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On non-asymptotic bounds for estimation
in generalized linear models with highly
correlated design
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Abstract: We study a high-dimensional generalized linear model and penal-
ized empirical risk minimization with ¢; penalty. Our aim is to provide a
non-trivial illustration that non-asymptotic bounds for the estimator can be
obtained without relying on the chaining technique and/or the peeling device.

1. Introduction

We study an increment bound for the empirical process, indexed by linear com-
binations of highly correlated base functions. We use direct arguments, instead of
the chaining technique. We moreover obtain bounds for an M-estimation problem
inserting a convexity argument instead of the peeling device. Combining the two
results leads to non-asymptotic bounds with explicit constants.

Let us motivate our approach. In M-estimation, some empirical average indexed
by a parameter is minimized. It is often also called empirical risk minimization.
To study the theoretical properties of the thus obtained estimator, the theory of
empirical processes has been a successful tool. Indeed, empirical process theory
studies the convergence of averages to expectations, uniformly over some parameter
set. Some of the techniques involved are the chaining technique (see e.g. [13]), in
order to relate increments of the empirical process to the entropy of parameter
space, and the peeling device (a terminology from [10]) which goes back to [1],
which allows one to handle weighted empirical processes. Also the concentration
inequalities (see e.g. [9]), which consider the concentration of the supremum of the
empirical process around its mean, are extremely useful in M-estimation problems.

A more recent trend is to derive non-asymptotic bounds for M-estimators. The
papers [6] and [4] provide concentration inequalities with economical constants.
This leads to good non-asymptotic bounds in certain cases [7]. Generally however,
both the chaining technique and the peeling device may lead to large constants in
the bounds. For an example, see the remark following (5).

Our aim in this paper is simply to avoid the chaining technique and the peeling
device. Our results should primarily be seen as non-trivial illustration that both
techniques may be dispensable, leaving possible improvements for future research.
In particular, we will at this stage not try to optimize the constants, i.e. we will
make some arbitrary choices. Moreover, as we shall see, our bound for the increment
involves an additional log-factor, logm, where m is the number of base functions
(see below).
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122 S. A. van de Geer

The M-estimation problem we consider is for a high-dimensional generalized
linear model. Let Y € ¥ C R be a real-valued (response) variable and = be a
covariate with values in some space X'. Let

{fo(‘) = it‘)k?/fk('),@ € @}
=1

be a (subset of a) linear space of functions on X. We let © be a convex subset of
R™, possibly © = R"™. The functions {¢;};*, form a given system of real-valued
base functions on X. The number of base functions, m, is allowed to be large.
However, we do have the situation m < n in mind (as we will consider the case of
fixed design).

Let v : X x ¥ — R be some loss function, and let {(z;,Y;)}7—; be observations
in X x ). We consider the estimator with ¢; penalty

1 0, := ar HllIl z;,Y; +)\2 =il ,
g FYfe

(2) 16) = 3" |6l
k=1

denotes the /1 norm of the vector § € R™. The smoothing parameter )\, controls
the amount of complexity regularization, and the parameter s (0 < s < 1) is
governed by the choice of the base functions (see Assumption B below). Note that
for a properly chosen constant C' depending on \,, and s, we have for any I > 0,

2 2(1—s)

A =min<ﬂ+ <C “)
A A

s

In other words, the penalty /\7% IS == (0) can be seen as the usual Lasso penalty
AI(0) with an additional penalty on A. The choice of the latter is such that adaption
to small values of I(6}) is achieved. Here, 67 is the target, defined in (3) below.

The loss function ~; is assumed to be convex and Lipschitz (see Assumption
L below). Examples are the loss functions used in quantile regression, logistic re-
gression, etc. The quadratic loss function v¢(z,y) = (y — f(x))? can be studied as
well without additional technical problems. The bounds then depend on the tail
behavior of the errors.

The covariates x1,...,x, are assumed to be fixed, i.e., we consider the case of
fixed design. For v: X x Y — R, use the notation

1 n
==Y Ey(z,Y;
n
=1
Our target function 6 is defined as
3 0 = in Py, .
(3) n = argmin Py,

When the target is sparse, i.e., when only a few of the coeflicients 6 , are

nonzero, it makes sense to try to prove that also the estimator 0, is sparse. Non-
asymptotic bounds for this case (albeit with random design) are studied in [12]. Tt



Non-asymptotic bounds for GLM 123

is assumed there that the base functions {¢} have design matrix with eigenval-
ues bounded away from zero (or at least that the base functions corresponding to
the non-zero coefficients in 0 have this property). In the present paper, the base
functions are allowed to be highly correlated. We will consider the case where they
form a VC class, or more generally, have e-covering number which is polynomial in
1/e. This means that a certain smoothness is imposed a priori, and that sparseness
is less an issue.

We use the following notation. The empirical distribution based on the sam-
ple {(xz,Y) » . is denoted by P,, and the empirical distribution of the covari-
ates {z;}7, is written as @,. The Ly(Q,) norm is written as || - ||,,. Moreover,
|| - |loo denotes the sup norm (which in our case may be understood as ||f|lcc =
maxi<;<n |f(2i)], for a function f on X).

We impose four basic assumptions: Assumptions L, M, A and B.

Assumption L. The loss function vy is of the form v¢(z,y) = v(f(z),y), where
v(+,y) is convex for all y € Y. Moreover, it satisfies the Lipschitz property

Y (fo(x), 1) — ¥(f5(2), 9)| < [folx) — f5(2)],V (z,y) € X x Y, ¥V 0,0 € ©.

Assumption M. There exists a non-decreasing function o(-), such that all M > 0
and all all 0 € © with || fp — fo: .o < M, one has

P(7f9 *’Yfe;) > HfG - f0; i/JQ(M)

Assumption M thus assumes quadratic margin behavior. In [12], more general
margin behavior is allowed, and the choice of the smoothing parameter does not
depend on the margin behavior. However, in the setup of the present paper, the
choice of the smoothing parameter does depend on the margin behavior.

Assumption A. It holds that

[Prlloc <1, 1 <k <m.
Assumption B. For some constant A > 1, and for V = 2/s — 2, it holds that
N(e, W) <A™,V e > 0.
Here N(e, ¥) denotes the e-covering number of (¥, || - ||,,), with ¥ := {¢5}1",.

The paper is organized as follows. Section 2 presents a bound for the increments
of the empirical process. Section 3 takes such a bound for granted and presents a
non-asymptotic bound for [|f; — fo:|l» and I (6,). The two sections can be read
independently. In particular, any improvement of the bound obtained in Section 2
can be directly inserted in the result of Section 3. The proofs, which are perhaps
the most interesting part of the paper, are given in Section 4.

2. Increments of the empirical process indexed by a subset of a linear
space

Let €1,...,&, be ii.d. random variables, taking values +1 each with probability
1/2. Such a sequence is called a Rademacher sequence. Consider for e > 0 and
M > 0, the quantity

Ze,M =
er\ln<6 1(9)<M

Zfa -771
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We need a bound for the mean EZ, 5, because this quantity will occur in the
concentration inequality (Theorem 4.1). In [12], the following trivial bound is used:

EZ, < ME - :
e < (&I}&Xm\ - fozwk ; )

On the right hand side, one now has the mean of finitely many functions, which
is easily handled (see for example Lemma 4.1). However, when the base functions
1 are highly correlated, this bound is too rough. We need therefore to proceed
differently.

Let conv(¥) = {fp = >0, Okt = 0 > 0,> 7", 6 = 1} be the convex hull of
v,

Recall that s = 2/(2+V'), where V is from Assumption B. From e.g. [10], Lemma
3.2, it can be derived that for some constant C, and for all € > 0,

1
Ce’ —

7

The result follows from the chaining technique, and applying the entropy bound

(4)

E
fEconv(\Il) Hf||n<e n Zf

(5) log N (e, conv(¥)) < Age 2079 ¢ >0,

which is derived in [2]. Here, A is a constant depending on V and A.

Remark. It may be verified that the constant C in (4) is then at least proportional
to 1/s, i.e., it is large when s is small.

Our aim is now to obtain a bound from direct calculations. Pollard ([8]) presents
the bound

1
log N (€, conv(¥)) < A1e 209 log =, € > 0,
€

where A; is another constant depending on V and A. In other words, Pollard’s
bound has an additional log-factor. On the other hand, we found Pollard’s proof
a good starting point in our attempt to derive the increments directly, without
chaining. This is one of the reasons why our direct bound below has an additional
logm factor. Thus, our result should primarily be seen as illustration that direct
calculations are possible.

Theorem 2.1. For e > 16/m, and m > 4, we have

1
E max fo152<20\/1+2 s og( )

JFeconv(¥), || flln<e

Clearly the set {d")-; 0xtr, : I1(0) < 1} is the convex hull of {£¢;}" ;. Using
a renormalization argument, one arrives at the following corollary

Corollary 2.1. We have for ¢/M > 8/m and m > 2

EZ.a < 20V1+4AM' %€ log(12m)

Invoking symmetrization, contraction and concentration inequalities (see Sec-
tion 4), we establish the following lemma. We present it in a form convenient for
application in the proof of Theorem 3.1.
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Lemma 2.1. Define fore >0, M >0, and ¢/M > 8/m, m > 2,

Zens = sup [(Pr = P)(Vgy = Ve -
fo—Fox ln<e, 1(0—03)<M "

Let

log (12
Ao = 80v/I + 44 M.

Then it holds for all o > 0, that

2 2
P(Z.y> Ao M+ ) <exp|l—— |
( M = 4n,0€ N 27a2> = eXp{ 2 % (2702)2

3. A non-asymptotic bound for the estimator

The following theorem presents bounds along the lines of results in [10], [11] and
[3], but it is stated in a non-asymptotic form. It moreover formulates explicitly the
dependence on the expected increments of the empirical process.

Theorem 3.1. Define for e >0 and M > 0,

Zey = sup (P = P)(Vpo = Ve -
Ifo—fox [In<e, 1(6—6%)<M "

Let A, o be such that for all 8/m < e/M <1, we have

(6) EZ.yr < Ao M.
Let ¢ > 3 be some constant.
Define
2—s s
M, := 2705 (27) 7209 ¢ T [(67),
o2 = o?(M,),
and

2 IEE
€ = Vblol T Ao = (0:) V 2702\, 0.

Assume that

27 _2(21_—55) 1 1 m\ 2—s
< _— 1—s —— * < — .
™ 1= (3) 10) < (%)

2 U%Amo

Then for Ay, 1= co) An 0, with probability at least

2 2 2(1—s)
nA, o cr= 1727 (07)
1—exp|— ’ T ,
270,%°
we have that
||fén - f@; n < €n
and
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Let us formulate the asymptotic implication of Theorem 3.1 in a corollary. For
positive sequences {a,} and {b,}, we use the notation

apn = by,

when a u
0 < liminf - < limsup — < oco.
n—oo n n—oo n
The corollary yields e.g. the rate e, =< n~1/3 for the case where the penalty rep-

resents the total variation of a function f on {z1,...,2,} C R (in which case
s=1/2).

Corollary 3.1. Suppose that A and s do not depend on n, and that I(0}) <1 and
o?(M,) <1 for all M,, < 1. By (4), we may take \,, < 1//n, in which case, with

probability 1 — exp[—d,,], it holds that ||f9~n — forlln < €n, and 1(0, — 0;) < M,,
with

_ 1 2 1—s
€n, =Xn 29 M, <1, d, <ne, <nZs.

4. Proofs
4.1. Preliminaries

Theorem 4.1 (Concentration theorem [6]). Let Zi,...,7Z, be independent
random variables with values in some space Z and let T' be a class of real-valued
functions on Z, satisfying

@iy < Y(Z;) < biy,

for some real numbers a; 5 and b; , and for all 1 <i <n and vy € I'. Define
n
L?:=sup Y (biy — air)?/n,
Vel
and

Z = Sup
c n

1
=D ((Zi) - E’Y(Zi))’ :
Then for any positive z,
P(Z >EZ+z) < ex _nz
> Z)Sexp =g

The Concentration theorem involves the expectation of the supremum of the
empirical process. We derive bounds for it using symmetrization and contraction.
Let us recall these techniques here.

Theorem 4.2 (Symmetrization theorem [13]). Let 71, ..., Z, be independent
random variables with values in Z, and let €4,...,e, be a Rademacher sequence
independent of Z1,...,Z,. Let T be a class of real-valued functions on Z. Then

) <2E (sgrr) zn:EiW(Zi) ) :

i=1

E (iléllz Z{V(Zi) — Ev(Zi)}
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Theorem 4.3 (Contraction theorem [5]). Let z1,...,2, be non-random ele-
ments of some space Z and let F be a class of real-valued functions on Z. Consider
Lipschitz functions v; : R — R, i.e
[7i(s) = 7i(8)| < [s — 5], V5,5 € R.

Let e4,...,e, be a Rademacher sequence. Then for any function f*: Z — R, we

have
e (3 3 euted- 10 )

We now consider the case where I' is a finite set of functions.

fer

251{71 1 ’Yz(f*(Zl))}|> < 2E (Sup

Lemma 4.1. Let Zy,...,7Z, be independent Z-valued random variables, and
Y1, -5 Ym be real-valued functions on Z, satisfying

air < (Zi) < big,

for some real numbers a; ;, and b; ;, and for all 1 <i <n and 1 <k < m. Define

n

2. _ )2
L= lrgr}cagxm‘ 1(buC a; k) /n,
im

Then
Z{’Yk — Evw(Z:)}

< max ) < 2L M.
1<k<m n

Proof. The proof uses standard arguments, as treated in e.g. [13]. Let us write for
1<k<m,

n

e 1= %Z{%(Zi) - E%(Zi)}-

i=1

By Hoeffding’s inequality, for all z > 0

212

n o [4L?

<1
1

2
P (5] > 2) < 2exp [—K] .

Hence,

IN

Thus

2L 4
_ <2
E <1<k< |7k|> N \/—E\/1I<I}€a<x log exp [4L27k]
log(3m)

4
< — < .
\/logE lg}ﬁag( exp {4[/2@4) <2L . 0
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4.2. Proofs of the results in Section 2

Proof of Theorem 2.1. Let us define, for k =1,...,m

1 n
=1
We have
_Zfe x’L & = Zekgk
Partition {1,...,m} into N := N(e*,¥) sets V;, j =1,..., N, such that
[ = illn < 2€%, V k, L€ V.

We can write

—Zfe (zi)ei Zag Zpgk&m

j=1 keV;
where
Z Ok, pjk = pjr(0) = 0k~
keV;
Set for j =1,..., N,
ny =n(a) =1+ [ 525 -
Choose my; = m;(0), t =1,...,n;, 5 = 1,..., N independent random variables,

independent of €4, ...,¢&,, with distribution
P(m;=k)=pjk, k€V;, j=1,...,N.

Let ¢j = 9;(0) := Y212 ¥, ; /0y and & = §;(0) :== Y202 &x, /1.
We will choose a realization {(¢},£7) = (¢5(0),&; (¢ ))}]\L1 of {(zﬁj,gj)}é»v:l de-
pending on {g;}" ,, satisfying appropriate conditions (namely, (9) and (10) below).

We may then write

N
*
_E ;&
j=1
Consider now
N
*
E aj£j~
Jj=1

Let AN := {sz\;1 aj =1, a; > 0}. Endow AY with the ¢; metric. The e-covering
number D(e) of AV satisfies the bound

D(e) < G)N

Let A, be a maximal e-covering set of AY. For all o € A there is an o/ € A, such
N /
that 3, o —af] <e.
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We now write

m

> Ok

k=1

< + +

N
> (o — g
=1

= i(0) + ii(0) + iii(6).

m N N
DOk =Y 0G| + | D alg
k=1 j=1 j=1

Let II be the set of possible values of the vector {m; : t =1,...,n;, j =
1,..., N}, as 0 varies. Clearly,

i(0) < emaxmax|;|,
m g

where we take the maximum over all possible realizations of {¢; ;,Vzl over all 6.
For each ¢ and j, m; ; takes its values in {1,...,m}, that is, it takes at most m
values. We have

N N .

J
Z”j <N+ Z 2(1-9)
j=1 j=1

—sV Z;nzl ek
< Ae + €2(1—s)

=(1+A)e 209 <K 4+1.

where K is the integer
K :=[(1+ A=),

The number of integer sequences {n;}/; with Z;\Ll nj < K +1is equal to

(N + K +2

< 9N+K+2 4 o 2(1+2A)e*2<1*5>.
K+1 ) - -

So the cardinality |II| of II satisfies

ITI] < 4 x 2024072070 o (M09 oy (L424) 200

)

since A > 1 and m > 4.

Now, since ||9)|lcoc < 1 for all ¢ € ¥, we know that for any convex combination
> Prék, one has E[ Y, prpé&x|? < 1/n. Hence E{;? < 1/n for any fixed &; and thus,
by Lemma 4.1,

_ 1 1
(8) eEml%lxmax €] < 2ev/1 + 246 (179 log(6m) =2V1+2A¢° M.
J n n

We now turn to ii().
By construction, for i =1,...,n,t=1,...,n5,5=1,...,N,

Etr, , (2:) = Y pjston(i) := g;(@:)

keV;

and hence

Er, (i) — gj(2:))* < max (¢ (2;) — ¢i(:))*.

klEV;
Thus -
E(¢;(z:) — gj(2:))* < kr,rllgg(wk(xi) — u(:))*/n;,

J



130 S. A. van de Geer

and so ~
E[¢; — gl < Juax [y — Gill/ng < (2€°)?/nj = 4€** /n;.
Therefore
N — —
E|Y aj(dj—g Za2E| b = g5l
j=1 n
N o? N a2e2(1—9)
§4€2SZ_] S 46282 J S 462
=1 = Y

Let E. denote conditional expectation given {e;} ;. Again, by construction

Elr, , = Z pi k& = ej = e;(0),

kev;

and hence

E.(ér,, —€j)® < max (& — §)°.

klEV;
Thus B
E.(§ —¢;)” < max (& — &) /n;.

So we obtain

N —_
E. Z o (& —
j=1

<ZajE |§] e]| < ZQJ leV |£li/__]§l|

\ﬁ klev|§k*§l|*zx/_€ SmaX\ﬁkfﬁﬂ
J

< \/—6173 max krrllgéj 1€ — &) < \/—mjax knllg‘% 1€k — &1
It follows that, given {g;}_,, there exists a realization
{(@5.6) = (50, & (9))}75
of {(1/;]75_])}?’:1 such that

(9) IIZ% =gl < de

as well as

(10)

Zaa

<2 —
\/_maxkrrllea§ & — &)

Thus we have

c0) < _el
i(f) < 2\/Zm]axkr}rllg‘>§j |&k — &

Since E[&, — &|* < 2¢?/n for all k,l € V; and all j, we have by Lemma 4.1,

(11) 2V AE max max |&, — &| < 6V A€ M.
Jj  kleV; n
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Finally, consider iii(#). We know that

1 folln =

Moreover, we have shown in (9) that

N
> i
j=1

< 4e.

n

Also

> (o — )y

j=1
since |97 |l <1 for all j . Thus

N
/ *
>
=1

N
< oy = [l <€,
j=1

N

Z(a; -«

Jj=1

<

+ [ folln < Ge.

N
+{D (¥ —g5)
j=1

n n n

The total number of functions of the form Z;\Ll ;&7 is bounded by

2(1—s)

A a4 —2a-s)
<_> % |H| < (_) % (2m)(1+2A)e g
€ €

< (2m) (200

)

since we assume € > 16/m, and A > 1. Hence, by Lemma 4.1,

N
[log(6m)
! % S
(12) Earlneaﬁi(eml%ﬂzlajfﬂ < 12v1 + 2Ae —
j=

We conclude from (8), (11), and (12), that
Z a; (6

<2\/1+2A5\/10g 6m) | 6v/Aes \/log +12\/1+2A8\/10g

1
< 20yTF 2deny/ 1280m) 0
n

Proof of Lemma 2.1. Let

E max

ZE,M =
Hf9“n<€ 1(9)<M

Z’Yfg xu z

denote the symmetrized process. Clearly, {fo = > = Oktpr : I() = 1} is the
convex hull of ¥ := {£¢;}7* ;. Moreover, we have

N(e,¥) < 2N (e, ).
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Now, apply Theorem 2.1, to ¥, and use a rescaling argument, to see that

log(12m)

EZ v < 20V1 + 4AeS M *
n

Then from Theorem 4.2 and Theorem 4.3, we know that
EZ. y <4EZ. .

The result now follows by applying Theorem 4.1. O

4.3. Proofs of the results in Section 3

The proof of Theorem 3.1 depends on the following simple convexity trick.

Lemma 4.2. Let € > 0 and M > 0. Define fn, = tfn + (1 —t)f* with

= (1 + an - .f;”n/e + I(fn - f:;)/M)_l
and with fn = fg, and [ := fox. When it holds that

r3 * € r3 * M

then A )
[fn = filln <€ and I(fn — f3) < M.
Proof. We have )
Sn— o =t(fn = f1),
50 || fn = filln < €/3 implies

1o = Filln < 55 = Q1= Filla/e+ 1 = £2)/M)5
So then
(13) 1= Filla < 5+ 571 = £2)-
Similarly, I(f, — f) < M/3 implies
(14) 1= 12 < 5 S il

Inserting (14) into (13) gives

1fa = Filln < = + —an = falln,

ie., | fu — f¥lln < e Similarly, Inserting (13) into (14) gives I(f, — fX) <M. O

Proof of Theorem 3.1. Note first that, by the definition of of M,, €, and A,, it
holds that

2
€n

2702’

(15) Ano€s ME—5 =
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and also
s 2 2 20-9) €2
(16) (27)2Fc 7= A\ " My 2722
Define y A
0, =t0, + (1 —1)6;,
where

ti=(L+fs — forlln/en+I(f5 — for)/Mp)~"

We know that by convexity, and since 6,, minimizes the penalized empirical risk,
we have

(1-s)
2=e (Gn)

_2
< t<anfé FATT

P,

= (én)) +(1—1) (P Vg T AR (9Z)>
= (03).

< Pnfyfe*

This can be rewritten as

POfs, = Vo, DA (B,) < —(Pn = P)(vs5, = Vs = (03).

Since I(f; — f@*) < M, and [[Yg]lec < 1 (by Assumption A), we have that
||f9 —fa*

n- Hence, by Assumption M,

1 ()f@n )fen*) > Hfén .}9;; EL 02
We thus obtain
Hf~ f9*||$L
6n > n

(=4

T (0, 07)

er 0

2
On

—2  2(1—s) "
(P = P)(vf5, = Vfor ) 2007 125 (07).

IS ES = (0, )+)\n

= (05)

Now, ||f§n — forlln < €, and I(én —0%) < M,. Moreover €, /M, <1 and in view
of (7), €n/M,, > 8/m. Therefore, we have by (6) and Theorem 4.1, with probability

at least
) ne2
—exp|———m
PlT o @r02)2 |
that
||fé, - f0;;Hn 5 202 .
”T )\2 172 (Hn —67)
1— &
S * n
< /\n 0€p, M (0 ) 2702
1 2(1 3) 62
< )\n SM S 27 2 S 2 S )\2 sM n
= 06 My, ( ) c + 270721

1 e
= —e,
902
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where in the last step, we invoked (15) and (16).
It follows that

<&

||f§n _fefl n = ?7

and also that

2(1—s)
T2=s

—s) 2 _ —
950 0, - 03) < A < <M7)

n) = @ = )
since ¢ > 3.
To conclude the proof, apply Lemma 4.2. O
References
[1] ALEXANDER, K. S. (1985). Rates of growth for weighted empirical processes.

Proc. Berkeley Conf. in Honor of Jerzy Neyman and Jack Kiefer 2 475-493.
University of California Press, Berkeley.

BarL, K. aAND PAJOR, A. (1990). The entropy of convex bodies with “few”
extreme points. Geometry of Banach Spaces (Strobl., 1989) 25-32. London
Math. Soc. Lecture Note Ser. 158. Cambridge Univ. Press.

BLANCHARD, G., LuGosi, G. AND VAYATIS, N. (2003). On the rate of con-
vergence of regularized boosting classifiers. J. Machine L. Research 4 861-894.
BousQUET, O. (2002). A Bennett concentration inequality and its application
to suprema of empirical processes. C. R. Acad. Sci. Paris 334 495-500.
LeEpoux, M. and TALAGRAND, M. (1991). Probability in Banach Spaces:
Isoperimetry and Processes. Springer, New York.

MASSART, P. (2000). About the constants in Talagrand’s concentration in-
equalities for empirical processes. Ann. Probab. 28 863-884.

MassART, P. (2000). Some applications of concentration inequalities to sta-
tistics. Ann. Fac. Sci. Toulouse 9 245-303.

PoLLARD, D. (1990). Empirical Processes: Theory and Applications. IMS,
Hayward, CA.

TALAGRAND, M. (1995). Concentration of measure and isoperimetric inequal-
ities in product spaces. Publ. Math. de I’I. H.E.S. 81 73-205.

VAN DE GEER, S. (2000). Empirical Processes in M-FEstimation. Cambridge
Univ. Press.

VAN DE GEER, S. (2002). M-estimation using penalties or sieves. J. Statist.
Planning Inf. 108 55-69.

VAN DE GEER, S. (2006). High-dimensional generalized linear models and the
Lasso. Research Report 133, Seminar fiir Statistik, ETH Ziirich Ann. Statist.
To appear.

VAN DER VAART, A. W. AND WELLNER, J. A. (1996). Weak Convergence
and Empirical Processes. Springer, New York.



