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LK, LJ, Dual Intuitionistic Logic, and Quantum Logic

Hiroshi Aoyama

Abstract  In this paper, we study the relationship among classical logic, intu-
itionistic logic, and quantum logic (orthologic and orthomodular logic). These
logics are related in an interesting way and are not far apart from each other, as
is widely believed. The results in this paper show how they are related with each
other through a dual intuitionistic logic (a kind of paraconsistent logic). Our
study is completely syntactical.

1 Introduction

The aim of this paper is to show the relationship among the classical logic, the in-
tuitionistic logic, and the quantum logic. Takeuti says in his paper [15], “quantum
logic is drastically different from the classical logic or the intuitionistic logic.” It
is, however, unclear how drastically different these logics are from each other. To
answer this question syntactically, we use the formalization of sequent calculus. For
the axioms and inference rules of the classical logic LK and those of the intuitionistic
logic LJ, we refer the reader to Takeuti [16].

Sequent calculi are attractive in the sense that we can obtain various pieces of
logical information from their structures. If we regard Gentzen’s LK as the most
basic sequent calculus, we can obtain a number of logically interesting sequent cal-
culi from it, for example, by dropping some of the inference rules, by changing the
forms of some or all of its inference rules, or by introducing new logical connectives
together with inference rules associated with them. These changes usually result in
a great diversity of nonclassical logics; see Paoli [10], Restall [12], and Schroeder-
Heister and Dosen [14].

The sequent calculi to be studied in the present paper are also obtained from LK
by making some changes or others. The so-called dual intuitionistic logic, a kind
of paraconsistent logic, plays a crucial role in this paper. A few logicians have con-
sidered it; see Czermak [4], Goodman [6], and Urbas [17]. Their systems are all
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in the form of sequent calculus. Our dual intuitionistic logic DI is different from
the three systems they considered. It is completely dual of LJ. LJ is obtained from
LK by restricting sequents so that they contain at most one formula in their succe-
dents. DI is obtained from LK by restricting sequents so that they contain at most
one formula in their antecedents. Such restrictions on sequents naturally yield an
interesting translation mapping between extensions of LJ and DI. This mapping also
plays an important role in this paper. In Section 2, we will define the system DI more
specifically and show some important properties about it.
We first fix the language for the sequent calculi to be studied below.

Definition 1.1  The language for the sequent calculi to be studied in this paper
consists of the following symbols:

Predicate constants with n argument-places (n = 0) : pg, p}, p5. ...
Individual constants: cg, c1, ¢2, . ..

Free variables: ag, aj, as, . ..

Bound variables: xq, x1, x2, ...

Logical symbols: A, VvV, —,V, 3

Auxiliary symbols: (, ), ,(comma)

A

Terms consist of individual constants and free variables. Well-formed formulas
(wffs) are defined as usual. In a sequent I' = A, the antecedent I and the succedent
A are both finite sequences of zero or more formulas unless otherwise stated. Proofs
(formal proofs) are also defined in the usual way. If a sequent I' = A is provable
in a sequent calculus S, we write ‘SHI' = A’. Weuse I', A, A, and IT to express
sequences of wffs and «, B, v, §, A, and 7 to express wifs.

2 The System DI

Definition 2.1 DI has the following axioms and rules of inference:
1. Axioms o=«
2. Inference Rules (T consists of at most one wff.)

Structural Rules

A = A
WL = WR &2
= A, a, = Ao 8, A
CR = Ao, ER = A, p
= A, o I'= A, B,a A
= A, o= A
Cut

I'=> A, A



LK, LJ, Dual Intuitionistic Logic, Quantum Logic 195

Logical Rules (¢ is a term and «a is a free variable.)
A A
L = A,x R o =
—o = A = A, o
A A I'= A, I'= A,
AL o = B = AR = o = B
aAB=>A aoaAB=A '=s Aanpg
A A r A, r A,
VL o = B = VR = o = B
aVp=A F'=sAavB T'=A,avp
=Aa B=A a=A,B
—L —R
a—> B=AA = A,a—f
t A r A,
VL a(t) = VR = A, a(a)
Vxa(x) = A I' = A, Vxa(x)
(¢ is an arbitrary term.) (a does not appear in the lower sequent.)
A r A, ot
aL @ =4 R =40
Ixa(x) = A I'=> A, JIxa(x)
(a does not appear in the lower sequent.) (¢ is an arbitrary term.)

DI is very close to Urbas’s system LDJ in Urbas [17]. In fact, these two systems are
the same except that the latter has the following two rules of inference in place of the
rule —R above: (I" consists of at most one wff.)

A r A
—-R(U) : 1 __*=4a —R(U) :2 :>—’ﬂ
= A,a—f '=sAa—p

We list some of the important sequents which are provable in DI.

Proposition 2.2 The following sentential sequents are provable in DI:

1. = aV-a

- = o

-0 =
a—>pB=>—-aVvp

o— =0«
—a—> B =>0—>a
—(xAB)= —aVv-p

—a V== —=(aeAp)

9. an(BVy)=(@AB)V(xAy)
10. (@anAB)V(eAy)=>aAn(BVy)
1Il.av(BAy)= (VB A(@Vy)
12. (VB A(@VYy)=aV(BAY).

e il

Thus the law of excluded middle and the distributive laws hold in DI. Similarly we
have the following two propositions.

Proposition 2.3  The following sequents are provable in DI: (‘I' < A’ indicates
thatI' = A and A = T. In (6), (8), (10), and (11), the variable x does not appear

in B.)
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. Vxa(x) = Ixa(x)
. Vxa(x) & dx—a(x)

=Vx—a(x) = dxa(x)

. —dxa(x) = Vx—a(x)

Ix——a(x) = ——Ixa(x)

Vx(a(x) A B) & Vxa(x) A B
Vx(a(x) A B(x)) & VYxa(x) A VxB(x)
Ix(x(x) vV B) & Axa(x) Ve

Ix(x(x) VvV B(x)) & Ixa(x) vV IxP(x)
Vx(a(x) VvV B) & Vxa(x) Vv B

Ix(a(x) A B) = Ixa(x) AB.

oa=p
-8 = -«

= o =>oa—f
=B

o= A

e = A

4.

As a sequent calculus, DI satisfies the cut elimination theorem.

Theorem 2.5

Proof

Corollary 2.6

The following sequents are not in general provable in DI:

1.
2.
3.
4.

= A,a
:}A’—|—|o(

The rule Cut is eliminable from DI.

The proof is routine.

o = T

oaN o=
o= (B — a)
aA(ax— B)= B.

In LJ, the sequents ‘@ = ——¢’ and ‘o A ~a =

‘== = « and *

rules (I" contains at most one wff ):

a=A,pB I'=A,a

The following derived rules of inference hold in DI1:

DI has the subformula property and is consistent.

’ are provable but the sequents
= «a V -’ are not. On the other hand, the latter two are
provable in DI but the former are not. This kind of duality suggests a translation be-
tween the two systems. Czermak studied such a translation between LJ and his dual
intuitionistic system DJ in [4]. Urbas refined it in [17] and presented a translation
between LJ and his dual intuitionistic system LDJ. His method was to extend LDJ
to LDJ™ and LJ to LJ™. These new systems contain additional rules of inference for
a new logical symbol —. LDJ~ is the system LDJ with the following two inference

(@) —— 0 (b)
a—pB=A

= A Aa—p
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LI~ is the system LJ with the following three inference rules (A contains at most
one wif):
a,I'= A '=g = o B, 1=
(©) : (d) - (e) -
a—p,I'=A a—p,T= Nld=uoa -4

He then defined a translation mapping between LDJ = and LJ~. Goodman uses the
symbol — as the pseudo-difference operator in [6] and suggests reading it as “but
not.” Urbas uses it so that ‘@—f’ expresses that & excludes .

DI is a kind of paraconsistent logic because sequents of the form ‘« A —a =
are not in general provable in it. Thus it is not always provable that A —o = B,
for every wff 8. We can, however, find sequents of the form ‘¢« A —a = °
which are provable in DI. To mention a few: ‘(¢ — o) A (¢ — ) =
and ‘(a V —a) A = (a V —a) = .

We now consider a translation mapping between DI and LJ. We first extend DI
and LJ by adding the logical symbol — and inference rules associated with it as Urbas
did. The resulting systems are DI and LI™, respectively.

l

5

Definition 2.7 DI is obtained from DI by adding the two inference rules:

a=A,pB ‘R I'=A,«a B= A

a—-B=A F'=AAa—8

(T" consists of at most one wif.)

~L

Definition 2.8  LJ™ is obtained from LJ by adding the two inference rules:

o= 8 ‘R =« B, 11 =

o~ B,T= NM=oa-p

L

The following is the translation mapping due to Czermak and Urbas.

Definition 2.9  The translation mapping * between DI and LI is defined as in
(1)—(4) below:

1. Wffs:

A* = A for each atomic wif A, (—a)* = —a™,

(@A B)* = B* v ar, @V B)* = B* na*,
(@ — ) = B* — o, (@ ~ B)* = p* — o,
(Vxa(x))* = Ax(a(x))*, (Fxa(x))* = Vx(a(x))*

2. Sequences of wifs:
For each sequence I' = ay, aa, ..., a,(n = 0),
I = (an)*, ..., (@2)", (a))*
3. Sequents:

For each sequentI’ = A, (I' = A)* = A* = T'*
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4. Inference rules:

Sls s SVL*I
—n =12,3),

S (n )
* — (Snfl)*s ) (Sl)*

(Sn)*

For each inference rule I =

1

Then we can easily show the following.

Proposition 2.10  For any wff «, sequence T, sequent I' = A, and inference rule
I of DI (and of LIT), we have a** = o, T** =T, (I' = A)* =T = A, and
I =1.

Theorem 2.11  DIT T = A ifand only if LIT = (I' = A)* where T contains
at most one wff.

We now consider the relation between DI and LDJ. In our formal proofs below, we
will omit writing applications of the inference rule ER (and EL, if any). Also, we
often indicate successive applications of WR (WL) and combinations of applications
of VR and CR (AL and CL) by writing a double line between the upper sequent and
the lower sequent.

Proposition 2.12  The rule —R(U):1 of LDIJ holds in DL

Proof
o=«

o= fB,a
o= A =>oa— f,«a

= A, ~« —a=oa— B
= A,a—f

O

As Czermak ([4], p. 473) and Urbas ([17], p. 442) remark, the sequent *° = o —
(B — )’ is not provable in DI and thus ‘¢ = (8 — «)’ is not either, as we
mentioned above. Therefore, we can easily obtain this proposition.

Proposition 2.13  The rule —R(U):2 of LDJ does not hold in DI
The following proposition is proved in [17], p. 443.

Proposition 2.14 (Urbas)  The rule —R of DI holds in LDIJ.
Then we can obtain the following theorem.

Theorem 2.15  Let DI* be the system obtained from DI by adding axioms of the
form ‘a = (B — «)’. Then LDJ = DI¥, that is, LDJ - T' = A if and only if DI*
FT = A, where " consists of at most one wif.

3 Dl and LK

Sequents of the forms ‘@« = ——o«’ and ‘@ A (@ — () = B’ are not in general
provable in DI. These, however, play important roles in connecting DI to LK. To
this end, we first make some definitions.
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Definition 3.1  Dlgy, is defined to be the system obtained from DI by adding axioms
of the form ‘@ = ——a’. Dy, is the system obtained from DI by adding axioms of
the form ‘a A (@ — B) = B’. DL} is the system obtained from DI by adding the
following rule of inference, which we will call ‘RT’:

@=-p

B=—a’
The three systems defined above are all equivalent to LK. We first need to do some
preliminary work.

Proposition 3.2 The following hold:

1. Dlgnr F = A B = = (o vV —B);

2. Dlgpe F BV (@ Ay) = a — B, -y,

3. Dlgnr (¢ = B) Ay Ar = —(aV—y)V(BAT);

4. Dlgpr F Vx—a(x) = —Ixa(x).
Given a sequent I' = A, where both I and A are finite, possibly empty, sequences
of wffs, it is a simple fact that LK = I" = A if and only if LK = M\ T = A, where
‘/X\ I indicates the conjunction of all the wffs in I". When I" is empty, /Y\ I is also
empty. Now we can prove the following theorem.

Theorem 3.3 DIy = LK, that is, Dlgnr = /\T = A if and only if LK
FMT = A

Proof (=) This is trivial since DI is a subsystem of LK and since LK
Fo= ——a.

(<) We need to show that all the inference rules of LK hold in DIg,;. We only
check the rule -L. We set y = M\ " and w = /\\ 1.

' A« B, = A
a— B, II=AA
We only need to show that the following equivalent rule holds in DIy,
y = A, BAT = A
(x— B Ay Amr=AA
Using Proposition 3.2(3), we have

(=L of LK)

y = A«
= A, o,y

= A,aV -y
—(xV-y)= A BAT = A

—“(aVvV-y)=A A BAT=AA

(x> B AyAxT=—(aV-y)V(BAT) —“(aV=py)V(BAT)= A, A

(@—> B Ayrr=AA O
Theorem 3.4  Dlgn; = Dl = DIy

Proof We show that

I. DIy - = ——a,
2. DIy Fa A (e — B)= B,and
3. the inference rule RT holds in Dlgy;.
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We freely use Proposition 2.2.

(1) —a = —a

= Q¢ —> o

o = o —> A o> 0= o> T

od = o = o —> o

o= oA (0 — o) a AN (a0 — o) =

o =

2) a=>a
C Sa-a BB
oa— =B, o
= B, —a, ~(a — f)
—f = —a,—(a — )

—B=>-aV-(a—p) —aV-ola—p)=—(@A@—p)
=B = —(@An(a—p)
aA(a— B)=>——p —-—B =B
an(a— B)=B

3) o= —f
b
p=-——p = -a
B = -«
O
It is interesting to notice that DI - = o — ——, as the following proof shows:
-0 = o
a=a Ta,—-a
o = DA, o o = T, o
= o —> T, o = o —> D, o
0= o —> T - = o —> T
= oV o oV T = o —> T

> o —> T

This shows that it is not always true that DI - = o — fimplies DI - o = B,
although the converse holds trivially.

In passing, we here mention the well-known relation between LK and LJ using
the following definition.

Definition 3.5 LlJgy is defined to be the system obtained from LJ by adding axioms
of the form ‘——«a = «’. L] is the system obtained from LJ by adding the following
rule of inference, which we will call ‘IT’:

- = ﬂ

- =«
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As before, we note a simple fact that given a sequent I' = A, where both I'" and
A contain a finite number of wffs, LK = I' = Aifand only if LK+ T = \X/ A,
where ‘\X/ A’ indicates the disjunction of all the wffs in A. When A is empty, \X/ A
is also empty. Then the following two theorems are easy to obtain.

Theorem 3.6  Llgy = LK, that is, LIgn = T = \X/ A if and only if LK
FT = \X/ A

Theorem 3.7 LJgy = LJ4.

4 Dl and GO

Nishimura [9] presents a sequent calculus version of Goldblatt’s orthologic O [5],
which is a propositional logic. The following is his system GO, where I" and A in a
sequent ' = A are (possibly infinite or empty) sets of wffs. In this section and the
next, we assume that the language is propositional and does not contain the logical
symbol ‘—’.

Definition 4.1 GO consists of the following axioms and rules of inference:
1. Axioms oa=a
2. Inference Rules

Structural Rules

. '=A I'=A,«a o, 1= A
Extension ——— Cut
I, = A, A LII= A, A
Logical Rules
-L =480 “R =4
—'a,F:A —-A = -«
(A =4t {=B | B A}
,T A r A,
L o, = R = A, a
—-—-o(’F:>A F:}A,_'_'Ol
, = A , = A I' = A, I' = A,
AL ¢ p AR ¢ P

aABT=A anrnB T =A

F'=sA,anp

In GO, ‘a Vv B’ is defined to be ‘—(—a A —f)’. As usual, we use the symbol ¥’ to
express the unprovability of a sequent. We then have the following proposition.

Proposition 4.2 The following hold:

1. GOFa A —~a = K
2. GO+ = a Voo
3. GOFaA(BVYy) = (@A) V(eAy);
4. GOF(avBh A(aVy)=aV(BAY).
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The converse sequents of (3) and (4) are provable in GO. As Nishimura remarks, if
we replace =R of GO with the following rule —Rc,

a, "= A
= A —a’
the resulting system is the classical propositional logic. Cutland and Gibbins [3] also
consider adding to GO the two rules of inference =R" and VL':
'=A Lt @ =A B=A
—A = I aVvVpB=A

—Rc

—Rf

They prove the following theorem in [3], p. 227.

Theorem 4.3 (Cutland and Gibbins)  The following hold:

1. GO+ ‘a Vv B = «a, B’ is equivalent to the classical propositional logic;
2. GO + —=R" is equivalent to the classical propositional logic;
3. GO + VL' is equivalent to the classical propositional logic.

In order to investigate the relationship between DI and the orthologic, we reformulate
GO to the following sequent calculus LO, where I" and A in a sequent ' = A
express finite sequences (not sets) of formulas and —A is defined to be the same
sequence of formulas as A except that each formula in A is negated.

Definition 4.4  LO consists of the following axioms and rules of inference:
1. Axioms o=, - = o, o= "o
2. Inference Rules

Structural Rules

r A r A
WL =48 WR =8
o' = A I'= A, «a
CL a,a, ' = A CR I'=sA,a,a
a, "= A I'=A,a
- T, B, 1= A = Aap A
I,oll=A I'=A,B8,a,A
I'= A, «a o, 1= A
Cut
III= A, A
Logical Rules
r A A
L = A, R o =
-, = A A = -«
a, = A B, = A AR F'=sAa I'=A8
anANB,T'=A arnp, = A '=sA,anp
A A I'= A, I'= A,
VL o = B = VR = 1% = B
aVpB=A F'=sA,avp I'=sA,avp

(A contains at most one wff.)
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For LO, we may use the rules =—L and —=—R of GO instead of the pair of double
negation axioms ‘——« = «’ and ‘@ = ——a’, respectively. Now, since Nishimura
shows that if GO = I' = A, then there exists a finite subsequent ' = A’ of ' = A
such that GO IV = A/, it is easy to show the following.

Proposition 4.5 GO =LO.

In LO, the restriction on A in the rule VL that it contains at most one wif is essential;
otherwise, LO would become the classical logic as Theorem 4.3(3) shows. We now
have this proposition.

Proposition 4.6  The following hold for LO:
I.LOFT = AffLOF M\T = A.
2. If the rule =R of LO is replaced by the following rule —Rs, the resulting
system will be the classical propositional logic.

o= A

—-Rs ——m—
= A, -«

Proof (1)is trivial. For (2), we first set y = /Y\ T for I" in =Rc. Then, by using (1),
it is enough to show that the following version of the rule —=Rc holds in the resulting
system:

_Re anNy = A
y = A, ~«a
It is simple:
o=
Daa  yoy
Yy = 7o, o y = "o,y
Yy = oAy aNnNy = A
y = A, ~o O

We now prove the disjunction theorem for LO.

Definition 4.7 A sequent I' = A is called normal if its succedent A contains at
most one wff. A formal proof in LO is called normal if each sequent appearing in it
is normal.

The disjunction theorem is an easy corollary of the following normal form theorem,
whose proof is similar to that for GO in Nishimura [9].

Theorem 4.8 If LOF I' = A, then there is a normal subsequent T = A’ of
[ = A such that T = A’ has a normal proof in LO.

Corollary 4.9 Let I' = A be a sequent such that A is not empty. Then LO
FT' = Aifand only if for some o in A, LOFT = a.

In order to connect LO with DI, we put the restriction on LO that the antecedents of
sequents contain at most one formula, and the resulting system will be denoted as
‘LO™ . Itis this.
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Definition 4.10 LO™ consists of the following axioms and rules of inference:
1. Axioms o= a, - = o, o = -«
2. Inference Rules (I" contains at most one wff.)
Structural Rules  The same as those of DI.
Logical Rules
= A« a= A

—a = A —A = —a

(A contains at most one wff.)

AL a= A B=A AR F'=sAa TT'=AB
aAB=>A oAB=A I'=s Ajang
A A = A = A
vL “= p= VR it =45
aVvp=A I'sAavpg I's>Aavp

(A contains at most one wff.)

Definition 4.11 DI}, ~ is the propositional part of DI which lacks the rules —L
and —R. Thus the language of DI, ~ is propositional and lacks the logical symbol

3 )

— .

The difference of inference rules between LO™ and DI}, ~ is that the rules =R and
VL of the former system can only be applied to those sequents whose succedent
contains at most one wff, although there is no such restriction on the corresponding
two rules of the latter system. Now we have the following.

Proposition 4.12  The following sequents are provable in LO and in LO™ :
l.anB & =(—aVv—=p),
2. aV B & —(—aA—p),
3. m(x A B) & —a V-,
4. ~(x VvV B) & —a A—p.
Proposition 4.13  The following hold for LO™ :
1. LOT SaV-aiff LOT FaA—a= N

2. The distributive laws hold in LO™ +‘a VvV B = o, B’;
3. LO_ J"(XV,B:>(¥,,B;
4. LOT F Do —-aiff(LOT F =aV-aandlLO™ FaVv B =« )
5. LO” ¥ =, —a;
_ . . Yy =A7Aa . _
6. LOT Fa A—a = iff the inference rule ———————  holds in LO™ .
—a ANy = A
Proof (1) (=)

-0 = T o = o

a N = o a N = o

oA o= o A —o A e = (o Vo) = oV a

o N o= (o V) —(aV —a) =

o N o=
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(=)
= o - = o
0N\ T = o -0 N\ T = o
—(x VvV —a) = o A oA e = a Ao
—(¢ Vo) = a Ao oaN—a =
—(aV —a) =

= (o V —w) (¢ Vo) = o Voo

= oV o

(2) Add sequents of the form ‘a vV 8 = «, f” as axioms to LO™ . Then we can prove
the distributive law ‘a A(BV y) = (@ AB)V (x Ay)’:

o=
o= o= B,«a BVy =8y
an(BVy) =a an(BVvy)=Ba an(Bvy)=By
aN(BVy)=a,any an(BVy)=Bany

aN(BVy)=anB,any

an(BVy)=(@nAnB)VaAy)
Similarly, we can obtain the rest of the distributive laws in LO™ 4+ ‘o vV f = «, B°.

(3) Since some of the distributive laws do not hold in LO, they do not, either, in the
subsystem LO™ . This implies from (2) that LO™ F o V 8 = «, B.

@ (=)
= o, o = B,—p
=, B, o =uo B,
=a,B,—aAn—p
aV B = —=(—an—p) —(—aAN-B)=ap
aVB=ap

Showing that LO™ = = o Vv —a« is trivial.

(<)
= oV o oV oo = oo

= o, 7o
(5) This is from (3) and (4).

6) (=)

-0 = o
y = A, —o ANy = A
ANy = Ao 2 ANy = A, "o
oAy = A,a N oN o=
Ay = A

(<) Trivial. O
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Although it seems unlikely that the sequent ‘o« A—o =  ’is provablein LO™ , we
do not know for sure that LO™ ¥ o A ~a = . We leave this problem open for
now. In what follows, we assume that ‘¢ A o = ’ is unprovable in LO™ . We

now make a few more definitions.

Definition 4.14

1. LO™®is the system LO™ + ° = o, .
2. LO™is the system LO™ + ‘a A ~a = .
3. DIEfd is the system DI, ~ + ‘o = ——a’.

We can then obtain the following theorem.
Theorem 4.15 [fLOFT = A, thenLO™¢ - N\T = A.

The converse of the above theorem does not hold since all the distributive laws hold
in LO~°¢ but some of them do not in LO. We can also show the next two theorems
easily.

Theorem 4.16 LOF T = A ifandonly if LO“F M\ T = A.

Theorem 4.17 LO™ ¢ T = A ifandonly if DIP_d FT = A, whereT contains
at most one wif.

Thus LO is equivalent to LO™¢ and so is LO™° to DIP7d . Moreover, we can show
that LO™° is equivalent to the propositional part of LK, which we will denote by
‘LKp ’. We need a preliminary work to show this.

Proposition 4.18  The following hold:

1. Let T consist of at most one wff. Then, LO~ =T = \X/ A if
LO™ FT = A;
2. L0 +avB=a B F\WA= A where A is not empty;
3. LO” +avB=a, B F(—aVvB) Ay AT = (—aAy)V(BAT).

We now define ‘« — B’ by ‘=« Vv B’ in LO™° . Then we can prove the equivalence
of LO™© and LKp .

Theorem 4.19 LO° + M\T = Aifandonlyif LKp T = A.

Proof (=) Trivial.

(<) We need to show that all the inference rules of LKp hold in LO™® . We here
consider the rules —L and —R of LKp. —L of LKp holds in LO™¢ because of
Proposition 4.13(6). We sety = Y\ " and w = /}\ IT.

y = A, BAT = A
(~aVB Ay AT = A, A

(= L)
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Using the rule —L of LKp, we can obtain ‘—a A y = A’ from the upper sequent
‘y = A, a’. We also have ‘\X/ A v \X/ A = A, A’ by Proposition 4.18(2). Using
Proposition 4.18, we have

—a Ay = A BAT = A
—any = AN BAT= AN
—any = \KAV\N/A BAm=\K/AV\I/A
(maVB)AY AT = (—aAy)V(BAT) (—aAy)V(BAT)=\N/AVN/A
(maVvp) Ay A=\ AV\W/A WAV/ A=A, A

(e VB Ay AT = A, A

any = A,
(= R) Y B
y=A,-aV}p
This is simple:
= o, o
y = o o, f y =y
y=oo oV y=y,aVp anNy = A, B
y=>-aVBaAy aANy => A, ~aVP
y=A,~aVp -aV}p
y = A,-aV}p O

5 Orthomodular Logic and Dual Orthomodular Logic

In the first half of this section, we will consider LJ, , a subsystem of LJ, and DO,
the dual system of LO™ . In the second half, we will consider the dual orthologic DO
and the dual orthomodular logic DOM, which can be obtained from DO by adding
an inference rule for the dual orthomodular law. DOM might be called the “dual
quantum logic.”

In this section, when we use the translation mapping * from Definition 2.9, we
will omit the clauses for ‘a — B, ‘@—pB°, ‘Vxa(x)’, and ‘Ixa(x)’ in (1) thereof.
Since most of the results of this section are the duals of those in Section 4 and can
be proved dually, we will often omit their proofs.

51 LJp~ We first consider intuitionistic analogs of DI, ~ and LO™. LJ, ~ is the
system obtained from the propositional part of LJ by eliminating the two rules for
the implication symbol ‘—’, that is, =L and —R . We list it here for convenience.
Definition 5.1  LJ, ~ consists of the following axioms and rules of inference:

1. Axioms o=

2. Inference Rules (A contains at most one wff.)
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Structural Rules

r A r

WL =4 WR =

o' = A I'= o

9 1F A F, 3 ,1_[ A
CL o, = EL a, B, 11 =

o, "= A LB, a, I = A

=« o, 1= A

Cut

rLII= A

Logical Rules

r r
—L L =e —-R “l=
-, " = I' = -«
T A T A r r
AL o= B, I = AR = o =B
aAB, = A aAB, = A F'=sanp
,r A , T A r r
VL o = B, I = VR = o =B
avp T =A F=savp I'=savp

We introduce a few more definitions.

Definition 5.2 DO is the system obtained from LJ, ~ as follows:
1. Add axioms of the forms: ——«a = «, o = ——«

I'=
2. (i) Replace —L of LJ, ~ with Tar , where I' contains at most one
- -
wif.

(ii)) AR of LJ, ™ is so restricted that I" contains at most one wif.

Definition 5.3

1. Llp ~4 s the system LJp ~ + ‘——a = o’
2. DO™¢ is the system DO~ + ‘o, ~a = .
3. DO %isthe system DO~ + ° = oV —a’.

As we have been assuming that LO™ ¥ o A —a = , we also assume dually that
DO~ ¥ = a V —«. Using the translation mapping *, we can easily establish the
following theorem.

Theorem 5.4 Assume that I contains at most one wff. Then

1.DI,” T = AjffLI,~ F (0= A)¥;
DI, ‘ FT = Aff LI, 4 (= A)%;
LO” FT = Aiff DO~ (I = A)*;

LOC T = Aiff DO™¢ (I = A)*;
LO® T = Ajff DO  (I' = A)*.

A

Thus, LT, ~ , LI ~4 DO~ , DO, and DO are the dual systems of, respectively,
DI, ", DIP_d ,LO™ ,LO™°, and LO™¢ . The following is an easy proposition for
Ll .
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Proposition 5.5  The following hold:
1. LI Fa= ——a;
2L Fa,B=>anp;
3. LI, FT = Aiff LI, = /M\T = A, where A contains at most one wif.

We also have the dual of Proposition 4.13.

Proposition 5.6  The following hold:
1.DO” F =aVv—-aiff DO FaA—-a = ;

2. The distributive laws hold in DO™ + ‘o, B = a A B’
3. DO Fo,B=aAnpB;
4. DO Faoa,—ma = iff(DO” FaA—a = andDO™ Fa,B = aAp);
5. D0 Fa,—a= ;
6. DO™ + = oV —« iff the inference rule LZ}S holds in DO™
' =68V '

From Proposition 5.6(1) and (4), we obtain the following theorem.

Theorem 5.7 IfDO™® T = A, then DO T = A, where A contains at
most one wif.

Using Proposition 5.5, we can easily prove the dual of Theorem 4.17.

Theorem 5.8 DO~ =LJ, ¢ thatis, DO + T = A if and only if LI, ¢
FT = A, where A contains at most one wff.

Moreover, we can show that DO~ = LKp . For this, we need a preliminary work.

Proposition 5.9  The following hold.

1. Let A consist of at most one wff. Then, DO~ + M\T = A if DO~
FI' = A

2. DO™ +‘a,8 = aAB’ ET = N\T, where T is not empty.

3. DO F=aVvB, EVa)AAV—B)=38VA

We now define ‘a — B’ by ‘—a Vv 8’ in DO~ . Then we can prove the equivalence
of DO~ and LKp .

Theorem 5.10 DO~ ° T = \X/ A ifand only if LKp T = A.

Proof (=) Trivial.

(<) We need to show that all the inference rules of LKp hold in DO~ . We here
consider the rules =L, =R, —L, and >R of LKp . We set § = \X/ A and A = \X/ A.

'=sdéva
L) ———
-, ' =6
Using Proposition 5.6(4), we have
o, - =

8,—a = 5N —a o, a2 =5 A

I'=38va SVa,—a=35A« § =394
=, ' = 6 A —a SA—o=§

-, ' =§
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a, ' =6
'=46V-a
This is from Proposition 5.6(1), (4), and (6).
'=sdéva B, I1=A1r
—aV BT, II=8§VA
From the upper sequentI' = § Vv, wehave I', [1 = §Vva and then Y\ T AN\ T =
8 V a, by Proposition 5.9(1). From g, I1 = A, we have [1 = X Vv —=f, by (—R)
above, from which we obtain I', IT = A v =8 and then A\ T A A\ IT = A VvV =8,
by Proposition 5.9(1), again. Then, using Proposition 5.9(2) and (3), we have this:

(=R)

(= L)

MIAMNID=8ve MTAMIOT= AV -8
MIOAMNIT= EVa) AV —B) —aVB, Va)AAV—=B)=5VA
L= MTAMNT MITAMNI —aVvB=8VA
—aV B, I, II=68§VA

, =46V
(> R) o= B
I'=456V(—avVvp)
We can obtain this rule by (—R) above. [l

5.2 DO and DOM We now define the dual system of LO, which we will call the
Dual Orthologic (DO, for short).
Definition 5.11  Let DO be the system obtained from LO as follows:

1. Axioms and structural inference rules are the same as those of LO.
2. Logical rules

r ,JTT=A

L => o R o =
—|0[:>—|F F:>A,_'Ol

= A T =A r r
AL a, = BT = AR =« =p
anAB,T'=A anrnB T =A F'=saAp

(I" contains at most one wiff.)

VL a,I'= A B I'=A VR = A« '=A,B
aVvp,I'=A F'=s>Aavpg T'=A,avp

The following proposition is almost trivial.

Proposition 5.12 DOFR ' = A ifandonly if DOFT = \X/ A.
Then we have the dual of Theorem 4.16.

Theorem 5.13 DO ' = A ifandonly if DO™° FT = \X/ A.

Finally, we consider the orthomodular logic, or the quantum logic. Nishimura added
the following rule of inference to his system GO to obtain GOM:

-8 = -« -, f =

0-modular




LK, LJ, Dual Intuitionistic Logic, Quantum Logic 211

We use the following rule OM, which is equivalent to his 0-modular rule in GO or in
LO:
a=p - p=
B=a
We then define the dual of the rule OM, which we will call “Dual-OM”:

OoM

= —a, B B=«
oa=f

Dual-OM

Definition 5.14

1. LOM (Orthomodular Logic) is the system LO + OM.
2. DOM (Dual Orthomodular Logic) is the system DO + Dual-OM.

By Proposition 4.5, it is clear that LOM = GOM. Also, by the translation mapping *,
it is easy to see that DOM is the dual of LOM. Thus we have the following.

Theorem 5.15  The following hold:

1. LOM = GOM;
2. LOMFT = Ajff DOMF (I' = A)*

6 Concluding Remarks

DI* and LI can be regarded as isomorphic systems by the translation mapping
(isomorphism) *. With this mapping, DI and LJ are related dually, though not
completely. When we consider the relation between DI and LO, the two systems
DI, ™ and LO™ become very important and some sequents like *° = o, —a’,
‘a AN—-a = ,and ‘e V B = «, B’ play important roles for connecting DI with
LO. Especially, the last one can be regarded as the key sequent for the distributive
laws.

This paper contains only syntactical considerations of various logics in the form
of sequent calculus and we also need to consider their model theoretic properties
and relations. We point out one thing here. As the translation mapping * shows,
the logical connective — of LJ corresponds to the pseudo-difference operator — of
DI, which is not in DI. This means that the “dual” algebra of a complete Heyting
algebra, that is, the complete Brouwerian algebra is not a proper model for DI. For
the Brouwerian algebras, see McKinsey and Tarski [8] and Goodman [6]. Rauszer
[11] and Goré [7] might also be useful.

We can finally indicate the relationship among the major systems considered in
this paper, diagrammatically. In the diagram below, ‘A — B’ indicates that the sys-
tem B is an extension of A; ‘A = B’ indicates that A is equivalent to B ; and ‘A «—
B’ indicates that A and B are the duals according to the translation mapping *. The
system LB in the diagram is the sequent calculus obtained from LK by restricting
sequents so that both the antecedent and the succedent of a sequent are singular. The
cut elimination theorem holds for LB, which is shown in Aoyama [1]. Similar dia-
grams of logical systems have been presented in [17], [10], Sambin et al. [13], Chiara
and Giuntini [2], and so on. They show interesting relations among various logical
systems and seem to suggest very promising ideas of research both syntactical and
semantical.



212

(1]

(2]

(3]

(4]

(3]

(6]

Hiroshi Aoyama
DImp = DI+ = DIdnr LJdnl = LJ+
! / \1
\ / ;
DIp Lip
| |
-d -d
DIp Llp
I I
LKp=LO"S DO = 1Kp
AN e
LO*—LO" DO — DO
I I
(Orthologic) GO = LO DO (Dual Orthologic)
o |
GOM = LOM DOM
(Orthomodular Logic) (Dual Orthomodular Logic)
The Relationship among the Major Systems in this Paper
References
Aoyama, H., “On a weak system of sequent calculus,” Journal of Logical Philosophy,

vol. 2 (2003), pp. 29-37. 211

Chiara, M., and R. Giuntini, “Quantum logics,” pp. 129-228 in Handbook of Philosoph-
ical Logic, 2d edition, edited by D. M. Gabbay and F. Guenthner, Kluwer Academic
Publishers, Dordrecht, 2002. 211

Cutland, N. J., and P. F. Gibbins, “A regular sequent calculus for quantum logic in which
A and V are dual,” Logique et Analyse. Nouvelle Série, vol. 25 (1982), pp. 221-48.
Zbl 0518.03029. MR 85g:03091. 202

Czermak, J., “A remark on Gentzen’s calculus of sequents,” Notre Dame Journal of
Formal Logic, vol. 18 (1977), pp. 471-74. Zbl 0314.02026. MR 58:21500. 193, 196,
198

Goldblatt, R. I., “Semantic analysis of orthologic,” Journal of Philosophical Logic,
vol. 3 (1974), pp. 19-35. Zbl 0278.02023. MR 55:5398. 201

Goodman, N. D., “The logic of contradiction,”  Zeitschrift fiir mathematische
Logik und Grundlagen der Mathematik, vol. 27 (1981), pp. 119-26. Zbl 0467.03019.
MR 82¢g:03043. 193, 197,211


http://www.emis.de/cgi-bin/MATH-item?0518.03029
http://www.ams.org/mathscinet-getitem?mr=85g:03091
http://www.emis.de/cgi-bin/MATH-item?0314.02026
http://www.ams.org/mathscinet-getitem?mr=58:21500
http://www.emis.de/cgi-bin/MATH-item?0278.02023
http://www.ams.org/mathscinet-getitem?mr=55:5398
http://www.emis.de/cgi-bin/MATH-item?0467.03019
http://www.ams.org/mathscinet-getitem?mr=82g:03043

(7]

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

LK, LJ, Dual Intuitionistic Logic, Quantum Logic 213

Goré, R., “Dual intuitionistic logic revisited,” pp. 252-67 in Automated Reasoning with
Analytic Tableaux and Related Methods (St. Andrews, 2000), vol. 1847 of Lecture Notes
in Computer Science, Springer, Berlin, 2000. Zbl 0963.03042. MR 2003h:03009. 211

McKinsey, J. C. C., and A. Tarski, “On closed elements in closure algebras,” Annals of
Mathematics (2), vol. 47 (1946), pp. 122-62. Zbl 0060.06207. MR 7,359%¢. 211

Nishimura, H., “Sequential method in quantum logic,” The Journal of Symbolic Logic,
vol. 45 (1980), pp. 339-52. Zbl 0437.03034. MR 81h:03122. 201, 203

Paoli, F., Substructural Logics: A Primer, vol. 13 of Trends in Logic. Studia Logica
Library, Kluwer Academic Publishers, Dordrecht, 2002. Zbl 1025.03002. MR 2039844
193, 211

Rauszer, C., “An algebraic and Kripke-style approach to a certain extension of intuition-
istic logic,” Polska Akademia Nauk. Instytut Matematyczny. Dissertationes Mathemati-
cae. Rozprawy Matematyczny, vol. 167 (1980), p. 62. Zbl 0442.03024. MR 82k:03100.
211

Restall, G., An Introduction to Substructural Logics, Routledge, New York, 1999.
Zbl 1028.03018. 193

Sambin, G., G. Battilotti, and C. Faggian, “Basic logic: Reflection, symmetry, visibil-
ity,” The Journal of Symbolic Logic, vol. 65 (2000), pp. 979-1013. Zbl 0969.03017.
MR 2002a:03044. 211

Schroeder-Heister, P., and K. Dosen, editors, Substructural Logics, vol. 2 of Studies
in Logic and Computation, The Clarendon Press, New York, 1993. Papers from the
Seminar on Systems of Natural Languages held at the University of Tiibingen, 1990.
Zbl 0811.68056. MR 952a:03003. 193

Takeuti, G., “Quantum set theory,” pp. 303-22 in Current Issues in Quantum Logic
(Erice, 1979), vol. 8 of Ettore Majorana International Science Series: Physical Sciences,
Plenum, New York, 1981. Zbl 0537.03044. MR 84j:03136. 193

Takeuti, G., Proof Theory, 2d edition, vol. 81 of Studies in Logic and the Foundations
of Mathematics, North-Holland Publishing Co., Amsterdam, 1987. Zbl 0609.03019.
MR 89a:03115. 193

Urbas, 1., “Dual-intuitionistic logic,” Notre Dame Journal of Formal Logic, vol. 37
(1996), pp. 440-51. Zbl 0869.03008. MR 98h:03035. 193, 195, 196, 198, 211

Acknowledgments

The author is grateful to Satoko Titani and Heiji Kodera for their helpful comments and
suggestions on earlier drafts of this paper.

Faculty of Humanities

Tokaigakuen University

Nakahira 2-901

Tempaku ward, Nagoya City 468-8514
JAPAN

aoyama@tokaigakuen-c.ac.jp


http://www.emis.de/cgi-bin/MATH-item?0963.03042
http://www.ams.org/mathscinet-getitem?mr=2003h:03009
http://www.emis.de/cgi-bin/MATH-item?0060.06207
http://www.ams.org/mathscinet-getitem?mr=7,359e
http://www.emis.de/cgi-bin/MATH-item?0437.03034
http://www.ams.org/mathscinet-getitem?mr=81h:03122
http://www.emis.de/cgi-bin/MATH-item?1025.03002
http://www.ams.org/mathscinet-getitem?mr=2 039 844
http://www.emis.de/cgi-bin/MATH-item?0442.03024
http://www.ams.org/mathscinet-getitem?mr=82k:03100
http://www.emis.de/cgi-bin/MATH-item?1028.03018
http://www.emis.de/cgi-bin/MATH-item?0969.03017
http://www.ams.org/mathscinet-getitem?mr=2002a:03044
http://www.emis.de/cgi-bin/MATH-item?0811.68056
http://www.ams.org/mathscinet-getitem?mr=95a:03003
http://www.emis.de/cgi-bin/MATH-item?0537.03044
http://www.ams.org/mathscinet-getitem?mr=84j:03136
http://www.emis.de/cgi-bin/MATH-item?0609.03019
http://www.ams.org/mathscinet-getitem?mr=89a:03115
http://www.emis.de/cgi-bin/MATH-item?0869.03008
http://www.ams.org/mathscinet-getitem?mr=98h:03035
mailto:aoyama@tokaigakuen-c.ac.jp

	1. Introduction
	2. The System DI
	3. DI and LK
	4. DI and GO
	5. Orthomodular Logic and Dual Orthomodular Logic
	5.1. LJP -
	5.2. DO and DOM

	6. Concluding Remarks
	References
	Acknowledgments

