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PSEUDOHOLOMORPHIC STRIPS IN SYMPLECTISATIONS
III: EMBEDDING PROPERTIES AND COMPACTNESS

CASIM ABBAS

This paper is the last in a series of three papers which
investigate pseudoholomorphic strips in the symplectisation
of a three dimensional closed contact manifold with a mixed
boundary condition. We will prove a compactness and an in-
tersection result, and we will investigate the embedding prop-
erties of such pseudoholomorphic curves.
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This paper continues the investigation initiated in the papers [4] and [5]
aimed at developing suitable pseudoholomorphic curve techniques for the
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investigation of the Chord problem in three dimensional closed contact man-
ifolds. A contact form A on a (2n + 1)-dimensional manifold M is a 1-form
so that A A (d\)™ is never zero. The hyperplane field £ = ker \ is called
the contact structure associated to A. A Legendrian submanifold £ is an n—
dimensional submanifold of M such that A|zz = 0. There is a distinguished
vector field associated with A, called the Reeb vector field Xy. It is defined
by the equations

ix,dA =0 and ix, A = 1.

A characteristic chord for a given Legendrian submanifold £ is a trajectory
x(t) of the Reeb vector field such that x(0),z(T) € L for some T' > 0. We
usually also ask for z(0) # z(T"). The question is the following: Given a
manifold M with contact form A and a Legendrian submanifold £, is there
a characteristic chord ? For very special M and L characteristic chords are
known in Hamiltonian mechanics as ’brake—orbits’, and they were investi-
gated since the 1940’s by H. Seifert and many others (see for example [7],
[17], [19]). In the case where M is the three dimensional sphere and ¢ is
the standard tight contact structure existence of characteristic chords for
any Legendrian knot was conjectured by V.I. Arnold [8] and proved by K.
Mohnke [16] after partial results by the author [3] and by K. Cieliebak [9].
The aim is to establish a method based on filling by pseudoholomorphic
curves which is able to detect characteristic chords in general closed three
dimensional contact manifolds M. The purpose of this paper together with
the previous papers [4] and [5] is to establish the filling method while we
apply it in the forthcoming paper [6] to obtain an existence result for char-
acteristic chords. Let us describe the boundary value problem which we are
going to investigate. We consider a three dimensional closed manifold M
with contact form A. Moreover, we assume that £ C M is a homologically
trivial Legendrian knot, and D is an embedded surface bounding £. A point
p € D is called singular if the contact plane &, at the point p is identical with
the tangent plane to the surface D. We denote the set of all singular points
on D by I'. Generically, the set I is finite. We will call a complex structure
J 1 & — & admissible if d\ o (Id x J) is a metric on £&. We extend such
an admissible J to an almost complex structure J on the symplectisation
R x M of M by demanding

9
or

for (a,u) € R x M, where 7 denotes the coordinate in the R-direction. The
Seifert surface D can be perturbed near its boundary, leaving the boundary
fixed, in order to achieve a certain normal form in local coordinates (see
proposition 1.4 below). In the earlier paper [5] we also chose a particular
complex structure J : £ — £ near {0} x L (see (6) below). We will also
adhere to these choices in this paper. We note however, that the intersection

j(a,u)% = X, (u) and j(a,u)X)\(u) =
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result below (theorem 1.3) does not use them. In this paper we will study
pseudoholomorphic strips in the symplectisation R x M with satisfy the
following mixed boundary condition:

—

=(a,u): S —RxM
Dsti + J(0)0yt = 0

(1) u(s,0) CR x L
u(s,1) C {0} x D*

E(a) < 400

where S := R x [0,1], D* is the spanning surface D without the set of
singular points I' and where F(a) is the energy of @ defined by

B(@) = sup/ﬂ,*d(qb)\), = {6 € CX(R,[0,1]) | ¢/ > 0},
peX JS

Solutions to (1) exist locally near elliptic singular points on the boundary if
the Seifert surface D has been perturbed into normal form as in proposition
1.4 and if the complex structure J : £ — £ has been chosen appropriately:

Theorem 1.1. Let (M, )\) be a three dimensional contact manifold. More-
over, let L be a Legendrian knot which bounds an embedded surface D' so
that the characteristic foliation has only finitely many singular points. Then
there is another embedded surface D which is a smooth C°—small perturba-
tion of D' having the same boundary and the same singular points as D' and
a d\—compatible complex structure J : ker A — ker A so that the following is
true: Near each elliptic singular point e € 0D = L there are embedded solu-
tions iy , 0 <1 <1 to the boundary value problem (1) with the properties:

e (S) Nt (S) = 0 if 7 7,
Uy — e uniformly with all derivatives as 7 — 0,

u-(0,0) =e,

the family . depends smoothly on the parameter T,

each map u; is transverse to the Reeb vector field, i.e. mx0Osur(z) # 0
forall z € S,

e The Maslov indices pu(t;) all equal zero.

See section 2 of this paper for the existence statement and [5] for the state-
ment about the Maslov indices. See also section 5 of this paper for the
definition of the Maslov index. The solution family 4, above is unique up
to parametrization. One of the main results of this paper is the following
compactness result:
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Theorem 1.2. Let (Ur)o<r<r, = (ar,Ur)o<r<r, be a smooth family of em-
bedded solutions to the boundary value problem

= (a,u): S — RxM
agﬂ—f— ()8tu—0
u(s,0) CR x L

a(s, 1)C{0}><D\F '
u(0,0) =

0< E(u )<+oo

where D C M is an embedded surface bounding the Legendrian knot L,
I' C D is the set of singular points and e € I'N L is an elliptic singular point
on the boundary of D. We impose the following conditions on the solutions

Uy

o U (S)Nun(S)=04if 7 #71",

dist U {ur(s,1)|s € R}, T"| >0,
0<6<T<10
For small T the solutions @, coincide with the local solutions of theorem
1.1 near e,
There is a uniform gradient bound, 1i.e.

sup [|Viir|lcocsy < oo.
0<r<19

Then for every sequence T, / Ty there is a subsequence Ty, such that the
family @i, converges in C2. to another solution (as k — o0) iy, with finite
energy such that also dist({ur,(s,1)|s € R}, T) > 0. Moreover

every sequence Ty yields the same limit, i.e. Uy, = lim; -, Ur, and the
convergence is uniform on S with all derivatives,

2) Uy, is an embedding,

3) the Maslov—index j(tr,) of Ur, equals 0,

4) The solution tr,(s,t) has the same rate of decay for large |s| as the
maps Ur, i.e. |[Ai| = 5 if the asymptotic formula, theorem 1.6, is
applied to tr,,

5) Uz (S)Nar(S) =0 for all 0 <7 < 79.

Remarks:

We have shown in the paper [4] that finiteness of energy implies the existence
of the limits lims_ 1o ur(s,t) € {0} x L. See definition 5.1 below and [5]
for the definition and properties of the Maslov—index. It is a well-known
fact that the uniform gradient bound implies that every sequence (i, )reN,
T, — 7o from the solution family %, has a C};,, convergent subsequence. The
theorem asserts that the whole family @, converges as 7 — 7y uniformly on
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S and not just on compact sets. It is also not hard to see that the energy
of t, is finite which implies exponential decay of the solution at infinity
(theorem 1.6). The main points of theorem 1.2 are the following:

e The limit @, has the same exponential decay rate and the same
Maslov—-index as the rest of the family u, for 7 < 79. It decays at
the slowest possible rate ~ e 215l Note that the convergence is ini-
tially only in C'*° on compact sets which does not permit us to draw
any conclusions about the behavior of @, at infinity from the asymp-
totic behavior of the solutions #.,. Additional arguments are required
here.

e The limit u,, is also an embedding.

e The convergence is in C*(5).

Another focus of this paper is studying how a family of embedded solutions
can intersect with another solution or other pseudoholomorphic curves:
Assume 4, = (ar,u;) , =1 < 7 < 0 is a continuous family of embedded
pseudoholomorphic strips as in (1) with pairwise disjoint images. Let ¢ =
(b,v) be either

1) another embedded solution of the boundary value problem (1) or

2) an embedded pseudoholomorphic disk with boundary condition {0} x
D*, i.e. a 'Bishop—disk’ as in [12] or [1],

3) a pseudoholomorphic half-cylinder over a periodic orbit x(t) of X
which lies on the surface D, i.e.

v:7 = (00,0l x S — R x M
o(s,t) = (s,2(t)) , =(SY) Cc D.

We study the intersection properties of the pseudoholomorphic curve ¢ with
the family @,. The following theorem states that ’there is no isolated first
intersection’.

Theorem 1.3. Assume @, = (ar,u;) , =1 < 7 < 0 is a smooth family of
embedded solutions of (1) with pairwise disjoint images. Let v = (b,v) be as
above. Moreover, we assume that @ and U have disjoint images for T < 0,
but the intersection of Ug(R x [0,1]) with 9(R x [0,1]) in case 1., D(D) in
case 2. and U(Z7) in case 3. is not empty. In the cases 2. and 3. the image
of U is contained in the image of Uy or vice versa.

In case 1. this also holds unless the first intersection occurs at the boundary
R x{0}, i.e. ifuo(p) = 0(q) for p,q € Rx{0}, and Osuo(p), Osv(q) € Tyy() £
do not have the same orientation. In this case we can only conclude that

io(R x {0}) = 8(R x {0}).

Since we will use the results and the notation from the papers [4] and [5], we
briefly summarize what is needed. As we mentioned earlier, we may modify
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the surface D near its boundary in order to achieve some normal form in
local coordinates.

Proposition 1.4. Let (M, \) be a three-dimensional contact manifold. Fur-
ther, let L be a Legendrian knot and D an embedded surface with 0D = L so
that all the singular points are non—degenerate. We denote the finitely many
singular points on the boundary by e, , 1 <k < N (ordered by orienting L).
Then there is an embedded surface D' having the same boundary as D which
differs from D only by a smooth C°-small perturbation supported near L
having the same singular points as D so that the following holds:

There is a neighborhood U of L and a diffeomorphism ® : U — S' x R? so0
that

O*(dy + zdf) = Ny , (0,2,y) € St x R?,

®(L) = St x {(0,0)},

d(ex) = (04,0,0) ,0< 6 <--- <Oy <1,

U ND) ={(0,a(0)r,b(0)r) € S* x R?|0,r € [0,1]},

where a,b are smooth 1—periodic functions with:

1) b(0x) = 0 and b(0) is nonzero if 6 # O,

2) a(fx) < 0 if e is a positive singular point, a(0) > 0 if ey, is a negative
stngular point,

3) if ey is elliptic then —1 < Z((g:)) <0,

4) if ey, is hyperbolic then the quotient Z/((g:)) 1s either strictly smaller than

—1 or positive,

5) a has ezactly one zero in each of the intervals [0, Ox1+1] , k=1,...,N—
1 and [HN, 1] U [0,91],

6) if er is an elliptic singular point and if |0 — 6| is sufficiently small
then we have b(0) = —3a(6)(6 — 0y).

Proof: See [4]. O

We showed in [4] that solutions 4 to equation (1) with dist(u(R x {1}),T") >
0 converge to points (0,p+) € {0} x L\I' as s — +oo. It is sometimes
convenient to modify the coordinates given by the above proposition near
the points p1 in order to make the surface D flat. Away from the boundary
singular points e we introduce the coordinate transformation

0
(2) RxS'xR? > (1,0,2,y) — (T,H,x - %yvy) = (1,0,2—q(0)y,y)-
We then obtain the following coordinates on suitable neighborhoods Vi of
the points p+ € L:

(3) Yy :RYD B.(0)=Vi C R x M,
Y+(0) = px,
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Yi(R? x {0} x {0}) = (R x £) NV,
Y+ ({0} x R x {0} x R¥) = ({0} x D) N V.
Using the coordinates (7,6, x,y) for R, the contact form on {0} x R? is
then given by

. . a(f
e = U3 = dy + (o O 0 g(0) = )
with Reeb vector field
PR )
A Oy ox

(recall that the functions a, b determine how the surface D is wrapping itself
around the knot £, see proposition 1.4). Let vy (s,t) := (' o p)(s,t) be
the representative of a solution @ of (1) in the above coordinates for large
|s| (we also assume that dist(u(R x {1}),I") > 0). Our differential equation
(1) has the following form in the above coordinates:

v = (Taeaxay) : [80700) X [07 1] - R4

(4) Osv + M(v)0w =0
v(s,0) € Ly = R? x {0} x {0}
v(s,1) € Ly = {0} x R x {0} x R,
where M is a suitable 4 x 4-matrix valued function with M2 = —Id. We

have shown in [4]:

Theorem 1.5. There exist numbers p, s’ > 0 so that we have the following
estimate for each multi index o € N? | |a] > 0 and s > §':

sup |0%v(s,t)] < cpe P,
te[0,1]

where c,, are suitable positive constants.

O

The main result of [4] is the following asymptotic formula for non constant
solutions v of (4) having finite energy:

Theorem 1.6. For sufficiently large so and |s| > so we have the following
asymptotic formulae for non constant solutions v of (4) having finite energy:

(5) v(s, 1) = elso @7 (ei(t) + (s, t)),

where ay : [sg,00) — R are smooth functions satisfying ay(s) — Ay <0
and a_(s) — A_ > 0 as s — Foo with A+ € ZF being eigenvalues of the
selfadjoint operators

Asoo - L*([0,1],RY) D H2([0,1],RY) — L2([0,1], RY)
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Y =My , Mio:= lim M(v(s,t)).
st—o00

Moreover, e (t) is an eigenvector of At belonging to the eigenvalue i
with ex(t) # 0 for allt € [0,1], and r4 are smooth functions so that r and
all their derivatives converge to zero uniformly int as s — +oo.

Proof: See [4] O

The domain of the operators A4, above is the following dense subspace of
L*([0, 1], RY):

Hp*([0,1.RY) = {y € H'*([0. 1, R") | 7(0) € Lo, 7(1) € L1},

where

Lo := R? x {0} x {0} and L; := {0} x R x {0} x R.
In view of the Sobolev embedding theorem this definition makes sense. There
is also the following refinement of the above asymptotic formula:
Theorem 1.7. Let v be as in theorem 1.6. Then there is a constant 6 > 0
such that for each integer 1 > 0 and each multi-index 3 € N?

1

d _
sup |DPri(s,t)| , W(ai(s) — M) <epye
0<t<1 S

8]s]

with suitable constants cg; > 0.

Proof: See [4] O

We recall from [4] that we chose the complex structure J : £ — £ near the
Legendrian knot £ as follows (in the local coordinates given by proposition
1.4):

6) J(@O,x,y)-(1,0,—z):=(0,-1,0), J(O,z,y)-(0,1,0) := (1,0, —z).

In the coordinates (2) the almost complex structure J on R* induced by .J
is given by

0 —(x +q(0)y)
0 yq'(9)

—q(0) —1+yq'(0)(z +q(@)y)q(0) —yq'(9))
1 —(z +q(0)y)yq'(9)

(7) j(T,@,x,y) =

0 —1
1 q(0)
9)a(0) —yd'(0)  q(0)((z + q(0)y)a(0) — yq'(9))

(x+q(0
(z+q(0)y) —(z +q(0)y)q(0)
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If Ay is an odd integer multiple of 7/2 then the asymptotic formula of
theorem 1.6 looks as follows:

vie(s,t) = —/iief:o CHE(T)dT(cos()\it), —q+(0) cos()\it),O,sin()\it)) +

(8) telo ai(T)dTei(s, t).

In the following we will denote by &(s,t) any R*- or real-valued function
which converges to zero with all its derivatives uniformly in ¢ as s — £oo
if we are not interested in the particular function. In order to simplify
notation we will often drop the subscript +. Using the fact that o/(s) — 0
as |s| — oo (proved in [4]), we obtain the following asymptotic formulae for
the derivatives of v(s,t) (k,k+ are suitable nonzero constants):

dyv(s,t) = effoa(”‘“.[—K(Acos(ms),—Aq(O)cos(At),o,Asm(At))+
(9) Te(s,1)],

Bu(s,t) = el [_ ﬁ(— Asin(At), Aq(0) sin(At),O,Acos(At)) n

(10) +e(s, t)} .

If we use the coordinates given by proposition 1.4 without making the bound-
ary conditions 'flat’ as in (2) then the appropriate versions of (8) and (9)
are the following. If Ay is an odd integer multiple of 7/2 we have:

vy (s,t)

= _ppelnox (i
(cos()\it), —q+(0) cos(Ayt), g+ (0) sin(Axt), sin()\it)) +
(11) +elso ai(T)dei(s, t)
and
dsv+ (s, 1)
(12) = elsooxmar, [ . ()\i cos(Ast), —Arqs (0) cos(Ayt),

A (0) sin(Ast), As sin(Ast) ) + 2 (s,1)|.
For Ay € Z7 we have
vy (s,t)
= miefsso o (r)dr (0, cos(Axt), —sin(Ast), 0) +

(13) el ¥ (5,1)
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and

Osvy(s,t) = elso (AT
(14) . [ni (o, Ag cos(Ait), —As sin(ALt), o) +ei(s, t)} .
The following theorem is the main result of the paper [5]:

Theorem 1.8. (Implicit function theorem)

Let g = (ag,up) be an embedded solution of (1) so that its Maslov—index

w(to) vanishes and dist(ug(Rx{1}),T") > 0. Assume moreover, that |tg(s,t)—
p+| decays either like e=™ or like e 218! for large |s| in local coordinates

near the points py = limg_, 1o Uo(s,t) and that p— # p4. Then there is

a smooth family (0;)—1<r<1 of embedded solutions of (1) with the following

properties:

® 7y = Uy,
o The solutions v, have the same Maslov—index and the same decay rates
as ug,
o The sets
Us:= J { lim_o.(s,0)}
—1<7<1

are open neighborhoods of the points py in L.

If lig(s, t) — pi| decays like e~ 21! for both s — 400 and s — —oo then we
have in addition

e 0. (S)N0(S)=04f T #T.

Proof: See [5] U

In section 5, we will prove the following version of theorem 1.8:

Theorem 1.9. (Implicit Function Theorem—second version)

Let uy = (ag,ug) be an immersed solution of (1). Denote by Ay the decay
rates of gy as in theorem 1.6 and let u(tg) be the Maslov index of . Assume
that one of the following conditions are satisfied:

1) Ay = Fmarm with integers mo > 1 and p(iip) < —%(m— + my) holds,
2) the absolute value of one of the numbers A+ equals %, and the absolute
value of the other equals mm with some positive integer m. We also
assume that p(iip) < —3m — 1.
Assume moreover that dist(ug(R x {1}),I') > 0. Then there is an inte-
ger N > 1 and a smooth family (0;),crn of solutions the boundary value

problem (1) with the following properties:

0’l~)0:’L~l,0 andT}T;‘é&o Z'fT#O
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e the solutions v, have the same end points as the solution g, i.e.

sgrfoo to(s,t) = SEIinoo Or(s,t) V T,

e The solutions v, have the same Maslov—index and the same decay rates
as ug,

We can see now the purpose of theorem 1.2: The ’implicit function theorems’
can only be applied to embedded or immersed solutions 4y where Maslov—
index and decay rates are related in a certain way. We saw in the paper
[5] that otherwise the underlying Fredholm operator would have negative
index. Our compactness result, theorem 1.2 has to make sure that theorems
1.8 and 1.9 remain applicable to the C} -limit of a sequence of solutions.
It will turn out that solutions with decay rates faster than m/2 actually do
not occur at all. Theorem 1.9 is only needed as an intermediate step in the
proof of the compactnes theorem in order to deal with these ghost solutions
before showing that they do not come up.

We have proved also the following result in [5] which is based on the maxi-
mum principle:

Proposition 1.10. Letu = (a,u) : S — R XM be a non—constant solution
of the boundary value problem (1).

e Then the path s — u(s, 1) is transverse to the characteristic foliation,

i.e. Osu(s,1) & ker AN(u(s, 1)). We actually have
0 < dra(s,1) = —A(u(s,1))0su(s, 1)
for all s € R.

o We have a(s,t) < 0 whenever 0 <t <1,
e The pseudoholomorphic strip never hits {0} x L, i.e.

a(s) N ({0} x £) = 0.

In particular,
lim (s, t) & a(9S).

s—Fo0

Proof: See [5]. O

2. Local existence of solutions

In this section we will prove theorem 1.1, i.e. we establish local fillings
by pseudoholomorphic curves near an elliptic singularity at the boundary.
Because of proposition 1.4 we are in the following situation near an elliptic
singular point e € L:

We may assume that the contact manifold is the three dimensional Euclidean
space {(6,z,y) € R3} endowed with the contact form A\ = dy + xdf. The
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piece of the Legendrian knot situated near e corresponds to some interval
{(0,0,0) € R?||0| < ¢}, where ¢ > 0 is a suitable constant. The elliptic
singular point then corresponds to the origin in R? and the spanning surface
D is given by {(0,z,—30z) € R?|[0] < e, z < 0} if e is a positive elliptic
point, otherwise we have x > 0. We start constructing solutions near e. The
contact structure is generated by the vectors

1 0
e1 = 0 and ey = 1
—x 0

We have chosen a particular complex structure J on ker A near the Legen-
drian knot by demanding

(15) Jey ;= —e9 and Jey = e.

This complex structure is compatible with d\, i.e. d\o (Id x J) is a bundle
metric and defines an almost complex structure J in the usual way.
The boundary value problem, we are going to study, is the following;:

= (a,u): S — RxM
D5t + J(0)0yt = 0

u(s,0) CR x L ;
i(s,1) € {0} x D*

0 < E(u) < 400

where D* is the spanning surface without the singular points, S := R x [0, 1]
and
E(a) = sup/ u*d(¢A) (energy of u )
pex J S
with ¥ = {¢ € C®(R,[0,1])|¢ > 0}. Since we have chosen good co-
ordinates near the elliptic singular points and an explicit almost complex
structure J, we will be able to explicitly state 1-parameter families of solu-
tions to the above boundary value problem near the elliptic singular points.
These solutions look simpler after having performed a biholomorphic trans-
formation of the domain as follows: Let Q := {z = s +it € C|s?> +1? <
1,t>0}\{—1,+1} be the upper half disk in the complex plane without the
corner points. The infinite strip S and € are equivalent via the biholomor-
phic map
S —Q

e % (s+it) 1

(16) 5+ it — — tanh (%(s + it)) .

3Gt 11
Under this transformation, R x {0} is mapped onto (—1,+1) and R x {1}
is mapped onto {s +iv1—s? € C|s € (—1,+1)}. We write in coordinates

= (a,0,z,y): Q— RxR?
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and obtain the following boundary value problem:
Osa— Oy —x0i0 = 0

0s0 + O 0

Osx— 0 = 0

Ora+ 0y + 200 = 0

0

0

x(s,0) = y(s,0) =
a(s,V/1—s2) =
y(s,V1—s2) = —%(m@)(s, V1—s?).

The following maps satisfy the above boundary value problem as long as
they stay in the coordinate patch near the elliptic singular point where the
Seifert surface and J are in normal form:

1 1
(17) Ue (s, t) = <Z€2(82 + 1% —1),es, —¢t, 5523t) ,

with ¢ > 0 if e is a positive elliptic singular point and ¢ < 0 otherwise.
Transforming back the infinite strip S = R x [0, 1] the solutions (17) become

iuet) = (_ &% cos (%) ’ esinh (%) ’
2 [cos (%) + cosh ()] cos () + cosh (%)
18 “sin(§) (%) s (%) ) |
(18) cos () + cosh (%) 2 [cos (%) + cosh (%)]2

These solutions obviously satisfy all the requirements of theorem 1.1, and
they decay like e~ 51 near the ends. By the asymptotic formula, theorem
1.6, this is the slowest possible decay rate.

3. Local reflection of solutions at the boundary

The following lemma provides convenient local coordinates near a boundary
point of a solution (it can be viewed as a version of the Carleman Similarity
Principle with boundary). We obtain as a corollary that pseudoholomor-
phic curves with totally real boundary conditions can be locally ’Schwarz—
reflected’ near a regular boundary point. In the special case where the
boundary condition is R x £ C R x M we can locally reflect in any bound-
ary point. We confine ourselves to the case of dimension four for notational
simplicity.

Lemma 3.1. Let (W, J) be an almost complex manifold of dimension four
and let F' be a totally real submanifold. Furthermore, assume that ug :
Dt — W is an embedded J-holomorphic half-disk with boundary condition
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ug(DTNR) C F, where DT :={z € C|Im(z) >0, |2| < 1}. Then there
are 0 < & < 1, a neighborhood U of p = up(0) in W and a diffeomorphism
¢:U —V C C? onto an open neighborhood V of 0 in C? such that

1) o(UNF)=VNR?

2) (doug)(z) = (2,0) , z € (DF x{0})NV, where DT := {z € C|Im(z) >
0, |z] <e}.

3) The induced almost complex structure J(q) = Dp(d~1(q))oJ(¢71(q))o
Do~ 1(q) satisfies

J(2,0) =i if (2,0) € (C x {0}) N V.

Proof:

Since u is embedded, there is a coordinate map ¢ which satisfies condition 2.
Hence we may assume that W = C? and ug(z) = (z,0). We denote ¢(UNF)
again by F. Points (s,0) € R x {0} C C? near 0 are then contained in F.
The map ug(2) = (2,0) is J-holomorphic. If we pick

(k,0) = Dug(2)k € C x {0} = Ty () (uo(DT))
then

J(ug(2))(k,0) = J(uo(2))Dug(2)k
= Dug(z)(ik)
= i(k,0),
hence J(ug(2)) acts as multiplication by i on C x {0}. We will successively
change coordinates until the other two conditions are satisfied as well. Let us

take care of condition 3. first. We can find a smooth map v : C — GLg(C?)
into the set of real linear automorphisms of C? with the properties:

1) ¥(2)J(up(z)) = i¢(z) for all z € C,
2) ¥ (z)(h,0) = (h,0) for all h € C and z € D*.

If s € R then T, F = T(;0F is generated by the vector (1,0) and
some vector valued function (ic,3)(s) for suitable a(s) € R and 0 #

B(s) € C. We may demand in addition to the above two conditions that
P(s)(ia(s), B(s)) = (0,1) for real s so that

U(s) T, F =R? C C2.
Define now a map o : V' — V" between suitable neighborhoods V', V" of
(0,0) in C? by
o(v,w) == ¢(v)(v,w).

We have o(z,0) = (z,0) for all z € DT and also Do(z,0)(h, k) = ¢ (z)(h, k)
for z € DT. We conclude that ¢ is a diffeomorphism onto its image, provided
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V', V" are chosen sufficiently small. We then restrict ug to a smaller half—
disk DI so that ug(DZX) C V'. We have also arranged that

Do (8,0)(Tyy(5)F) = 1(8) (T 5)F) = R?

for s € R. Composing the original coordinate map ¢ with ¢ we may assume
now that conditions 2. and 3. of the lemma are satisfied. Moreover, we have

Ty F = R? for s ¢ RN DT,

We will finally achieve condition 1. by another modification. We will find a
local diffeomorphism x with the properties

e x(z,0) = (2,0),
e x(F) C R2 at least for a piece of F near R x {0},
e Dx(z,0) is complex linear.

The first and the last items above ensure that we maintain properties 2. and
3. Since R x {0} C F and T{, o)F = R* we may write F' near R x {0} as

F={(s+if(s,t),t +ig(s,t)) € C*|s,t € R}
for suitable real valued smooth functions f, g which satisfy in addition
f(s,0) =g(s,0) =0, 9, f(s,0) = g(s,0) =0.

We define f, g also for complex arguments by f(z,w) := f(Re(z),Re(w))
and similarly g. We define the map x as follows:

X(z,w) = (z —if (z,w), w —ig(z, w)).
This map has the desired properties. O

We note the following corollary:

Corollary 3.2. Let (W, J) be an almost complex manifold of dimension four
and let F be a totally real submanifold. Furthermore, assume that ug : DT —
W is a J-holomorphic half-disk with boundary condition ug(DT NR) C F
so that Osup(0) # 0. Then there are 0 < & and a J-holomorphic disk
vg : D — W defined on the full disk of radius € so that vO\D; = UO‘DQ--

Proof:
We use lemma 3.1. Then the map z + (z,0) is J-holomorphic on the full
disk because J(z,0) = for all z € C. O

We return to the special situation where (W,.J) = (R x M,.J) where J
has the form (6) near the Legendrian knot £, and where the totally real
submanifold F'is R x L.

Proposition 3.3. For the special choices of W, J and F outlined above the
assertion of corollary 3.2 also holds without the assumption Osug(0) # 0.
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Proof:
In local coordinates the map ug = (a,0,z,y) : DT — R* satisfies the
following differential equation (see section 2):
O0sa — 0wy — x040 0
0s0+0ix = 0
Osx— 00 = 0
Ora+ 0y +x0s0 = 0
x(s,0) =y(s,0) = 0.
We then use the obvious Schwarz reflection. O

4. Intersection Properties

The following intersection result is more general than needed for this paper,
but it will be useful later on. Assume @, = (ar,u,), —1 < 7 < 0 is a smooth
family of embedded pseudoholomorphic strips as in (1) with pairwise disjoint
images. Let © = (b, v) be either

1) another embedded solution of the boundary value problem (1) or

2) an embedded pseudoholomorphic disk with boundary condition {0} x
D*, i.e. a 'Bishop—disk’ as in [12] or [1],

3) a pseudoholomorphic half-cylinder over a periodic orbit z(t) of Xy
which lies on the surface D, i.e.

v:27 = (00,0l x S — R x M
o(s,t) = (s,z(t)) , z(S') Cc D.

We study the intersection properties of the pseudoholomorphic curve ¢ with
the family u,. The following theorem states that ’there is no isolated first
intersection’.

Theorem 4.1. Assume t; = (ar,u;) , —1 < 7 < 0 is a smooth family of
embedded solutions of (1) with pairwise disjoint images. Let © = (b,v) be as
above. Moreover, we assume that @ and U have disjoint images for T < 0,
but the intersection of Ug(R x [0,1]) with 9(R x [0,1]) in case 1., D(D) in
case 2. and U(Z7) in case 3. is not empty. In the cases 2. and 3. the image
of U is contained in the image of Uy or vice versa.

In case 1. this also holds unless the first intersection occurs at the boundary
R x {0}, d.e. if uo(p) = 0(q) for p,q € R x {0}, and Jsuo(p), Osv(q) €
Tuo(p)£ do not have the same orientation. Then we can only conclude that

(R x {0}) = o(R x {0}).

The conclusion of the theorem is absurd in the cases 2. and 3.: In case 2.
the conclusion of the theorem would violate proposition 1.10. In case 3. it
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would imply that m\0sug = 0 on an open subset of the domain. This implies
mx0sug = 0 on all of S because the components of m\0dsug with respect to a
complex frame for the bundle (ui&, J(up)) satisfy a Cauchy Riemann type
equation where the Similarity Principle (see appendix A) is applicable. In
the paper [4] (lemma 4.1) we have shown that this implies that @ is constant
in contradiction to the assumption that g is an embedding. Hence we obtain
the following corollary from the first part of theorem 4.1:

Corollary 4.2. Assume t; = (ar,u;) , =1 <71 <0 is a continuous family
of embedded solutions of (1) with pairwise disjoint images. Let T' C D be
a curve which is either the trace v(0D) of a Bishop—disk or periodic orbit
x(t) = v(0,t) of the Reeb vector field as above. Moreover, we assume that
Uy and v do not intersect for T < 0. Then the curve uy(s,1) on D and T do
not intersect either.

O

The following two propositions are local versions of theorem 4.1. Their
proofs are very similar. Since the boundary case is more difficult we will
only prove proposition 4.4.

Proposition 4.3. Let u, : D — C? , —1 < 7 < 0 be a smooth family of
embedded solutions of the differential equation

(19) Osur + J(ur)Opur =0,

where J is an almost complex structure on C? satisfying J(z,0) =i and D
is the open unit disk in the complex plane. Assume furthermore that ug(z) =
(2,0) and that the images of the u, are pairwise disjoint. Let v be another
embedded solution of the same differential equation with u.(D)Nv(D) =0
for 7 <0, but v(0) = up(0) = 0. Then either v(D) C up(D) = D x {0} or
D x {0} Cc v(D).

O

Proposition 4.4. Let u, : Dt — C? , —1 < 7 < 0 be a smooth family of
embedded solutions of the boundary value problem
(20) Osur + J(ur)Opur =0

u, (DT NR) C R?,
where J is an almost complex structure on C? satisfying J(z,0) = i. Assume
furthermore that ug(z) = (2,0) and that the images of the u. are pairwise
disjoint. Let v be another embedded solution of the boundary value problem
(20) with u,(DT) Nov(DT) =0 for 7 <0, but v(0) = ue(0) = 0.
Denoting the upper/lower half-planes in C by HT and the upper half-disk
with radius r by D, we assume moreover that there is some € > 0 such

ro

that v(DF) € H™ x C. Then either v(DT) C ug(D") = DT x {0} or
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Dt x {0} Co(D"). Ifv(DF) C H™ x C then either v(DT) C D™ x {0} or
D~ x {0} Cv(D™"), i.e. v agrees with the Schwarz-reflection of ug.

Remark: The assumption that v(D}) C HT x C avoids the hypothetical
intersection picture in figure 1, where v(DZ) lies on the 'wrong side’. The
situation we are looking at in this case is the one in figure 2.

Figure 1

S
> 17 NN
0:“?&“‘ “H'I? »“‘“:s“\‘\

=\~ Zaun Wl

Figure 2

Proof of proposition 4.4:
Writing v(z) = (a(z),b(z)) it suffices to show that b(z) vanishes on some
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neighborhood of 0. We first note that v and ug are tangent at 0. Indeed,
we have

d
d—v(s,())\s:o =Dv(0)1 € R x {0},
s

otherwise the curve v(s,0) would intersect some of the curves u,(s,0) for
7 < 0 as well (see figure 3), which does not happen by assumption. Then

2

R

Uo

\v/

Figure 3. The graphs of v|gnp+ and u-|gap+-

Dv(0): = iDv(0)1 € iR x {0}, hence the range of Dv(0) is C x {0}. We
have

(21) v(z) = Dv(0)z + O(|z|*) = (cz,0) + O(|z|*)

for a suitable number ¢ € C\{0}, and even ¢ € R\{0} because of Dv(0)1 €
R x {0}. After maybe replacing D by a smaller half-disk we may assume
that the image of v near 0 is the graph of a complex valued function over

some part of Cx {0}. We conclude from (21) that the set pry(v(D™)) either
lies in the positive half-plane in C or in the negative half-plane depending
on the sign of the number c. Note that we have ruled out the case ¢ < 0 by
assumption. We write

U(Z) = (a(z)vb(z)) ’ UT(Z) = (a’r(z)vb’r(z))

for suitable complex valued functions a, a-, b, b, defined on the upper half—
disk DT. These functions have the properties

e b(0) =0, Db(0) =0, a(0) =0 and a(z) = cz+ O(|z|?) for some ¢ > 0,
e ap(z) =2 ,by=0,
e (DT NR) C [0,00), b (DT NR) C (—00,0) if 7 <0,
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(the last item in the list might as well be (DT N R) C (—o00,0], but then
b-(DTNR) C (0,+00) for 7 < 0, which does not change the argument of the
proof). Restricting all functions involved to a smaller half-disk and confining
ourselves to values of 7 close to zero, we may assume that all the maps a,,a
are local diffeomorphisms near 0. Note that we did not parameterize v so
that it looks like (z,b(z)) since we want to keep the property J(z,0) = .
We compute now, denoting the partial derivative with respect to the second
argument by DsJ,

0 = 0sv+ J(v)oww
(8561, 8sb) + J(CL, b) (875&, 8tb)

1
(0sa, Osb) + (J(a,O) +/ Dy J(a, kb) bdm) (Ora, O:b)
0
—  (Dsa + i0ha + ab, Db + i0b + Bb),

where we wrote

1
(az, Bx) = (/ Dy J(a, Hb)xdm) (Ora, Opb).
0
We consider the second component of the above differential equation
0 = 0sb+ i0:b + [Fb.

The boundary version of the similarity principle applies here (see theorem
A.2). If the co—jet of b vanished at 0 then we would have b = 0 because of
the similarity principle. This would imply that v(z) = (a(2),0) (and a is
biholomorphic) and the assertion of the proposition follows.

Without the assumption v(D7) C HT x C, the image of v|,+ would be
contained in the image of the 'Schwarz reflection’ of ug. :

We claim that the oco—jet of b actually has to vanish at 0. Arguing indirectly,
we assume that it does not. Without loss of generality we may also assume
that b(z) # 0 for z € D*\{0} since 0 is then an isolated intersection point
of v with ug. Applying the similarity principle we find a holomorphic map
o : DI — C defined on an upper half-disk of radius 0 < € < 1 and a map
P € MNacpeno WhP(DF C\{0}) with ®((—¢,¢)) C R\{0} so that

b(z) = ®(2)o(z) on D,
Write
o
o(z) = Z apz®
k=ko
with some kg > 2. We know that b|p+nr does not change its sign near 0

since v does not intersect any of the solutions u, for 7 < 0 (see figure 3),
therefore ky must be even. Recall that all the curves u;|p+ng lie in the
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lower half-plane in R? so that (DT NR) C [0,00). We may assume, by
making ¢ smaller if necessary, that all the maps a, are local diffeomorphisms
if |7| is sufficiently small since ag(z) = z. We note that

(22) —0 € b(0DY),

where D := {z € Df |z € Ror |z| = ¢}, for all § > § > 0 with some
sufficiently small §p > 0. This is true because

0 ¢ b(D.\{0})

and b((—¢,¢)) C [0,00) since the path b[p+nqfj.j=c) starts and ends some-
where on the positive real axis and avoids the origin. If |7| is sufficiently
small, we may also assume that

(23) =0 #b(2) — br(a; (a(2))) , forall z € DT and all 0 < § < &/2

since by = 0. The Brouwer degrees deg(b, DI, —¢§) and deg(b — b, o a; ! o
a,DF,—0) are then well-defined for all sufficiently small § > 0 and they
agree in view of (22) and (23). We observe that for all small ¢

deg(ba D:a _6) = deg(a, D:a _6)

since ¢ can be removed by a trivial homotopy argument. We continue now
the holomorphic map o analytically onto the whole disk D. by Schwarz
reflection. Choosing § > 0 sufficiently small we may assume that |o(2)] > ¢
for all z € D, so that the Brouwer degree deg(o, D., —td) is defined for all
0<t<1. Then

ko = deg(o, D.,0)

= deg(o, D.,—9)

deg(a, Dg_a _6) + deg(a, D;_, _6)
2 deg(a, D;_, _6)
= 2 deg(ba D;r7 _5)

and

k
(24) deg(b, DI, —0) = 50 > 1.

By assumption the images of v and u, are disjoint if 7 < 0, i.e. the equations

a(2) = ar(2) , bz) = br(2),
have no solution if 7 < 0. We rewrite them as follows:

b(=) = by (a7 (a(2)) 5 = € D
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Since there is no solution to this equation we have necessarily

0 = deg(b—b;o0a;'oa,DI,0)
= deg(b—broa; oa, DI, ~t5),0<t <1
= deg(b_bToa;loang_v_é)
in contradiction to (24). This completes the proof.
O

Proof of theorem 4.1:

Assume first that ao(p) = (ao(p),uo(p)) = 0(q) for some p € R x (0,1].
Let us first consider the case p € R x {1} so that ag(p) = 0. If ¢ is also a
pseudoholomorphic strip then proposition 1.10 implies that ¢ € R x {1} as
well. If 0 = (b,v) is a pseudoholomorphic disk then b has to be negative on
the interior of the disk since Ab > 0 with zero boundary conditions. Hence
g € OD. If ¥ is a pseudoholomorphic cylinder then trivially g € 0Z~. After
invoking lemma 3.1 we may view both @y and ¥ as maps on the half-disk D+
into C? with boundary conditions (DT NR), (DT NR) C R?. The proof
of the case p € R x {1} would be complete if we could show that pr,[0(DJ)]
lies in the upper—half plane of C (see figure 2) with pr; : C? — C being the
projection onto the first factor. We may write R x M as the disjoint union
of the two domains R* x M and the hypersurface {0} x M. We note that
and ¥ map the interiors of their domains into R~ x M, and the boundaries
R x {1}, 0D and 0Z~ respectively into the hypersurface {0} x M (which is
called pseudoconvex with respect to R~ x M). In the local picture in C? we
obtain two domains W¥ corresponding to R* x M and a real hypersurface
containing R?. If y(t) is any differentiable path in C? which agrees with
(0,1 —1¢) for 0 <t <1 then y(1+¢) € W for all small £ > 0. This holds
because of proposition 1.10 since the outer normal derivative of agy in the
point (0,0) is strictly positive. If pry[o(DZF)] were contained in the lower
half-plane in C then we could find a differentiable path «y(¢) as above which
lies in the image of ¥ for ¢ > 1, ¢ — 1 small (see figure 4), because 4y and ©
are tangent at (0,0). This would imply that ¢ maps some interior points of
its domain into W™ which is impossible. Hence we have reduced the case
p € Rx {1} to the local proposition 4.4. Assume now that p € Rx (0, 1), i.e.

ap(p) < 0 by proposition 1.10. Then the point ¢ is contained in R x [0, 1), D
or (—00,0) x S1. If ¢ is in R x (0,1), D or (—00,0) x S! then we can apply
proposition 4.3 right away. If ¢ € R x {0} then we can reflect © locally near
g at the bondary using lemma 3.1 and apply proposition 4.3. The issue of
9(DZF) lying on the wrong side of R? does not come up here because p is an
interior point.

We are left with the case where p € R x {0}. The boundaries of Bishop disks
and periodic orbits of the Reeb vector field cannot intersect £ = 0D, so we
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Travelling into,
the region W

Figure 4. Following the arrow from the graph of ug onto
the graph of v would lead into the region W.

only deal with the case where v is another pseudoholomorphic strip. The
case ¢ € Rx {1} can not occur because of proposition 1.10. If ¢ is an interior
point then we may reflect ug locally near p and apply proposition 4.3. If now
both ¢, p are boundary points on R x {0} then unfortunately, the boundary
condition R x £ is not contained in a pseudoconvex hypersurface in R x M,
as it was the case with {0} x D*. Hence the image of © may either agree with
the image of i or with image of the reflection of ag. Writing v = (a, 0, z,y)
and up = (ao, 0o, 0, yo) in local coordinates near {0} x £ we use lemma
3.1 in conjunction with proposition 3.3. The first factor in C? corresponds
to the fx—plane. The condition whether pr,[o(DF)] lies in the upper or
the lower half-plane is the same as asking whether d;x(q) = —9:0(q) and
Oyxo(p) = —0s00(p) have the same sign or not. Hence the question is whether
Osug(p), 9sv(q) € Ty(q) L have the same orientation or not.

O

We study now the situation where the first intersection occurs at infinity.

Theorem 4.5. Let 4, = (ar,ur;) , —1 < 7 < 0 be a smooth family of
embedded solutions of (1) with pairwise disjoint images. Let ¥ be another
embedded solution. Assume that all the maps @, and U have the same expo-
nential decay rate A\y = —m/2 as s — +o00. We assume also that v and g
converge to the same point on {0} x L as s — 400, but

- (S)No(S) =0 forallT <0

Then
(R x {0}) = ap(R x {0}).
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Proof:

The idea is to reduce the situation to the one in proposition 4.3. Since
we are only interested in large s we may work in local coordinates near
{0} x L. Using proposition 3.3 we reflect all the solutions at the boundary
[s0,00) x {0}, and we obtain pseudoholomorphic strips defined on S; =
[s0,00) X [—1, +1] having boundary condition on {0} x D. We consider now
the biholomorphic map

¢: 8y — Q\{0}
¢(z) =w=e 5,

where Q = {z € C|Re(z) > 0}. Composing all the reflected pseudoholo-
morphic strips 0, @, with

Y(w) = 67 (w) = 2 log w

we obtain pseudoholomorphic curves on the punctured half—disk with bound-
ary condition in {0} x D. Our aim is to reflect them once again at the
boundary near the origin using corollary 3.2. It is clear that all curves ex-
tend continuously over the origin. We have to verify that their derivatives
also extend and that they are not zero in the origin. This is where the decay
rate of —% comes in. If we carried out the reflection and reparametrization
procedure with a pseudoholomorphic strip of faster decay, we would obtain a
pseudoholomorphic half-disk with vanishing derivative in the origin. Using
the asymptotic formula (11) and identifying R* with C? we may write the
resulting pseudoholomorphic half-disks as follows:
w

uo((w)) = p(w) o] (1,4(0)) + p(w)e(P(w)),

—% log |w|
p(w) = Ko exp / a(r)dr | , ko >0

where

S0

and ¢ > 0 is some constant. We note that D%(z(0)) = 0 for all |a > 0.
We compute with 0 = 0, 0 = Og:

Op(u) = () o (-2 oglul).

0p(u) = - —zpluw) o (-2 1og ul).

which are both bounded since |p(w)| < ¢|w| for some constant ¢ > 0. We
note also that

- 772r log|w\ T
p(w) = ko ez |w| exp / [a(T) + §]d7 .
S0
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o(ptory) = Gt~ e (~1oeiul) i
_ %—%(E—F (——10g!w!>>
= e ([ toy )

2
mw| \ 2 ™
The first term equals

+o0 T
Ko eZ% exp (/ [a(T) + §]d7) #0

for w = 0 by theorem 1.7, and the second one converges to zero since |p(w)| <

clw| and a(s) — —Z as s — +o0o. We evaluate
2

0 (ptu12) = sl (3 +a (roglat)).

which converges to zero as w — 0. We compute

p(w)d(e o B)(w)| < clw| |De(w(w))| [ (w)]
< clwl|De((w))| ]t =0,

We estimate with > 5 as in theorem 1.7

e((w))| < ce 1Bl = cluw) >

and s

0p(w) (€ 0 ) (w)] < cfw|~
which also tends to zero as |w| — 0. We proceed similarly for d(p(e o 1))
which also vanishes for w = 0. Hence we may view all the pseudoholomor-
phic strips @, 0 for large s as embedded pseudoholomorphic disks centered
at the origin because their derivatives are not zero in the origin. Moreover, ©
and ug have an isolated intersection in the origin, while v does not intersect
any of the disks @, for 7 < 0. This completes the proof of the theorem. [J

5. Remarks about the implicit function theorem and
about transversality

The main result of the paper [5] is theorem 1.8, the implicit function the-
orem. We have assumed that the solution g decays to its endpoints at
exponential rates exp(—|Ays|) with |AyL] < 7, and that the Maslov-index ot
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1o vanishes. The purpose of this section is to prove theorem 1.9 which is a
version of theorem 1.8 for arbitrary decay rates at the ends if the Maslov
index assumes suitable values. In this section we are using the notation of
the paper [5], and we will indicate the necessary modifications in order to
establish such an implicit function theorem.

Proof of theorem 1.9: In the paper [5] we started with an embedded
solution g to the boundary value problem 1, and we attempted to find
more solutions # nearby of the form

(25) &(s,t) = @cﬂw(s,t,x(s,t),y(s,t)),
where
. o, :SXxR*DSIxB.(0) —RxM, c_,c; €R

(I>c_,c+ (s,t,w,y) ‘= €XDPgy(s,t) (xn(57t) + ym(svt) +
Fle-B(5) + ¢ B ()] (0,1,0,0) )

and where n(s,t) € Ty (R x M) and m(s,t) = J(iig(s,t))n(s,t) are
suitable normal vectors to the solution uy. The letters G+ stand for cut—off
functions which equal 1 for |s| large and positive (or negative in the case of
(B-). Their purpose is to move the end points of the map @ away from the
end points of the solution tg. In this section we will only require 4y to be
immersed. The implicit function theorem from [5] also applies to @y which
are merely immersed, but the nearby solution will then of course also be
immersed only and not necessarily embedded. In the paper [5] we have set
up a partial differential equation for the map (s,t) — (x(s,t),y(s,t)) € R?
so that @ given by (25) is a J-holomorphic curve. The investigation of this
PDE uses the following weighted Sobolev spaces

Hy7(S,C) i= {u € H*?(S,C) | |ullapy = [lp7ull2p < o0,
u(s,0) e R, u(s,1) € R-(a1(s) + taz(s)) },
H'77(8,C) = {u € H'#(S,0)| [ull1pr, = [7ull1y < o },
where 7 : R — R is a smooth function with

Ws) T e () 0L k2 1,
S

and where p(s) is a smooth function which agrees with elso @M oy large
|s|, and a are the functions appearing in the asymptotic formula for g
(theorem 1.6). Recall also that ay(s) — A+ as s — £oo. The map s —
ai(s) + taz(s) € C\{0} takes care of the boundary condition (see definition
5.1 below for details). Since p > 2, the above spaces consist of differentiable
and continuous functions respectively. If v+ < 0 then the above Sobolev
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spaces consists of functions with a certain exponential decay at infinity. The
PDE for (x,y) makes sense under the following assumptions on the weights:

oIf)\i::F%and—%<’Yi<O,or

o If \y € Z7 and —% — ﬁ <vx < —%, where § > 0 is the exponential
decay rate of the remainder terms in the asymptotic formula (theorem

1.7).

We will investigate the following question: Given an immersed solution g
with decay rates Ay near the ends and with Maslov index p(g), when are
there solutions @ nearby of the form (25) with ¢ = ¢y = 0 ? This means
that @ will have the same end points as the solution 4y we started with. Let
us recall the definition of the Maslov index.

Definition 5.1. If @ is an immersed solution to the boundary value problem
(1) then we call a section n in @*T(R x M) an admissible normal vector if
it satisfies the following conditions:

o n(s,t) & Span{0su(s,t),dyu(s,t)},
d n(s,O) € T&(S,O) (R x E);
o n(s,t) — nioo(t) uniformly int as s — +oo, where

nan) = (0,41,0,0) i he=73

£ (cos %t, —q+(0) cos %t,(),$sin %t) if A €Zm

and A+ as in theorem 1.6.

e There is a path
v =a; +iaz : R — C\{0}
so that
ai(s)n(s,1) + ag(s) J(a(s, 1))n(s,1) € Ty(s,1)({0} x D).

Writing v(s) = p(s) ) and ¢+ = lim, 100 ¢(s), the Maslov index of i is
then defined by

ulil) = (05— 6.).

We note that n.(t) satisfies the boundary conditions 1+4,(0) € Ty, 0) (R %
L) and ntoo(1) € Tys,1)({0} x D) for |s| large. Theorem 1.8 assumes that
the Maslov—index of g is zero and that @y has particular rates of decay,
but the computation of the Fredholm index in the paper [5] was actually
carried out without these assumptions. Proposition 4.1 in [5] establishes
the Fredholm property and the index computation based on computing the
spectral flow of a Cauchy Riemann type operator

T: Hg(S,C) — LP(S,C)
(Tn)(s,t) = 0sn(s,t) +i0m(s,t) + F(s)n(s,t),
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where F' is a monotonous smooth function with
—v_A_ as § — —o0
F(s) = { —Y+ A — Tp(ln) as s — 400
where A\t are the decay rates of u,, in the asymptotic formula and
HZ(S,C) := {n € HZ"(S,C)|n(dS) C R}.

The proof of proposition 4.1 in [5] does not use the assumptions Ay €
{Fm, ¥5} and p(tg) = 0 until the very last line of the proof where a formula
is given for the Fredholm index. Let A(s) be the operator v +— —i% — Fy
acting on Hflf([o, 1], C), and denote their eigenvalues by A, (s) = nm— F(s).
Then

ind(T")

= — Z sign A7, (s0)
{(n0,50):Anq (50)=0}
_ { #(Zm O[3 A+ 7pldo), v-A-]) i v de + mu(lo) < y-A-
—H#(Zm O Y= A v A+ mp(to)]) i y- Ao <y Ay + mu(to)
If Ay = Fm4w for some positive integers mi and if we have chosen the
weights such that y_ =~ = v then ind(7) is positive if and only if p(ug) <
—|v| (m— +m4). A sufficient condition for ind(7") > 0 is

(26) (i) < —g(m_ +m.).

We write my +m_ = 2M or m_ + m4 = 2M + 1 for a suitable integer
M > 1. We then obtain under the assumption (26)

ind(T) = #(Z0[—ymy + p(io),ym-])
_ { #(Z N [-2M~ + p(ig),0]) if my +m_ =2M
T #(Z0[—y(2M + 1) 4 p(ig),0]) if my +m_ =2M +1
= —(M + p(to)).

If the decay rate at one end is 7 and at the other an integer multiple £mm
of m with m > 1 then a sufficient condition for ind(7") being positive is

(27) liio) < —gm —

Assuming that the condition (27) is satisfied we compute

{ —(u(ag) + %) if mis even

ind(T) = —(u(ap) + m=L) if m s odd

The transversality argument is based on investigating the kernel of an op-
erator similar to 7" above with the same spectral flow (we denote it again
by T'). The proofs in the paper [5] also work in the more general context
after some minor changes which we will indicate now. References refer to
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formulae and results in the paper [5]. Formula (4.12) in [5] is valid too with
the modification

—Y_A_ as §— —o0
T(s:t) = { —Y4Ap —mu(tr,) as s — 400

In lemma 4.4 we should replace formula (4.16) by
d .
Ay =~ + (A4 +u(in)) 1d

and the eigenvalues of the operators Ay are given by
VTJLF =nm + Y4 A+ + T ()
and
-

n

=nmT+y_A_.
while the formula (4.17) for the corresponding eigenvectors remains un-
changed
es(t) =",
The assertion of proposition 4.6 in [5] was the following formula relating the

numbers of the zeros of any nontrivial element 7 in the kernel of T" to the
asymptotic eigenvalues v}

(28) ny —n_ =2 Z o(z) + Z o(z) > 0.
ZeNint ZENbd
Here Niy = {z €S |n(z) = 0} and Npg = {z € 0S|n(z) = 0}. The
inequality n, — n_ < 0 which was derived from v;7 < 0 and v;, > 0 in the
paper [5] has to be replaced by the inequalities
vy =7ng + Y4 0 +mp(te,) <0, v =7mno +y-A- >0

which leads to
1 -
(29) Ny —n_ < ;(’Y—)\— — (o) — V+A+).
In the case where AL = Fmym and y_ = vy = v with v < —% we obtain

ny—n_ < ym- —p(to) +ym4
< —M — u(tg) it my +m_ =2M
—M — p(tp) — 5 Hmy+m_=2M+1

This implies
(30) ny —n- <ind(T) -1

because ny — n_ is an integer. Consider now the case where the decay rate

in one end, say the positive end, is Ay = —F and the decay rate in the
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other is A_ = mm, m € N. The weights satisfy the conditions v; < 0 and
- < —%. Then

ny—n_ < ’y_fm—,u(&o)—l—’%r
< —%— (o)

B ind(7)  if m is even

| ind(7) — 3 if mis odd
and we conclude again

ny —n_ <ind(T) — 1.

In view of equation (28) we conclude that any nontrivial element n € ker T’
has at most (ind(7T") — 1) zeros on 0S. We claim that this implies that the
operator T" must be surjective. Arguing indirectly, we assume that 7" has a
nontrivial cokernel. Then we must have

A =dim ker T > ind(T) + 1.

We pick now linear independent elements 71,...,m1 € kerT and points
21+ Zind(r) € 08 such that

RB?]]AZ[)#OVlSkSA, 1§l§ind(T).

The expressions

A

> Xem(zm) =0, 1<1<ind(7T)

k=1
make up a system of ind(7") linear equations in A variables with real coef-
ficients since 1(0S) C R. Hence there is a nontrivial solution (Ag,...,Ar).

Because the 7, were linear independent, we have constructed a nontrivial
element Zﬁzl Ak € ker T which has ind(T") zeros on 0S5, a contradiction
to equations (28) and (30).

We omit the proof of the last assertion of theorem 1.9 since it is similar to
the corresponding statement in [5]. This completes the proof of theorem
1.9. O

6. Proof of theorem 1.2

Let 73, be a sequence converging to 75. The uniform gradient bound enables
us to use regularity estimates and the Arzela—Ascoli theorem. They guar-
antee the existence of a subsequence, which we will denote again by 7y, such
that the sequence 1, converges in C};, to some map ., : S — R x M which
satisfies the differential equation Ost,, + J (Ury )O¢lir, = 0, the boundary con-
ditions U, (s,0) € R x L, 1, (s,1) € {0} x D* and the condition

dist({ur(s,1)|s € R}, T) > 0.
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Because u-(0,0) = e for all 0 < 7 < 79 we also have u,,(0,0) = e. This
ensures that @, is not constant (recall that the convergence is only in C'*°
on compact sets; strips with two different ends might well converge in C};.
to a constant map). Let us show that the energy of @, is finite. We have
shown in the paper [5] (proposition 2.3) that the energy of all the maps -,
is bounded by some constant voly (D) depending only on the Seifert surface
D and the contact form A. The condition in [5] that the path s — ., (s,1)
on the Seifert surface represents a trivial homology class in H1(D, dD) is of
course satisfied here. In particular, for any compact subset K C .S and any

k
sup/ iy, d(pX) < voly(D).
PpeX JK

We may pass to the limit £ — co and obtain

sup [, d(o)) < voly ()
pex JK

which implies E(tr,) < voly(D). Finiteness of energy has many conse-
quences, the most important one is that all the results about asymptotic
behavior apply now to 4. In particular, @, (s,t) converges to points p1+ on
{0} x L as |s| — oo uniformly in ¢. Since the convergence u,, — 1, is only
C*°—uniform on compact sets, the limit might decay asymptotically at a
different rate than the solutions %, . The proof of the theorem is organized
in several steps gradually improving our situation. First, we want to get
into the position where we can apply the implicit function theorem, either
theorem 1.8 or theorem 1.9, to the limit solution .

First step: Compute the Maslov index of u,:

The solutions ., 7 < 7o all satisfy Ay = F5 and p(@,) = 0. This means
that we can find a smooth family n, of admissible normal vectors so that
nr(s,1) € Ty (s1)({0} x D) for all s € R. In the paper [5] (lemma 3.2)
we have constructed admissible normal vectors rather explicitly from the
maps 4,. We will review this construction below. It is clear from this
construction that the admissible normal vectors n,, will converge in C}. to
some n,, which will not be normal to u,, near the ends if the decay rate of
U, is not £5. Otherwise the limit n,, is also an admissible normal vector
for i, and therefore i(tr,) = 0. Ends of i,, with decay rate A = F% do
not make any contribution to the Maslov index (@, ). Therefore, we will
assume that i, decays like e=™7¥l m € N, for large |s| in at least one of
the ends, and we will only discuss the end where the decay rate is not 7.
Pick € > 0 and R > 0 so large that the asymptotic formula (theorem 1.6)
holds for 1., (s,t) with |s| > R, and such that the remainder term in the
asymptotic formula and its derivatives are no larger than €. We also want
R > 0 so large that m)\0sur,(s,t) # 0 for all |s| > R. It follows easily from
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the asymptotic formula (14) applied to Jst,, that such an R can be found.
We will work in an open neighborhood U of {0} x £ where the coordinates
of proposition 1.4 can be used. We use the following complex frame for the
contact structure &|y:

e1(0,z,y) :=(0,1,0,—x) , ea(0,z,y) := —j(H,x,y)el =(0,0,1,0).

Denote by (mx0stur, )1 and (m\Osur, )2 the components of my\0su,, along e;
and ey respectively. Define now normal vectors to ., by

ﬁk(sat) = ( - (WAasuTk)laasaTk T €1 ('U'Tk) - (ﬂ-)\asu’?'k)QX)\(uTk) +

(31) F A (1 )Dytr,) - 2, ) ) (5, ),

ik (s,t) = J(Tir, (5,1)) 7k (5, 1).
Writing @,, = (a,6,z,y) and

A = Xug, )Ostir, = 05y + 2050

we obtain
0
Ostly, = 88615 + A X+ 0s0e1 + 0sx e
0
Otly, = —A 9 + 0sa X, + Osx e1 — 050 €3
and
_ 0
nE = —8505 — O0sx Xy +0sae1 + Aes
0
mr = Osx— — 0,0 X\ + Ae; — 0saes.
or

Away from the boundary singular points the tangent space to {0} x D at
the point @, (s,1) is generated by the vectors

e1(ur,) + 2 Xx(un,) +¢'(0)y ea(un,)|(s,1) and q(8) ea(ur,) + X (ur,)](s,1)-
For ¢t = 0 we have
’ﬁk(S,O) ) 8S’L~I'Tk (87 0) € TilTk (s,0) (R X ‘6)7

and for ¢ =1 the vector space Ty, (s,)({0} x D) is generated by O, (s, 1)
and

(32) q(0(s,1))ytin, (5, 1)+mx(s, 1)+y(s, 1)(d (0(s,1) ~¢*(0(s,1))) e (s, 1).

If n;, is an admissible normal vector to u,, then we can write it in the
following form using the previously constructed normal vectors

(33) N, (s,1) = (alastTk + 0dyity, + B + ﬂm) (s,1)
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with suitable smooth coefficient functions so that 5% + 33 is never zero. By
choosing k large we may assume that for any partial derivative D%

(34) sup |D(tr, — @) (£R, )| <e,
0<t<1

in particular, for s = £R, we may use the asymptotic formula (13) for i,
also for describing @,,. Choose now R’ > R so large that the asymptotic
formula (11) holds for @, (s,t), |s| > R/, and such that the remainder term
and its derivatives are no larger than €. Because n,, is admissible it must
converge to (0,£1,0,0) as s — Foo. This imposes certain conditions on the
coeficients in (33). We write (0,6%,0,0) = lims_, £ Tir, (s, ). Using formula
(11) for |s| > R’ we get

alst) = tmaps)cos (G ) + o0t

)+ et
)+ st

Duy(s,t) = —r&p()sm( )+ oozt

0006.0) = Frapls)a(0h) cos

NI

Ouals) = —rzpls)a(05)sin

t
A = —kip(s)sin (%) + p(s)e(s, t)
q(0(s,t)) = q(8%) + p(s) - ”something bounded”’,

where k1 > 0 are some constants and p(s) = elso @£ (T 5o the function
obtained by applying theorem 1.6 to @, . As usual, we denote by &(s,t) a
smooth function which converges to zero with all its derivatives uniformly
in t as |s|] — oo. Using the above asymptotic formulae, the condition
ns (s,t) — (0,£1,0,0) as s — oo has the following implication on the
coefficients in (33):

m(t) = s [ a0 cos () 0 (1) 3
(35) Tq(6%) sin (%t) Dyiir, (5, ) + cos (g) A, ) T

T sin (%t) (s, 1) + pls)e(s, ).

Without the smaller order term, equation (35) would not be correct because
the boundary condition for ¢ = 1 would not be satisfied. We may write
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equation (35) as follows

N (s,t) = ! ) [— q(0%) cos (g) Oslir, (s,t) F

s (7;) ik (5,8) + pls)e(s,t) F

. t _
+sin (%) (s, (005, 1)) — (05, ))n(s.1)].
because the expressions
(08 )bty (s 1) F i (5, )
and

Fa(0(s,1))rtir, (5,1) F (s, 1) F y (s, 8)(d (0(s, 1) — ¢*(0(s, 1)) 7w (s, 1)

differ only by a term of the form p(s)e(s,t). We may now change the ad-
missible normal vector n,, by removing the remainder term p(s)e(s,t) with
a smooth cut—off function for |s| > R. In the same way we may we may also
replace all the terms ¢(0%) with ¢(6(s,t)). We will keep the notation n.,
for simplicity, and we still have an admissible normal vector to i, which
satisfies both boundary conditions for ¢t = 0 and ¢ = 1. As we remarked
earlier, the vectors n, converge in C*([—R, R] x [0,1]) to some normal
vector g, to n|[—g Rjx[0,1] Which also satisfies the boundary conditions
nro(5,0) € T, (s0)(R X £) and ny (s, 1) € Ty, (5,1)({0} x D). In local coor-
dinates n,, is given by the formula
1

Tt -
In(5,1) = s ) [— q(0o(s,1)) cos (5) sty (5,1) F

Fq(0o(s,t)) sin (%t) Byl (5, 1) + cos <%t> fio(s,t) T

(36) T in (%) mo(s,t) T
Fain () (s, 0(d (Gl 0) — 4260 )l )

where the subscript '0’ indicates that we use 4, for evaluating the formula
instead of u,,. We can now extend the normal vector n, to the whole strip
S simply by using (36) above for all s € R. It will not be an admissible
normal vector, the behavior at infinity is not the same as in definition 5.1,
otherwise we would have (@) = 0. Using the asymptotic formula (13) for
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Uy, we will determine its winding behavior at infinity which enables us to
compute (). Since we are only interested in the limits
ne(t) = lim ng(s,t)
s—=o0

we can ignore the remainder terms in the asymptotic formulae for u,,. We
may also neglect the term

56 (G ) il O B0l 1)~ 60l )l )

since it tends to zero in the limit s — fo0o. Using (36) and

Osliry (s,t) = kpo(s) (0, F cos(mymt), —sin(maynt),0)
Oliry (s,t) = Kpo(s) (0, —sin(mamt), £ cos(mymt),0)
no(s,t) = kpo(s) (£ cos(mymt),0,0,sin(mymt))

mo(s,t) = kpo(s)(—sin(msnt),0,0, £ cos(mynt))

with some nonzero constant x we obtain

2 -1 2 -1
ny(t) = ¢ (:I: cos (mith) ,+q(0%) cos (%mﬁ) ,

2 —1 2 —1
q(#%) sin <miT7rt) ,sin (mith>>

(with some nonzero constant ¢). In definition 5.1 we have used the coor-
dinates (2). In the coordinates given by proposition 1.4 the corresponding
vector ny(t) is given by

mt mt . mt . 7t
(cos 5 —q(6%) cos o Fq(0%) sin - Fsin 5)
and
= 0 . Tt 0y . Tt 0 mt t

m4(t) = J(0,05,0,0)ny(t) = (£sin 5 Fq(0y) sin 5 q(0%) cos 5 Cos 5)
With

e(t) = (0,Fcos(mymt), —sin(mymt),0)

f(t) = (0,—sin(mynt), £ cos(mymt),0)

we will now compute coeflicients ozic, ozét, 51i, ﬁQi depending on ¢ such that

fis(t) = By (O)ne(t) + By () (t) + ay (He(t) + o (8) f(1).
The relationship with the Maslov index p(t,,) is now the following: Writing

51i + Zﬁ?i it (t)
- - @@ &a t —
R A
for suitable smooth functions 1+ we have
1
pilliny) = —(¥4.(0) = P4 (1) + ¥ (1) — 9—(0)).

™
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The computation of the coefficients yields
BE () + B3 (1) = et iment
so that
:u(aTo) = —Mm- =My,
i.e. for each end that has a decay rate of mm, m € Z the Maslov—index
changes by —|m|. The crucial remark is that the solution @, satisfies now

one of the assumptions of the implicit function theorem (theorem 1.9). In
the next step we will show that 4, is embedded.

Second step: Show that ., is an embedding:

In order to apply theorem 1.9 to the solution %,, we have to make sure that
it is immersed. It follows from the asymptotic formula, theorem 1.6, and its
versions in local coordinates that there is R > 0 such that Ot (s,t) # 0
whenever |s| > R, regardless of the decay behavior of @,,. On the other
hand, it follows from proposition 1.10 that dstu,,(s,1) # 0 for all s € R
as well. The idea is now to use a result about positivity of intersections of
pseudoholomorphic curves in four dimensional almost complex manifolds:
Assume that u is a non-constant pseudoholomorphic disk in an almost com-
plex manifold (W, J) where dim W = 4:

u:D—-W
Osu+ J(u)oyu = 0

We say that u is an embedding near the boundary if the following holds:
There exists a small annulus around the boundary A.,

A.={zeD|1-e<|2| <1}

such that

u|A; is an embedding
ut(u(4:)) = A..

For such an embedding at the boundary one can define a self-intersection
index I(u) € Z (see [1], [10],[15],[18]) which has the following properties:

e If u; is a smooth family of pseudoholomorphic disks which are embed-
dings at the boundary then the intersection indices I(u,) are indepen-
dent of 7,

e [(u) = 0 if and only if u has no singularities and no self-intersections.

It follows from proposition 3.3 that we may treat boundary points on Rx {0}
like interior points since the solutions t,,, @, can be locally reflected at the
boundary. We recall that @, is approximated in C*°([—R, R] x [0,1]) by
the sequence @, which are all embedded solutions. It is well known (see
[1],[15]) that the following alternative holds for each point z € S: Either
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there is some § > 0 such that ﬂTOIB(S(Z)\{Z} is an embedding or there is
a biholomorphic map ¢ : U — V between neighborhoods of z such that
¢(2') # 2’ for some 2’ € U and 1|y 0 ¢ = U |y. We claim that there is a
point zp € R x {1} such that

-1/~
Ur, (Ury(20)) = {20}

Let us first show how to finish the proof of the immersion property assuming

that the claim is correct. Consider the set

S :={z € 5|05t (2) # 0},

and the set S’ consisting of all z € S such that there is 2’ # z and sequences
2, — 2, 25, — 2 (of course we also assume zj, # z, 2, # 2’) with U, (z},) =
Ur(2k). The set 8 is closed in S, but it is also open by the Similarity
Principle (see appendix A). In fact, the Similarity Principle implies that
intersection points between pseudoholomorphic curves can only accumulate
in a point which is critical on both curves unless the images of the two
curves coincide. Therefore either S’ = () or &’ = S. The latter alternative
cannot hold because of the claim above and because Jst,(s,0) # 0 for all
s € R by proposition 1.10. Recalling that @,, is not constant we conclude
from the Similarity Principle that the critical points of u,, are isolated. If
for given w € S we could find a nontrivial biholomorphic map ¢ between
neighborhoods of w such that i, o ¢ = t,, then &' would not be empty:
Just pick any point z near w which is not critical, a sequence z; converging
to it, and take 2z’ = ¢(z), 2}, = @(zx). Hence for any point z € S we can find
d > 0 such that @, restricted to the punctured neighborhood Bs(2)\{z} is
an embedding. This means that the self-intersection index of @i, |g,(.) is
well-defined. The maps i, |g; () are all embeddings. Hence they have zero
self-intersection index and so does i, |p;(.) for any z € S. Therefore, i,
must be an immersion provided the claim we made earlier is correct.

We still have to show that there is a point zp € R x {1} such that

1/~
i itny (20)) = {#0}.

We are going to show more, we will actually prove that the curve
s +— ug(s,1) € D*

has no self-intersections at all. We argue by contradiction, and we assume
that there are 29,21 € R x {1} with 29 # 2 and 1t (20) = 4r(21). By
proposition 1.10 and corollary 3.2 we may reflect u,, near the boundary
points zp and z;. Locally near ., (2p) we are in the following situation:
We have two pseudoholomorphic disks u,v : D — C? with respect to some
almost complex structure J on C? with J(0) = 4. In addition, we have
u(0) = v(0), and 0 € D is not a critical point for any of the maps v and wv.
This implies that 0 is an isolated intersection point, hence we may assume
that v — v is not zero on D\{0}. The disks u and v are approximated by
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disks ug, vg with infp |ug — vg] > 0. We obtain a contradiction since the
algebraic intersection number of ug (D) and v (D) is zero for all k while it is
at least one for u(D) and v(D) (see [1], [15]). This completes the proof of
the claim. We point out that this argument actually shows that @, can only
have a self-intersection in points zg, 217 which are both critical, i.e. where
85117—0 (Zo) = 8512T0 (2’1) = 0.

Let us summarize and proceed to the embedding property: We know by
proposition 1.10 that st (s,1) # 0 for all s € R. The argument outlined
above then shows that the curve s — wur(s,1) does not have any self-
intersections which in turn implies the claim. On the other hand, we then
know that ,, is immersed. Since self-intersection points of u,, can only
occur in critical points, we know that there are none. Because there is also
no point z € S with U, (2) = lims— 400 Ur,(s,t) we conclude that a,, is
an embedding. Indeed, if we had @, (z) = lims o0 Ury(s,t) € {0} x L
then proposition 1.10 would imply z € R x {1}. Because the curve s —
Ur(s,1) € D is always transverse to the characteristic foliation, it can never
hit the boundary L, i.e. there is no such point z.

Third step: Show that u,, has the same rate of decay as u,,, that
its Maslov index vanishes and that it is the limit of the maps .,

as 7/ 1ot

Until now, the convergence i, — s is uniform only on compact sets.
Nevertheless, we have succeeded to verify all the assumptions of the implicit
function theorem (theorem 1.9). If the decay rates of @, are already Ay =
F%5 then we also have u(i,) = 0 and we can apply the original implicit
function theorem from the paper [5] (theorem 1.8). In any case, there is
an N-dimensional family of solutions (5),cgy With 0g = @r,. The implicit
function theorems also imply that the family 0, is the only family of solutions
close to ur, in the following sense: Any other solution whose image lies in
the neighborhood U of 4, (S) used in the proof of theorems 1.9 or 1.8, must
be one of the solutions ¥, up to parametrization. It is clear that this is
not sufficient for our purpose because at this point it may be possible that
Uy, — Uz, in Cpy, but the image of @, is not contained in a neighborhood
of U, (S). This phenomenon occurs in Morse theory and Floer homology
if trajectories converge to a broken trajectory. Our situation is different
because of our intersection result, theorem 4.1. We note that the families
Uy and 4, do not intersect for small 7 and |o|. On the other hand they
have to intersect later, say for some ¢’ and 7/. The union V of the curves
(o ((—R, R) x{1}))sern is a neighborhood of the curve i, ((—R, R) x {1})
on the Seifert surface D , and for large k the curves 4, ((—R, R) x {1}) have
to enter V. Of course, we took advantage of the two—dimensional situation
here. Since there is no isolated first intersection between the family v, and
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the family 4, the images of ¥,» and 4, agree. In this case U,» can not agree
with the image of some sort of Schwarz reflection of #,» because both are
close to 7., on compact sets. This implies that the image of the solution ./
is in fact close to the image of ,,, and the families v, and @, actually are
just one family. Hence the decay rates of i, and all the 7, are [A+| = 7§, the
Maslov indices are all zero, the family is in fact one-dimensional (N = 1),
and it is produced by the original implicit function theorem, theorem 1.8.
Therefore, we obtain the same limit u,, for all sequences 7, " 79 and the
convergence is in C*°(S), not just in C;%. This completes the proof of
theorem 1.2. 0

Appendix A. The Similarity principle

In this appendix, we review the similarity principle in its original version
and also a version near boundary points. For 2 < p < co we denote by VP
the Banach space consisting of all u € W1P(D, C") satisfying u(0D) C R™,
where D C C is the unit disk and let

0:VP - LP
be the standard Cauchy Riemann operator
ou .Ou

Ur— — + 1=

0s ot’

The operator d : VP — LP(D,C") is surjective and Fredholm of index n
with kernel being the constants in R™.

Theorem A.1. Assume A € L*°(D,Lr(C")),2<p < oo andw € VVlt)Cp(lo)
,C™). Let w be a solution of

o

ow+Aw = 0 mn D
w(0) = 0.
Then there exists
oe (| WhH(D,Lc(CM)
2<g<oo
with
®0)=1I1d , P(2) € GL(C")
and a map f: D — C" with f(0) =0 such that for z € D

w(z) = ®(2)f(2).

Moreover, if 0 < € < 1 is a sufficiently small number and D, C C the disk
of radius € then f is holomorphic on D,.
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Proof of theorem A.1: See [1] or [13] O
Next we consider a boundary version of the similarity principle. Let

Dt :={z€ D |Im(z) > 0}
Theorem A.2. Assume A € L®(Dt,Lg(C")) and w € WLP(Dt,C"),

oc
2 < p < o0, satisfying

_ o+
ow+Aw = 0 on D

w((-1,1)) < R", w(0) = 0.
Then there exists ® € (o ycoo Whi(D*, Lc(CM)) with
®(z) € GL(C™) , ®(0)=1Id
®(z) € GL(R™) C L(R") for ze(-1,1)
and a map f: DT — C™ with
f(z) eR" for ze(-1,1), f(0)=0,

holomorphic on some smaller half-disk DT, such that

w(z) = ()£ ().

Proof:
This result can be reduced to Theorem A.1. Extend A to amap in L*°(D, Lr(C"))
by

A(z) = A(z) if Im(z) < 0,
where means replacing all coefficients by the complex conjugate
ones. Extend w similarly by

(A )

w(z) = w(z).

Then w € WHP(D,C") as one verifies easily. Now apply theorem A.1 and
find

w(z) = @(2)f(2),
where z lies in some disk D., and it turns out that

®((-1,1)) C L(R")

and consequently

f((=&,¢)) CR"

O

Remark:

There is also a parameterized version of the Similarity Principles: If A, is a
continuous path in L>*(D, Lg(C"™)) with Ag = 0 and if w, is a continuous
family of solutions of dw, + A,;w; = 0 then w, = ®,0, with ®,,0, € C°(D)
depending continuously on 7 as well. The maps ®, converge in C°(D) to
the identity matrix. The important fact is that the path of operators ¢ —
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(0P + A, ®,®(1)) and the corresponding path of the inverses are continuous
in 7 with respect to the operator norm.

(1]
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[15)
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[17)
18]
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