continuous in ¢; for — 17 < ¢; < I, and

9 o) =lim 3, e (ix,)"P(0, 7) .
)

8t‘j"> Noroo 2€C(N
To justify the formula for the dth partial derivative we need to
alter slightly the preceeding estimates. Fix ¢,¢,---,t; so that
[TT¢-:(1 —€"®) | = 0. For o< N< M we have
— d
¢ xiP(0, x)| — N

2eC(M)—C(N)
szo

¢ P(0, x)
zeC(M)—C(N)
szN

d

28
J .
>, >, e"P(0, %)
veCUD—C(N) k=1
1§Zj<N

z%
J .
>, ¢'"P(0, x)
zeC(M)—C(N) k=Nd
xj;N

+ +

< Nak|TT (1 — &% N—P(V)
k=1

+ S K| - o] PG
j=nd k=1

+ g (d _ 1)4dK',f[ (1 _ eitlc) -t (jzld + NZ)—-d/z_P((jzld 4 N2)1/2)
=1 =1

as a consequence of (3.10), (3.17) and a change in the order of sum-
mation, We can write down a similar expression for the case when
2; < 0. Therefore if

d
II (1 —et)=0
oy
then 3. .cw € @?P(0, x) converges uniformly in ¢; for 0<e < |¢;| < 11

and hence we can write

'Dep(t) =lim 3 e*(iz;)*P(0, x) .

at‘jd) Noroo 7€ C(N)

In the estimates of the preceeding paragraph replacing d by v
and N by b(t;, v) and using familiar properties of functions of slow
growth gives

(3.18) There exists a constant M > 0 such that
sup 2 ey P (0, x) | < M(b(t;, v))(P(1/b(t;, v)) .

sz(tj,u) z€ C"N}—-C’(b(tj,v))
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(3.18) combined with

e piP0,x)| < >, Kla|P(xDP(x))
a:eC(b(tj,v)) xeC(b(tj,v))
gives (3.15) except when a =1 =y, In this special case (3.15) still
holds because the symmetry condition of (II) implies that
cos (tx)x; P(0,z) = 0 .
zeg(b(t;,1)

To get (3.16) subtract 0 = 3,.,,P(0,x) from dp(t)/ot; and estimate
as in Lemma 3-C by truncating at |¢|~'. This completes the proof.

If Yz |@]?P(0, ) < =, where R(j) is any one of the regions
bounded by coordinate planes, and if either ¢+ 1 or ¢ =1 and
B(n) = 0(n), then condition (3.13) can be removed from P(0,x) for
2 ¢ R(j) without affecting either the proofs or the conclusions of the
previous corollaries.

In (I) of Corollary 3-B (1.2) may be concluded if it is known
that the limit probability measure is not carried on an open half-plane
which excludes the origin.

4. Potential theoretic corollaries. The Martin boundary for a
transient random walk can be constructed in the following way.
Assume G(0,y) > 0 for each ycR. Identify each y< R with the
function G(x,v)/G(0,¥). A sequence {y,},v.< R, will be called Cauchy
if lim,_...|y,| = e and for each z e R the sequence {G(x, ¥.)/G(0, y.)}
is Cauchy with respect to the usual metric on the real line, or if
there exist a y,€ R and an integer n’ such that for all n = %/, v, = ¥,.
Two Cauchy sequences {y,} and {v,} will be said to belong to the same
equivalence class of sequences if either lim, . |y,| = lim,..|v,]| = o
and for each xzeRlim,_. G(x, ¥.)/GO, y,) = lim,_. G(x, v,)/G(0, v,), or
Y, =V, = Yo€ R for all sufficiently large n. Complete R in the usual
way to get R*. Each ve R* — R = B can be identified with a function
F(x), x € R, satisfying 3,., P(x, ¥)F(y) =< F(x). Hence we have:

COROLLARY 4-A. Let {S,,ne N} be a random walk having the
property that (1.2) holds. Then the construction described above gives
the one-point compactification of R. The point in B 1is identified
with the harmonic function F(z) = 1,2 ¢ R.

The extreme harmonic functions for any random walk are always
exponentials, [4]. If E(X,) = 0 then a convexity argument shows
that in the case P(x,y) = P(0, y — x) the only exponential functions
satisfying >,z P(x, ¥)h(y) = h(x) are the constant functions. Hence if
a random walk with 1< a <2 and E(X,) = 0 satisfies those conditions
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given in this paper under which (1.2) holds, then 3. P(x, ¥)i(y) = h(x)
is impossible unless & is constant. Therefore in this case Corollary 4-A
contains as new information only the statement that B contains no
points identified with strictly subharmonic functions. A conjecture
found in [11] states that if FE(X,) = 0, then B always consists of a
single point. Corollary 4-A provides additional supporting evidence
for this conjecture.

For a < 1 there exists random walks with nonconstant exponential
harmonic functions for which (1.1) holds. In the case d =1 to impose
the condition | B8] < 1 is to ask that there be so much probability in
the tails of P(0,x) that >..r P(0,2)e"* =  for all v = 0. Hence
here again the corollary yields as a new result only the statement that
for no sequence, {y,}, can G(z, ¥,)/G(0, y,) have a strictly subharmonic
limit.

[3] and [7] contain a complete discussion of the Martin boundary
for general Markov chains including theorems on the stochastic con-
vergence of G(x, S,)/G(0, S,).

If (1.2) holds and, in addition, if

(4.1) lilm P(lzfz|*=06,0<b <
[z]-e

then G(z, y) is well enough behaved to permit the use of the Wiener
test.

COROLLARY 4-B. Let A be any infinite set and define A, by
A, = ANn{xeR: 2=+ < G(0,2) < 27"}, Let C(A,) denote the capacity
of A, as defined in D25.3, [16]. If (1.2) and (4.1) hold then A is
recurrent if and only if D, C(A,)2™" = oo,

Corollary 4-B is an immediate consequence of [9]. (4.1) will hold
if the normalizing constants, B(n), can be taken to be Bn'* where
B is a constant. In this case G(z,y) behaves like |z — y|[~“ for
large values of |2 — ¥ |, that is, like the Riesz kernel of order «,
a < min (d,2). [9] also contains a paragraph which describes the
classical Wiener test in the theory of Brownian motion.

The following is the discrete version of a theorem of Port’s, [12].
The assumptions made are those of our main theorem except we ask
only that 0 < @« < min (d,2). When a =1 we do require that the
A(n) can be taken to be 0.

COROLLARY 4-C. Let B be any finite subset of R and set T, =
min{n:n = 1, S, e B}. Then under the above assumptions we have
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(4.2) lim (B(n))'n"'P{n < Ty < «} = P{Ty = =}C(B)g.(0)[(d/a)—1]"" .
Here C(B) is the capacity of B.

In the strongly aperiodic case a proof of (4.2) can be obtained
by writing out Port’s proof, [12], in discrete notation. Techniques
found in our work are required only to get

lim (Bw)'n~ 3, Py(0, 2) = 0.(0)] y*dy .
The local limit theorem of [13] can be used to prove (4.2) in the
case when the random walk is aperiodic but not strongly aperiodic.

The proof and conclusion in corollary 4-C carry over to the case
when d > 2 = a and also to the case when the random walk starts
at an arbitrary x ¢ R.

5. Examples. EXAMPLE 5-A. For k an integer and k = 0 let

cln | k|| k|, k + 2" for some integer n.

7 e/l k|*2n| k|, k = 2" for some integer n.

Here d = 1,2, or 3 and ¢ is chosen such that >, f, = 1. We have

. mé
(5.1) im—— 3 fi=D,0< D<

moe (M) KIS
so that the distribution function associated with {f,} belongs to the
domain of attraction of a stable law with characteristic exponent d/2.
The function of slow growth, 2¢*3 ...,/ 1S asymptotic to Dinx
as v — o, Needed in obtaining (5.1) is the fact that if E(m) =
{k: |k| > m, k = 2 for some integer m} then

lim ™" fo=0=1lm=-""_ S ok Enk] .

meo {M(M) EEEm) m—co [M(M) kEEm)

Now let {S,,ne N} be a d-dimensional random walk with S, — S,_, =
X, = (X,, -+, X,s) where the components of X, are also mutually
independent and P{X,; = j} = f;, ¢ =1,---,d. For this random walk
Iim,, .. |2 |*P(|x|)P(0,x) = v >0 and hence (1.1) cannot possibly hold.
Similar constructions yield examples with a < d/2 where (1.1) does
not hold.

ExampLE 5-B. Let {S,,nc N} be a random walk with increments
S, — S = (X, - -+, X,.z) composed of mutually independent symmetrie,
components each belonging to the domain of attraction of a stable law
with characteristic exponent «, a < (d — 1)/2 and a < 2. Along any
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coordinate axis g.(vu,)v? " ~ v¢~*** and hence along any such ray
g.(vu,)v?"'* is not integrable. For such d and «, proving (2.9) is
therefore not enough to insure (1.1) or (1.2). Required in addition is
a bound like that in (3.1) but with a larger exponent on |z

ExampLE 5-C. Let {S,,ne N} be a d-dimensional random walk
with P(0, ) = b(a + |2 )=+ where b > 0 and ¢ > 0. (3.10) obviously
holds. Consider P(0,z) as a function defined over all of E‘® by the
above formula. 0dP(0, x)/ox,x, --+ 2, does not change sign on any
region R(j) bounded by coordinate planes. Integrating each of the x,
over an interval of length 1 gives DD, --- D,(P(0, 2)) = 0 and hence
(38.13) is satisfied. Next let A and B be spherical neighborhoods on
the d-dimensional unit sphere such that A and B have the same

radius. Set u, = x/|x|; then

lim[ S PO, x)}[ s PO, x)T ~1

L I By
and hence by Theorem 4.2 of [14] the characteristic function of the
associated limit law is exp{—4|T|%, 4> 0. This insures (3.14) and
hence Corollary 3-B can be applied to this example.
The above method can also be used to show that Corollary 3-B
is applicable when P(0, ) = dg.(x) where xc R, 4 is a normalizing
constant, and

SE(d) e”yga(y)dy = €xXp {__A } Tia}r 4>0.

I would like to thank F. Spitzer, P. Erodos and H. Kesten for
their helpful suggestions and comments.
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