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REARRANGEMENT OF SPHERICAL MODIFICATIONS
M. V. MIELKE

A ‘“‘rearrangement’’ theorem of Wallace states essentially
that if a manifold M is the trace of a sequence of spherical
modifications of various types then these modifications can be
arranged so that the order in which they are performed is
that of increasing type, their trace still being M, In this
paper a related rearrangement problem is considered; namely,
to determine bounds on how ‘‘mixed’’ the order of perform-
ing a sequence of modifications can be and still possess the
same trace M,

Sections 2 through 4 are concerned with basic definitions and pre-
liminary results. The most important of which is the establishment
of an algorithm to determine a measure of how “mixed” the order
of a sequence of integers is [§4]. The main results appear in §5.

2. Spherical modifications. Unless stated otherwise an n-mani-
fold is a compact, differentiable n-dimensional manifold without bound-
ary.

Let V, be an »-manifold and suppose S* is an i-sphere homeomor-
phically and smoothly imbedded in V, with a trivial normal bundle.
Then S* has a neighborhood of the form S: x D%, (D** is an
(n — ¢) — dise). Clearly the boundary of S’ x D*%= §' x S"!=
the boundary of D' x S, Smoothly identifying the boundary of
D+t x S*—~' with the boundary of (V,-interior (S° x D"~%) results in
a new manifold V,. V, is said to be obtained from V, by a spherical
modification of type ¢, or by an i-type modification. ([7], p. 504).

Associated to the spherical modification is an % 4 1-manifold W
called the trace of the modification. The boundary of W= V,U V,
and the triple (W; V,, V,) is a manifold triad in the sense of [4] page
2. As a matter of convention, performing a type-1 modification on
V, is taken to mean V, = @, V, = an n-sphere, and the trace is an
n + 1 — dise. The n will be clear from context. For a further dis-
cussion of the trace see [8] page T75.

3. Realizable sequences.

DEFINITION 3.1. An admissible sequence S(») is a finite sequence
of integers a,, a,, +++,a;, with a,= - 1,0, =n -1, —-1<a;=n -1
for 1=1,2,.--,1 and a; # a; if © +# J.

DEFINITION 3.2. Let S(n) be an admissible sequence. S(n) is re-
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alizable by an m-manifold M if M is diffeomorphic to the combined
trace of a sequence of spherical modifications of type a, a,, ---, a,.
More explicitly, there exists a sequence of (n — 1)-manifolds V, V,,
e+, V1, where V.., can be obtained from V; by performing a finite
number of type a; modifications on V; and the combined trace of these
modifications is diffeomorphic to M.

Note that S(n) only tells the type of modifications that appear
and gives no information on how many modifications of the various
types occur. Also it is only necessary to consider admissible sequences
since M is assumed to be without boundary and compact.

When no confusion will arise the » in S(n) will be deleted.

The following lemmas will be used in proving the results of §5.

LEMMA 3.1. Let S ={ay, +++, &, G4y, =*+, @, + =+, @;} be an admis-
stble sequence realizable by M. If all the integers following a; and
preceding a; in S are larger than a; then the sequence S = {a,, ---,
@iy Qjy By, =+, Ay} 18 also realizable by M.

Proof. See §4 of [7] or §4 of [4].

LEmMMA 3.2. Let S={a,, -+, a;, Qsyy, ***, Qivpy =+, &} De an admis-
stble sequence realizable by M. If a;y; > @54y for =0,1, .-k —1
then M is diffeomorphic to the trace of a sequence of modifications
with all modifications of type a;.; (7 =0,1, -+, k) performed on a
single manifold. More explicitly, there exists a sequence of mani-
folds Vi, <+, Vi, Viswsry Vicbis *=*y Viy, where V.., can be obtained
from V; by modifications of type a;+; (1 = 0,1, ««+, k) (the a,.;-spheres
i =0,1, ... k determining these modifications can be assumed mutual-
ly disjointly imbedded in V). Further V;,, can be obtained from
V; by a; type modifications for ¢+ 3 #+ ¢ + k and the combined trace
of all the modifications is diffeomorphic to M.

Proof. See §4 of [4], §4 of [7], or [9].

THEOREM 3.1. (Rearrangement Theorem). Let S be an admissible
sequence realizable by M. Then the sequence S’ = {a,, -+, a;} com-
posed of the same integers as S and satisfying a; < a;4; for 1 =1,2,
«ee, 1 — 1 48 also realizable by M.

Proof. This follows easily by repeated application of Lemma 3.1.
Theorem 3.1 also follows from a more general rearrangement the-
orem due to Smale [6] and Wallace [7]. Also see ([4], p. 44, Th. 4.8).
The above theorem asserts that any sequence of modifications
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realizable by M can still be realized by M when those modifications
are performed in order of increasing type. The purpose of this paper
is to study how “mixed” the order of the modifications may be and
still be realizable by M. To this end a study of sequences will now
be made.

4. Shifts on sequences.

DEFINITION 4.1. Let S={a;} t=1,2,---,1 be a finite sequence
of distinet integers. A shift of S consists of removing some a; from
S and replacing it in S — {a;} in a position different from its original
position.

DEFINITION 4.2. d(S) = minimum number of shifts needed to put
S in natural order.

A method of computing d(S) which will be useful in proving the
main results of this paper will now be described.

DEFINITION 4.3. The full decreasing subsequence S, = {a,;} j =1,

-+, n, of S is the subsequence of S obtained as follows: a, is the

first integer appearing in S, a,, is the first integer following a,, in S

satisfying a,, < a,, a;; is the first integer following a,, in S satisfying

a, < a,, ete. After a finite number of such steps the process must
terminate with the last element so determined being a,,,.

DEFINITION 4.4. The number of decreasing subsequences of S is
the smallest integer m satisfying (S — U™, S;) = @ where S; = {a;;}
j=1,.--,m; is the full decreasing subsequence of (S — Ui=tS,) =S
with the subsequences S,, S,, ---, S;_, deleted.

THEOREM 4.1. Let S be a sequence composed of 1 distinct integers.
If S has m decreasing subsequences then d(S) =1 — m.

Proof. The proof will be by induction on the length I of S. If
! = 1 the theorem clearly holds.

Assume now that the theorem is valid for sequences of length
< 1. Let S have length | and m decreasing subsequences with #, in-
tegers in the 4'* subsequence S;.

If d(S) =0 it is clear that n;, =1 for ¢t =1, .--,m. Thus I =m
and d(S) =1 — m.

Suppose then that d(S) # 0. Under this assumption there is de-
fined a unique integer p satisfying n, > 1 and if p < r < m then
n, =1, Let S’ be S with a,, deleted if p=m or if p+m and
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@y < Qpiy,y, and with a,, deleted if p = m and a,.,,; < @,
LemMMA 4.1. d(S) < d(S') + 1.

Proof. One can imagine the d(S’) shifts used on S’ to put it in
natural order as being performed on S (simply ignore a, (or a,,)).
Hence after the d(S’) shifts on S one obtains a sequence S” in which
all integers are in natural order except for possibly one, a, (or a,, ).
At most, then, one more shift will put S” in natural order. This
proves the lemma.

Lemma 4.2, d(S)=1—-1— m.

Proof. Since the length of S’ is [ — 1 the induction hypothesis
implies d(S") =1 —1 — m’ where m’ = number of decreasing subse-
quences of S’. It must be shown that m = m/'.

Let A={S, ---,S,} and A’ ={S], ---, S,..} be the sets of full de-
creasing subsequences of S and S’ respectively. Clearly deleting an
element from the p sequence S, does not change any of the preced-
ing sequences. Hence A and A’ are identical up to the p" sequence.
Consider now the p'* sequence.

Case 1. p =m or if p #+ m then a, < @,+,,,. This implies that
@,; is not deleted and thus sequence p of both A and A’ begins with
@,. It will now be shown that S; = S; for p <7 <m. For suppose
that some a;, (¢ > p) appears in S’,. The existence of such an a;, im-
plies that p = m, thus a, < @,.;,;. By construction a,,,,; < @pis,; <
.-+ < @,, and consequently a,, < a;. But also by construction a,, is
the largest integer of S’, hence no a; (p < % < m) can appear in S).
From the relation a;, < a;1,, =2 + 1, ---, m — 1) it easily follows
now that each a,, (p < i =< m) constitutes a sequence of A’. There-
fore m = m/'.

Case 2. p +m and @,:,, < a,. This implies that a,, is deleted.
Suppose now that a;; (¢ > p) appears in S,. By definition, a,, appears
in S after a,. Let a,; be the smallest integer in S, that precedes
a; in S. Then a,; < a; or a;; would be in S,. Furthermore a,; can-
not appear in S/, since a;, does. But the only way a,; could fail to
be in that sequence is by being deleted; that is, 7 = 1. However since
Cpi1, < @y and a,y,, follows a, in S there must be an element of the
form a,, (k + 1) preceding a,.,,. Since a;, is @,.,, or follows it in S,
a;, must also follow a,, (k + 1). Hence a,; # a,, which is a contra-
diction.

The same argument as in Case 1 now shows that each a;
(p < © = m) constitutes a sequence of A’. Hence m = m/.

In all cases, then, m = m’ which proves the lemma.,
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LEMMA 43. d(S)=1— m.

Proof. Consider S; = {a;;} j =1, ---,n,. These elements appear
in S in the given order. By construction a;,, < -+ < a; < a;;, hence
it clearly takes at least n; — 1 shifts to put S; in natural order. Fur-
ther any shift involving an element of S; does not affect the relative
order of the elements of S;(# # j). Thus the number of shifts need-
edis = >, (n; —1) = Cr.n) —m =1— m and the lemma is proved.

Combining Lemma 4.1 and 4.2 gives d(S) <1 — m and in view of
Lemma 4.3 d(S) =1 — m. This completes the proof of Theorem 4.1,

REMARK. It is clear that the “natural order” of S is not essen-
tial to the above arguments and the results of this section can be
generalized to the situation of finding the number of shifts needed to
put S in a given order, not necessarily the natural order. Theorem
4.1 still holds in this broader sense and d becomes a distance function
on the set of all orderings of S.

5. The main result. Denote by C(M) the strong category of
M (cf [1]).

THEOREM 5.1. Let S be an admissible sequence of length 1. If
S is realizable by an n-mantfold M(n > 0) then 2 < d(S) + C(M) <
l=n+1.

Proof. Since M is an n-manifold the only modifications that can
occur are of type —1,0,1,---,n — 1 thus [ <n+ 1. A simple
cohomological argument shows C(M) = 2 and thus

2=C) =dS) +CM) .

It remains then to establish d(S) + C(M) = I, which is equivalent to
CM)=1l-d(S). In view of Theorem 4.1, then, Theorem 5.1 will

follow if it is shown that C(M) < m.

LeEMMA 5.1. If S is an admissible sequence realizable by M then
C(M) < m where m is the number of decreasing subsequences of S.

Proof. Let A={S, S, ---, S.} be the set of decreasing subse-
quences of S. Since S is admissible », = n,, =1, a,, = —1 and a,, =
n — 1. Let S’ be the sequence given in A; that is,

r —
S = A1y Qa1y Qazy ** 0y Agpyy ** 0y Q1,15 *° A1,y gy Amr o

It will first be shown that S’ is realizable by M. Since a, = —1



148 M. V. MIELKE

it follows that all admissible sequences composed of the same integers
as S begin with a,. By definition all the integers between a,; and
@s,:+, in S are larger than a,,., for ¢ =1,2, .-+ n,. Thus by repeat-
ed application of Lemma 3.1 the sequence S| = a,, Gy, Qs, *++, Ggpyy =+ »
is realizable by M where the last ... represent the sequence S with
ay, Ay (1 =1,2, .-+, n,) deleted. Repeating the argument using sequences
(3 =38, -+, m) of A one easily obtains the result.

Now by repeated application of Lemma 3.2 there exists a sequence
of (n — 1)-manifolds V,, V,, ---, V,.., where V,., can be obtained from
V; by modifications of type a;;(7 = 1, 2, ---, ;) and the combined trace
of all these modifications is diffeomorphic to M. A detailed study of
the trace will now be made.

Since M is connected the number of —1 type modifications need-
ed can always be assumed to be 1 ([7], p. 518). Thus

Vo=, Vo= 5"

and the trace T, of this modifications is an n-disc D, with 6D, =V, =
S (*0” denotes boundary). V. is obtained from V, by a, (+ =1, 2,
.+-, n,) type modifications. Denote by N(a,) the number of a, type
modifications involved. Then N, = 3'”’, N(a,;) is the number of modi-
fications used in going from V, to V,. Each a, type modification is
determined by an a,;-sphere imbedded in V, possessing a normal neigh-
borhood of the form S* x D"—*¥-', Thus there is imbedded in V, N,
such spheres having mutually disjoint trivial normal neighborhoods.

Let T, be the trace of these N, modifications. Then T, U T, is
homeomorphic to the topological space X constructed as follows: Any
n~dise D* is of the form D’ x D*~9, thus 6D" = S~ x D"~ J D7 x S,
Attach N, different n-discs to V, by identifying S* x D**~'c¢D"
(let 5 = a; + 1) with the normal neighborhood of the a;-sphere, the
attaching diffeomorphisms being determined by the spherical modifica-
tions involved. Thus X is D, with N, n-discs attached to 6D,. Hence
T,UT,= D, U D, where D, is an n-disc and D, is the union of N,
mutually disjoint n-discs. For a detailed discussion of this description
of the trace see §3 of either [5] or [8].

Repeating this argument through V,., one has that M = Jr~,
T; = Ur, D; where D, is the union of N; = 3%, N(a;;) mutually dis-
joint m-dises. If (C,, C,, ---, C,) is a set of mutually disjoint n-discs
in a connected n-manifold (which M is) then C, can be joined to C, by a
smooth are « so that a N U%,C; = two points, one in 6C, and one in
0C,. Thus C, and C, can be joined to form a set K, which is con-
tractible in itself. Repeating this construction on (&, C;, ---, C))
starting with E, and C, to form FE, one obtains a set E, which is con-
tractible in itself.
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Hence M can be covered by m such contractible sets and if each
of them is slightly “blown up” then M can be covered by m contrac-
tible in themselves, open sets. Thus C(M) < m. This completes the
proof of Lemma 5.1 and thus of Theorem 5.1.

COROLLARY 5.1. If an admissible sequence S of length | is rea-
lizable by M and 1 = C(M) then d(S) = 0. In particular if C(M) =
n -+ 1 then any admissible sequence realizable by M must satisfy
da(S) = 0.

Proof. The corollary follows directly from Theorem 5.1.

There are many manifolds M satisfying C(M) = n + 1. For ex-
ample C(P") = n + 1 where P" is n-dimensional real projective space.
If n is even, all connected manifolds M in the cobordism class of P~
satisfy C(M) = n + 1. Actually it can be shown that every cobor-
dism class contains manifolds satisfying this condition and for even
dimensional manifolds at least half of all cobordism classes contain
only manifolds M satisfying C(M) = n + 1 if M is connected [3].

If 7 is the length of an admissible sequence S realizable by M
then Theorem 5.1 asserts that d(S) + C(M) =<1 and since C'(M) <
C(M) (C'(M) is the category of M) it follows that d(S) + C'(M) = I.
One question that arises is when can an S be found so that equality
holds, i.e., d(S) + C(M) = 1. A connection between this question and
the Poincare conjecture will now be given.

COROLLARY 5.2. Let M be an n-manifold which ts a homotopy
sphere. If there exists an admissible sequence S of length | realiza-
ble by M satisfying d(S) + C'(M) = 1 then M is homeomorphic to the
n-sphere S”.

Proof. Since M is a locally contractible, compact, finite dimen-
sional metric space it is an absolute neighborhood retract ([2], p. 32).
It is assumed that the homotopy groups vanish in all positive dimen-
sions < n — 1 thus by Theorem 18.2 of [1] C'(M) < 2 and consequent-
ly C'(M) = 2. Therefore d(S)=1—2. d(S)=1— m implies then
that m =2, But l=>",n;,=>,n;,=n,+ n, =2 (recall that »n, =
n, = 1); that is, S is the sequence (—1, % — 1), and since M is con-
nected it can be assumed that there is only one modification of each
type ([7], Th. 4). In terms of functions this means there exists a
Morse function on M with exactly two nondegenerate critical points.
(cf. [4], p. 30) Applying Reeb’s theorem ([5], p. 25) one has that M
is homeomorphic to S*. This completes the proof.
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