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Abstract Inearlier papers of this series we constructed a sequence of intermediate mod-
uli spaces {ZT/[\’" (¢)}m=0,1,2,... connecting a moduli space M(c) of stable torsion-free
sheaves on a nonsingular complex projective surface X and M (¢) on its one-point blow-
up X. They are moduli spaces of perverse coherent sheaves on X.In this paper we study
how Donaldson-type invariants (integrals of cohomology classes given by universal
sheaves) change from ]\A/[m(c) to J\?m'*‘l(c) and then from M(c) to M\(c) As an appli-
cation we prove that Nekrasov-type partition functions satisfy certain equations that
determine invariants recursively in second Chern classes. They are generalizations of the
blow-up equation for the original Nekrasov deformed partition function for the pure N =
2 supersymmetric gauge theory, found and used to derive the Seiberg-Witten curves.
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0. Introduction

Let X be a nonsingular complex projective surface, and let p: X — X be the
blowup at a point zero. Let C = p~1(0) be the exceptional divisor. Let ¢ =
(r,c1,chy) € H®V(X) be cohomological data. Let J/\l\(c) be the moduli space of
stable torsion-free sheaves E on X with ch(E) = ¢ and M (p.(c)) the correspond-
ing moduli space on X . In [21] and [22] we constructed a sequence of intermediate
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moduli spaces M ™(c) connected by birational morphisms as

— —

]V m(c) N ]\/[erl(C)

Mm,m+1 (c) Mm+l,m+2 ()
such that

(1) Z/W\m(c) & M\(c) if m is sufficiently large and

(2) ]/\ZO(C) ~ M (p«(c)) if (¢1,[C]) = 0 under the natural homomorphism given
by E+ p.(F) (see Proposition 1.2 for the statement when 0 < (c1, [C]) <T).
The diagram (x) is an example of those often appearing in variations of geometric
invariant theory (GIT) quotients (see [27]) and is similar to ones for moduli
spaces of sheaves (by Thaddeus, Ellingsrud and Gottsche, Friedman and Qin,
and others) when we move polarizations (see [21], [22] for more references on
earlier works).

In this paper, we study how Donaldson-type invariants (certain integrals of
cohomology classes given by universal sheaves) change from M ™(¢) to M mtl(e),
For a technical reason we restrict ourselves to the case when X is P2, and M ™(c)
is replaced by the moduli space of framed sheaves for which the quiver description
was given in [22]. We conjecture that the results are universal, that is, indepen-
dent of the choice of a surface. Moreover, we have a natural (r 4 1)-dimensional
torus T = (C*)2 x T action on Z\/Zm(c) from the (C*)Z-action on P? and the
change of framing. Thus we can consider equivariant Donaldson-type invariants
to which we can apply the Atiyah-Bott-Berline-Vergne fixed-point formula to
perform a further computation. In this sense, we think our situation is most basic.

Our first main result says that the difference of invariants is given by a vari-
ant of Mochizuki’s weak wall-crossing formula (see [14]); that is, it is expressed
as a sum of an integral over M™(c/) with smaller ¢’ (see Theorem 1.5). Our
argument closely follows Mochizuki’s, once (x) is understood as a variation of
GIT quotients.

Summing up the weak wall-crossing formula from zero to m, we get the
formula for the difference of M (c) and M (p.(c)) by integrals over various M ()
as a result. We normalize the first Chern class of ¢/ in the interval [0,7 — 1],
twisting by a line bundle to apply M (p.(c)) = MO (') for (e1(c'),[C]) =0 and its
modification Proposition 1.2. Then those integrals themselves can be expressed
by integrals over M (p.(c’)) and ones over even smaller M m" (). We apply the
same argument for M’ m"(¢). We thus do this argument recursively to give an
algorithm to express M (¢) by a linear combination of integrals over M(c,) for
various ¢,. Since this algorithm is complicated (see Figure 1 for the flowchart),
we do not try to write down an explicit formula in general. We instead focus on
vanishing theorems for special cases when integrands are not twisted too much
along C'. This is our second main result (see Section 2).

Our motivation for study in this series is an application to the Nekrasov
partition function (see [24]). Let us explain it briefly. The Nekrasov partition
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function is the generating function of an equivariant integral over M(c). One
of the main conjectures on it states that the leading part Fy of its logarithm
is given by the Seiberg-Witten prepotential, a certain period integral on the
Seiberg-Witten curves. The three consecutive coefficients (denoted by H, A, B)
are also important for the application to the wall-crossing formula for usual or
K-theoretic Donaldson invariants for projective surfaces with py, =0 (see [7], [8]).

When the integrand is

(1) 1,

(2) slant products of Chern classes of universal sheaves with the fundamental
classes of C2, or

(3) the Todd class of M(c),

the authors proved that the partition function satisfies functional equations called
the blow-up equations, which determine coefficients recursively in second Chern
numbers of ¢ (see [18]-[20]). The functional equations induce a nonlinear partial
differential equation for Fy, which has been known as the contact term equation
in physics literature (see [12], [6]). In particular, the Seiberg-Witten prepotential
satisfies the same equation and hence is equal to Fy. This was our proof of the
above-mentioned conjecture. There are other completely independent proofs in
[25] and [2]. But so far, H, A, B can be determined only from the blow-up
equation.

Nekrasov’s partition functions have more variants by replacing the integrand.
Let us give three examples.

(a) We integrate Euler classes of vector bundles given by the pushforward
of universal sheaves. They are called the theories with fundamental matters in
physics literature.

(b) When we integrate the Todd classes, we can cap with powers of the first
Chern classes of the same bundles. They are called 5-dimensional Chern-Simons
terms.

(¢) We can also incorporate universal sheaves to which Adams operators
are applied. They are called (higher) Casimir operators. They give coefficients
appearing in the defining equation of the Seiberg-Witten curve.

The blow-up equation was derived by analyzing relations between integrals
over M(c) and M (¢). Our vanishing results in Section 2 enable us to generalize
our proof for those variants.” In this paper, we explain it for theories with
5-dimensional Chern-Simons terms and Casimir operators. The case for the
theories with matters will be given elsewhere (see [23]).

The paper is organized as follows. In Section 1 we state our results after
preparing the necessary notation. In Section 2 we prove several versions of van-
ishing theorems as applications of the results in Section 1. In Section 3 we study

*The proof in [25] can be generalized to those variants (see [26] for the theory with 5-
dimensional Chern-Simons terms and [13] for higher Casimir operators, but not with Todd
genus).
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the Nekrasov partition function for theories with 5-dimensional Chern-Simons
terms. The blow-up equation is derived. This section is expository since the
derivation of Nekrasov’s conjecture was already given in [8] assuming the van-
ishing theorems.

The actual proof starts from Section 4. We review the quiver description
of the framed moduli spaces obtained in [22] and the analysis of the wall cross-
ing in [21], and we add a few things. The quiver description is necessary to
define master spaces. In Section 5 we define enhanced master spaces. We follow
Mochizuki’s method (see [14]), but give the construction in detail for the sake of
the reader. In Section 6 we prove Theorem 1.5, the variant of Mochizuki’s weak
wall-crossing formula. Again the proof is the same as Mochizuki’s.

1. Main result

Notation

Let [20 : 21 : 22 be the homogeneous coordinates on P?, and let £, = {zo = 0} be
the line at infinity. Let p: P2 — P2 be the blow-up of P? at [1:0:0]. Then P? is
the closed subvariety of P2 x P! defined by

{([20 : 21 : 22], [z 1 w]) €P? X P | z2yw = 2027},

where the map p is the projection to the first factor. We denote p~! (/) also
by £+ for brevity. Let C' denote the exceptional divisor given by z; = zo = 0.
Let O denote the structure sheaf of P2, let O(C) be the line bundle associated
with the divisor C, and let O(mC) be its mth tensor product O(C)®™ when
m >0, (O(C)®~™)V if m <0, and O if m=0. And we use the similar notion
O(mC +nly) for tensor products of O(mC) and tensor powers of the line bundle
corresponding to ., or its dual.

The structure sheaf of the exceptional divisor C' is denoted by O¢. If we twist
it by the line bundle Op1 (n) over C' = P!, we denote the resulted sheaf by O¢(n).
Since C' has the self-intersection number —1, we have O¢c ® O(C) = O¢(-1).

For ce H* (@2), its degree (0, 2, 4)-parts are denoted by r, ¢, cha, respec-
tively. If we want to specify ¢, we denote r(c), ¢1(c), cha(c).

For brevity, we twist the pushforward homomorphism p, by Todd genera of
P2 and P2 as in [21, Section 3.1] so that it is compatible with the Riemann-Roch
formula.

We also use the following notation frequently:

. V is the involution on the K-group given by taking the dual of a vector
bundle;

+ AE) = e2(E)— ((r = 1)/(2r)e1 (B)2, Ale) = —cha(e)+ (1/(2r(c)))ex (0)2;

- Oy, denotes Oc(—m — 1);

< e :=ch(Oc(—m —1));

- pt is a single point in X, X or sometimes an abstract point; its Poincaré
dual in H4(X) or H4(X) is also denoted by the same notation;

. for an integer N, let N ={1,2,...,N}.
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For a sheaf E on P2, we denote HY(E(—l)), H (E(C — {)) by Vo(E),
V1(E), respectively (and simply by Vj, V if there is no fear of confusion). In this
paper we mainly treat sheaves E with H(E(—{s)) = 0= H (E(C — {s,)) for
i # 1. This is clear after we recall the quiver description of framed moduli spaces
in Section 4: V,(E) appears as a vector space on the vertex a, and any sheaf in
this paper corresponds to a representation of the quiver. Under this assumption
we have

dim Vo = dim H' (E(—tx0)) = — (cha(E), [B?]) + %(cl(E), ),

dim V; = dim H' (E(C — £.)) = —(cha(E), [P?]) — %(cl(E), ()

by Riemann-Roch.

Let M be a moduli scheme (or stack), and let ¢1, g2 be projections to the
first and second factors of P2 x M. For a sheaf € (e.g., the universal sheaf) on
P2 x M, let

« V(&) = R1 o (E @ ¢ O(—L)),
V() = R (ER ¢ O(C — L)),

Let Ext;2 denote the derived functor of the composite functor gs, 0 Hom. We

often consider Extg (€,Cp,), where Cy, is considered as a sheaf on P2 x M via
the pullback by ¢ .

1.1. Framed moduli spaces
A framed sheaf (E,®) on P? is a pair of

- a coherent sheaf F, which is locally free in a neighborhood of ¢, and
- an isomorphism ®: E|, — (9;90:, where r is the rank of F.

An isomorphism of framed sheaves (E,®), (E’, ®') is an isomorphism ¢: E — E’
such that ®' o ¢, = ®. When r =0, we understand that a framed sheaf is an
ordinary sheaf of rank zero whose support does not intersect with ¢,,. We have
the corresponding definition of a framed sheaf on the blowup P2,

DEFINITION 1.1
Let m € Z>¢. A framed sheaf (E,®) on P2 is called m-stable if

(1) Hom(E,Oc(—m —1)) =0,
(2) Hom(Oc(—m),E) =0, and
(3) FE is torsion free outside C.

Though it is not obvious from the definition, an m-stable sheaf must have r» >0
(see [22, Section 2.2]).

We have a smooth fine moduli scheme M™ (¢) of m-stable framed sheaves
(E,®) with ch(E) =c € H*(P?) such that (c,[ls]) =0. It is of dimension
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2r(c)A(c) (see Theorem 4.2). Let € be the universal sheaf on P2 x ]Tfm(c)7
which is unique thanks to the framing, unlike the case of ordinary moduli spaces.

As special cases with m =0 and m sufficiently large, we have fine moduli
schemes M (c) and M (c) of framed torsion-free sheaves (E,®) on P2 and P2,
respectively. For M (c), we take ¢ € H*(P2) with (c1,[C]) =0 (see [22, Section 7]
or [21, Sections 3.1, 3.9]). They are connected by a sequence of birational mor-
phisms as explained in the introduction (see Section 4.4).

In fact, M(c) was studied earlier in [17, Chapters 2, 3] (denoted there by
M(r,n)). We need to recall one important property. We have a projective
morphism 7: M(c) — My(c), where My(c) is the Uhlenbeck (partial) compactifi-
cation of the moduli space M;*®(c) of framed locally free sheaves (E,®). In [17]
My (c) was constructed via the quiver description and bijective to

LlMéeg(C/) ® SA(C)—A(C/)(CQ)

set-theoretically. Here S™(C?) denotes the nth symmetric product of C2.

For any m, we still have a projective morphism 7: J\/J\m(c) — Mo(p«(c)).
This follows from the quiver description (see Theorem 4.2) or [21, Section 3.2].
I/t\is compatible with the diagram () and induced from a projective morphism
M (e) = Mo(pa(c)).-

1.2. Grassmann bundle structure

As we mentioned above, we have M°(c) = M(p.(c)) when (ci,[C]) =0. For
0 < (¢1,[C]) < r, we have a similar relation as follows. We need to consider
M (¢) with 0> (c1, [C]) > —r instead after twisting by the line bundle O(C).

PROPOSITION 1.2 ([21, SECTION 3.10])
Suppose 0 < n:=—(c1,[C]) <r. There is a variety N(c,n) relating M*(c) and
M*(c —neg) through a diagram

M1(c) M(c —neg)
satisfying the following:
(1) f1 is surjective and birational;
(2) f2 is the Grassmann bundle Gr(n,Ext}l2 (Oc(-1),&")) of n-planes in the
vector bundle Exté2 (Oc(—1),&") of rank r over J/W\l(c —neg);
(3) we have a short exact sequence
0 — (idge % f2)*E" — (idgs X f1)*E = O (1) S — 0.

Here €, £ are the universal sheaves for M' (¢) and M (¢ — neg), respectively,
and S is the universal rank n subbundle of Exté2 (Oc(-1),&") over Gr(n, Exté2 X
(Oc(-1),£")).
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Note that Extfl2 (Oc(-1),&") =0 for i =0,2 by the remark after Lemma 4.11.
Hence Ex‘cé2 (Oc(—1),£&") is a vector bundle, and its rank is r by Riemann-Roch.

We have (c1(c—nep), [C]) = (¢1, [C])+n = 0. Therefore M\l(cfneo) becomes
M (p«(c)) after crossing the wall between zero-stability and 1-stability.

1.3. Torus action and equivariant homology groups

Let T be the maximal torus of SL,.(C) cousisting of diagonal matrices, and let
T =C* x C* x T. We have a T-action on ]/W\m(c) induced from the (C* x C*)-
action on P2 given by

([0 : 21 : 22], [z 1 w]) = ([20 : t121 : taza], [t12 : taw])

and the change of the framing ® (see [21, Section 5]). It was defined exactly as in
the case of framed moduli spaces of torsion-free sheaves, given in [19, Section 3].
The action is compatible with one on My(c); that is, 7 is T-equivariant. All the
constructions that we have explained so far are canonically T-equivariant. For
example, we have the canonical T-action on the universal sheaf &.

Let HI(X) be the f—equivariant Borel-Moore homology group of a f—space
X with rational coefficients. Let H, %(X ) be the f—equivariant cohomology group
with rational coefficients. They are defined for X satisfying a reasonable condi-
tion, say an algebraic variety with an algebraic T-action (see, e.g., [18, Appen-
dix C]). They are modules over the equivariant cohomology group H%(pt) of a
point, isomorphic to the symmetric product of the dual of the Lie algebra, which
we denote by S(T).

The projective morphism 7: M™ (¢) = My(p«(c)) induces a homomorphism

7o HT (M™(c)) — HT (Mo (p.(0))).

We denote this homomorphism 7, by [’ Tim (e Since we also use similar pushfor-

(e)
ward homomorphisms from homology groups of various moduli schemes or stacks
and want to emphasize the domain.

On the other hand, the target space My(p«(c)) is not at all important. We can

compose the pushforward homomorphism for the inclusion Mo(p.(c)) C Mo(c')

for A(c') > A(p«(c)). Then fﬁm(c) takes values in HI (My(c')). We can also
make |5, () With values in S(T), the quotient field of S(T) as follows. Recall

that 7" has the unique fixed point zero in Mo(p.(c)) (see [19, Proposition 2.9(3)]).
We compose f M (o) with the inverse LJ*I of the pushforward homomorphism
Lo« for the inclusion {0} — My (p«(c)) by using the localization theorem for the
equivariant homology group, which says that ¢p, becomes an isomorphism after
taking tensor products with &(T") over H, s(pt) =5 (T). This is compatible with
the above inclusion (see [19, Section 4] for more details).

1.4. Weak wall-crossing formula
We state our first main result in this subsection.



270 Hiraku Nakajima and Kota Yoshioka

Let ®(&) € Hx(M™(c)) be an equivariant cohomology class on M™(c) de-

fined from a sheaf & on P2 x M’ ™(¢) by taking a slant product by a cohomology
class on P? or taking a cohomology group, for example,

oo

(1.3) (€)= exp[ > {ty chpy1()/[C] + Ty ey (€)/ €]}
p=1

or

Ny

o(€&) = H e(Va(&)®e™) a=0orl,

f=1
where t,, 7, are variables and the exponential defines formal power series in
tp, Tp in the first case; my,...,my, are variables for the equivariant cohomology

H(*(c Ny (pt) of the N -dimensional torus of a point; and €™/ is the corresponding
equivariant line bundle. For & we typically take the universal sheaf, or its variant.

For the latter ®(€) = H 1e(Va(&) ®e™1), we need to enlarge T to T x (C*)Ns
but keep the notation 7' for brevity. And e( ) denotes the equivariant Euler class.

REMARK 1.4

The notation Ny is taken from physics literature. It is the number of flavors.
But we denote the rank by 7, although it is denoted by N, (number of colors) in
physics literature.

The above examples of ® are multiplicative; that is, ®(EDE) = P(E)P(E’). This
condition is useful when we study the vanishing theorem in Section 2, but we do
not assume it in general.

For j € Z~(o we consider the j-dimensional torus (C*)7 acting trivially on
moduli schemes. We denote the 1-dimensional weight n representation of the ith
factor by €. The equivariant cohomology H (*C*)j (pt) of the point is identified
with C[A1,...,;]. In the following formula we invert variables fii,...,h; (see
Section 6.1 for the precise definition). Also, we identify ®(&) with the homology
class ®(&)N [1\7 m+1(c)] and apply the push-forward homomorphism | REmt1(e)-

THEOREM 1.5
We have

R CEY A
M'm«#l (C) ]/\/Tnz (C)

- Z /Mm(c o Res ;52% [@ (Eb o) é C,, X e_hi) o (Eb)} )

i=1
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where &, is the universal sheaf for J\/Zm(c —jem) and

_ 1 [i<iyzin<j (=i + Diy)
ST, €&y, Cr) @ €~ 4)e(N(Com, &) @ €he)

N(Ey, Crn) 1= — oo (—1) 2 Ext? (&, Crm),
N(Crm, &) 1= — S0 (—1)* Ext? (Crn, &).

\I/j (&7) :

(Note that W7 (E,) depends on j but not on c— je,, if we consider &, as a variable.)
The proof is given in Section 6.4.

1.5. Blow-up formula

Recall that M ™ (c) is isomorphic to the framed moduli space M (c) of torsion-free
sheaves on P2 if m is sufficiently large. Using Proposition 1.2 and Theorem 1.5,
and twisting by the line bundle O(C), we can express f]\/Z(c) ®(&) as a sum of
various [ M(e) ®’(€)’s for some ¢/, ®’. Unfortunately the procedure, which we
explain below in detail, is recursive in nature and rather cumbersome (see Fig-
ure 1 for the flow chart). In particular, we do not solve the recursion and do not
give the explicit formula.

1.5.1.
For a sequence f: (JosJ1s---sJm—1) € 7%y, we define \Ilz recursively starting
from \Ilj;l =1 by
- - a1 L in <, (I T
W) =0 (00 ey x L Ahsises, R
In T2, e(M(e, Cp) @ e M)e(N(Cy, @) @ el
where hy',...,h7 are variables. Then we set Ui = \II(J;. By Theorem 1.5, we get

| e
(1.6) e L

;/}T/TO(CZHJ‘" E‘{eS(I)(gbaa @@Cﬂ@e )\I/](Sb)a

en) h=0 n=0 i=1
—— . . .
where Resz_ is the iterated residues

—
Res:= Res ---Res Res ---Res--- Res --- Res
F=0  h9,=0 R{=0Rl =0 Al=0 ™l _—0 AP '=0

Im—1"

Since M (c) is isomorphic to M™ (¢) for a sufficiently large m, an integral over
M (c) can be written in terms of integrals over M 9(¢') with various ¢’ thanks to
this formula.

Note that if (¢1,[C]) > 0, we have

dim MO (c — Zjn%)
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(1.7) = dim M (¢) = > r(2n+ 1 = g (3 dn + 201, C])

< dim M™(c)
if (j1,j2,...) #0.

1.5.2.
We usually consider the moduli space M (c) with 0 < (cy,[C]) < r. This is always
achieved by tensoring a power of the line bundle O(C). And then we can hope to
relate [57 ®(€) to [y, (o)) P(€) thanks to Propositi(zn 1.2. But look at (1.6).
The right-hand side of (1.6) contains integrals over MY(c') (¢ =c— ", jnen)
for which we have 0 < (¢1(¢’), [C]) but not necessarily less than r. Thus we need
to tensor a line bundle again.

Since keeping track of the precise form of the formula is rather tiresome work,
we redefine a term in the right-hand side of (1.6) as [5;, © ®(€) and start from
it. We can assume (¢, [C]) > 0, as we explained.

1.5.5.

First, consider the case (c¢1,[C]) =0. We have an isomorphism II: ]\/J\O(c) &
M(p«(c)) by (E,®)+— (p«(E),®), where the higher direct image sheaves
R>%,(E) vanish. Moreover, its inverse is given by (F,®)~ (p*F,®), and
L<%*F =0 (see [21, Proposition 3.3, Section 1]). If we denote the universal
sheaf for M (p.(c)) by F, the universal sheaf £ for M\O(c) is equal to (p x IT)*(F).

Therefore we have
[owe= [ e(oxme).
MPO(c) MPO(c)

Since L<%(p x IT)*(F) vanishes, this holds in the level of K-group.
We may have expressions O(C) or [C] which do not come from M (p.(c))
in the expression ®(£), but we can use the projection formula to rewrite the

right-hand side as
[
M (p(c))

for a possibly different cohomology class ®'(e).

1.5.4.
Now we may assume (c1, [C]) > 0. We have

(18) /m)@(a: /me[c])fb(«f(—o»

by the isomorphism M°(c) > (E,®) (E(C),®) € M'(cel®)). Two universal
sheaves for M %e), M (cel®l) are denoted by the same notation, but the latter
is twisted by O(C') from the former under this isomorphism, and it is the reason
why we have ®(E£(-C)).
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We have —r < (c1(cel)),[C]) = (¢1,[C]) — r. If this is negative, in other
words, if we have (c¢1,[C]) < r, we go to the step which will be explained in
Section 1.5.5. So we assume (c;(cel®l),[C]) > 0. We now redefine the right-hand
side of (1.8) as fﬁfl(c) ® (&) and return back to Section 1.5.1 to apply (1.6) with
m=1.

We repeat this procedure until all terms are integrals over M! (¢/) with —r <
(c1(¢),][C]) <0 or MO( ") with ¢1(¢””) =0. From the dimension estimate (1.7),
the procedure ends after finite steps.

For ®(&) = H 1e(Va(E)®e™7), this process requires care since V, (£(—C)) =
R'¢2.(E(-C) ® ql(O(aC — /+))) may not be a vector bundle on M%(c), so
e(Vo(E(—C))®e™7) does not make sense, and we cannot apply (1.6) with m = 1.
We overcome this difficulty by replacing e(V,(E(—C)) ® e™/) by a product of
e(Vo(E) ®e™) and a certain class, which is well defined on M°(c) (see the proof
of Theorem 2.1 for details).

1.5.5.
Now we redefine the right-hand side of (1.8) as fzﬁl(c) ® (&) and consider it under
the assumption —r < (¢1,[C]) <O0.

Let n:= —(c1,[C]). By Proposition 1.2, we have

®(E) = idgs X f1
/mc) (&) /mn) ((idss x f1)"€)
:/A ®((idg, x f2)"(€) & Cy B S),
N(c,n)

Where we denote the universal bundle over M L(c —neg) by & for brevity Since
fa: N(c,n) — Ml(c —neg) is the Grassmann bundle of n-planes in Ext ,(Co,€),

we can push forward to Ml(c —nep) to get

/A B((ids, xfg)*(g)@CO&S):/A '3 (),
N(e,n) M1 (c—neg)

where

'®(e ::/ (e (Ch RS .
( ) Gr(n,r) ( ( ’ )) c(g):c(Ext}m(Cg,E))

We need to explain the notation. We consider the Grassmannian Gr(n,r) of n-
planesin C",and [q, (., . is the pushforward H, ( (Gr(r—n, 7)) — Hey () (Pt).
The e is a variable living in the K-group K (HA”2 x pt). The universal subbundle
of the trivial bundle C” is denoted by S, and Cy K S is a sheaf on P2 x Gr(r,n).
We consider Gr(r,n) as a moduli space and e & Cyp X S as a universal sheaf,
and we apply the function ®. Finally, ( )|c(g):c(Ext}12(Co,£)) means that we
substitute the Chern classes of Ex‘cé2 (Co,&)) to the equivariant Chern classes of
C"in Hey (pt).

We now redefine [i7: ) ®(€) as [, ®(€) and return to Section 1.5.1.
Since dim M’ (¢ —neg) < dim M L(c), this procedure eventually stops.
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1.6. Example
Consider the case ¢ € H*(P?) with r(c) =7, c1(c) =0, (A(e), [P?]) = 1. In Theo-
rem 1.5 the wall-crossing term appears only in the case m =0, j =0. Therefore

/M(c) 2E) - ./MO(C) ()

7/ fes O(E, B CoRe M)
N MO (c—ep) h1=0 e(‘ﬁ(&,, CO) ® e_hl)e(‘ﬂ(Co, gb) &® €h1)

(1.9)

In the quiver description Theorem 4.2 for ]\/J\O(c —ep), we have V5 =C, V1 =0,
and hence

J/\ZO(C— eo) =P

This also follows from Proposition 1.2. In fact, f7 is an isomorphism in this case.
We also see that &, 2 Ker[OF" — Op(1) K O¢]. Then we have

N(E,, Co) = Op(—1), N(Co, &) 2 Op(1)? & S,

where Op(1) is the hyperplane bundle of P=P"~! and S is the universal subbun-
dle, that is, kernel, of OF" — Op(1). This also follows from Lemmas 4.9 and 4.11.
Therefore

e(M(&,Co) @e ") = —c1(Op(1)) — R,
e(M(Co, &) @e™) = (c1(Op(1)) + h1)26(3 ®e™M) =R (c1(Op(1)) + hy).

For @, we consider a simplest nontrivial case. Let u(C) be the cohomology
class on M™(c) given by

(110) W(C) = AE)/[C),
where / denotes the slant product /: H%(@2 x M™(c)) ® HI(P?)) —

H;ﬂ'(]\/f ™(c)). This is the y-map appearing in the usual Donaldson invariants.
We have

A(gb ®Cy X 6_51)/[0] = —C1 (O]}»(l)) —h1+¢e1 +e9,

where g1, €5 are generators of Lie(C* x C*) corresponding to t1, ta.
We also have

VI(E ®CoRe M)y e

Hence
Ny Ny
[[euEocoRe ™) @em™) =] (ms — ).
f=1 f=1

We assume 27 — Ny > 1 and take ®(€) = u(C)2 Vs H}\Zl eWVi(€) @ e™r).
Then the right-hand side of (1.9) becomes

2r—N; Ny

(—c1(Op(1)) = hy + &1 +22)
Res my = ).
/Prflm:o — 15 (c1(Op(1)) + ) fl;[l( o
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By the degree reason, this must be a constant in €1, €2, my. Therefore we may
set all zeros. Then this is equal to

[ Res T ((Os(0) )
pr—1 1=

_ (2-Ny-2
o r—1 '

If r =2, Ny =0, the answer is —2. This is a simplest case of the blow-up formula,
which was used to define Donaldson invariants for ¢y in the unstable range.

2. Applications: Vanishing theorems

As we mentioned above, the wall-crossing formula gives us only a recursive pro-
cedure to give the blow-up formula. In this section, we concentrate on a rather
special ®(€) and derive certain vanishing theorems. They turn out to be enough
for applications to the instanton counting.

2.1. Theory with matters
Let u(C) be as in (1.10). We consider
Ny
(&) =[[e(Vo(&) ®e™) x exp(tu(C))
f=1
and study the coefficient ®4(€) of t? with small d. We assume Ny < 2r hereafter.

THEOREM 2.1
Suppose (c1,[C]) =0. Then
Ny
/A B(8) :/ [[cvE) @ems)+ o),
M (o) M(p.() $21
where k = max(r +1,2r — Ny). Here V(E) = R'q2.(€ @ ¢; (O(—{x))) is defined
from the universal sheaf & on P2 x M(p,(c)) as in the case of Vo(E), V1(E).

This, in particular, means that ®4(£) =0 for d=1,...,k —1. When Ny =0,
this vanishing was shown in [19, Section 6] by the dimension counting argu-
ment. The key point was that dim M(c) = 2rA, and hence the smaller moduli
spaces have codimension greater than or equal to 2r. Once the wall-crossing
formula is established as in Section 1, the remaining argument below is similar,
and the bound 2r — Ny comes from the fact that the virtual fundamental class
[177, e(V(€) @ e™) N [M(p.(c))] has dimension (2r — Ny)A.

Proof
Let us compute the cohomological degrees of both sides of the equality in
Theorem 1.5, where we say that | M (o) O has degree k if it is contained in
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Hsz(MO(p* (¢))). We have

dog [ @) =deg [ @(e)
R4 () ()

(2.2) — dim M"™(c) — Ny dim Vo (c) — d
—(2r — Ny)(cha(c), [B?]) — d.

On the other hand, we can write

J
/Am'(c—jem)(I)(gb @ g:? Cn KX e"%) v (&)= /M H e(Vo(&) ®e™ ) U D

m(e—jem) =y
for some cohomology class Q. Therefore its degree is at most
dimM\m(c —jem) — Npdim V(e — jem)
= —(2r — Ny)(cha(c), [P?]) — j(m(2r — Ny) + 1+ j).

Since j(m(2r — Ny)+r+j) >r+1, it is zero if d <.

To prove the vanishing for d <2r — Ny — 1, we need a refinement of the
general machinery in Section 1.5. We need to look at each step in the flow chart
(Figure 1) more closely.

The first step (see Section 1.5.1) has no problem. In (1.6) we have

m—1 Jjn m—1 Jn
o6 ese) s T flacioor

as we have a decomp051t10n of a vector bundle Vo (€ @ @n o Z " Ch®e hg 1) _

W(E)ad,, @7 " Vo(Cr@eli " i), and the Euler class has a multiplicative with
respect to the Whltney sum.

In Sections 1.5.4 and 1.5.5 we consider the tensor product £(—C), where € is
the universal family on the moduli space of 1-stable sheaves. This causes trouble
because R'qa.(E(—C —{,)) is not a vector bundle, as mentioned ealier. We need
a closer look.

By [22, Lemma 7.3], the natural homomorphism H!(E(—{w)) — H'(E(C —
) is surjective for a zero-stable framed sheaf (E,®). Therefore H'(E(—C —
lso)) — HY(E(—{s)) is surjective for a 1-stable framed sheaf (E,®). Let us
give a direct proof since we need to understand the kernel. Suppose that E
is 1-stable. Since Hom(E,Oc(—2)) =0, we have E ® O¢ /torsion = @ Oc(a;)
with a; > —1. Therefore H*(E ® O¢) = 0. Since we have an exact sequence 0 =
H?(Tory(E,0¢)) - H(E®L O¢) — HY(E® O¢), it implies H*(E ®L O¢) =0,
and hence H*(E(—C — ) — HY(E(—{s)) is surjective.

Since the kernel of this surjective homomorphism is H°(E @ O¢), we have

e(Vo(E(=C))®e™ ) =e(Vo(E) @ €™ )e(ga: (€ @ Oc) @ ™)
=e(Vo(€) ® €™ )ca(qe:+ ([E] @ [Oc]) @ ™)
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Use Theorem 1.5
(m — 1) times.

Theorem 1.5

Section 1.5.3 STOP

Take e @ O(C

Section 1.5.5 *

Section 1.5.4

Figure 1. Flow chart

on ]/\4\1(0), where a = dim HY (E(—C —{s)) —dim HY(E(—{s)) = (c1(E),[C]) + 7
and we replace £, O¢, qox by their K-theory classes and the K-theory pushfor-
ward in the last expression.
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Now Vy(€) is a vector bundle over ]\/{70(0), M? (¢) and master spaces from the
quiver description in Section 4. Therefore e(Vo(€) @ €™7) (and also ¢, (g2+([€] @
[O¢]) ® €™F)) are well defined, so we replace e(Vo(E(—C)) ® e™/) by the right-
hand side and continue the flow in Figure 1. We may still need to treat @ O(C') in
a subsequent process in the flow chart. Then we again get e(Vy(E(—C)) ® e™1),
so use the same procedure to replace by the right-hand side.

As a result we can write

Ny
ey [ ewe= [ 1< oeoiie)

for various ¢¥ with ¢;(c — %) =0 and cohomology classes Q3(E,). The left-hand
side has degree as in (2.2). On the other hand, the degree of the right-hand side
is at most

dim M (p,(c — ¢*)) — Nyrank Vo (E,) = (2r — Ny)(A(c — ), []IA’Q])

If 3 is nonzero, then it is at most (2r — Np){(A(c),[P?]) — 1} since (A(c —

c),[P?]) is an integer and we have (1.7). Therefore there is no contribution

to the wall-crossing formula if d < 2r — Ny. For ¢? =0, we get ff/[o(c) b,4(8),
o Ny m = .

but it is equal to dgg fM(p*(c))/H\fil e(V(E) @ e™) as MO(c) — M(p.(c)) is an

isomorphism and ;(C) =0 on M°(c). O

For a slightly modified version
Ny

(&) =[] e(Vi(&) @ e™) x exp(tu(C)),
f=1

the second part of the argument works; we get the following.

THEOREM 2.4
Suppose (c1,[C]) =0. Then
Ny
/A @’(5):/ He(V(E)@emf) + O N,
M™(c) M(p+(c)) 7=q

Moreover, the coefficient of t27~N¢ is

Ny

_ (2’“;Jff1—2> /M( [[ev@© @em)

pa(e)+pt) 72

’ifo<2T.

For the last assertion, it is enough to calculate the case (A(c), []IAD2]) =1 by the
same argument (see the proof of Theorem 2.6 for more detail). Hence Section 1.6
gives us the answer.

Next, consider the case ¢; # 0.
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THEOREM 2.5
Suppose 0 < n:= (c1,[C]) <r. Then

/A (&) =0,
M™(c)

In fact, we have
deg /A B\(E) = (2r — Ny) dim Vi (e) + n(r —n) —d,
Mm(c)

and all terms in the right-hand side of (2.3) have degrees at most (2r — N¢) dim Vi (¢)
as dimV; (¢ — ¢¥) <dim Vi (c). So the same argument works.

Let us state what we observed in the above proof as a general structure
theorem. Let ®(&) be a multiplicative class in the universal family £. Then we
have the following.

THEOREM 2.6

Let us fix ¢; with 0 < —(c1,[C]) <r. There exists a class Q;(E,t), which is a poly-
nomial in ¢;(€)/[0] (i=2,...,r) with coefficients in HE. - (pt)[[t]] = Cleq, e2][[t]]
and independent of A(c) such that

(2.7) /1\71( )@(E)exp tu(C Z/ () (E ).

>0 (P (e)+3 pt)

Moreover, (€, t) is unique if ®(€) #0 for HX(M(r,0,0)) = HX(pt) = S(T).

For the theory with matters, the coefficients of Q;(€,t) are in

H oo ooyms O[] = Clen,e2,ma, . omu (1])-

Proof

As in the derivation of (2.3), we obtain a formula as above, where M (p.(c) +
jpt) is replaced by M\O(p* (p+(c) +jpt)) and Q;(&,t) is a polynomial in Chern
classes of ¢2.([€] ® [Oc(m)]), q24([E]Y ® [Oc(m)]) of various m. This Q;(&,t) is
independent of A(c), as

. UJ(&,) in Theorem 1.5 depends only on 7,

- the choice, whether we perform twist by O(C) or not, is determined by ¢y,
and

. the Grassmannian in Proposition 1.2 is determined by r and ¢;.

Thus it only remains to show that we can further replace €); so that it is a
polynomial in ¢;(£)/[0] (i =2,...,7).

By the Grothendieck-Riemann-Roch theorem, these classes can be expressed
by ci(€)/10] = ci(g2. (€] © [Oc))). Note that ga.([€] © [Oc]) = — T2 (~ b
Ext®(Oc(—1),&). If we go back across the wall from MO to M*, we have Ext
(Oc(-1),E)=0= Extqz((’)c( 1),€) on M! by the remark after Lemma 4.11.
Therefore Extéz((’)c(—l),é’) is a vector bundle of rank r, and ¢;(£)/[0] vanishes
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for ¢ > r. Since the difference of the integrals over M* and M° are expressed by
integrals over small moduli spaces, we can eventually express €}, as a polynomial
in ¢;(£)/[0] (¢=2,...,r) by a recursion.

Let us show the uniqueness of ;(&,t) by a recursion on j. Let us take the
smallest possible A(c) with ]/\4\(6) # (), that is, the case when ¢+ (c1,[C])eg =
(r,0,0) (cf. Proposition 1.2). Then we have only the term with 7 =0 in the
right-hand side of (2.7). In this case, p.(c) = (r,0,0), and the moduli space
M (r,0,0) is a single point. Therefore Qy(&,t) is determined by (2.7).

Now suppose that 2;(£,t) with j < n are determined. Then we take ¢ whose
A(c) is n larger than the previous smallest A(c). Then j in the summation
in (2.7) runs from zero to n. Moreover, M (p.(c) +npt) = M (r,0,0) is a single
point again. Therefore €2,,(€,t) is determined from (2.7) and Q;(€,t) with j <n.

O

Suppose that the degree of ff/[(c) ®(€) is of a form yA(c) + a(cq, [C]) + b for some
constants 7, a, and b, depending only on r. We further assume that « > 0, as in
the case v =2r — Ny >0 for the theory with matters. Then

deg [ @(E(C) =1A(0) +aler,[C]) + b~ d.
M(c)

des | D) (1) < 1(Ap.(c)) — ) +b.
M (ps«(c)+jpt)

Since we are fixing (c1,[C]) as in Theorem 2.6, the two degrees cannot match if j
is too large. This means that we only need to calculate finitely many Q,(€,t)
to determine fJ\A/I(c) ®(E)u(C)? for a fixed d. (In practice, the maximal j can be
calculated explicitly.)

2.2. K-theory version
We derive the wall-crossing formula for a K-theoretic integration via the
Grothendieck-Riemann-Roch formula.

Let td(«) be the Todd class of a K-theory class a on various moduli spaces.
The Todd class of the tangent bundle T, of a variety M is denoted by td M.
We have

td M™(¢) = td(N(E, £)).
For integers d, [, and a =0 or 1, we consider
(2.8) P(E) =td(N(E,E)) exp(ler(Va(£))) exp(—dcha(£)/]C]).

By a discussion in [20, several paragraphs preceding Definition 2.1], —chy(€)/[C]
is the first Chern class of an equivariant line bundle up to a (rational) cohomology
class in H%(pt)7 which is zero if (c1, [C]) = 0. Since this difference is immaterial in
the following discussion (in particular in Theorem 2.11), we identify — chy(&)/[C]
with the equivariant line bundle, which we denote by p(C'). (This is the same as



Perverse coherent sheaves on blowup, Il 281

#(C) in the Section 2.1 up to a class in H%(pt).) Then the equivariant Riemann-
Roch theorem (see, e.g., [9]) we have is

/A KCE 7 (7 (1(C)% @ det V, (6) 1)),

where 7 is the equivariant Todd homomorphism 7: K T(Mo (p«(c))) — H f X
(Mo(p«(c))) for the Uhlenbeck partial compactification My(p.(c)), and 7, is the
pushforward homomorphism in equivariant K-theory.

We have

td(‘ﬂ(é’, 5)) = td(‘)’t(é‘l,gl)) td(‘ﬁ(é’l,é'g)) td(‘ﬁ(fg, 51)) td(‘ﬁ(gg, 52))
if £=&; & &,. Then from Theorem 1.5 we get

/Mm+1(c) 2E) - /M\m’(c) 2E)

= Z/ ®(&,) U Res - Res Wi(E,),
M™(c—jem) J_O

h1=0

where

([ RO 8 ) dea(C 0 )]
e (MN(e,C) ® e~ Mi)eK (N(Cyp, @) ® €M)

< [ - ehi1_hi2)]

1<iy#i2<j

Here e is the (Chern character of) K-theoretic Euler class:

X (a) = e(a)td(a) "L = Z(A)Pch(/\”aV),
p=0
where e(«) is the usual Euler class as before.

Strictly speaking, we need to consider the completion (C[hi_l,hi]] for the
coefficient rings of the localized equivariant homology groups of moduli spaces
as, for example, e~ is not allowed. Here (C[hi_l,hi]] is the algebra of formal
power series Y a;h’ such that {j <0 |a; # 0} is finite. The modification appears
only at Section 6.1 and the beginning of Section 6.3, and the rest of the proof
remains unchanged.

Observe that h; appears always as a function in z; := e~ — 1 in the above
formula. We change the coefficient ring from C[h; ', h;]] to Clx; ', x4]].

We have

—h, f(xz)
bi 1 — _
Res f(e )=-Res 10

as dr; = —e Midh; = —(z; + 1)dh;. Therefore we have the following.
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THEOREM 2.9

@g—/ d(E)= / ®(&,) U Res --- Res U/ (&),
o 2@~ [ @) >/, (£)U Res - Res W9 (&)

Mm(e) " (c=jem)
where
W) _lli[ exp(let(Va(Crm ® (14 ;))) — dcha(Crn ® (1+ 2)) /[C])
Gt R0, Cn) @ (14 2:))eR (NUComy 0) @ (1/ (1 +20)) (—(1+ 1)
’ 1911;Iz‘2sj iy x:.

In view of Proposition 1.2 the following is useful to replace the K-theoretic
integration on M1 (c) by one on N(c,n).

LEMMA 2.10
Consider the diagram in Proposition 1.2. We have
Rfl*(ol/\/\(c,n)) = 01\//?1((:)
Proof
Since f; is a proper birational morphism between smooth varieties, this is a
well-known result (see, e.g., [11, Section 5.1]). O

In the remainder of this section we study the vanishing theorem for small d.

THEOREM 2.11
Assume 0 <[ <r.

(1) Suppose (c1,[C])=0. If0<al+d<r,
/A B(E) = / td(N(E,€)) exp(ies (V(E))),
M(c) M(p«(c))

where V(&) is the vector bundle defined as in Theorem 2.1.
(2) Supposea=1 and0< (c1,[C]) <r. If0 <d <min(r+(c1,[C])—1,7—1),

/mc) d(&) =0.

This result was conjectured in [8, (1.37), (1.43)].

Proof
We study factors of ¥/(&,) more closely. Note that &, is the universal sheaf for
M™(c— jep,); hence

rankN(C,,, &) = (m+1)r+ (c1,[C]) + 4, rankN(E,, Cy,) = mr+ (1, [C]) + 7.
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If {aa}, {6} are Chern roots of M(C,,, &), N(E,, Crn), respectively, we have
1
K (N(Cr, &) @ (1/(1 +24)))
exp(d_, a) 1
(2.12) = 11 T

(_:L-i)(m-l-l)r-&-(cl,[C])-&-j 1— eo‘a)/xi)’

1
eEKM(E,,Crn) @ (14 24))

1 \ mr+(c1,[C])+i 1
( +xi) 1;[1+((1fe*ﬁb)/xi)

On the other hand, we have
exp(le1(Va(Crn @ (1 + 1)) = exp(les (Va(C))) (1 + ) (7 F )
as rank V, (Cp,) = m + a. Also,
exp(—dcha(Cp ® (14 2;))/[C]) = exp(—d cha(Cp,) /[C]) (1 + z;)?
as chy (Cp,)/[C] = —1.

Let us expand ¥/ (&,) into formal Laurent power series in ;. Note that we
have the remaining factor

1 H Xr1 — J}iQ - Hi27§1(x1 - Iig)

a1

from W7 (e) in Theorem 2.9. This term can be absorbed into the second equality
of (2.12) as

Hiz#l(xl - Ti,) (1 1 )mr+(61,[C])+J‘
(]. +$1)j

1 1 \ mr+(c1,[C]) -
IO B (]
T x ol T

Note that mr + (c1,[C]) > 0; hence (1 + 1/z;)™ T(ul€D is a polynomial in 2.
We also write

T

1\ l(m+a)+d
(1+ xl)l(m+a)+d _ xl(m+a)+d(1 + _)

1 1

as a Laurent polynomial in 2] *. Note that we have I(m +a)+d >la+d >0 by
our assumption. Therefore we have

W(E) = S

for some formal power series f(z7') in x7 " with
N=(m+1)r+(c,[C])+j+1-1l(m+a)—d
=m(r—1)+(r—d)+(c1,[C]) —la+j+1.
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Since 0 <r —1[ and 0 < m, the first term m(r — ) is nonnegative. We also have
j > 1. Therefore we have N > 2 if d+la <r + (¢1,[C]). This shows that there
are no wall-crossing terms; that is,

/M(c) 2E)= /1\70(0) 2(E).

If (¢1,[C]) =0, we have an isomorphism II: Z/W\O(c) — M (p«(c)) given by
H(E,®) = (p«(E),®), II71(F,®) = (p*(F),®) (see Section 1.5.3 for a precise
statement). Therefore the tangent bundles N(E, &) for M(c) and M (p.(c)) are
isomorphic to each other. Vector bundles Vy(E) for M (c) and M (p.(c)) are iso-
morphic to each other from the description of II in Section 1.5.3. We also have
chs(€)/[C] = 0. These show (1).

To show (2), we consider M\O(c) = ]/\4\1(66[0]) given by (E,®) — (E(C),®).
Then Proposition 1.2 is applicable. We then have

/A D(&) :/A td(N(E,E)) exp(ler(Vo(€))) exp(—dcha(E(—C))/[C]),
MO(c) M1 (celCl)

where & in the right-hand side is the universal sheaf for M Leel®)).  As we
explained in the beginning of this subsection, we may replace this integral by

(7 ((C) ¥ @ det Vo (€)®)).

The difference between cha(E(—C))/[C] and chy(€)/[C] is immaterial as it is a
class pulled back from My(p.(c)). By Lemma 2.10 and the projection formula, we
can replace the above by the pushforward from N(cel®l n) with n =7 — (c1,[C]),
where p(C), Vo(€) are replaced by their pullbacks by f1. From the exact sequence
in Proposition 1.2(3), we have

FiVo(€) = f3Vo(E)),

where £’ is the universal sheaf for M O(cel®l

(@) =detS

—nep). We also have

up to the pullback of a line bundle from M O(cel®l —ney) by fo. Therefore it is
enough to show that

0. (det SN =0 for 0<d <r.
fau(

Since f5 is a Grassmann bundle of n-planes in a rank r vector bundle, this van-
ishing is a special case of the Bott vanishing theorem [1] or a direct consequence
of the Kodaira vanishing theorem. O

2.3. Casimir operators
We generalize the vanishing result in Section 2.2 to the case when we integrate
certain K-theoretic classes given by universal sheaves on moduli spaces.

Let ¢? be the pth Adams operation (see, e.g., [5, Chapter I, Section 6]).
We will use it for p < 0 defined by ¢P(x) = P(z"). For indeterminates 7=

(' CyT—2,T-1,T1,
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Ty, - )and T = (--- ,t_o,t_1,t1,ts,---), we consider a generalization of (2.8) with
a=0:

B(E) = td(N(E, E)) exp(ler (Vo(€)) — dehy(€)/[C))
xexp( Y meh(vP(€)/[C)) +1, ch(v7(6) ® Oc(-1)/[C%) ),

pEZ\{0}
where the K-theoretic slant product e/[C2] is defined by ®/[C2] = g2.(e ® ¢ p* x
(KééQ)) with p: C2 — C2. We have two remarks for the definition. First, we
define the pushforward gs. by the localization formula, that is, the sum of the
fixed point contributions, since gy is not proper. This is a standard technique
in instanton counting, and its meaning was explained in detail in [19, Section 4].
Second, Kééz is the trivial line bundle twisted together by the square root of the
character of (C*)?2, which we consider as a character of its double cover. Having
the previous two remarks in mind, we see that the previous integral is essentially
defined by the equivariant K-theory pushforward as before.
We expand [57,, © ®(&) in t,,, 7, and consider coefficients

[ )= g /A B (),

where 7= (...,n_1,n1,...), m=(...,m_1,mq,...). If we set

() TG =Tl

p#0 p#£0
we have
AT
/Mm(c) %’m(g):ﬁ!m!<§°) (a_f) /Mm(c)q’(g) F=t0
- L /A td(N(E,E)) exp(ler (Vo(E)) — debs (£)/[C))
n:m. Mm™(c)
x ch (Q(v7(€)/[€%) ™ @ (87(€) © Oc(-1)/[€%) ™).

PROPOSITION 2.13
Suppose (c1,[C]) = 0.

(1) Assume the following:
(a) 0<d+ Zp<0pnp +pmy,, and
(b) d+>_,~opnp +pmy <.

Then the wall-crossing term is zero; that is,

/A Qr.m(E) = /A Qi (E).
Mm™(c) MO(c)
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(2) We further assume my, # 0 for some p. Then

/A D7 m(E)=0.
Mm™ (c)

Proof
(1) We note that

PP (E ® Cr @ (1+ ;) =9P(&) + P (Cr) ® (14 ;)

as the Adams operation is a homomorphism. Then the proof goes exactly as
before.

(2) Recall that M°(c) = M(p,(c)) under (E,®) — (p.(E),®). Then ¢*(&)®
Oc¢(—1)/[C?] vanishes since p,(Oc(—1)) =0. O

3. Partition function and Seiberg-Witten curves

In this section we explain an application of the vanishing theorems to Nekrasov
partition functions. Here a reader should be familiar with [18]-[20], and [8].

3.1. Partition function
Let us fix Il € Z. We define a partition function as the generating function of
integrals considered in Sections 2.2 and 2.3:

Z[inSt(€17€27 a:v A7 7?)

(3.1) = Z(A2Te_(7’+l)(61+52)/2>(A(C)a[ﬂﬂ])

c

X / td M (c) exp(le1 (V(E))) exp( oon Ch(wp(g)/[@z])»
M{e) pez\{0}

where the rank r =r(c) is fixed. Here @ = (a1,...,a,) (3. aq =0) is the vector
given by generators a; of Hx(pt) and e, 2 of H(*(C*)Q(pt)7 and the integrals,
more coefficients of monomials in 7,’s, take values in the quotient field S(T) of
H%(pt) as explained in Section 1.3. (More precisely, the quotient field of the
representation ring R(f) = Z[e*e1 e*e2 eF%a] is as in Section 2.2 since this is
a K-theoretic partition function.) And the K-theoretic slant product e/[C?] is
defined by go.(e ® qi‘(Kl/Z)) as in Section 2.3.

(CQ
We have
8 n inst — N
(%) 21" (g1, 62,0 A, 7=0)
(3.2) = Z(A2"‘e*(""+l)(51+52)/2)(A(C),[P2])

C

<, (@) war@eslie V).

P
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Therefore Z["%(eq,e4,d; A, T) gives us integrals of any tensor products of various
Adams operators applied to the universal sheaves.

We consider fixed points of the T-action on M(c) as in [19, Section 2]: they
are parameterized by r-tuples of Young diagrams Y = (Yi,...,Y,) with |[Y| =
ST Yo = (A(c), [P?]) corresponding to direct sums of monomial ideals in C[z,y].
The character of the fiber of V(&) at the fixed point Y is given by

Ch(V(5)| €1a527 Zea“ Z e_l( s)er—a’ 8)52

SEY,
where a/(s), I'(s) are as in [19, Section 2]. We also have
exp(le1(V(€)]3)) = exp [l Z Z s)er —a'(s )52)].
a=1s€Y,
Therefore we have
Z" g1, 80, A, T)

(A2re—r(51+52)/2)\?|

v Ha gnayg(flﬁzﬁ)

(3.3)
xexp[ZZ( slfa()ezf&;rez)}
a=1s€Y,
epaa{l _ (1 _ e*pel)(l _ efpsg) ZseYa efpl’(s)slfpa’(s)sz}
X exp [Z » (es1/2 — e=51/2)(e=2/2 — ¢=52/2) ’

where n, 5(51, €9,d) is the alternating sum of characters of exterior powers of the

cotangent space of M(r,n) at the fixed point Y. Its explicit formula was given

in [20, Section 1.2], where it was denoted by ngﬂ (€1,2,a;3), and we put 3 =1.
We have

(34) ZlinSt (61, Ea, 6; A7 7?) = Zi_nlSt(—El, —&2, —d; A, /7?),

where /7 is given by '7, = 7_,. This symmetry is a simple consequence of [8,
displayed formula one below (1.33)] or the Serre duality.
Let d € Z>o. We consider a similar partition function on the blowup:

ins =, -
Zlkd(51a52aa»1\77',f)

— Z(A2r€—(r+l)(61+82)/2)(A(c),[IP2])

X /A td M (c) exp(ler (Vo(€)) — dcha(€)/[C))
M(c)

x exp % o ch (7()/[C%]) + by ch (7 (€) ® Oc (~1)/[C%])),
pe 0

where we also fix (¢1(c),[C]) = —k in this case.
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This is related to the partition function (3.1) by

7Zinst = = 7
l,k,d(€17€27 a, Aa T, t)

- ¥

(e(el+az)(d—(r+z)/z)A2r)(Ez)/ze(d—l/z)(ﬁ,a)

E=(ka)ezZ" [JESN l§(51,52,a)
S ka=k
(3.5) xexp{l(é(sl +€2)Za:ki+ %Za:k:iaaﬂ

d—(r+1)/2
2r

-,

LA (1))

d=(rtD)/2 o

X Z{""(eq — e2,62,d + eokiAe” 2r e/ (74 (2 — 1)),

X Z}" (1,62 — €1,d + e1k; Ae

where l§(€1,€2,6) is a function given in [20, (2.3)].

Let us briefly explain how this formula is proved. It is a consequence of the
Atiyah-Bott-Berline-Vergne fixed point formula applied to the T-action on M (o).
The fixed points are parameterized by (k, Y, Y?2), where k € Z" corresponds to a
line bundle O(k,C), and }717 Y2 are Young diagrams corresponding to monomial
ideals in the toric coordinates at the (C* x C*)-fixed points p; = ([1:0:0],[1:0])
and po = ([1:0:0],[0:1]) in P2 (see [19, Section 3] for more details). The
structure of the above formula, that is, the sum over k of the product of two
partition functions, comes from this description of the fixed point set. The shift
of variables in the partition functions comes from the study of tangent bundles,
universal sheaves at fixed points. All of these are done in [19, Section 3] and [8,
Section 1.7], except that the expression e~%2/2(7 4 (e* — 1)) (a = 1,2) appears
for variables for the Adams operators.

If we replace the Adams operator ¥P by the degree p part of the Chern
character, the expression was given in [18, Section 4], where we just need to
change variables as 7+ ¢,1. In our situation, ¢ is multiplied by ch(O¢(—1))|,, =
ee —1 instead of e,. The factor e=52/2 appears as the ‘square root’ of K¢z ® Ké;

at the fixed point p,, since the K-theoretic slant product e/ [@2] was defined as

Gox(® ®q{p*(Ké42)), not as qa. (@ ® ¢ ( ééz)) (We avoid Kééz, which cannot be
defined.)
We have

Zinst —. - 7\ __ rinst - - g
l7k7d(517€2,a,A,7——0,t ) = Z—l,k,r—d(_617_525 _CL,A,T = O,— t )

This is proved exactly as in [8, Section 1.7.1, last displayed formula] and (3.4),
or the Serre duality.

We define the perturbation part (see [20, Section 4.2], [8, Section 1.7.2] for
more details). We set

1 (1, 1 5,
Vey,e5 (T3 A) := 2eies <—E(m+ 5(81 +52)) +x logA)
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—nx

+Z 6"51—1 6”82—1)’

n>1
~ 1 /m2x
Tera(#38) 1= ey (0:4) + (T —((3))
€1+ €9 72 5% + E% + 3e169
(xlogA—l— —) + —————logA
2e1€9 6 12e1e9
for (z,A) in a neighborhood of v/—1R~¢ x Rxp.
We define the full partition function by
Z)(e1,€2,a; A, T)
~ - ai ins = =
= exp [f 0;3%1752 (aa —ag;A) — l; 65152]Zl Y(e1,e9,a; A, T),

Zl,k,d(glv €2, da A7 7?7 F)

= exp{— Zﬁel,sz(aa —ag; A ZZ Ge1ea } .’ (e1,e9,a; A, T t)

aFp

Using the difference equation satisfied by the perturbation terms (see [20,
Section 4.2], [8, Section 1.7.2]), we can absorb the factors in (3.5) coming from
line bundles O(k,C) into the partition function to get

Zl,k,d(517627 67 Aa 77, F)

:epo— (4(d+1(-1/2 +4l;/r)) —r)(r—1) N gii}(é‘l +€2)}

X Z Zl (617 g9 — E1,Cl+€1l esl/ 2r){d+1(— 1/2+k‘/’l“)*’l“/2}A7
{IY=—k/r

(3.6) .
eker/m 6761/2(7?4— (et — 1)t))

x 7, (51 _ 82762,64—821_;662/(2T){d+l(_1/2+k/r)_T/z}A,
eFe2/T e 2(7 4 (€22 — 1)T)),

where [ runs over the set {I = (Io)"—; € Q" | Y lo = 0,lq = —k/r mod Z}, and
ekea/T % 7 is defined as
ekea/r

,2kea/r7_72767k5a/r ke“/TT1,62k£“/T’TQ,...).

*T=1(...,e T_1,€

We shift from the previous ktol by lo = ko — k/r. The effect of this shift was
calculated in [8, (1.36)] when 7 =#=0, and we have used it here. And e*e/"x
comes from O(k,C) = O((lo + k/r)C). The part I, is absorbed into the shift
@+ 41, but we need the remaining contribution from /7.

REMARK 3.7
We do not make precise to which ring the full partition functions belong as a
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function in A. We just use them formally to make a formula shorter as above.
This applies to all formulas below until they (more precisely, their leading coeffi-
cients) are identified with one defined via Seiberg-Witten curves, which are really
functions defined over an appropriate open set in A.

3.2. Regularityate; =3, =0
We assume 0 <[ < r hereafter.
Theorem 2.11(1) means

(3.8) Zio.a(er,e0,@0,7=0,E=0) = Z(e1,e2,@; A, 7= 0)

for 0 <d <r. This was conjectured in [8, (1.37)]. Combined with (3.5), we see
that coefficients of Z15% (1,9, a@; A, 7 = 0) in A" are determined recursively if the
above holds two different values of d, as explained in [18, Section 5.2]. The equa-
tion (3.8), with the left-hand side replaced by (3.6), is called the blow-up equation.
It gives a strong constraint on the partition function Z(e1,e9,a; A, 7=0).

As an application, in [8, Proposition 1.38] we proved the following under [8,
1.37)]:

3.9)  ZI™Yey, =261, A, T=0) = Z"%(2e1, —e1,a@; A, 7=0) ifl#r,

3.10) e1exlog Zy(e1,€9,a; A, 7=0) 1is regular at e =3 =0.

(
(
(
(More precisely, only the proof of (3.9) was given in [8, (1.37)]. The proof
of (3.10) was omitted since it is the same as [8, Theorem 4.4].)

REMARK 3.11

Although it was not stated explicitly in [20], the second assertion holds even if
I =r. On the other hand, the first one follows from (3.8) for d and r +1 —d,
which must be different. Therefore [ # r is required.

Let us apply the same argument to Proposition 2.13. We expand Z}“St as before:
(3.12) Zi™ (e 0,0 A7) =Y [[ 7 2 (e1.22.d: A)
. p#0
with 7= (...,n_1,n1,...). Thus
ZP5(e1, 69, \) = ;, (i)ﬁZ;nSt(€1,€2,d’;A7F: 0).
Al \oT
By Proposition 2.13, we have

O\~ -
(3.13) <a_£> Zioaler,en, @A 7=0,f=0)=0

if 7 is nonzero and satisfies
(3.14) —anpgdgr—z:pnp.
p<0 p>0

After substituting (3.6) to the left-hand side, we also call this the blow-up equa-
tion.
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For simplicity we assume that 7 is supported on either Z~( or Z.g, that is,
np =0 for any p < 0 or n, =0 for any p > 0. We say that 1 is positive in the first
case and negative in the second case.

We define log Z(e1,e2,d;A,7) as follows. Since the perturbative part is
already the exponential of something, we only need to define log Z™*s*. Then
observe that

2" ey, 60,80, 7) = exp (D

P,

TpePde
(661/2 — 6761/2)(652/2 — 6762/2)

) x (1+O0(A)).

Therefore log Z™t can be defined as the sum of

TpePde
Z (651/2 _ 6751/2)(662/2 _ 6752/2)

p,a

and a formal power series in A.

PROPOSITION 3.15
(1) Suppose that i satisfies the following:

(@) If Doy is odd, —(r +1)/2 <37 _opny (negative case) or 3 - gpn, <
(r—1)/2 (positive case).

(b) If > n, is even, the strict inequality holds.

Then
Zz(e1,—2e1,a; ) = Z7(2e1, —e1,a; A).

(2) If —r <3_,oPnyp (negative case) or - _,pn, <r (positive case),
N\
6162(§,> log Z;(e1,e2,a; A, 7=0)

is reqular at 1 =2 =0.

Proof
Since the proof of (2) is the same as that of (3.10), we only prove (1).
We expand ZI" as

oo
Zlinst(gl’g%&’; AT)= Z ZN(Sl,ez,d',?)A%N.
N=0
Note that

oL ePao
Zo(&l,{:‘g,a,T) =©&Xp [Z Tp (661/2 _ 6—61/2)(662/2 _ 6—62/2):|'
p,a

Therefore the assertion is true for Zy. We prove the assertion by induction on V.
We further expand as

Zn(e1,62,a,7) = Z H TP ZN (€1, €2, @)
. p#0
as in (3.12).
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Fix 7 and N, and consider the coefficient of A2 []7,* in (3.5). Setting
€9 = —g1, we have

(d—1/2)(k,@) ,(N1—Na)(d—(r+1)/2)e1
0— > (—1)Em20E c

(F.F)/24+ N1+ No=N Macala(er, —e1,)

M1 +1e="

(3.16) X exp(% Zkiaa)

X Zny i, (€1, —2e1,d + €1E)ZN2,ﬁ2 (261, —€1,d@ — e1k)

if 7 # 0 by the blow-up equation (see (3.13), (3.5)). Here the summation is over
k, i1, 2, N1, N2, and we write fig = (...,n2 _1,72,1,...). We assume
—anp <d<r-— anp.
p<0 p>0
We suppose that the same equality holds for r +1 —d. So we assume
l+2pnp§d§r+l+2pnp.
p>0 p<O0
By our assumption, there exists d satisfying both inequalities; for example, we
take d =1 — Zp>opnp in the positive case, r +1+ Zp<0pnp in the negative case.
Moreover, we may assume d # (r +1)/2 if ) n, is even.
Substituting r + ! — d into d in (3.16) and replacing k by —k, (N1, N2) by
(N3, Ny) and (7i1,72) by (fia,71), we get

0= > (~1)=me o

(F,E) /24 N1+No=N [oeala® (1, —€1,d)

M1 +1e="1

e(d—=1/2=7)(E,d) o (N1—N2)(d—(r+1)/2)e1

l - -
X exp<§ Zkiaa)ZNhﬁl (251, *51,6_7:4» €1I€)ZN27732 (61, 7261,(_1'7 61k).

Note that
eT(Eﬁ:)/Q e*T(E,EL’)/2

H&eAlé(é‘l,—El,a) H&GAlgk(El,—El,(j)
by [20, Lemma 4.1, (4.2)]. Note also that ) nip, =) n, — > na, and hence
we can replace (—1)="t» by (—1)2"2» in the above formula. Then the only
difference between the above two equations is variables for Zy, 5, and Zn, 7,.
By the induction hypothesis, those are also equal if N7, Ny < N. Therefore we
have

O = Z (71)277'2’1’ (BN(di(T+l)/2)€1ZN)ﬁl (61,726175)20’732 (2617761,6)

i1 +1o="n
+ 67N(d7(r+l)/2)€1 ZO,ﬁl (61, 7261, d)ZN7ﬁ2 (2{:‘17 —&1, d)
— N0 D 7 o (261, —e1,@) Zo i, (1, — 261, @)

(317) — e_N(d_(T—H)/Q)El ZO,Fil (251, —El,ﬁ)ZN7ﬁ2 (61, —251, 51:))7
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= Z (_1)Zn2.p [eN(d_(TJrl)m)ElZOﬁz (2517 —€1, 6)

i1 +7e="n
X {ZN,'V_il (€17 _2517 a:) - ZN77_':1 (261’ _8175)}
n e—N(d*(’/‘Jrl)/Q)ElZOﬁl (e1,—2¢1,qd)

X {Zn,7, (261, —€1,@) — Zn 7,(c1, —21,@)}],
if 7 #£0.
We now prove the assertion by induction on 7. The case 7 =0 is treated
already in (3.9).
Now we assume that the assertion holds for smaller 77. Note that the assump-
tion on 7 implies that on smaller ones. Then the only remaining terms in (3.17)
are either 77; =0 or 773 = 0. Therefore we have

0= (NUE=(r+/2e1 _ (L1)Emp = N(a=(r+)/2)e1)

X {ZNﬁ(El, —261,(_1:) — ZN,?L(2517 —51,&')}.

Hence we have the assertion for Zy 7. Note that we take d # (r + 1)/2 when
> n, is even, so the above is a nontrivial equality. O

REMARK 3.18

We need the vanishing (3.16) for the case when ) n, is odd, but it is enough to
suppose that the right-hand side of (3.16) is the same for d and r + [ — d when
> n, is even. In particular, if we use (3.8) instead of (3.13), the above argument
works even for 7 = 0. This is nothing but the proof of (3.9) in [8].

3.3. Contact term equations
We expand as

e1exlog Zy(e1,€9,a; A, T)

e +¢3
3
where we consider only (8/07)"|z—o applied to this function, with 7 in the range

in Proposition 3.15(2) so that singular terms do not appear.

By (3.9), H(a;A,7=0) comes only from the perturbative part. Thus we
have H(a@;A,7=0) = —m/—1(@, p), where p is the half-sum of the positive roots.
More generally, by Proposition 3.15(1) we have

= Fo((f;A,F) + (61 +52)H(6;A,7?) + 616214(6;/\,7?) +

B(d7A77?)+7

oN? L, L
(6_F> H(@A,7=0)=0
if 77 satisfies the condition there.

We introduce a new coordinate system for @ by a‘* =a; +as +---+a; (i =
1,...,7—1) as in [19, Section 1]. We also define k? for k in the same way.

Let

1 O?Fy(a; A, 7=0)

Cory/—1  0aidal

(3.19) Tijg =
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—

Let O (&|7) be the Riemann theta function defined by
s ird ifpi L
Op&|T)= ﬁz 1exp<7r\/—lzj:7'ijk K —|—27T\/—1Zk‘ <§ + 5))
kezr— 2, i

We substitute (3.6) into the left-hand side of (3.8) and take the limit of
€1,e9 — 0. Using H(a; A, 7=0) = —mv/—1(d, p), we obtain

exp(B — A) ZeXp[——(d_ 7"—|—l)2( 2 F, ]

2 Olog A)?

<6 1 l(d r+l) 0*Fy ’
P\ ony12r 2 ) 9loghda |
for 0 < d <r asin [20, Section 4]. Here Fy, A, B are evaluated at (a;A,7=0).
In particular, the right-hand side is independent of d. Dividing by the expres-
sion for d=(r+1)/2 (if r+1 is even) or d=(r+1—1)/2 (if r +1 is odd), we
have

Op(=1/(4rV=1r)(d — (r +1)/2)(9*Fp)/(9log Add) | 7)

05(0/7)
- eXp[s% (d_ T;LZ)Q (3?53)2}’

(3.20)
Op(—1/(dry/=TIr)(d — (r +1)/2)(82Fy)/(0log AD@) | T)

Op(1/(87V/—1r)(02F,)/(dlog Ada) | T)

[1 {(d r+l)2 1} 0’ Fy }
= eX _— _— S
Plgr 2 1) (@logA)2
according to whether r 41 is even or odd. This equation is called the contact term
equation. This equation determines Fy(@; A, 7 = 0) recursively in the expansion

with respect to A, starting from the perturbation part.
Here we recall again that our full partition function, and hence 7;; and

Ox(£]r), and so on do not have the rigorous meaning (see Remark 3.7). The
rigorous form of the contact term equation is given by rewriting it as an equa-
tion for the instanton part. This was given in [19, (7.5)] for the homological
version of Nekrasov partition function, but we do not give it here since it is not
enlightening.

Similarly to the limit of (3.13), we obtain

0= 1(d—7"”) 0 <8>ﬁF0(d;A,F:O)

o 2 /dlogA\o7
1 0logOg
391 _ ‘ ‘
(3:21) 277\/—121,: & |E=—1/(4mv=Tr)(d—(r+1) /2)(82 Fo /0 log AD&)
0 7O\
(LN Fy(a A 7=
% gui (92) Fo(@A.7=0)

when 7 is nonzero, either positive or negative, and satisfies (3.14) and (3.15)(1.a),
(1.b). We call this the contact term equation for (8/07)"Fy. This derivation of
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the contact term equation from the blow-up equation can be done in the same
way as in [18, Section 5.3].

Since dlogO©p/0¢" is divisible by A, this equation determines (9/07)" Fy
recursively in the expansion with respect to A starting from the constant term

(%) Fo(@;A=0,7=0 —( ) erepa”

(3.22)

)2 oa et a=0 ifny =1and ng =0 for ¢ #p,
0 otherwise.

In particular, we have
7
(%) Fo(@ A, 7=0)=0

unless n, =1 and ny, =0 for ¢ #p. The remaining 9F,/d7, is determined in
Section 3.4.
Since higher derivatives vanish, we have
(e51/2 — e=51/2) (e — e=22/2)) %0 ™ (0)0F) Zy(e1, 29,8 A, 7 = 0)
Zl(51752755A7F:0) e1=e2=0

_ (aFO A7=0)".

8Tp

By (3.2), this is equal to
1
ZlinSt(z?l,&Q, 6; A, T= 0)

« /M( | ch (@ (w7 (€)/10]) ") td M(c) exp(ics (V(€)))

Z(A2r67(T+l)(€1+€2)/2)(A(C)7[P2])

(3.23)

)
81=82=0

where o /[0] is the slant product gz, (e @ ¢} (Co)) = (e51/2 —e~51/2)(e%2/2 —¢752/2) 0/
[C?] with the skyscraper sheaf Cy at the origin, which is nothing but the restric-
tion to the origin.

3.4. Seiberg-Witten prepotential
We give a quick review of the Seiberg-Witten prepotential for the theory with
5-dimensional Chern-Simons term in this subsection (see [8, Appendix A] for
more detail). (We change the notation slightly: m in [8] is our | and a; is our
aq. B is set to be 1.)

We consider a family of hyperelliptic curves parameterized by U= (Uy,...,
Urfl)Z

Cp,:Y?=P(X)? —4(—X) 1A%
PX)=X"+Ui X" '+ U X" 2+ 4+ U1 X + (—1)
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for —r <l <r,l €Z. Note that we set 8 =1 from [8] for brevity. We call them

Seiberg- Witten curves. We define the Seiberg- Witten differential by
1 2XP'(X)—(r+1)P(X)
ds = log X
o1 ° IXY

We choose z, (a=1,...,r) so that X, = e~V =%« are zeros of P(X)=0.
Then we take the cycles A,, By (0 =2,...,r) in a way explained in [8].
We define a,, a2 by

aa:/ ds, aﬁ:/ ds.
A By

o

dX.

We then invert the role of a, and U,, so we consider a, as variables and U, as
functions in a,. Here we use a, = —v/—1z, + O(A) [8, (A.1)].

Then one can show that there exists a locally defined function Fo = Fy(a; A)
such that
b___1_0R
“ T 2my/—10as
This defines Fy up to a function (in A) independent of @. This ambiguity is fixed
by specifying 0F/dlog A and the perturbation part of Fy (see [8] for details).

It was proved in [8, (A.27), (A.33)] that Fy satisfies the contact term equa-
tions (3.20), where the period matrix (7) is defined by the same formula as (3.19)
by replacing Fy by Fo. Moreover, it was also proved that Fy has the same per-
turbation part as Fy [8, Proposition A.6]. Therefore the recursive structure of
(3.20) implies that Fo = Fp; that is, the leading part of the Nekrasov partition
function is equal to the Seiberg-Witten prepotential.

In [8, (A.25)], it was proved that

i ou, n 1 ZalogGE‘ ou,
2r dlog A~ 2my/—1 - Ot |§=—1/(4n/=TIr)(82F,)/(dlog ADT) Oa’

a

(3.24) 0=

under the assumption that r + 1 is even. This is the same as (3.21) with d —
(r+1)/2==+1. When r +1 is odd, we assume that U, satisfies (3.21) with
d=(r+141)/2 for a moment and gives a proof later.

The initial condition for U, is

Up=(—1)Pep(X1,...,X;) = (—1)Pep(e,...,e%) at A=0,

where e, is the pth elementary symmetric polynomial. Noticing that (3.21)
holds for polynomials in 0Fy/0t,, we see that (—1)?U, and 0Fy/0T, are related
in exactly the same way as an elementary symmetric polynomial and a power
sum by (3.22).

THEOREM 3.25
An equation
oFy _ . .
a—:(a;A,T:O):Xer'quXff
P

holds for —(r+1)/2<p<(r-1)/2.
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Note that all U,’s are written by polynomials in g—fg(d; A,7=0) in the above
range, as Xj--- X, = 1. Thanks to (3.23), the polynomials can be replaced by

those in Adams operators. We thus have

= 2r ,— 2
U, = A2r o= (rtD)(e1+e2)/2Y(A(e),[P7])
P qut(&_],fz,a A 7-_0) Z( € )

61:4’:‘2:0

x /M(C) en(N\"(€/10))) ta M(e)exp(ier (V(€)))

for 0<p<(r—1)/2. For (r —1)/2 <p <r, the equation holds if we replace
AP(€/[0]) by A""P(E/]0])V. This equation gives a moduli-theoretic description
of the coefficients U, in the Seiberg-Witten curves.

It remains to show that U, satisfies (3.21) with d= (r+ [+ 1)/2 in the case
when 7 4 [ is odd. Let us give a sketch of the argument. We use the notation
in [8]; for example, E(X1,X2) is the prime form, we, —o_ is the meromorphic
differential with the vanishing A-periods having poles 0_ and ooy of residue —1,
+1, respectively, and so on.

By [8 Corollary 2.11], we have

1/2 f +00+ E(077OO+)
0%((1/2) °°+av> E(X,0_)E(X,004)

0logOg
. A (X).
2my/—1 Z ¢ ’€:<1/2>fo°i+ 5" <0

zww+_07(X)+2 X

By [4, (A.18)], we have

(P(X) — 1 Zl U, X r-ldx
B

2X Y log A Y

:woo+,()7 (X)

Therefore it is enough to show

—»

(P(X)—Y)dX _ OH((1/2) 77 &) E(0_.004)
2XY S 0%((1/2) [;7T W) E(X,0)E(X,004)

(3.26)

As in [8, Section A.7] we take the branched double cover p: éﬁl — Cp,
given by W X = W?2. It is given by

Y2 — P(W2)2 o 4(7Wz)T+lA2T
= (P(W?) = 2(vV=1W)"TA") (P(W?) + 2(vV/—1W)"T'A").
We consider the Szegd kernel for 6177[ given by

(3.27)

Ws _.)

@A( @
U (Wi, W) = 2 :
QE‘(O)E(WDW2)




298 Hiraku Nakajima and Kota Yoshioka

where © 5 is the Riemann theta function for the curve 60 ;- Asin [8, Section A.6,
first two displays] we have

U5(W,004)% = _%}sz)dwdwiz) ‘szoo+'

From the defining equation (3.27) of the double cover, this has zero of order
2(r+1) at 04 and of order 2(r —[ — 1) at co_. Therefore

divOg(W —ooy) = (r+1)- 04 + (r—1—1)- 00

(see [8, pp. 16, 17] for basic properties of E(W1,Ws)).
If we identify the half-integer characteristic F with a vector in C2"~! so that
O5() =0({ — E), we have
(3.28) E=(+1)-044(r—1—1)-00_ —ooy — A,
where A is the Riemann divisor class (4, Theorem 1.1]).
By [8, Lemma A.32], we have

(3.29) E=p*E—0,c,,0],

where p*: Jo(C ;) — Jo(Cg ).
On the other hand, we have
~ 1 [+
(3.30) A—p*A207+oo,+p*(§/0 u")) + [0, ¢4, 0]
by [4, Proposition 5.3].
From (3.28)—(3.30) we get

-1 -1 1 [+
E:%-O++T4~oo,—0,——/ G—A,
0_

where we have used 04 — oco_ =004 — 0_. Therefore ©g((1/2) 02_X+OO+ &) has

zero of order (r+1—1)/2 at 04 and of order (r —1 —1)/2 at co_, again by [4,
Theorem 1.1].

On the other hand, the left-hand side of (3.26) has zero of order r +1—1 at
04 and of order r —[ —1 at co_. Both sides of (3.26) have poles at 0_, co; with
residues —1, 1, respectively (see [4, Corollary 2.11]). Therefore we have (3.26).

Although it is not necessary, let us also sketch how to prove (3.21) for more
general d.

We first assume that r +1 is even and generalize (3.24) as

_ d 09U, N 1
(3.31) ~ 2rdlogA  27y/—1
. y Z dlogOg ‘ ou,
- Ot |E=—(d/(4m/=1r))(82F,)/(dlog ABE) Da’

for |d| < (r—1)/2. This equation is nothing but (3.21) with d — (r +1)/2 replaced
by d. In terms of the d in (3.21), the condition is [ < d <r. This is exactly the
one under which we have proved (3.21) for all p from the vanishing theorem.
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To show (3.31) we use [8, Section A.6.2, first displayed formula], which is
[4, Corollary 2.19 (43)]. We replace d with d 4+ 1 and take zg = X, yo = X',
r1=-=x4=0_,y1 = =yqg=004+. We then get

d +X"
O5( doofjrx &)

Or(0)E(X,X’)

E(X,0_)E(co;, X')
) (E(X,oo+)E(0:X/)) ( (0, 004) \/CTXl|X1—O

—d?
X2 ngoo)

Up(0_, X)We(X,00y)1—(X/X")d
Up0 00r) 1= (X/X)
This is proved exactly as in [8, Section A.6.2], so the detail is omitted. We

multiply both sides F(X, X"), differentiate with respect to X’, and set X' = X.
We get

=Ug(X,X) -

Z 81(;ia@E ( /0C>o+ ﬁ)wa(X) +d X Woo, —0_(X)

\I/E(X,O_)\IJE(X,OO+)

\I/E(0,7OO+)
as in [15, IITb Section 3, p. 226]. When d = 1, this is nothing but [8, (A.24)].
From the argument in [8, Section A.6.1], we get (3.31).

We next consider the case when r + [ is odd. We take the branched double
cover p: C~ — C~ , given by Wi— X = W? as before. Then r, [ become 2r, 2!

for CU I and hence we have (3.32) for éﬁ ,» with d replaced by 2d:

32585 50 [ )z,

(3.32)
=d

P I8
8log® /°°+ -
S EBTE (g [ Ve (w)
ST
8log@ N~ ~
Tgl< a/ w)w*(W)vLdewow_of(W)
Y U 5(W,0_) ¥ 5(W,00,)

b

U 7(0_,004)

where we take cycles A,, B, As, B, AL, Bl as in [8, Section A.7] and the
corresponding coordinates &q, &«, &, on Jo(Cp ;). This holds if |d| < (r —1)/2 as
above. The right-hand side is

2d(P(W2) —Y)dW d *<(P(X) — Y)dX)
2WY B 2XY
as [8, Section A.6.1, second displayed equation]. We also have
~ 1 *
w00+707 (W) = _p w00+707 (X)

2



300 Hiraku Nakajima and Kota Yoshioka

by definition.
On the other hand, we rewrite the theta function © 5z by ©p by using [8,
(A.29) and the second displayed formula in p. 1105]. We then get

3 2om0n (v g) [ a) + 22208 (a-3) [ ) bt

i ()P0 10X
From this we get
d ou,
T2 Olog A
n 1 Z 1 (('ﬂog G)E ’
2my/=1 422\ 0&"  Ie=—(d+1/2)/(4ny/=Tr) (9> F) /(D log ADA)

OlogOf ’ ) oU,

O&t  |E=—(d—1/2)/(4m/=Tr)(82F,)/(dlog ADE)/ Oa’

as in [8, Section A.6.1]. This is nothing but the sum of (3.21) for d replaced by

d+ (r+1+1)/2 and d+ (r+1—1)/2. Since we have already proved (3.21) for
(r+1-1)/2, we have (3.21) for I < d <r.

4. Quiver description

In this section we review the result of [22], rephrase that of [21] in the quiver
description, and add a few things on Ext-groups.

4.1. Moduli spaces of m-stable sheaves
We take vector spaces Vp, Vi, W with

-~ 1
r=dimW,  (c,[C]) =dimVy—dimV;, (chy, [P?]) = —Q(dimVo—i—dimVl).
We consider following datum X = (B, Ba,d, ,7):
. By, By € Hom(V1,Vp), d € Hom(Vp, V1), i € Hom(W, Vg), j € Hom(Vq, W),

B1,B>

N

. M(Bl,BQ,d,i,j) = Bld.82 - BQdBl + Z] =0.

Vo

i

Let @ := = 1(0) be the subscheme of the vector space Hom(Vy,Vy)®2 @
Hom(Vp, V1) & Hom(W, V) @ Hom(V;, W) defined by the equation u=0. It is
acted on by G := GL(Vp) x GL(V1):

g- (BI7BQad7i7j> = (gOBlgfl7gOBngl7gldg(;l7goi7jg;1)'
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Let ¢ = (¢o,¢1) € Q%

DEFINITION 4.1
We say that X = (B, Ba,d,1,7) is (-semistable if

(1) for subspaces Sy C Vi, S1 C Vi such that B, (S1) CSo (=1,2), d(Sp) C
S1, Kerj D S, we have (ydim Sy + ¢; dim .Sy < 0;

(2) for subspaces Ty C Vi, Th C Vi such that B, (T1) C Tp (o= 1,2), d(Tp) C
Ty, Imi C Ty, we have (ycodim Ty + (3 codim Ty > 0.

We say that X is ¢-stable if the inequalities are strict unless (Sp,.51) = (0,0) and
(To, T1) = (Vo, V1), respectively.

We say that X7, Xo are S-equivalent when the closures of orbits intersect in
the (-semistable locus of Q.

By a standard argument, we can see that these come from quotients of @) by G in
the geometric invariant theory. We explain only the result (see [10] for details).

Let x: G — C* be the character given by x(g) = det go_<° det gl_<1, where we
assume ((p, (1) € Z? by multiplying by a positive integer if necessary. We have a
lift of G-action on the trivial line bundle @ x C given by

(BlvB2adai7ja Z) = (g : (BlaB%d’iaj)vX(g)z)'

Let L denote the corresponding G-equivariant line bundle. Then we can consider
the GIT quotient

]/W\C = PI'Oj (@ A(Q)X’n) B
n>0
where A(Q)X"™ is the relative invariants in the coordinate ring A(Q) of Q: {f €
AQ) | flg-X)=x(g9)"f(X)}, which is the space of invariant sections of L?".

o~

Then M, is the quotient of the (-semistable locus modulo the S-equivalence
relation. It contains ]/\/[\E of the quotient of the (-stable locus modulo the action
of G.

We have a natural projective morphism 7: ]\//.TC — u~1(0)//G, where
1~1(0)//G is the affine GIT quotient of z~1(0) by G, that is, My. By [22, Sec-
tion 1.3], ©=1(0)//G is isomorphic to My, the Uhlenbeck partial compactification
on P2

Now the main result of [22] says the following.

THEOREM 4.2
Let m € Z>o. Suppose that (o <0, 0>my+ (m+1)(1 > —1. Then we have
M¢ = Mg, and it is bijective to the set of isomorphism classes of m-stable framed

sheaves on P2,

We use this result as the definition of the moduli scheme of m-stable framed
sheaves in this paper. Therefore M, is denoted by M™ (or M™(c) when we
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want to write the Chern character of sheaves) hereafter. It was proved in [22,
Lemma 2.4] that

(a) du is surjective and
(b) the action of G is free on the (-stable locus.

Therefore M\C is a smooth fine moduli scheme.
The construction is given as follows. We consider the complex

CPeVheo
Vo® O(C —4s) &) Vo®Oloo)
(4.3) ® L Cevieo —2 ®
V1@ O(—Lw) &) V1@ 0(—C+ )
W®O
with
z ZoB1
w z20B .
a=0 =z —OzofiBl g z9 —z1 Bszyg —Bizg iz
0 2 — 20dBs dw —dz w —z 0
0 20

The equation p(Bi1, Ba,d,i,j) = B1dBy — BodBy +ij = 0 is equivalent to Sa = 0.
The stability condition ensures the injectivity of a and the surjectivity of 3. Then
the sheaf corresponding to (B1, Bs,d,,j) is defined by E = Ker 3/Im . By the
definition, it is endowed with the framing F|,. — W ® Op__ . The (-stability is
identified with the m-stability.

The inverse construction is given by

Vo= H'(B(~ls)),  Vi=H'(E(C ~tx)),

and By, Bs, d, i, 7 are homomorphisms between cohomology groups induced
from certain natural sections.

From this construction, Vy, Vi naturally define vector bundles over Mm
which are denoted by Vo, V1, respectively. The above «, 3 in (4.3) are interpreted
as homomorphisms between vector bundles, and the universal family &£ is given
by Ker5/Ima.

When we prove that the (-stability corresponds to the m-stability in Defin-
ition 1.1, it is crucial to observe that the sheaf O (—m — 1) corresponds to the
data Vo =C™, V; =C™t!, W =0, d=0, and

B1 = |:1m 0] 5 BQ = [0 1m] )

where 1,, is the identity matrix of size m. We denote these data by C,, as above.
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4.2. Tangent complex
From the construction, the tangent space is the middle cohomology group of the
complex

Hom(Vp, Vi)
S5
I{OIH(‘/()7 %) (C2 (%9 HOIH(Vl, Vo)
(4.4) o @ —t ® —% . Hom(V4, Vo)
HOIII(‘/l7 ‘/1) HOIIl(VV7 Vo)
S>)
Hom(Vy, W)
with
déo — &id d N B N
(| BG-GB Bi|  BidBy+ BidBy + BidB,
L {5(1)] = | B2&1 — o B2 |, (dp) By | = —BydB1 — BdB) — BadBy
Sot i +ij +ij,
—j& J

where dp is the differential of p and ¢ is the differential of the group action.
We remark that du is surjective and ¢ is injective by the above remark if X is
(-stable.

4.3. A modified quiver

We fix the vector space W with dimW =1r # 0. We define a new quiver with
three vertexes 0, 1, co. We write two arrows from 1 to zero corresponding to
the data By, Bs, and one arrow from zero to 1 corresponding to the data d.
Instead of writing one arrow from oo to zero, we write r-arrows. Similarly we
write r-arrows from 1 to co. And instead of putting W at oo, we replace it with
the one-dimensional space C on co. We denote it by V. It means that instead
of considering the homomorphism i from W to Vj, we take r-homomorphisms
1,02, ..,%, from Vi, to Vj by taking a base of W (see Figure 2).

We consider the full subcategory of the abelian category of representations of
the new quiver with the relation, consisting of representations such that dim V,, =
0 or 1. An object can be considered as a representation of the original quiver
with dimW =0 or dimW = r, according to dimV,, =0 or 1. Note that we do
not allow a representation of the original quiver with dim W # r, 0.

=

Figure 2. Modified quiver
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It is also suitable to modify the stability condition for representations for the
new quiver. Let ({y,(1,(o0) € Q3. For a representation X of the modified quiver,
let us denote the underlying vector spaces by X, X1, Xoo. We define the rank,
degree, and slope by

rank X :=dim Xy + dim X7 + dim X,

(4.5) ¢ -dim X := (pdim Xy + {3 dim Xy + (o, dim X,
_ ¢-dimX
6(X) = rank X ’

where 6(X) is defined only when X # 0. We consider only the case dim X, =0
or 1 as before. We say that X is 0-semistable if we have

0(5) < 0(X)

for any subrepresentation 0 # .S of X. We say that X is 6-stable if the inequal-
ity is strict unless S = X. If 6(X) =0, 6-(semi)stability is equivalent to (-
(semi)stability. In fact, if a subrepresentation S has So, =0, then 6(S) <0 is
equivalent to (ypdim .Sy + (1 dim.S; < 0. If a subrepresentation T has T, = C,
then 6(T') <0 is equivalent to (o codim Ty + ¢; codim Ty > 0.

The 6-stability is unchanged even if we add ¢(1,1,1) (c € R) to (¢o,¢1,Co0)-
Therefore once we fix dim Xy, dim X7, dim X, we can always achieve the con-
dition 6(X) =0 without the changing stable objects.

4.4. Wall-crossing
Let us fix a wall {¢ |m(p + (m+1)¢1 =0,{p < 0} and a parameter ¢° = (¢J,¢Y)
from the wall. We take ¢, ¢~ sufficiently close to ¢° with

1> m¢f + (m+1)¢ >0, —l<mly, +(m+1)¢ <0

(see Figure 3). Then ¢~ is nothing but the parameter ¢, which appeared in
Theorem 4.2 corresponding to the m-stability. On the other hand, we also know
that T corresponds to the (m +1)-stability by the determination of the chamber
structure in [22, Section 2].

G
Go+aG=0

mly+ (m+1) =0

+ -
¢ .
CO
S

Figure 3. Wall-crossing
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Let us define the scheme M™™+1 as the GIT quotient M\CO with respect to
the (%-semistability.

From [22] it follows that Mm™m+1 s the S-equivalence classes of (m,m+1)-
semistable sheaves set-theoretically, where we have the following.

DEFINITION 4.6
(a) A framed sheaf (E,®) on P? is called (m,m + 1)-semistable if
(1) Hom(E,O¢(—m —2)) =0,
(2) Hom(O¢(—m), E) =0, and
(3) E is torsion free outside C.

(b) A framed sheaf (E,®) on P2 is called (m,m + 1)-stable if it is either
Oc(—m—1) (with the trivial framing) or both m-stable and (m + 1)-stable; that
is, we have Hom(F, Oc(—m)) =0 and Hom(O¢(—m), E) =0 instead of (1), (2).

(c) A (m,m + 1)-semistable framed sheaf (E,®) has a filtration (0= E° C
El''C...Cc EN = E) such that F'/E*~! is (m,m + 1)-stable with the induced
framing from ®. We say that (m,m + 1)-semistable framed sheaves (E, ®) and
(E',®') are S-equivalent if there exists an isomorphism from @, E'/E‘~! to
@, E7/E7~" respecting the framing in the (m,m + 1)-stable factors.

The main result [22, Theorem 1.5] was stated for m-stable framed sheaves, but
it can be generalized to the case of (m,m + 1)-stable framed sheaves. It follows
from [22, Propositions 4.1, 4.2] that X is (’-semistable if and only if it satisfies
condition (S2) in [22, Theorem 1.1] and the condition corresponding to (a.1, 2)
above. Then the remaining arguments are the same.

Since ¢*-stability implies ¢°-semistability, we have natural morphisms &,
M™ M\m’m'H, &t Mm+1 5 pmm+1 Thus M\m, M\“H'l, and M™™+1 form
the diagram (x).

This definition of M™™+1 is different from those given in [21] for ordinary
moduli spaces without framing, but they are the same at least set-theoretically
thanks to the construction in [22, Sections 3.6, 3.7]. It is also possible to show
directly that &,,, & have structures of stratified Grassmann bundles described
there.

From the definition it is clear that &,,, & are compatible with projective
morphisms M™ — Mo, M™™+1 — My, M™ 1 — My (all denoted by 7 before).

The change of the moduli spaces under the wall-crossing is described as
follows.

PROPOSITION 4.7 ([21, PROPOSITION 3.15])
(1) If (E~,®) is m-stable, we have an exact sequence

0—-V®lC,—-E —E —0
with V- =Hom(Ch,, E~) such that

(a) E' is (m,m+ 1)-stable, and
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(b) the induced homomorphism V — Ext*(E’,C,,) is injective.

Conversely, if (E',®) is (m,m + 1)-stable and a subspace V C Ext'(E',C,,) is
given, (E~,®), defined by the above exact sequence, is m-stable.
(2) If (E*,®) is (m + 1)-stable, we have an exact sequence

0—E -ET->U"®C,,—0
with U =Hom(E™,C,,) such that

(a) E’ is (m,m + 1)-stable, and
(b) the induced homomorphism UY — Ext*(C,,, E') is injective.

Conversely, if (E',®) is (m,m + 1)-stable and a subspace UY C Ext'(C,,, E') is
given, (ET,®), defined by the above exact sequence, is (m + 1)-stable.

4.5. Computation of Ext-groups
In this subsection, we continue to fix a wall m¢y + (m + 1)1 =0, (o < 0.

Take X = (B, Ba,d,i,j) defined on Vy, Vi, W such that pu(By, Ba,d,i,5) =0.
We consider the complex

Hom(Vy, C™H1)

Hom(V,,C™) ®
(4.8) & —7— C?®Hom(V;,C™) —— Hom(V;,C™)
Hom(V;,CmH1) &
Hom (W, C™)
with
&id
o FO] _ |&Bi—[lm 0]&
&1 &oB:— [0 1,]&)
§ot
d
By ~ P -
Tl= | =[lm 0]dBy—[0 1,]dBi+ij+ BidBy; — BodBy.

Bo
i
This complex is constructed as follows. We take the dual of (4.3) and replace the

part C2@ Vg @0 L2 v @ 0(—C 4 £.0) by Vg ©O(C — £a0). We then take the
tensor product with C,, and apply H*(P?,e). Therefore when X corresponds to
a framed sheaf (E,®), the cohomology groups of the complex are Ext®*(E,C,,).

LEMMA 4.9
Suppose that X corresponds to a framed sheaf (E,®).

(1) We have Hom(E,C,,) = Kero, Ext'(E,C,) = Kerr/Imo, and
Ext?(E, C,) = Coker 7.

(2) Suppose further that X is (m,m + 1)-semistable. Then T is surjective.
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Proof

(1) These are already explained.

(2) By the Serre duality, we have Ext?(E,C,,) = Hom(C,, 1, E)". But the
right-hand side vanishes if E is (m,m + 1)-semistable. O

If X is (" -stable (i.e., (E,®) is m-stable), we also have Ker o = 0. But this does
not hold in general if X is only (m,m + 1)-semistable.
Next we consider the complex

Hom(C™, 1)

Hom((Cm, Vo) (&)
(4.10) ® —72— C?®Hom(C™*, V) —— Hom(C™+! ;)
Hom((Cm‘H, Vl) (&)
Hom(C™*1, W)
with
d&o
o FO} _ [ Bi&r —&o[lm 0]
&1 Ba&y — &[0 L] |’
Jjé1
d
B - . ~ - -
T é = Bld[lm O] - BQd[O 1m] 415 4+ B1dBy — BodB;y.
2
J
LEMMA 4.11

Suppose that X corresponds to a framed sheaf (E,®).

(1) We have Hom(C,,,E) = Kero, Ext'(C,,,E) = Kerr/Imo, and
Ext?(C,,, E) = Coker .

(2) Suppose further that X is (m,m + 1)-semistable. Then T is surjective.

Proof
The proof of (1) is the same as in Lemma 4.9, so it is omitted.

For (2) we have Ext?(C,,, E) = Hom(E, Cy,41)" by the Serre duality. But
the right-hand side vanishes if E is (m, m + 1)-semistable. O

If X is (*"-stable (i.e., (F,®) is (m+ 1)-stable), we also have Kero = 0. But this
does not hold in general if X is only (m,m + 1)-semistable.

COROLLARY 4.12

Let Q*(¢%) be the open subscheme of Q consisting of (°-semistable, that is,
(m,m+1)-semistable objects. The differential dp is surjective on Q*(¢°). Hence
Q*(¢°) is smooth.
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Proof
Since the surjectivity of du is an open condition, it is enough to check the asser-
tion when X is a direct sum of (-stable objects. As explained in Definition 4.6,
we have X = X0 ® C2P, where XV is (%-stable with X, # 0 and p > 0. Then
the tangent complex (4.4) decomposes into four parts: the tangent complex for
X0 the sum of p-copies of the complex (4.8) for X, the sum of p-copies of the
complex (4.10) for X°, and the sum of p?-copies of the tangent complex for Cy,.
The differential of du for X° is surjective since X° is (%-stable by [22,
Lemma 2.4]. The surjectivity of 7 for (4.8) and (4.10) was proved in Lemmas 4.9
and 4.11, respectively. The surjectivity of du for C,, follows from either [22,
Lemma 2.4], Lemma 4.9, or Lemma 4.11 since C,, is (—1/m,1/(m + 1))-stable
by [22, Section 2.2]. O

5. Enhanced master spaces

A naive idea to show the weak wall-crossing formula (i.e., Theorem 1.5) is to
compare the intersection products on M ™(c) and M™+1(¢) through the dia-
gram (x). Such an idea works when ]Tim(c)7 M\m+1(c) are replaced by moduli
spaces of stable rank 2 torsion-free sheaves over a surface with p, = 0 with respect
to two polarizations separated by a wall which is good (see [3]; see also [7]).

However, the idea does not work since the morphisms &,,, & are much
more complicated in our current situation, basically because dimensions of vector
spaces V', U in Proposition 4.7 can be arbitrary. We use a refinement of the idea,
due to Mochizuki [14], which was used to study the wall-crossing formula for
moduli spaces of higher ranks stable sheaves. It consists of two parts.

(Ma) Consider a pair of a sheaf and a full flag in the sheaf cohomology
group.

(Mb) Use the fixed point formula for the C*-equivariant cohomology on
Thaddeus’s master space.

In this section we describe the part (Ma). The results are straightforward
modifications of those in [14, Section 4], possibly except one in Section 5.4.

We remark that Yamada [29] also used moduli spaces of pairs of a sheaf and
a full flag in the sheaf cohomology group to study wall crossing of moduli spaces
of higher-rank sheaves.

We continue to fix m and choose parameters (°, ¢(* as in Section 4. We
fix a dimension vector v = (vg,v1,1) and define ¢% so that the normalization
condition (Jug + (Yv1 + (% =0 is satisfied.

5.1. Framed sheaves with flags in cohomology groups

Let ((E,®),F*) be a pair of a framed sheaf and a full flag F*=(0=F°C F' C
- CFN"Lc FN =Vi(E)) (N =dim Vi (E)). Let ¢ be an integer between zero
and N.
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DEFINITION 5.1

An object ((E,®), F*) is called (m,£)-stable if the following three conditions are
satisfied.

(1) (E,®) is (m,m + 1)-semistable.

(2) For a subsheaf & C E isomorphic to C£? with p € Z~¢, we have V1(&) N
Ff=0.

(3) For a subsheaf & C E such that the quotient F/G is isomorphic to C2?
with p € Z~¢, we have F* ¢ V().

This notion makes a bridge between the m-stability and the (m + 1)-stability
by the following observation: If £ =0 (resp., £ = N), then (m,{)-stability of
((E,®), F*) is equivalent to m-stability (resp., (m + 1)-stability) of (E,®) (see
Proposition 4.7).

PROPOSITION 5.2 ([14, COROLLARY 4.2.5])
We have a smooth fine moduli scheme M™*(c) of (m,{)-stable objects ((E,®),
F*) with ch(E) =c. There is a projective morphism M™*(c) — My(p«(c)).

The proof is given in Section 5.2.

Let € be the universal sheaf over P2 x Mm’e(c), and let q1, g2 be the pro-
jection to the first and second factors of P2 x Mt (c), respectively, as before.
As well as the vector bundle V; = V;(€) := R'qa.(€ ® ¢;O(C — L)), we also
have the universal family 7* = (0=F°c F! c--- c FN-L c FN =) of flags
of vector bundles over M™* (¢).

For £ =0 or N, the preceding remark implies that Mm’o(c), Mm’N(c) are
the full flag bundles Flag(V;, N) associated with vector bundles V; over M ™(c),
J/W\mﬂ(c), respectively. Here N = {1,..., N} and the notation Flag(V;, N) means
that the flag is indexed by the set N. This notation becomes useful when we
consider the fixed points in the enhanced master space.

5.2. Proof of Proposition 5.2
Let us rephrase the (m,£)-stability in the quiver description.

We consider a pair (X, F*) = ((B1, Bs,d,i,5),F*®) of X € p=1(0) and a flag
F*=(0=F'cF'c---c FN-'Cc FN =VW;) of V; with dim(F*/F=1)=0 or 1.
In Definition 5.1 we have assumed that F'® is a full flag, that is, dim(F?/Fi=1) =
1, but we slightly generalize it for notational simplicity.

In terms of a quiver representation, Definition 5.1 is expressed as follows.

DEFINITION 5.3
For 0 < ¢ < N, we say that (X,F®) is (m,?)-stable if the following conditions
are satisfied:

(1) X is ¢"-semistable,
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(2) for a nonzero submodule 0 # S C X with ¢°-dimS/rankS =0 and
S =0, we have F* NS, =0, and

(3) for a proper submodule S C X with ¢°-dim S/rank S =0 and S, = C,
we have F ¢ 5.

The equivalence of (2) and (3) and 5.1(2), (3) is an immediate consequence of
[22, Theorem 2.13, Proposition 5.3].

If £=0 (resp., £=N), then (m,{)-stability is equivalent to the {~-stability
(resp., (T-stability) of X (see Proposition 4.7).

The idea of the proof of Proposition 5.2 is to relate the above condition
to a usual stability condition for a linearization on the product of x~1(0) and
the flag variety with respect to the group action of G. It is the tensor product
of linearizations on p~1(0) and the flag variety. For u~=1(0), we take one as in
Section 4.1. On the flag variety, we take @ (det F/)®(=") for n = (ny,...,ny) €
QY,, where F* is the ith universal bundle (see [14, Section 4.2]). Then we have
a natural projective morphism to p=1(0)//G = My(p.(c)) as before.

The corresponding stability condition is expressed as before, but an extra
term for flags is added to 6 (cf. [16, Chapter 4, Section 4]). For a nonzero graded
submodule S C X, we define

¢-dim S+ Y, n;dim(S N F)

Hen(S) = rank S
We say that (X, F*) is ((,n)-(semi)stable if
1en(S)(S)pen (X)

holds for any nonzero proper submodule 0 # S C X. Here < means < for the
semistable case and < for the stable case. We say that (X, F'*®) is strictly (¢,n)-
semistable if it is (¢, n)-semistable and not (¢, n)-stable.

A standard argument shows the following.

LEMMA 5.4
If (X,F*), (Y,G*) are (¢,n)-stable and have the same p¢ n-value, a nonzero
homomorphism &: X —Y with £&(F) C G* must be an isomorphism.

We take N =dimV; so that F*® is a full flag of V3. Consider the following
conditions when /¢ # 0:

(5.5a) Covo + 11 + (oo =0,

N
(5.5b) ng >rank X Z in; >0 fork=1,...,N—1,
i=k+1
(5.50) ’(g dlms‘Jri _¢°-dimS
e v rank S s iy rank S |’

¢0-dim S#0 ¢0-dim S#0



Perverse coherent sheaves on blowup, Il 311

rank X

¢
(5.5d) O<Zmi om 1

=1

(mCo + (m+1)¢1) <ny,

rank X
mnle;1 n; < mln(z ing = 5 1 (mCo +(m+ l)Cl),

(5.5¢)

kX
ng — Zm’ ;an+1 mCOJr(erl)Cl))’

where S C V' runs over the set of all graded subspaces (not necessarily submod-
ules, as X is not fixed yet) with (°-dim S # 0 in (c). For example, we can take (,
n in the following way. First, note that the right-hand side of (¢) is a fixed con-
stant independent of ¢, n. Therefore it holds if n; and (° — ¢ are sufficiently small.
Next, note that (d) says that (° — ¢, up to a constant multiplication, is between
(Zi:l in;) — n; and 22:1 in;. Therefore we can first take ¢ and nq,...,ns so
that (b) (for k=1,...,£), (d), and (c¢) hold if we set ngy; =---=nxy =0. Then
we take sufficiently small n; (i=/¢+1,...,N) so that (e) holds. We can choose
them very small so that (b) and (c¢) are not violated.

LEMMA 5.6 ([14, PROPOSITION 4.2.4])
Assume (5.5). Then the following hold.

(1) The (m,0)-stability is equivalent to the (¢, n)-stability.
(2) The (¢,n)-semistability automatically implies the (¢, n)-stability.

Lemma 5.4 also implies that (¢,n)-stable objects have the trivial stabilizer.
Therefore we have Proposition 5.2 from this lemma.
From the construction the universal family F* = (0 = F° C F! C
c FN=1 c FN =V) we have the descent of the universal flag over Flag(Vy, N).
Using descents of Vp, Vi (which are denoted by Vg, V1) in the complex (4.3), we
also get the universal family & over P2 x M m( ).

Proof of Lemma 5.6
Suppose that S C X is a nonzero submodule with ¢°-dim.S =0, So, =0. Then
dim S = p(m,m +1,0) for some p € Z~o. Then ¢ n(S) < pi¢n(X) means

méo+(m+ )G Nl nidim(Si0FY) 3L ing
2m+1 p(2m +1) ~ rank X

By (5.5d, e), this holds if and only if S; N F* = 0. Moreover, the equality never
holds.

Next, suppose that S C X is a proper submodule with ¢¥-dim .S =0, S, =
C. Then dim X/S =p(m,m + 1,0) for some p € Z~¢. Then ¢ n(S) < pe n(X)
means

My on 0G| SN (P 0F) 3 in
2m + 1 p(2m +1) ~ rank X °
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By (5.5d, e), this holds if and only if F*/S; N F*#0 for some i = 1,...,/, that
is, F* ¢ S1. Moreover, the equality never holds.

Now let us start the proof. Suppose that (X, F*®) is ({,n)-semistable. Then
by (5.5¢), pen(S) < pen(X) implies ¢V - dim S < 0; that is, X is ¢(%-semistable.
Then the above consideration shows that (X, F*®) is (m,{)-stable and ({,n)-
stable.

Conversely, suppose that (X, F*®) is (m,{)-stable. We want to show that
ten(S) < pien(X) for any nonzero proper submodule S. Thanks to (5.5¢), it is
enough to check this inequality for S with ¢°-dim S = 0. We have either S,, =0
or Soo = C, and the above consideration shows that the inequality holds. O

REMARK 5.7
A closer look of the argument shows that it is enough to assume (5.5¢) for S C V
satisfying either of the following:

(1) CO -dim .S >0 and ﬂ(,n(s) < MC,D(X)a
(2) ¢°-dimS <0 and pen(S) > pen(X).

5.3. Oriented sheaves with flags in cohomology groups
The following variant of objects in Section 5.2 will show up during our analysis
for the enhanced master space.

DEFINITION 5.8

(1) Let (E,F*) be a pair of a sheaf and a full flag F* = (0=F°C F' C---C
FN=1c FN =V4(E)) (N =dimV4(E)). We say that (E,F®) is (m,+)-stable if
the following two conditions are satisfied:

(a) ExCEP for p € Zwo,
(b) for a proper subsheaf & C F isomorphic to CE9 with g € Z~¢, we have
Vi(&)nFl=0.

(2) For (mg,m1) € Z*\ {(0,0)}, an orientation of (E, F*) is an isomorphism
p: det HY(E)®™0 @ det H' (E(C))®™ = C. We set D :=mmq + (m+ 1)m.

(3) An oriented (m,+)-stable object means an (m,+)-stable object (E, F'*)
together with an orientation.

We will choose (mg,m1) later when we define the enhanced master space. At
this stage we only need to have D > 0. Since the orientation is used frequently,
we use the notation L(E):=det H(E(—{x))®™ @ det HY(E(C — £s))®™ for
a sheaf F on P2. (In the above case, E is supported on C' and the twisting by
O(—{oo) is unnecessary.) If £ is a universal family for some moduli stack, we
denote the corresponding line bundle by £(£). Note that we deal only with those
sheaves given by quiver representations; we have vanishing of H° and H?2.
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We show that we have a moduli stack Mm’+(pem) of oriented (m,+)-stable
objects with ch(F) = pe,, with the universal family (£, F*), where F* = (0=
FocrFlc---cFN-1c FN =V,) is a flag of vector bundles over Mm7+(pem).

In the following proposition we identify M ™+ (pe,,) with a quotient stack
related to the Grassmann variety Gr(m + 1,p) of p-dimensional quotients of
Vi(Cp)* = HY(C,,(C))* =C™* L. Let us fix the notation. Let Q denote the uni-
versal quotient bundle over Gr(m+1,p), let det Q be its determinant line bundle,
and let (det Q)®P be its Dth tensor power. Let mg: ((det Q)®P)* — Gr(m+1,p)
be the associated C*-bundle. Let Ogr(mt1,p) — Vi(Cm) ® Q be the homomor-
phism obtained from the universal homomorphism V;(Cp,)* — Q.

PROPOSITION 5.9

(1) Forgetting F* fori# 1, we identify M™% (pe,,) with the total space of the
flag bundle Flag(V1/F*, N \ {1}), where the base is isomorphic to the quotient
stack

((det Q)®P) " /C*,
where C* acts by the fiber-wise multiplication with weight —pD.

(2) Let C: = SpecC[s,s™1] be a copy of C*, and let C* — C? be the homo-
morphism given by t— t7PP = s. It induces an étale and finite morphism
h: ((det Q)®P)* /C* — ((det Q)®P)* /C* = Gr(m + 1,p) of degree =1/pD. The
vector bundles Vi, F' and the universal sheaf £ are related to objects on Gr(m +
1,p) by

Ve (F) = (V(Cn)©Q),  (F1)¥7PP =h"((det Q)®P),
E@ (FYHY* = (idxh)*(C,, K Q),

and the inclusion (F' — V1) is h*(Ocrm+1,p) — Vi(Cn) @ Q) @ idgr.
The proof is given in the next subsection.

5.4. Proof of Proposition 5.9

Since F' with i > 1 does not appear in the stability condition, the moduli stack
has a structure of the flag bundle Flag(V;/F*, N \ {1}) over the moduli stack
parameterizing (X, F!). Here V; is a vector bundle over the moduli stack, and
F1is its line subbundle, coming from V; and F!, respectively.

Next, we determine the moduli stack parameterizing (X, F!). Since we
already know X =2 C%P  the remaining parameter is only a choice of F'!, which
is a 1-dimensional subspace in V;(X) = V;1(Cy,) @ CP. We have an action of the
stabilizer GL,(C) of X. The above stability condition means that F!, viewed
as a nonzero homomorphism V3 (Cy,)* — CP, is surjective. Therefore the moduli
stack is

(5.10) ({&€ € P(Hom(V1(Cyn)*,CP)) | € is surjective} x C*)/GL,(C),
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where the action of GL,(C) on C* is given by g-u = (det g)Pu with D =mmg +
(m+1)m;.
We consider (5.10) as

(5.11) ({&€ € Hom(V1(Crn)*,CP) | € is surjective} x C*)/GL,(C) x C,

where C* 5 ¢ acts by (§,u) — (t§,u). If we take the quotient by GL,(C) first,
we get L* = L\ (0-section), where L = (det Q)®% the Dth tensor power of the
determinant line bundle det Q of the universal quotient over the Gr(m + 1,p).
Since C* 3¢ acts by

(5.12) (t€,u) = tides -(€,t7PPu),

it is the fiber-wise multiplication with weight —pD on the quotient L*. Thus the
moduli stack parameterizing (X, F'!) is isomorphic to the quotient stack [L* /C*].

This action factors through p: C* — C* given by ¢+ s =t PP where the
latter action is free on L* and the quotient is Gr(m + 1,p). Let us denote
the latter C* by C¥*. Then the stack L*/C¥ is represented by Gr(m + 1,p), as
L* is a principal C!-bundle. Since a C*-bundle induces a C}-bundle by taking
the quotient by Kerp = Z/pD, we have a morphism H: L*/C* — L*/C! =
Gr(m + 1,p) between stacks. It is étale and finite of degree 1/pD.

Let us identify the pair (F* C V1) of the vector bundle V; and its line subbun-
dle F! over the moduli stack in the description [L* /C*]. In the description (5.10),
it is the descent of the restriction of (Op(—1) K O¢~ C V4 (Ch,) @ CP @ Op K O¢~ )
with respect to the natural GL,(C)-action, where P = P(Hom(V;(C,,)*,CP)).
Then in the description (5.11), it becomes the descent of the pair (Oy C V1(Ch,)®
C? ® Oy), where GL,(C) acts naturally and the C*-action is twisted by the
weight —1 action on the first factor Oy. Here V = {¢ € Hom(V;(C,,)*,CP) |
¢ is surjective} x C*. Finally, in the description [L*/C*], it is the descent of

(OLX C WE;(Vl(Cm) ® Q))7

where the C*-action is twisted by weight —1 on both Opx and 7 (Vi (Cp,) ® Q.
Here 7g: L* — Gr(m + 1,p) is the projection. The twist on the second factor
& (Vi(Cr) ® Q) comes from the term tider in (5.12).

From the above description of Vi, we have V; ® (F1)* = h*(V1(Cp,) ® Q).
On the other hand, (F1)®~PP is the descent of Oy« with the C*-action twisted
by weight pD. The action factors through the Ck-action, and it is twisted by
weight —1. Therefore it descends to L on Gr(m + 1,p).

5.5. 2-Stability condition
This subsection is devoted to preliminaries for a study of enhanced master spaces.
We consider the following condition on n:
N
(5.13) > kini #0 for any (ky,...,ky) € ZN\ {0} with |k;| <2N2.
i=1
Our flag F'* of V; again may have repetition, but assume that dim(F?/F‘~1) =0
or 1, as before.
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LEMMA 5.14

Assume that ¢ satisfies (m + 1)¢p + (m +2)¢1 <0, (m — 1){o +m¢ >0, and
assume that n satisfies (5.13). If (X, F*®) is strictly ({,n)-semistable, then there
exists a submodule 0 # S C X such that

(1) MC,U(SNSI ﬂF.) :MC,H(X7F.)7
(2) (S,51NF*) and (X/S,F*/S1NF*) are (¢,n)-stable.

Moreover, the submodule S is unique except when (X, F*®) is the direct sum
(S,S1NF*)® (X/S,F*/S1NF*). In this case the other choice of the submodule
is X/S.

Proof

Take a submodule S violating the (¢, n)-stability of X. Then we have (1). More-
over, (5,51 NF*) and (X/S,F*/S; N F*) are (¢,n)-semistable. We have either
Soo =0 o0r (X/S5) =0.

Assume that either (5,51 N F*®) or (X/S,F*/S; N F*) is strictly (¢,n)-
semistable. Then we have a filtration 0 = X° C X! C X? C X? = X with
pen( X4/ XU ER) = pen(X, F®) for a=1,2,3, where F? denote the induced
filtration on X/X*! from F*.

Among X?/X*! (a=1,2,3), one of them has C and two of them have zero
at the oo-component. Assume that X! has C at the co-component for brevity,
as the following argument can be applied to the remaining cases.

We have dim X2/X?! = py(m,m + 1,0), dim X3/X? = p3(m,m + 1,0) for
some po, p3 € Zxo. Then pie n(X?/ X1 F3) = pi¢c n(X3/X? F3) implies

p2 p3
By the assumption (5.13), we have ps dim(Fj) = py dim(F4), and hence

(5.15) pydim(F3/Fy 1) = pa dim(F3/F3~)
for any i. On the other hand, we have
dim(F}/Fi=1) 4 dim(Fg/Fi™ ) + dim(Fi /Fi~') = dim(F*/F*~ ') =0 or 1

for any 4. Therefore at most one of three terms in the left-hand side can be 1 and
the other terms are zero. Combined with (5.15) this implies dim(F}/Fi ') =
dim(F3/F3~') =0 for any 4. Thus we get a contradiction X! = X2 = X3,

If we have another submodule S” with the same property, the (¢, n)-stability
implies SNS'=0o0r SNS' =5=9". In the former case we have S’ =X/S. O

LEMMA 5.16 ([14, LEMMA 4.3.9])

Let (¢,n) be as in Lemma 5.14. If (X,F*) is (¢,n)-semistable, its stabilizer
is either trivial or C*. In the latter case, (X,F®) has the unique decomposi-
tion (X,, F}') @ (X, FY?) such that both (X,, F}), (Xy, Fy) are (¢,n)-stable, and
tiem)(Xp) = pi(e.n)(Xy). The stabilizer comes from that of the factor (Xy, Fy)
with (Xﬁ)oo =0.
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Proof
Suppose that ¢ stabilizes (X, F'®). If g has an eigenvalue A # 1, then we have
the generalized eigenspace decomposition (X, F*) = (X}, F}) @ (X3, F) with
(X)oo =C, (Xy)oo =0. By Lemma 5.14, (X,, F}?), (X3, F}) are (¢,n)-stable.
Since they have the same u¢n and are not isomorphic, there are no nonzero
homomorphisms between them. Therefore the stabilizer is C* in this case. The
uniqueness follows from that in Lemma 5.14.

Next, suppose that g is unipotent, and let n =g — 1. Assume n # 0, and
let j be such that n’ # 0, n/*! = 0. We consider the submodule 0 # Kern/ C X.
From the ({,n)-semistability of (X, F*®), we have ¢ n(Kern?, F* N (Kern?);) =
pen(X,F*). Therefore (Kern?,F* N (Kern/);) and (X/Kern?,F*/F* N
(Kern);) are (¢,n)-stable by Lemma 5.14. They are not isomorphic since they
have different co-components. However, n/: X/Kern/ — Kern’ is a nonzero
homomorphism, and we have a contradiction by Lemma 5.4. O

5.6. Enhanced master space

We continue to fix ¢, m € Z>, £ € N. As we mentioned above, M™ is constructed
as a GIT quotient of a common space ) independent of m. Then the moduli
schemes M™0 and M™* will be also constructed as GIT quotients of @ =Q X
Flag(V1, N) by the action of the group G with respect to a common polarization,
but with different lifts of the action. Here V; is a vector space of dimension N,
on which G acts naturally, and Flag(V;,N) is the variety of full flags in V3. Let
us denote by L_ and L, the corresponding equivariant line bundles over @ to
define M™° and M m.t  respectively. Their descents are denoted by the same
notation.

We consider the projective bundle P(L_ ® L) — C~2 with the canonical polar-
ization Op(1). Here P(L_ & Ly) is the space of 1-dimensional quotients of
L_ & L. We have the natural lifts of the G-action to P(L_ @ L) and Op(1).
Let

(5.17) M=M(c)= M™(c):=P(L_ & L)*/G

be the quotient stack of Op(1)-semistable objects of P(L_ & L) divided by G,
where P(L_ @ L)% denotes the semistable locus. This is called the enhanced
master space. This space was introduced in [27] to study the change of GIT
quotients under the change of linearizations. We have an inclusion M, :=
P(L,)*/G — M for a==+.

The tautological flag of vector bundles over Flag(V;, N) descends to M. We
denote it by F*=(0=F'c Ftc.--c FN-1 c FN¥N =V;). We also have the
universal sheaf € over P2 x M.

We have a natural C*-action on P(L_ @ Ly) given by ¢-[z_ : 21| = [tz_ : 24],
where [z_ : z;] is the homogeneous coordinate system of P(L_ & L ) along fibers.
It descends to a C*-action on M. We have a natural C*-equivariant structure
on the universal family £, F*°.

The following summarizes properties of M.
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THEOREM 5.18

(1) M is a smooth Deligne-Mumford stack. There is a projective morphism
M — My (p«(c))-

(2) The fized point set of the C*-action decomposes as

ME=MmiuM_u || M),
JED™L(c)

and we have isomorphisms M = vaz(c), M_ = /]\vao(c). The universal fam-
ily (£,F*) on M is restricted to ones on My = M™*(c) and M_ = M™(c)
(which were denoted by the same notation (E,F*)). And the restriction of the

C*-equivariant structure is trivial.
(3) There is a diagram

(5.19) LS
— ™~

M(C* (j) Mm,min(]n)—l(cb) % Mm’+(cﬁ)a

where S(J) is a smooth Deligne-Mumford stack and both F and G are étale
and finite of degree 1/pD. There is a line bundle Ls over S(J) with L?pD =
G*(L(&)*), and the restriction of the universal family (€,F°®) over M and the
universal families (€, Fy), (&, Fy) over Mmmin)=1(c)) M™% (cy) are related
by

F*£=G*(&) @G (&) ® Ls, PR =G (F) @G (F))® Ls.
Moreover, the restriction of the C*-equivariant structure on the universal family

(&,F) is trivial on the factor (&,,F,) and of weight 1/pD on (&, F;) under the
above identification.

We need to explain some notation:

. D™¥(c) is the set of decomposition types:

N=1I,Ul;, L, I # 0, }

m, 0 )N
(5:20) D™ (e) = {J =, 1) |It] =p(m+1) for p&€Zsg,min(ly) </

For J € D™*(c), we set ¢; = pey,, ¢, =c—cy € H*(P?).
- integers (mg,m1) appearing in the definition of an orientation of an (m, +)-
stable object (see Definition 5.8) will be determined by the choice of L.

The isomorphism F*F* = G*(F}) © G*(F}) ® Ls of universal flags in (3)
means the following. From the first statement F*€ = G*(&,) ® G*(&;) ® Ls we
have a decomposition F*(V1(€)) =G*(V1(&)) @ G*(V1(&;)) ® Ls. Then we have
F*(F') = G*(F}) © G*(F}) ® Ls, where F?, F; are flags indexed by N. If we
forget irrelevant factors F¢ with ¢ = F/~! and fuj with .7-'5 = .775_1, we get the

universal flags over ]ij’min(lﬁ)*l(cb), ]Tl/m”r(cjj). The above sets I,, Iy consist of
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indexes of relevant factors. In particular, (F! C V) appearing in Proposition 5.9
is identified with (}";nin(l“) C ]—';nax([ﬁ) =F}). Let us denote F}V by V! hereafter.

The fixed point substack M is defined as the zero locus of the fundamental
vector field generated by the C*-action. Note that this does not imply that
the action of C* is trivial on M but that it becomes trivial on the finite
cover C* = SpecCls, s 1] — C*; s+ sPP =t. Therefore the restriction of a C*-
equivariant sheaf to the fixed point locus is a sheaf tensored by a C-module. In
the statements (2) and (3), we wrote the weights of C¥-modules divided by pD,
considered formally as weights of rational C*-modules.

The proofs of (1), (2), and (3) are given in Sections 5.7, 5.8, and 5.9, respec-
tively.

REMARK 5.21

We can define the master space connecting M™(c) and M™F1(¢) in the same
way. However it will not necessarily be a Deligne-Mumford stack as a semistable
point possibly has a stabilizer of large dimension. This is the reason why we,
following Mochizuki, consider pairs of framed sheaves and flags in cohomology
groups.

5.7. Smoothness of the enhanced master space

Let us write the enhanced master space in the quiver description. We first take
¢~ sufficiently close to ¢°. For [=1,..., N, we choose ({,n) satisfying (5.5) and
(5.13). We take ¢ so that | —¢°|, |n| are sufficiently smaller than | —(~|. We
take a large number k& so that k({~,n) and k({,n) are integral. Let L_ (resp.,
L) be the G-equivariant line bundle over p~1(0) x Flag(Vy,N) corresponding
to the stability condition k(¢~,n) (resp., k({,n)). We consider the projective
bundle P(L_ @& Ly) with the canonical polarization Op(1). We have the natural
lifts of the G-action to P(L_ @& L) and Op(1). Let

M=M(c):=P(L_ & L,)*/G

be the quotient stack of the semistable locus P(L_ @ L)% divided by G.
The following was shown in, for example, [27, Sections 3, 4].

LEMMA 5.22

A point x of P(L_® Ly)\ (P(L-)UP(Ly)) is semistable if and only if the corre-
sponding (X, F'®*) is semistable with respect to a Q-line bundle L, = L@_g(l_t) ®L?ﬁt
for some t €[0,11NQ.

PROPOSITION 5.23
M is a smooth Deligne-Mumford stack.

Proof
Let  be a semistable point in P(L_ @® L. ). Then the corresponding point (X, F'*)
in u=1(0) x Flag(Vy, N) is (¢/,n)-stable for some ¢’ on the segment connecting ¢
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and ¢~ (see Lemma 5.22). We can apply Lemma 5.16 as ¢’ satisfies (m + 1){o +
(m+2)¢1 <0, (m—1)¢ +m¢ >0, and n satisfies (5.13). Therefore either
the stabilizer of (X, F'*) is trivial or (X, F'*) decomposes as (X,, F}*) & (Xg, F}).
Since (Xj)oo =0, Xy =2 CEP for some p € Z~( as explained in Definition 4.6. In
this case the stabilizer is C*, coming from the automorphisms of (Xﬁ,Fﬁ‘). Its
action on the fiber is given by t - u = tPk(mm+1)-(C=C7)y, for t € C*. Therefore x
has only a finite stabilizer. It is also reduced as the base field is of characteristic
zero. Therefore M is Deligne-Mumford. Since P(L_ & L) is smooth, M is also
smooth. d

We set (mg,m1) :=k(¢ —¢) (and hence D =k(m,m+1) (¢ —(7)), which was
used in Theorem 5.18. From our choices of ¢, (~, we have D > 0.

5.8. C*-action

We have a natural C*-action on P(L_ @ L) given by t- [z_ : 24| = [tz— : 24],
where [z_ : z4] is the homogeneous coordinates system of P(L_ ¢ L) along
fibers. It descends to a C*-action on M, as it commutes with the G-action.
Letting C* act trivially on Vp, Vi and the universal flag over Flag(Vi, N), we
have the C*-equivariant structure on the universal family £, F* = (0 = F° C
Flc...cFN-tcFN=V)).

The fixed point substack MC is defined as the zero locus of the fundamental
vector field generated by the C*-action. Note that this does not imply that the
action of C* is trivial on MC . The action becomes trivial after a finite cover
C* —C.

We have an inclusion M, :=P(L,)*/G — M for a =+. Then M, is a
component of the fixed point set MC". From the construction, M, is the moduli
stack of objects (X, F'*), which are stable with respect to L,. From our choice of
(¢,n), we have M, = Mt by Lemma 5.6. Since n is sufficiently smaller than
| —¢ 7], (X, F*) is stable with respect to L_ if and only if X is (~-stable. Thus
we have M_ = /™0,

Next, consider a fixed point in M other than M, LI M_. Suppose that
a point © = ((X,F*),[2— :z4]) in P(L_ @ Ly)®™\ (P(L-) UP(L4)) is mapped to
a fixed point in the quotient M. It means that the tangent vector generated by
the C*-action at z is contained in the subspace generated by the G-action. In
view of Lemma 5.16 this is possible only if (X, F*) has a nontrivial stabilizer
and hence decomposes as (X, F}*) @ (X, FY) to the direct sum of two (¢, n)-
stable objects with the equal e, for some ¢’ on the segment connecting ¢
and ¢~ (see Lemmas 5.22, 5.16). We number the summand so that (X} ). =C.
Therefore (Xj)oo =0, and hence Xy = CEP for some p € Z~. The data u =
zy4/z_ correspond to an isomorphism L(X) 2 C.

Conversely, suppose that we have such a decomposition (X, F*) = (X, F}*) ®
(Xy, FY). Let V= V? @ V! be the corresponding decomposition of V. We lift
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the C*-action on M to P(L_ & L. )* by
(524) ((X7 F.)7 [Z_ : Z+]) Lans (idV" ®t1/pD idVﬁ) : ((X7 F.)7 [tZ_ : Z+])a

which is well defined on the covering C* — C*; s+ sP? =¢, and fixes ((X, F*®),
[z2— 1 24]) = ((Xp, ) @ (X, FY), [2- : 24]). Since this C*-action is equal to the
original one up to the G-action, it is the same on the quotient M. Therefore the
point x = ((X, F*),[2— : z4]) is mapped to a fixed point in M.

Let

I :={ie N |dim(F.,/F,") =1}

for a =b, §. Then we have the decomposition N = I, L I;. The datum (1, Iy) is
called the decomposition type of the fixed point. Since dim(Xy); =p(m +1), we
have |I;| =p(m+1).

LEMMA 5.25 ([14, LEMMA 4.4.3])
We have min(Iy) < 4.

Proof

Suppose min(l;) > £. Then (5.5) implies p¢n(Xy) < pen(X) (see the proof of

Lemma 5.6). On the other hand, we have pi— »(Xy) < pic- n(X) since n is

sufficiently smaller than [ —(~|. Therefore we cannot have ¢/ n(Xg) = pier n(X)

for any ¢’ on the segment connecting ¢ and (. This contradicts the assumption.
(|

Conversely, suppose that an object (X, F'*) = (X, F}*) & (Xj, Fﬁ') with the decom-
position type (I,,I;) with min(l;) </ is given. We also suppose X; =~ CEP. We
take a point z of P(L_ @ L)\ (P(L_)UP(L,)) from the fiber over (X, F'®*). Since
we have fi¢n(Xy) > pen(X) and pre- o(Xy) < pie- n(X) by the same argument
as in the proof of Lemma 5.25, we can find ¢’ with p¢r n(Xy) = p1¢ n(X). Then
is semistable if and only if both (X}, F},) and (Xy, F}) are ({’,n)-stable.

LEMMA 5.26 ([14, PROPOSITION 4.4.4])

(1) (X,,Fy) ts (¢',n)-stable if and only if it is (m,min(ly) — 1)-stable.

(2) (X, Fy) is ((ﬂn)-s_table if and only if it is (m,+)-stable, that is, Xy =
CPP . and we have S; N Fﬁmmun) =0 for any proper submodule S C Xy of a form

e
Note that dim anin(ln) =1, dim F;ninu”)il =min(l;) — 1. So the definitions in
Section 5.1 apply though Fj,, F} are flags that possibly have repetitions.

Proof
(1) Let S C X, be a submodule. We need to study the stability inequalities
when ¢°-dim .S = 0. We first suppose S =0. Then the inequality perm) (S) <
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/L(C'an) (Xb) = :U’(C’,n) (Xu) is equivalent to

rank .S rank Xy
since ¢’ - dim S/rank S = ¢’ - dim X}/ rank Xy = (2m + 1)~ (m¢) + (m + 1)¢]).
Since n; (i > min(ly)) is much smaller than nyin(r,)—1 by (5.5b), we must have
Fbmin(In)fl _

S1N Fbmin(l”)f1 = 0 if the inequality holds. Conversely, suppose S N

0. Then S; N Fbmmu“) = 0. Thus the inequality holds again by (5.5b).
Next, suppose S, = C. Then the inequality e/ n)(S) < piern)(Xs) =
(erm)(Xy) is equivalent to

> nidim(FY /S N FY) . > ni dim Fy
rank(X,/S) rank Xy

This is equivalent to Fbm in(f) =1 ¢ S1 by the same argument as above. Thus

(X, Fy) is (¢’,n)-stable if and only if it is (m, min(J;) — 1)-stable.

(2) First, note that X} must be (Y-semistable as ¢’ is close to ¢¥ and n is
small. Then X; = C2P, as explained in Definition 4.6. To prove the remaining
part, the same argument as above works. O

If we rephrase what we have observed in terms of sheaves, we get the following.

PROPOSITION 5.27 ([14, LEMMA 4.5.2])
ME(3) is the moduli stack of objects (((E,,®), F?), (B4, FY). p), where

- ((B,,®),Fy) is (m,min(Iy) — 1)-stable,
- (B, FY) is (m, +)-stable,

- p is an isomorphism L(E, & Ey) =Nio}
Moreover, the restriction of the universal family (€, F°*) on M decomposes as
E=MgaMe, F=MreMr,
where MF?, M}'ﬁ' are flags (0="™F0 C .- c MFN =V, (Mg,)), (0= ij? C
- C M]:uN = Vl(Mgﬁ)).
The restriction of the C*-equivariant structure on the universal family (€, F)

is trivial on the factor (ME,,MF,) and of weight 1/pD on (M&, M Fy) under the
above identification.

The last assertion follows from the description of the C*-action at (5.24).

5.9. Decomposition into product of two moduli stacks
Let M be the moduli stack of objects ((E,,®), F}*, p,), where

- ((B,,®),F?) is (m,min(I3) — 1)-stable,

- py is an isomorphism L(E}) Zc.
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We have a natural projection M — Mmsmin(ly)—1 forgetting p,. It is a principal
C*-bundle. On the other hand, let M™* be the moduli stack of oriented (m,+)-
stable sheaves with flags as in Section 5.3. To distinguish from p, we denote the
orientation by py. Then we have

M (3) 2 (M x M™) [T,
where C* acts by p, — tp,, py — t ' ps. Let us take a covering C: — C* s — sPP =
t. Then we have an étale and finite morphism F: (M x M™71)/C* — M® (3)
of degree 1/pD.
The action of C* on the second factor M7 is trivial since it can be absorbed

in the isomorphism s~ 'id: Ey =N Ey as

—pD

s7PPpy
E; L(Ey) = det H' (Ey)®™ @ det H'((E;)(C))®™ —— C
(5.28) l s7tid l s~PPid id
E; L(Ey) = det H' (E;)®™ @ det H' ((E;)(C))®™ —— C
Py

Therefore we have
(M x M™7%)/C* =M /Ct x M™.

Furthermore, we have an étale and finite morphism G': M /C* — M /C* of degree
1/pD. But the latter is nothing but Mmmin(y) =1, Hence, we have the diagram
in Theorem 5.18 with S(J) = (M x M™*+)/C*.

From (5.28) the universal sheaf & over M™% is twisted by the line bundle
over M /C* associated with the representation of C* with weight 1. It is a line
bundle Ls such that LE"” = G*L(E,)*. Therefore we have F*(M&) = G*(&;) ®
Ls. On the other hand, we have F*(M&,)) = G*(&,).

5.10. Normal bundle
Let us describe the normal bundles %(Ma.) of My and M(ME (7)) of M (3)
in M in this subsection. We need to prepare several notations.

Recall first that the covering C* — C*, s+ sPP =t acts trivially on M® (J)
(while the original C* does not). Hence the tangent space at a fixed point has a
natural C}-module structure. We formally consider it as a module structure of
the original C* dividing weights by pD.

Recall also that the restriction of the universal sheaf £ decomposes as M&, ®
MéE, over M (J) (see Proposition 5.27). Let Ext}, denote the higher derived
functor of the composite functor g, o Hom. Let

2
(5.29) ‘IK(MSb,Mé’ﬁ) = —Z(—l)aEXtZQ(Mgb,Mgﬁ),
a=0
where this is a class in the equivariant K-group of M® (J). We use similar
notation ‘JI(MSﬁ,M&,), exchanging the first and second factors. Later we will
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also use 91(e, ), replacing Mfu, Mg, by similar universal sheaves. We have
already used this notation in Theorem 1.5.
Let

Flag(V}*, L.,
:= {a flag F? of V{, indexed by N, F!/Fi=t =0 if and only if i ¢ I, }

for « =b, #. We have an embedding Flag(V},1,) x Flag(V{, I;) — Flag(V1, N)
given by (£, F?) — F & Fy. Let Ny denote its normal bundle. It has a natural
C*-equivariant structure as Flag(V},T,) x Flag(Vln,Iﬁ) is a component of C*-
fixed points in Flag(Vi, N) with respect to the C*-action induced by C* 5t —
idy @ti/rb iy € GL(V1). More precisely, when we write

No =P Hom(F}/F;~", F! /F{™") & @ Hom(F} /F;~", F} /F} ™),
i>j i>j
the first term has weight 1/pD and the second term has weight —1/pD. We have
an associated vector bundle, denoted also by Ny, over M (3), induced from the
flag bundle structure /G — Q/G between quotient stacks.

THEOREM 5.30

(1) The normal bundle (M) of My is L% @ Ly with the C*-action of
weight 1.

(2) The normal bundle MM (3)) of M (3) is equivariant K -theoretically
given by

No +N(ME,ME) @ 11 ypp + NMELME) @11 D,

where I, denotes the trivial line bundle over MC (3) with the C*-action of
weight n.

Proof

First, consider the case My =P(Ly)*/G. The normal bundle is the descent of
the normal bundle P(L4+) CP(L_ @ Ly). Then it is L3 ® Ly with the C*-action
of weight +1.

In the remainder of the proof we consider the case of M® (3J). The normal
bundle is the sum of nonzero weight subspaces in the restriction of the tangent
bundle of M to M (3).

Take a point ((X,F*®),[2— : z4]) € P(L_ & L4+)* which descends to a fixed
point in M® (J). We have a decomposition (X,F*) = (X,,F?) & (Xy, FY) as
above. Let V =V” @ V*? be the corresponding decomposition of V.

We lift the C*-action on M to P(L_ @ L4)* as in (5.24).

The tangent space at the point corresponding to ((X, F*®),[z— : z4]) is the
quotient vector space

Ker d,u 2] TF' Flag(vl 5 M) S T[z,:ZJr]]P)l/Hom(VOv ‘/0) S2) HOHl(‘/h ‘/l)a
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where dp and Hom(Vp, Vo) @ Hom(V3, V1) — Kerdy are as in (4.4), and Hom(Vj,
Vo) @ Hom(V1, Vi) — Tpe Flag(Vi,N) & Tj. .. P! is the differential of the G-
action. This quotient space has the C*-module structure induced from the above
lift of the C*-action.

In the equivariant K-group, we can replace this space with Ker du — (Hom (Vp,
Vo) @ Hom(V1, V1)) + Tpe Flag(Vi,N) + Tp._.. P!

The expression Kerdy — (Hom(Vp, Vo) @ Hom(Vy, V1)) is equal to the alter-
nating sum of cohomology groups of the tangent complex (4.4) in the K-group.
Moreover, the complex (4.4) decomposes into four parts: the tangent complex
for X, the sum of p-copies of the complex (4.8) for X, the sum of p-copies of
the complex (4.10) for X, and the sum of p?-copies of the tangent complex for
Cyn. Since C* acts on V” with weight zero and V* with weight 1/pD, the first
and fourth parts do not contribute to the normal bundle. The second and third
terms give

(—Exty(M&,,M&) + Ext, (ME,,ME)) ® I/
+ (— Eth(Mgﬁ, Mgb) + EXté(MgmMgb)) ® Ifl/pD
= ‘JI(M&,,MSﬁ) X Il/pD + ‘Jt(Mé’ﬁ,Mé’b) X Ifl/pD-

The contribution from Tre Flag(Vy, N) is given by Ng. Thus we have Theo-
rem 5.30. We have no contribution from Tj, ., P'. O

5.11. Relative tangent bundles of flag bundles
Let O, be the bundles over various moduli stacks induced from the relative
tangent bundle of the flag bundle @/G — @Q/G as in Section 6.2.

On the other hand, we have vector bundles 6, Qfel over Mm-min(ly)=1 (cy) %
M”“*(C” coming from the tangent bundles of Flag(V},I,) and Flag(Vlﬁ,Iﬁ).
Recall that the normal bundle Ny of Flag(Vy, I,) x Flag(Vlu,Iﬁ) in Flag(V1,N) is
considered a vector bundle over Mm’mi“(lﬁ)*l(cb) X Mm’+(cﬁ) (see Section 5.10),

so we have an exact sequence

(5.31) 0— G* (62 ® O%y) — F*Orat| pie- 3 — G (No) — 0

rel

of C*-equivariant vector bundles, where 9‘;61 D 9§e1 has weight 0 and Ny has the
C*-equivariant structure as describe in Sggtion 5.10.

Recall also that the second factor M™% (¢4) is the flag bundle Flag(Vi/
f;nm(lﬁ),lu \ {min(Z;)}) over the quotient stack (det Q®P)*/C* (see Proposi-

tion 5.9). Let O/

rel

be the relative tangent bundle of the fiber. Then we have an
exact sequence of vector bundles

(5.32) 0 — Bl — Ok, — Hom(Vi /7M1 gty g

coming from the fibration Flag(Vf/}'fﬁn(I”)) — Flag(Vf) — IP’(Vf).
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6. Wall-crossing formula

We now turn to Mochizuki method (Mb) (see [14, Section 7.2]). We apply
the fixed point formula to the equivariant homology groups H!*® (M(c)) of
the enhanced moduli space M(c), which is a module over H{. (pt) = C[h]. For
the definition of the homology group of a Deligne-Mumford stack, see [28].

6.1. Equivariant Euler class

In the fixed point formula, we put an equivariant Euler class in the denominator
and we later consider an equivariant Euler class of a class in the K-group. Let
us explain how we treat them in this subsection.

Let Y be a variety (or a Deligne-Mumford stack) with a trivial C*-action.
The Grothendieck group of C*-equivariant vector bundles decomposes as
Ke«(Y) = K(Y) ®z R(C*), where R(C*) is the representation ring of C*. Let
I,, denote the 1-dimensional representation of C* with weight n. For a class a €
K(Y), we set

ela®@I,) =Y ci(a)(nh)" =" e H*(Y)[h™", ] := H*(Y) ®c C[h~", ],
>0

where ¢;(a) is the ith Chern class of a and r(a) = chg(«) is the (virtual) rank
of a. If n # 0, this element is invertible. In general, if o € K¢+(Y) is a sum of
a, ® I, with n # 0, its equivariant Euler class e(a) is defined in H*(Y)[h~1, A).

We also consider the case when another group T acts on Y. Then e(a® 1)
can be still defined as an element in lim H*(Y x5 Ey,) [h=1, 1], where E,, — E, /T
is a finite-dimensional approximation of the classifying space ET — BT for T.
Note that ¢;(c) # 0 for possibly infinite ’s.

6.2. Wall-crossing formula (1)

The projective morphism 7: M(c) — My(p«(c)) induce a homomorphism 7,:
foc* (M(c)) — foc* (Mo(ps«(c))). Since C* acts trivially on My(p.(c)), we
have HI*C" (Mo(pi(c))) = HT (Mo (ps(c))) ® C[h]. For a cohomology class e on
M(c), we denote the pushforward 7. (e N[M(c)]) by fM(C) e as in Section 1. We
also use similar pushforward homomorphisms from homology groups of various
moduli stacks and denote them in similar ways, for example, f/\/li(c)’ fMC* @)

Let e(F) denote the equivariant Euler class of the equivariant vector bun-
dle F, that is, the top Chern class c¢iop(F) (see Section 6.1 for its generalization
to a K-theory class F in our situation).

Let ®(&) be as in Section 1.4. We denote also by ®(&) the class on M™(c)
given by the same formula. On the enhanced master space M(c), we can con-
sider the class defined by the same formula as ®(&), which is regarded as a
C*-equivariant class.

Let O,e be the relative tangent bundle of the flag bundle @ /G — Q/G. Then
we have the induced bundle over M™* (¢) by the restriction. We denote it also
by O, for brevity. We also have the pullback to the enhanced master space
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M(c¢), which is again denoted by O,¢. It has a natural C*-equivariant structure.
We introduce ®(&) :=1/(v1(c)!)®(E) U e(Orel), so that we have

/va(c) EI;(E) - /M\m(c) ().

Here v1(¢) =dim V3 (E) for a sheaf E with ch(E) =¢
Then the fixed point formula in the equivariant homology group gives us

/Am(c) 2E) - /me(c) 2(6)= RGS/MC* Miz( 7))’

JeD™:t(c)

where Resp—o means taking the coefficient of A7 !.

By Proposition 5.9 and Theorem 5.18 together with computations of normal
bundles (see Section 5.10), we can rewrite the right-hand side to get the following
theorem.

THEOREM 6.1
We have

[ e[ e
M'm,é(c) Mm (C)

.S /~ | Res[® (€, @ (Crn K Q@ 1_1))®'())],

- M’m,mm(fu)—l(c ) h=0
JeDm4(c) b

where ®(E, ® (Cy MO ® I_1)) is defined exactly as ®(E) by replacing € by & &

(Cr RQ R I_4) everywhere, and ®'(&,) is another cohomology class given by

vi(eg) — Dlog(¢p)!

w(e,) = e o

(6.2)

< (i (Cn) © Q/0))
Gr(m+1,p) e(m(gby Om) ®A® I—l)e(m(cﬂh 5b) ®Q*® Il) '
Here I,, denotes the trivial line bundle with the C*-action of weight n, and (e, o)

is the equivariant K -theory class given by the negative of the alternating sum of
Ext-groups (see (5.29); note that ®' depends on 7).

The proof is given in Section 6.3.

6.3. Fixed point formula on the enhanced master space

Let ¢4, t5 be the inclusions of M*(c), M (3) into M(c). Let %, ¢% be the
pullback homomorphisms, which are defined as M(c) is smooth. They will be
omitted from formulas eventually. Let e(M(M(c))), e(M(MT (3))) be the equi-
variant Euler class of the normal bundles M(M  (c)), MM (3)). The local-
ization theorem in the equivariant cohomology groups says that the following
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diagram is commutative:

lim HE (M(c) x5 En) @cppy Clh R ——— lim Ho (M(0)S %z En)[h1, 1]
.rm)l Fanp o o + 55 fM‘”*”l

lim = H. (Mo(ps(c) xz En))[h~", 1]

——— lim H.(Mo(p«(c) x5 En)) [, 7]
where the upper horizontal arrow is given by
L I
+ +

e(M(M(c))) e(‘ﬁ(Mf(c»)

*Z T &)

and E, — E,/ T is a finite-dimensional approximation of ET — BT as above.
Let 7 (1) be the trivial line bundle with C*-action of weight 1. We have

i _ B(E)er(T(1))
/./Vl(c) (I)(g>01 (T(l)) B ;/Ma(c) e(m(M(L))

B(E)er(T(1))
- Z /Mf*(j)e(m(/\/lc*(j)))

D™ L(c)

in lim H, (Mo(ps(c) x7 Ep))[h7*,h]. Since T(1) is a trivial line bundle if we
forget the C*-action, the left-hand side is restricted to zero at i =0:

/ Ocy (T(1))],_, =0.
M(c)

On the other hand, ¢1(7(1))|a, () = h and ¢1(7 (1))| pgex(5) = h. Moreover, we

have
1 1 a W ¢
@My ) _Ezi_()(E)

for a =+, where w=¢; (L%} ® L_). Combining with Theorem 5.18(2), we get

/Mm,z(c) b - [ @

- X o(€)
PR T RME()’

JeDmL(c) ) 6

(6.3)

We now use the diagram (5.19) to rewrite the integral in the right-hand side
of (6.3):

D(&) _ F*®(&)
/MC*(j) e(M(ME(3))) —rP /5(3) Fre(MME(3)))
From Theorem 5.18(3) we have
F*(®(&)) =®(G* (&) ®G* (&) © Ls ® I jpp).
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Since LEPP = G*(L(&,)*), we have
1 *
Cl(LS) = 7p—DG C1 (,C(Eb))
Since Ls appears as ¢1(Ls) in ®(G*(&) ® Ls ® I ,p), we can formally write
®(G™(&) @ G (€) ® Ls © L )
a5, 065 £E)P 0 1),

meaning that we replace ¢; (£(&,)~Y/PP) with —ci(L£(E,))/pD.
Similarly from Theorems 5.30 and 5.18(3) we have

Fre(MM® (7))
= F*(eMM&,M&) ® I /pp)e(NMELME,) @ Iy ,p)e(No))
=G*(e(N(&, &) ® L(E) PP @ 1 /pp)
x e(M(E4, &) @ L(E)YPP @11 /,p)e(No)).
From (5.31) and (5.32) we have
F*(e(Ore1)) = G (e(07a)e(O}y)e(No))
= G (e(Ohr)e(Ofer)e(Hom(Vi /1) FM U2 ))e(N ).

Therefore we get

pD/ F*®

s@) Fre(MMT(3)))
1 (& @& L&) PP @ 11 pp)
~ () /1\717"’"“"(]11)1(c.,)><]\7”“+(q) e(N(&,, &) @ L(&) VPP @ 11 ,p)

min ([, min (7,
e(02)e(OLy)e(Hom (Vi /F, 1) ity

(2. &) @ LE)PP & _1/,p)

We use the claim that Mm’+(0ﬁ) is a flag bundle over (det Q®P)* /C* (see Propo-
sition 5.9(1)) to rewrite this further as
(v1(ey) —1)!
v1(c)!
<[ OE B ELE) S Lyyp)e(Ofn)
MR () (det QB D)X /O e(*ﬂ(é’b,gﬁ) ® E(gb)*l/PD ® Il/pD)

e(Hom (Vi /Fmnt) grintiy)
X .
e(M(ELE) ® LE)TP @ 1_1/,p)

We set ®(e) 1= 1/(vi(cy))®(o)e(6",), use Proposition 5.9(2) to replace
(det Q¥P)* /C* by Gr(m + 1,p), and then plug into (6.3) to get
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/Mm»f(c) (5(5) B /M\m(c) ()

= Z /N } Res® (&, & & @ L(E) VPP @ 1, ,p) ¥ (&),
m«mm(fn)*l(cb) h=0

Jepmt(c)’ M

where
—1)! |
‘I"(Sb) _ (vl(cﬂ) 1).’01(%). / @,
U1 (C)‘pD Gr(m+1,p)
o 1
T eM(E,Crm) ® Q@ det Q1P @ L(E,)~VPP @ I1,p)
y e((Vi(Cm) ® Q/0O)¥)
e(M(Cp, &) ® Q* @ det Q1P @ L(E,)V/PP @ I_1,,p)’

Here

. fGr(m +1,p) Means the pushforward with respect to the projection

MU =10y« Gr(m + 1, p) — M™mnTD=1(¢);

- det QP is understood as before: we replace ci(det Q~'/P) with

—c1(det Q) /p.

Let us slightly simplify the formula. First note that Ii,,,p appears with
det QFVP @ L(&,)TV/PP. Let w = —(c1(L(&)) + c1(Q))/pD. Thus /(&) is
written as

> Aj(h-w).

j=—00

By a direct calculation, we have

1 ifj=-—1,
0 otherwise.

Reg(h =) = {

Therefore we have

(oo} (oo}
I;L:cg _ Aj(h—w) = %{:cg Z AR
j=—00 j=—o0

This means that we can erase det QT'/? @ £(&,)TV/PP from @'(&,). (The last
simplification appeared in [14, proof of Theorem 7.2.4].)

Next, note that nontrivial contributions of the C*-action appear as Iy /p,p.
If we take the covering C: — C*, s+t = s PP, Ii1/pp is of weight F1 as a
C%-module by our convention. Since we have a natural isomorphism H¢. (pt) =
Clhs] = H¢a(pt) = Clh] by hs = —h/pD, we can replace i by A, nsoticing
Resp—o f(h) = —pD x Resp, —o f(fispD). We use this replacement and then replace
hs by h again. Therefore we get formula (6.2). We have completed the proof of
Theorem 6.1. (]
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6.4. Proof of Theorem 1.5

The right-hand side of the formula in Theorem 6.1 can be expressed by an integral
over M™ (cy) by using the formula again. We continue this procedure recursively;
we get a wall-crossing formula comparing | M (o) and [’ Mm+1(c)" We then get
Theorem 1.5. The proof has combinatorial nature and is the same as one in [14,
Section 7.6]. We reproduce it here for the reader’s convenience.

In fact, it is enough to consider the case m =0, as a general case follows
from m = 0 since we have an isomorphism M™(c) — M°(ce~™IC)); (E, ®)
(E(—mC),®). Then the formula in Theorem 6.1 is simplified as we can assume
p=1as Gr(m+1,p) = Gr(1,p) is empty otherwise. Theorem 1.5 is obtained in
this way, but we give a proof for general m.

For j € Z~, let

J
S;-"(c) = {5’: (¢,p1,...,pj) € H*(@Q) X ZL o] (e, [lss]) =0, ¢, + sz-em = c}.
i=1

We denote the universal family for M™ (¢y) by & asabove. Let S™(c) = L[;Z, S7"(c).

For o= (p1,...,p;) € Zj>0 we consider the product of Grassmannian varieties

5:1 Gr(m + 1,p;). Let Q@ be the universal quotient of the ith factor. We

consider the j-dimensional torus (C*)? acting trivially on HZ:1 Gr(m + 1,p;).

We denote the 1-dimensional weight n representation of the ith factor by e™™

(denoted by I,, previously). The equivariant cohomology H, (c*)s (pt) of the point
is identified with C[A4,..., ;]

THEOREM 6.4
We have

[ e@- [ e
Mm+1(c) Mm(c)

J
= Z / Res --- Res @(&@@C’m@Q(i)Q@e_hi)U\I/ﬁ(&,),
i=1

cesm(e) ) M (ep) h=0 =0

where WP (o) is another cohomology class given by

~ 1 J 1
Vi(e) = ; / Q,
( ) (m+ 1)J =1 Z1§kgipk H£:1 Gr(m-+1,p;)
: Vi(Cr, (@) /O)*
(6.5) o=1] e((Vi( )©Q/0) ) |
tLe(M(e,Crn) @ QU @ e M)e(N(Crry0) © QU™ @ €hi)
I el@ 8 Qo et

1<iz#i2<j

(Note that WP depends on p= (p1,...,p;), but not on c,.)

Let us prepare notation before starting the proof.



Perverse coherent sheaves on blowup, Il 331

We defined a cohomology class UP(&,) by the formula (6.5), and it is an ele-
ment in Hx(P? x M x [;_, Gr(m+ Lp@O)[At, ..., h7] for some moduli stack M
with the universal family £. '

Let Dec)(¢) be the set of pairs 3@ = (Ib(j), I_t’i(])) as follows:

: I_L;(j) is a tuple (Iéj),léj_l),...,lél)) of subsets of v1(c) such that |Iﬁ(i)| =
pi(m + 1) for some p; € Z~o (1 <i<j); -
. Ib(J) is also a subset of v1(c), and we have v;(c) = ]b(ﬂ) uLp_, ]u(l)-

For 3@ € Dec)(c), set
839 = max{i € Ib(j) li< min(Iu(j))},
where we understand this to be zero if there exists no i € Ib(j) with ¢ < min(Iﬁ(j)).
We also put

J
) impien (1<i<0), & ime=Y piem.
=1

. . . (41
We have a map m;: DecVV(c) — Dec(J)(c);(Ib(]+1),Iu(j+ )

given by

N =)
) (17, 5)

1= G B9 @, 1O,
Let
M@ED) =M™, M@ED) =M (),
where in the first equality we take the unique order-preserving bijection Ib(j )
vl(céj)) = #Ib(j) and take ¢ € v; (cﬁj)) corresponding to £(3()).
 For the universal family Eb(j) for M(39)) or M(39)), let

(4) J (1) Joi

j j 5 o)y V(G )N T (v1(ey”) = 1! ;
\I/j( )(gb(J)) — \I/p(gb(])) b Ull(c)' # (m + 1)] H D,
’ i=1k

1k=1

where = (p1,...,p;)-

LEMMA 6.6 ([14, LEMMA 7.6.5])

For each j, we have the formula

/A B(E) /A B(8)
Mm™+1(c) M™(c)

i

- Res - Res (I)(é’(i) s@c, Ko® e’hk‘)

1§-<j /M(:f(i)) hi=0  h1=0 b kej m
J(H eDec(® ()

(6.7) x 0" (g
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J
. @) — P
+ E L(j(g))Reb--~}§g%®(5b7 @@Cm@Q(k)@)e h’“)

3() €Dec@ (¢) Y M ' k=1
50 i
x W3 (g0,
Proof
We prove the assertion by an induction on j. If j =1, this is nothing but

Theorem 6.1 applied to £ =v1(c).
Suppose that the formula is true for j. We apply Theorem 6.1 to get

J
/ Res --- Res @(5(]) & @Cm X Q* © e*h’“>\113m (Eb(]))
M(30) M= k=1

hy=0

J , .
— Res - Res P 5(] ® C, X Q(k) @ e M \I/jm E(j)
/J\?(jm) hi=0 = ( kej ) &)

— o(cl+l)
SR DRI SR

3G+1) €Dec+) (¢) Rjr1=0 =

7 (3GHD)=3()
Jj+1 '

o @0 mO 5w ES )]
k=1
where
j+1 j+1
G Ul(céﬁ_ ))!(U1( §]+ ))_1)!
&)= Gy >
vi(e,)! Gr(m+1,pj41)

B \I,j(.i)(gb(j+1)@Cm|Z|Q(j+1)®€*hj+l) (Vi (Cy) ® QUHD JO)*)
eMEYTY,C,) @ QUAD @ e=hi+1)e(N(Cp, EV V) @ QUAD* @ ehir)|

We have @’(Eb(jﬂ)) =gt (Sb(jH)) thanks to the multiplicative property of the
Euler class and N(C,y,,Cy,) = —Hom(C,,,C),) = —Cide,,. Hence the formula
holds for j + 1. O

If j is sufficiently large, DecV )(c) = (). Hence we have

J
Res - - - Res q)((c/'(j) @ o Q(i) - e*ﬁi)
/M(j(y‘)) hj=0  h1=0 b @ )

J i—

’j(J)eDCC(J)( )

x w3 (W),
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We have a map p;: Dect (¢) — S;(c) given by

o B 15
)=o) = (0, L By
pj(" ) (Cb?pla ,pj) G, am+1a 7m+1

Therefore the right-hand side is equal to

CWH1MMm+D71 L
; ('GSZ((') #p U1 (C)' " 1 1;[ 1k=1

) i p
o A R CRY: LR I

=1

Thus Theorem 6.4 follows from the next lemma.
LEMMA 6.8 ([14, LEMMA 7.6.6])
We have

(I @m+) -1 1 & 1
v1(c)! (m+1)J i1 Zlgkgipk .

#p; ()
Proof
The set pj_l(é') is

a0 0y [l =B UL BT = o). 1B = pi(m + 1),
bt T min([él))>min( ﬁ(z))> >m1n(Iﬁ(J))

Put N :=v1(c), No:=vi1(e), N;:=p;(m+1) (1<i<j).

We first choose Ib(j ) N. We have ( ]J\X] ) possibilities. Next, we choose Iﬁ(j ) ¢
N\ Ib(j). From the second condition, we must have min(Iﬁ(j)) =min(N \ Ib(j)).
Let z be this number. Then the remaining choice is Iéj) \{z} C (ﬂ\]b(j)) \{z}.
We have (N;,jvfl_l) possibilities. Next, we choose Iﬁ(jfl) CN\ (Ib(j) U Iﬂ(j)). We
have (N ~No—N 1'71) possibilities. We continue until we choose I, él). Therefore we

Nj-1—-1
have
N\ vy (N—=No—S,.Nj—1
-1z — 0 k>iiVk
#e; () (No) i—l( Ni—1 )
B N li[ 1
No!TTi, (V; — 1)! Zl<k¢<z
Moreover,
! 1 ! 1

=1 > 1<k<i Nk o1 Yick<iPe(m+1)
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