
NOTE ON BLOCKS OF SYMMETRIC GROUPS

TADASI NAKAYAMA and MASARU OSIMA

A conjecture concerning characterization of blocks of representations of

symmetric groups by means of Young diagrams, given formerly by one of the

writers,J) was affirmed recently by R. Brauer and G. de B. Robinson jointly.2)

Namely, it was proved in Brauer's paper, relying on his general, and profound,

theory of blocks in finite groups, that the number of ^-blocks in a symmetric

group ®n5 of degree n, is exactly equal to the number of j>-cores? or ^-kernels

in the terminology of NI, with n- Ip (/ = 0, 1, 2,. . .) nodes,3) and that certain

statements designated as (A), (B) and (C) would secure that two irreducible

representations with a same p-coτe belong to a same block (whence the conjecture

itself when combined with the estimate of the number of blocks). Then these

statements (A), (B), (C) were proved actually in Robinson's paper.

On the other hand the present writers had been able to prove, independently

of Brauer and Robinson, first that the number of blocks is at least equal to the

number given in the conjecture, and stated above, and then that representations

in a same block have necessarily a same p-core.4) It seems to the writers that

these results, which they want to give in the following, supplement those of

Brauer and Robinson, and help to clarify the inner structure of the matterβ

Indeed, the last statement forms the counter-part of the latter half of the Toronto

proof and gives a second proof of the conjecture when combined with the for-

mer half, that is, with the above exact estimate of the number of blocks given

in Brauer's papers,5) in which lies however a very difficult portion of the matter.

Even the first weak assertion may be used to take place of the exact estimate

in the Toronto proof, though rather strainedly

§1, Let T be a diagram of n letters, or nodes;
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3> T. Nakayama, On some modular properties of irreducible representations of symmetric

groups I, II, Jap. J. Math. 17 (1941); -we refer to these papers as NI and Nil..
2> R Brauer, On a conjecture by Nakayama; G. de B. Robinson, On a conjecture by

Nakayama, Trans. Roy. Soc. Canada, 41 (1947).
3) Terms core and node, in place of kernel and Jetter, are after Robinson.
4> The first weak .assertion was shown by the former of the writers and the second was

proved by the latter writer by combining his detailed structural analysis of diagrams
with the former's argument for the first assertion,

5) Or, combined with Brauer's theory of blocks directly; see the end of the present note.
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T = £aβ : αrj ^ <x« ^ . . . ^ cch G ^ i = n),

oci being the length of its t-th row. Denote the length of its 7-th column by

γj {j = 1, 2, . . . , k (k = c*j) Σ r i = n). Put further, as in NI,

βi = OTi + A - i, fly = 77 + * - / .

Then evidently ft > . . . > βh > 0, tf, > . . . > fl* > 0. We refer to these num-

bers as α>, β-9 r~9 and ^-numbers of the diagram T. The degree / = /(Γ) of

the irreducible representation of the symmetric group ©» belonging to our dia-

gram is given by / = n ! Π (ft - ft)/Πft !.

Suppose now that T has a hook6) if of length g (or #-hook briefly) at {i, j);

w = rj, r = w - i+1;

r being the height of the hook. Let To = T - -if be the diagram of n-g nodes

obtained by removing the hook # from 7\ and/ 0 =/(Γ 0 ) be the degree of the

corresponding irreducible representation of ®Λ- f f. It was shown in NI that then

" 1 with K = Π ((Λ - «y)/(5T + δs - «y)) ,,1 ,

For the following is essential also the recurrence rule.7) Let iϊi, ff2, • v

be the totality of ^-hooks in the diagram T, and let rv be the height of # v . If

P is an element of ®M containing a cycle of length <§% and if Po is the permu-

tation of n ~ g letters obtained from P by canceling this cycle, then

(2) χ(T; P) = ( - l ) Γ J - | Z ( Γ - f l i ; Λ) + (~ 1Y^1X(T - ft; Λ) + . . . ,

where X (T), X (T — ίfv) denote the characters belonging to the diagrams

T, T-Hy.

Now, a block of irreducible representations of @Λ, with respect to a prime8>

p, is a class of irreducible representations which can mutually be connected by

chains of irreducible representations such that neighboring two possess a com-

mon (p-) modular component. g{P) X(P)/f (mod p) characterize the block to

which the character % belongs, where P runs in @Λ, g(P) denotes the number

of elements conjugate to P in ®Λ, and / = χ(l) is the degree of the character,

6> For the notions of hooks and cores (kernels), and for their theory, see NI.
7> NI, Appendix. See also G. de B. Robinson, On the representations of the symmetric

group, II, Amer. J. Math. 69(1947); III, 70 (1948).
8) That p is a prime we use only in congruences (and for the sake of our purpose). As

to the structure of diagrams, p need not be a prime in the following considerations.
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as before.

Consider a ^-core To, i.e. a diagram without £-hook, consisting of m~n-lp

nodes. Let T be the diagram of n nodes obtained from To by adding Ip nodes

to its first row. Namely

Γ = O , , or., . . . ] ,

To = [>j - Ip, a2, . . .] , OΓJ - /£ =̂  α2 = as ϋ= . . . .

The way to get To from T by removing £-hooks successively is unique. Hence,

when P is an element of S« possessing / ̂ -cycles and when Po is obtained from

P by removing those ^-cycles, then

X(T; P) = χ(T 0 ; P o ) .

Suppose here that P has exactly / ̂ -cycles. Then the numbers of conjugates

of P, Po are respectively g(P) = 7 ^ Γ , #(P 0 )= ( ~ - ^ ^ = ̂  , where c is a
11P C c c

(common) factor which we are not interested in, and so g(P)lg(P$) - —P^v—.
ml II p*

On the other hand f{T)/f(T0)=—?rirϊτKLM with K=Π{{δt - δj)/(lp
771 I \ip) \ t<j

+ δt -δj)) (.7 = *, + 1), L = M = l Here /C = 1 mod i> since ^ ~ dj, the

length of (1, ί)-hook of T, is prime to /> for every ί = 1. 2, . . . , αrJβ Therefore

(QΛ g(F)7JT; P)=g(Po)7ΛT»; &,) m lip1 ^8(Po)χ(To; Po), 1 V

This congruence holds however also for those elements P which possess more

than / ̂ -cycles; for the both sides vanish then, Thus (3) is valid generally

for P with at least / ^-cycles.

Let To be a second p-core with m - n ~ ϊp nodes, say. Let V be obtained

from Ά by adding Ip nodes at the first row, just as T is obtained from To.

Then

£ί^^LZ)^^Xgl^) ( ^ 1 ) T moάp<) g(
f(T) /(To)

for every element P in S« with at least ΐ ^-cycles, Po being obtained from 7̂

by canceling 7i?-cycles,

Now, suppose that the diagrams T and T belong to a same block. We want

to prove that then To = f 0 . Firstly / = Γ. For, if / > ΐ for instance, then for

every P=^P with exactly /^-cycles (4) is congruent to 0 mod p, while (3) φθ

mod p for a suitable choice of such P. Similarly / < / can not be the case, and

so / = Γ. Then we ought to have
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g(Po)χ(Til; Po)sg(P.)X(fo; P9)
fiTo) /(To)

for every element Po of ® m . Then To = To according to the case of highest

blocks already analyzed formerly.9) We have

I. There are at least as many p-blocks of <SΛ as there are p-cores with n — lp

-nodes (1=0, 1, 2, . . .•).»>

§ 2. In order to study the relationship of the.characters of general diagrams

and their cores, we have to make use of the following result obtained independ-

ently by RobinsonJ1) and the latter of the writers. Namely:

The structure of a diagram T = [>,-] with respect to itsp-hooks can be repre-

sented by a system T* of diagrams, at most p in number; each node of {each

component of) T* represents a p-hook (as well as its images) in T and each

g-hook in T* represents gp-hook in T (and conversely every gp-hook in T is as-

sociated with a g-hook in T*).

That there are at πiost p components in T* is closely related to, and in

fact is derived from, the structure of diagrams with one^-hook studied in NILlf)

Indeed, the top left node of each component of T* is associated with a ^-hook

which may be added to the p-core To of T. There are p ways of such ad-

junction of a i>-hook to To, and in fact one for each height r = 1, 2, . . . , p oί

the ^-hook. We can thus designate each component of T* by the height r of

this p-hoόk, associated with its top left node. Allowing void diagrams as com-

ponents, let D ( I ) , D ( 2 ) , . . . , DW be p components of T*, where D(r), called

the r-th component of T*, belongs to the height r, and write T* = (I>(J), £><2),

. . . , £><*>) o Let D<r) contain Vr) nodes; l(r) = 0 when JDιr) is void. /= Σ / ( r ) is

the number of nodes in T*, and n-m + lp, where m is the number of nodes

in the core To.

It is also true that:

Conversely, if T* = {D^/D™, . . . , D<») is a system of p diagrams, then

there exists for each p-core To a diagram T whose structure concerning p-hooks

is represented by T* .

So we may summarize in:

°) NI.
io) We give this assertion first, since it already has some bearing by itself, as was ob-

served in the introduction, though rather weak, and moreover its proof may be regarded
as a model of that of the stronger one in §2.

n> Robinson, Lc. 7) III.
J2> Nil, §3.
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If To is a p-core, diagrams T with To as p-core are in 1-1 correspondence
with systems (D(l), D ( 2 ) , . . .., D{p)) of p diagrams.

(The result may be applied to obtain a certain recurrence formula for the

number of irreducible representations and that of self-conjugate irreducible repre-

sentations of a symmetric group. Reserving this for a subsequent paper, we

come back to our problem of blocks.)

Our system T* is a skew diagram in Robinson's sense,13> The degree / *

of the (reducible) representations of ©/ belonging to T*, in his sense, is given

b y / * s ; i ] ) t / , » r /Wτ/ l J ) / ( 2 ) f(P)> w h e r e each/ ( / Ί denotes the degree

of the irreducible representations of ©/en belonging to D{r).

Consider a g-hook H* in T*. If if* is in D*\ then To* ̂  T* - # * = {D«\

D ( 2 )

? . . . , D{r) - H*, . . . , DW). The degree of the representation belonging

ω T«* i<3 /*«* lijZL£I_! /(i) TAT) Tip) w h e r e 77(r) ίq thei o is Jo —}(!)] n{r) _ g\ j j{p) \J Jo •/ ? w n e r c /o ib tne

degree of the representation belonging to A ι r ) = D(r) - if*. Hence /*//o*

( 5 )

This equation is the equivalent of (1) for the skew diagram T*.

Taking away / nodes from T* one by one, and observing that M of (5) is

1 in case # = 1, we obtain, with factors Kλ, Zx at each step*

ΠϊfZ)(6) /*=

If we remove from T correspondingly /^-hooks Hl9 H29 . . . , Hi successively,

then we reach the core To. Let Ti = T, Tι-i = Ti - Hi9 T/-2 = T/-i - H f , . . . ,

To = Tj — Jϊ/ be the diagrams of successive stages. Denoting the degree of the

irreducible representation belonging to Tx by / λ , we have, by virtue of (1),
(^j — ( ^ — J \ Λ\ ? . .

fι-λ+i/fu\- , _ ,.v t ^ τ * K\LχM\ with iΓx = Π((#xs — oχjχ)/(P + oχs — oχ/χ)),

^x = sΠ((As - Aίλ)/(j> + βxs - Aίχ))? Mx = Π((A»χ- βχs)/(ί- At λ + As)), where

A, x̂ are the β-, ^-numbers of T/»λ+I, (ίλ, y'x) is the position of ifλ and

ŵλ = n -h ίx - 1 with the height n of ϋΓλ. We have

Hence

L.c. 7). A skew diagram is a diagram minus a top left partial diagram.
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( 7 ) Π(

Denote (all) the nodes of Γ* corresponding to Hu H29 . . . , Hi by Hi*, Hf>

. . . , #/*. So the factors Kλ, Zλ in (6) correspond to Hλ*. We have

Kx = Π ((Sxs - <W/(ί> + δλs - 5λyλ)). As (5 λ s - δλjλ)/(p + <5λs - *λyλ) = 1 mod

p for ^ + Λ* - £ λ/ λ, i?χ = Π (Wλs - fajχ)/(P + δχs - ^λyλ)) s 1 mod p. Hence

Similarly Zλ = Z λ Z λ , Zλ s 1 mod p, while Π M λ = ( - l)Σ(α-i> m o d ^ # B y ( 6 )

w e h a v e ^ β ( ι » » ) ! i t f i ) ' π ( Z λ Z λ ) π

U{KχLχ)ΪIMλ9 or

(8 )

with Π(^xZλ) s 1, Π M λ = (-1)« mod ί , where ^ = Σ ( n - 1).

(Denote the exponent of the (highest) power of p dividing an integer a by

e(a). As To has no>hook, we have e(/0) = e(/{To)) = e(m!). Since e(tl(pl)1)

= e((Ip) I), we have further, from (8), the formula

( 9 ) e{f) = e(n\) - e{(lp)l) + e(J*)

given by Robinson, as a refinement of a formula offered formerly in NI.)

(— 1)Q is independent of the manner of taking / £-hooks from T. So, if P

is an element of ©rt having / ̂ -cycles and Po is obtained from P by removing

those / ̂ -cycles, as before, then

(10)

where χ0 denotes the character belonging to To. If here P has more than I

^-cycles,14) then £0 (Po) = 0 whence % (P) = 0 too. On the other hand, there exists

certainly a (^-regular) element Po in @OT with Zo(Po)#O. If P has exactly J

^-cycles, then g{P)/g{P»)~—. ' .. for the numbers g(P),g(Po) of conjugates

of P, Po, in ©», © m respectively. Hence, by (8), ///, = ( / *

Π ( ^ χ ΐ χ ) Π M χ , Therefore (tf - 1) \y8(P*)]AP«) =f*g(P)Z«(P«)

ΠM». Since UMλ s ( - 1)«, Π ( ^ χ l χ ) = 1 mod />, we have, by (10),

g(P)7AP)_g(P)X(T; P) ̂ g(P<,)χ(T<,; Po)
7 - 7(75 - - y ( Γ i ) —

Or, more generally, if Po has order divisible by p.
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>*<*>-(- l) i m o d i .
/o

This {11), generalization of (3), holds however also for P with more than I p-

cycles, since the both sides vanish then. Similarly as in § 1 we obtain

IL Diagrams belonging to the characters of ί£n in a same p-block have a

same p-core.

This II, counter-part of the latter half of the Toronto proof, may be com-

bined with Brauer's exact estimate of the number of ^-blocks in order to obtain

a second proof of the theorem:

III. Two characters of ©Λ belong to a same p-block if ond only if their dia-

grams have a same p core.

In fact, it is one just a step to get III from II and the fundamental relation

(11) by virtue of Brauer's theory of blocks.155

Mathematical Institutes,

Nagoya University

Okayama University

i5> The theory is summarized in Brauer> I.e. 2). If P1 is an element of <S» possessing
lρ cycles of length 1 and P o is obtained from Pf by removing those lp cycles and if
normalizer of PQ in <δm has an order prime to p, then we can show from (11)
g(P') X (P')/f = g(Po) Xo (PO)//O mod p.






