
J. DIFFERENTIAL GEOMETRY
40(1994)23-104

IRREDUCIBILITY OF MODULI OF RANK-2
VECTOR BUNDLES ON ALGEBRAIC SURFACES

DAVID GIESEKER & JUN LI

Let X be a smooth algebraic surface over C, let / be a fixed line

bundle on X, and let H be a very ample line bundle on X. We recall

that a sheaf E is //-stable (resp. //-semistable) if it is coherent, torsion

free and so that for any proper subsheaf F c £ , w e have pF -< pE (resp.

PF 1 PE), where pE = ( l / r a n k £ ) / £ and χE(n) = χ(E ® Hm). Here

by PF •< PE we mean pF(n) < pE{ή) for all sufficiently large n. There

is a coarse moduli space 9Jt^'7 parameterizing all rank 2 //-semistable

sheaves E with det£* = / and c2(E) = d (modulo a certain equivalence).

9Dΐ̂ '7 is a projective scheme [8]. For small d, UJld

x

fI can have rather wild

behavior, e.g., the dimension of 9JΪ^'7 may be larger than expected [9].

However, S. Donaldson [4], later generalized by R. Friedman [6] and K.

Zhu [34] showed that for large d, every component of 3tty is reduced

and has the expected dimension. 9Jΐ^'7 is also normal [20] for d > 0.

Our purposes of this paper is twofold. The first is to develop a method

of studying ffld

χ

! by degeneration. The second is to use this method to

prove
Main Theorem. Let X be any smooth algebraic surface over C, and

I be a fixed ample divisor. Then there is a constant A depending on
(X, H, /) such that whenever d > A, then 9CΠ '̂7 is irreducible.

The proof of the theorem is based on the following well-known obser-

vation: Let A be large so that for d > A, 9Jt^'7 is smooth at a dense sub-

set. Take M c Wld

χ'
1 be any irreducible component and take £ e M be a

smooth point. Let Cχ be the skyscraper sheaf over x eX and let E -> Cχ

be a general surjective homomorphism. The kernel Ef of E -> C^ is a

stable sheaf with c2(Er) = d + 1 and E x t 2 ^ , ^ ' ) 0 = {0}. Thus E1

belongs to a unique irreducible component of 9Jt^+ 1 '7. Now if we let

A(d) be the set of irreducible components of UJl^1, then this construction
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provides us a map fd: A(d) -> Λ(rf + 1 ) , d > Λ. Let fd = fM_x°--°fd .
We have the following theorem due to C. Taubes [32].

Theorem 0.1 (Taubes). For any d >A, there is an integer l(d) so that

for any I > l(d), fd(A(d)) is a single point set.
We will give an elementary proof of Theorem 0.1 in the end of §7. The

main theorem will be a consequence of the following theorem.
Theorem 0.2. With the notation as in the main theorem, there is a

constant A depending on (X, H, I) such that for any d > A and any
irreducible component M c 9Jty , the set

M s = {s e M I s corresponds to nonlocally free stable sheaf}

is a codimension 1 subset ofM. In particular, it is nonempty.
A corollary of Theorem 0.2 is that when d is sufficiently large, fd: A(d)

—• A(d -hi) is surjective. Therefore combined with Theorem 0.1, A(d)
has exactly one element for d > 0. This proves the main theorem.

The proof of Theorem 0.2 is by studying a degeneration of moduli space
which we describe now: Let C be a smooth curve which will function
as parameter space for our deformation and let 0 e C. Pick a smooth
divisor Σ € \H\ and blow up X x C along Σ x {0} to obtain a threefold
Z . Let π: Z -» C be the projection and let C* = C\{0}. Note that
π~ι(C*) = XxC* and π~ι(0) = XuA, where Δ is a ruled surface over Σ.
Let Tt^'1 x C* be the constant family of schemes over C*. We intend to
construct a flat family (denoted by 9Jt^/£) that extends (the normalization

of) the family 9Jt^'7 x C* over C* to C . This extension depends on the
choice of α , where α is a pair of rational numbers. It turns out that
the closed point of the special fiber of ^ld

zγc over 0 has a rather nice

description: For any coherent torsion free sheaf F on π " (0) = XuΔ and
for any choice of α , we introduce the concept of α-stability of F . (This
concept was originally introduced by Seshadri in the context of sheaves
on reducible curves [31].) The family OT^/c constructed has the property
that all closed points s e ^Zιc

 o v e r 0 ^ ^ are canonically associated to
α-semistable sheaves %? on X UA. Moreover, If can be constructed by
"gluing" torsion free sheaves Eχ on X and E2 on Δ along Σ~ = X Π Δ.
The merit of α-stability is that though E{ and E2 are in general not
stable, they are not far from being stable. Thus we can define a rational
map Ψ from OT^'α = fiber of Md

z^ over 0 € C to \JCMC
A

J', the union

of moduli spaces of Hf semistable sheaves on Δ, where /' and H1 are
appropriate divisors on Δ.
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To utilize this rational map, we need to locate those c so that UJlc

A

contains image of Ψ(UJld'a) and to understand the geometry of Ψ(9Jl^'α)

in 9Jlc

A

 7 . We show that we can choose a.d such that there is at least one
c so that

(1) 9Jt^'7 nΨ(9JtQ'α) has codimension bounded independently of d (in

mc

A

J') and
(2) d - c is bounded independently of d.

We will see that (1) will relate the properties of mc

A

J' n Ψ(dJld>α) to that

of 9Jt^'7 and (2) will allow us to deduce properties of 9Jί^'α (and then

md

χ'
!) from that of Wl^'1' Π Ψ(9Jίo'Q). Thus we have an effective tool

for reducing questions about 9Jt^'7 to questions about 9Jl^'7 . Note that

9Jt^'7 is much better understood than Wld

χ

r .

We show that d—c is bounded independently of d by first showing that

the assumption UJl^1 nΨ(ΰnd'a) φ 0 and O rf violate the α-stability

of g7 G SJIQ" . To simplify our explanation, we assume ί? G 9Jl^'α with

Ψ(<T) G 9Jt^'7' locally free on ZQ = XuA. Then c > rf forces the second

Chern class of its restriction to X, ^ J χ , to be quite negative. However,

the bundle 3w is not far from being stable, so we can use argument of

Bogomolov to show that c2(&x) cannot be too negative which contradicts

to the assumption c > d. Next, if we can show that there is a c so that

the image of Ψ(T^'a) in VJlc

A

J has dimension equal to dimϋϋt^'7, then

c-d cannot be too negative, since dim9Jί^'7 -dim9Jt^ f α = 4(c—d)+O(l).

To show that the dimension of Ψ(ίΠ^'a) is equal to the dimension

of 9Jt^'7, we use an extension of Donaldson's line bundle S?χ on ^t ^ , we use an extension of Donaldsons line bundle S?χ

[4]. Recall that 3*χ is constructed as a determinant line bundle of a
complex of sheaves on 9Jt^'7, that 2"χ

m is generated by global sections
when m > 0 and that the associated map is birational. One creates
sections of S?χ

m by the following process: Let Dr be a smooth curve

linearly equivalent to rH. By restricting sheaves E e wfy1 to Dr,

one obtains a rational map ¥χ: 97t^'7 —> 9JlD , where UJlD is the mod-

uli space of semistable bundles on Dr. If r > 0, Bogomolov showed

that for any E G md

χ

!, F^(£) is defined if J? |D is locally free. In

[4], Donaldson showed that 3*χ is the pullback of the ample line bun-

dle -2^ on WlD . Thus, after a careful study of the pullback sections,

we get a map H°(fΠtD , ^ f m ) ^ i/°(OT^'7, ^ ® m ) . Then one proves
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the base point freeness of H°(UJld

x

J, Sf®™) by using sections obtained

from H°(WlD , Sf®m) as one varies Dr in its linear equivalent class [4],

[19]. Thus there is a morphism Fχ: 9Jt^'7 -> PL that is one-to-one at the

generic points of 9Jt^'7.

This setup can be easily extended to UJ^'a. Let Jΐ? be the Donaldson's

line bundle on 97ΐ '̂α . Choose DrQA with Dr linearly equivalent to rΣ+ .

Here, we use Σ4" (resp. Σ~) to denote sections of Δ —• Σ with positive

(resp. negative) self-intersection. We show that if ad is correctly chosen,

then 8^D , g7 e 9Jt^'α, is semistable for general Dr. Again we create

enough sections of £f®m to show that Jΐ?®m is base point free by pullback

sections of -2^fm for various Dr. Thus we get a map Fo: WIQ ' α -• P^. By

construction, Fo is a degeneration of F^ . Therefore by semicontinuity of

dimension, dimF0(9Jt^'a) = dimF^(9Jl^'7) = dim9Jl^'a . Finally, there is

a similar rational map FΔ: 971 '̂I -> PN so that Fo is identical to FΔ o ψ .

Hence dimΨ(9J^'α) must be equal to dimiΰJl^1).
The proof of Theorem 0.2 is based on a careful study of deformation

theory once we have constructed the degeneration. Take any irreducible
component M C 9Jϊy7. We intend to show that M contains at least one
non-locally-free sheaf. Let DJl be the corresponding irreducible component

in anj/c a n d l e t ^ o b e t h e fiber o f OT o v e r ° G c T a k e θ ^ MA 7 b e

the image Ψ(9Dΐ0) in 9JlΔ'
7 with the mentioned property. By studying the

vector bundles on the ruled surface Δ, we first prove that there is a closed
point v e 9Jl0 so that the corresponding α-stable sheaf I7 on l u Δ is
not locally free on Δ. Then by studying the deformation problem, we
show that v is the limit of non-locally-free sheaves in M. Thus M has
to contain at least one non-locally-free sheaf. We sketch the idea of the
argument briefly. First of all, we choose & eWlQ so that Ψ(ί?) is generic
in θ . For simplicity, let us assume that & is locally free. Let 4Σ~ be
the subscheme of Δ defined by J^? 4 , where J^- is the ideal sheaf of
Σ~. Denote

θ ' = {W1 e mc/\%' is a torsion free sheaf on Δ with g£ Σ - £ «[ 4 Σ-}.

The codimension of θ ' in VJlc

A

J is bounded independently of d. Next,
we show that θ ' is almost contained in θ . The idea here is that if ^
is a family of bundles in θ ' parameterized by S (irreducible), 0 e S,
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with &^ = gJΔ, then we can form a new family of bundles <ζ', s e 5 ,

on X U Δ by gluing «^' with i w along Σ~ = X Π Δ. This is possible

because (^')ι Σ - = (^Δ)IΣ~ — (^LY)IΣ~ ^ w e c a n s^ow that the family

2£' on Z Q x S can be lifted to a family on Z x S, then by the openness

of the semistability condition, ^ will be in θ for generic s e S. The

problem with this approach is that we have no control over the deformation

theory of ££'—in general the obstruction to the existence of such lifting

is nonvanishing. However, since for & e θ ' , ^ 4 Σ - = g|4Σ- , we can

consider analogous family of bundles ίζ on the scheme 4XuΔ constructed

by gluing sheaves along 4Σ~ = 4X Π Δ. We show that these <£s can be

lifted to 5X U 2Δ, 6Z U 3Δ, etc. (cf. [9] for a similar idea.) Since 971 is

projective over C, ^ z lifts for generic s . In particular, if we choose

S so that for some closed sι e S, ^ is not locally free (and satisfies

some additional technical conditions), then the gluing of ^χ with ^ , Δ ,

i.e., ζ , belongs to 9Jt0 . Thus we know 9Jt0 has to contain a non-locally-

free sheaf. Finally, because the subsets of 9JI and Wl0 of non-locally-free

sheaves are codimension-1 subsets, SDt, = M, t e C*, has to contain a

non-locally-free sheaf.

It remains to show that we can find a family (of sheaves over Δ) in
θ ' containing gjΔ so that this family also contains some non-locally-free
sheaves. The idea is first to find a non-locally-free sheaf in the closure
θ ; C 9JtΔ'7 . We do this by finding a product of projective spaces Γ C θ '
with §|Δ G T so that the set of non-locally-free sheaves is an ample divisor
on T. It can be seen as follows: Let P C Δ be a fiber of Δ over Σ. Any
sheaf E belongs to the exact sequence

has c2(E) = 1. The (surjective) homomorphisms σ are parameterized by
a subset ί / c P 3 , Clearly, the compliment of P3\£/ is an ample divisor
of P 3 . Thus any nonconstant complete family of sheaves belonging to the
preceding exact sequence must contains at least one non-locally-free sheaf
that corresponds to closed point in P 3 \ί7. The idea of attacking higher
c2(E) is basically the same. Using the fact that the deformation of generic
sheaves on Δ are unobstructed, we then argue that we can indeed deform
2ΐΔ within θ ' to a non-locally-free sheaf. The proof of Theorem 0.2 thus
is completed.

Our degeneration scheme is an algebrogeometric analogue to cutting
and pasting construction of Donaldson [4], Morgan [24], and Taubes [33]
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in studying ASD connections on four-manifolds. In his paper, Taubes re-
moves a tubular neighborhood Δ' of S (a Riemann surface) from X and
endows the two open manifolds Δ' and X' = X\S with complete metrics
having cylindrical metric at their ends. Certain questions on connections
on bundles over X can then be reduced to studying connections on Δ'
and X' with finite total curvature and their gluing problem. Compare to
the degeneration scheme we carried out, Δ' corresponds to our Δ\Σ and
X1 corresponds to X\Σ (Σ = X n Δ ) . Analogously, our approach reduces
questions of the moduli scheme 9Jt^'7 to that of vector bundles over Δ
and X.

It is clear from this paper that we can give a different proof of Don-
aldson's general smoothness result on rank-2 bundles based on the de-
generation theory. In a future paper we will show that same technique
can be applied to prove the general smoothness theorem for moduli space
of semistable sheaves of higher rank. We mention that K. OΌrady has
proved Theorem 0.2 independently [28].

0. Conventions and preliminaries

All schemes are defined over the field C of complex numbers and are
of finite type. We shall always identify a vector bundle with its sheaf
of sections. If D is a divisor on a variety X, then we denote by \D\
the complete linear system associated to D. We will use pχ and pγ to
denote the projections from the product X x Y to X and Y respectively.
Occasionally, we will also use pχ and p2 to denote the projections onto the
first and second factor respectively. When F is a coherent sheaf supported
on finite points, then we denote by l(F) the length of F . When X is a
smooth surface and E is a torsion free sheaf on X, then we abbreviate
l(Evv/E) to col(E), where £ v v is the double dual of E. If x e X is any
closed point, then col(E)χ = l((Eyw/E) ®@χ χ). Note that co l^)^ = 0
if and only if E is locally free at x . If p and q are two polynomials
with real coefficients, we say p y p (resp. p y q) if p(n) > q(n) (resp.
p(n) > q{n)) for all n sufficiently large.

Let X be a smooth variety and let H be an ample divisor on X.
Besides the //-stability introduced at the beginning of the introduction,
there is the concept of e-stability first appeared in [21].

Definition. Let e be a real number and let W be a smooth variety
with very ample divisor H. Then a torsion free sheaf E on W is said
to be ^-stable if one of the following two equivalent conditions hold:
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(1) Whenever L->E is a subsheaf, 0 < rank(L) < rank(is), then

d ( L ) < d ( £ ) +rank(L) & v ' rank(£) & v ' ' rank(L)

(2) Whenever E —> Q is a quotient sheaf, 0 < rank(Q) < rank(.E),

then
1 * " " • 1 -deg(β)-- l

We say E is //-stable if is is ^-stable with e = 0. When the strict
inequality is replaced by < , then we say E is e-semistable.

Starting from §2, we will mainly be concerned with schemes flat over
a smooth curve C . (Later, C will specifically be a Zariski open subset
of 0 G SpecC[£].) If Z and U are two schemes over C, we will denote
the product Z xcU by Zv . The convention is that we will use subscript
to specify the base scheme unless the base scheme is C . Also, we will
reserve t as the uniformizing parameter of C . Assume u € U is any
point. Then we will denote by Zu the fiber of Zυ over u e U that is,
Zu = ZuxuSpeck(u).

Let Z —• S be a flat morphism and let £ -> Z be any sheaf. We will use
Es to denote the restriction of E to the fiber Zs that is, Es = is <g>̂  ^ z .
In case Z = X x S and is is flat over 5 , we call E a flat family of
sheaves on X parameterized by S, and sometimes will use the subscript
Es to emphasize this. Let D e i be any subscheme, and, by abuse of
notation, we will denote by ES,D the restriction of -By to D x S. ES>D

is a family of sheaves on D parameterized by S (not necessarily flat). If
we assume Es is a flat family of torsion free sheaves and D c X is a
local complete intersection (l.c.i.) codimension one subscheme, then ES*D

is flat over S [23, Theorem 22.6].

By a (length m) locally free resolution of E we mean an exact sequence

0-> Bm -+ • Bι -> E -> 0, where Bι are locally free. One fact which
we need is the following: Let Z —• S be flat and projective, and let E
be any coherent sheaf on Z flat over S. Assume Es, 5 G S closed,
admits a length m locally free resolution. Then E admits a length m
locally free resolution near Zs. We only sketch the proof when m = 2.
Since the question is local, we can assume S is affine. Let Q be a locally
free sheaf on Z so that Hι(Z, ^ o m ( β , £ ) ( - Z 5 ) ) = {0} and there is a

surjective homomorphism Qs Λ Es. Since Es admits a length two locally
free resolution, k e r ^ ) is locally free. On the other hand, the vanishing

of Hι(Z,%Όm(Q, E)(-Zs)) implies that f0 extends to Q -£ E. Let
R = ker(/). Since both Q and E are flat over S, R is flat over 5 also.
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Further, Rs = ker(fQ) is locally free, so R is locally free near Zs. Then
0—• /? —• Q —> E -> 0 is a length 2 locally free resolution of E near Z .

1. Semistable sheaves on singular surfaces

In this section, we will study the moduli of vector bundles over singular
surfaces. The class of surfaces which we will consider in this section will be
reduced, complete algebraic surfaces X with normal crossing singularities.
For simplicity, we assume X has only two smooth components Xχ and
X2 that intersect along a smooth divisor Σ. The result of this section
can be generalized to the case of many components. In the first part of
this section, we will introduce the concept of //-stability of torsion free
sheaves on X. Most of the properties enjoyed by stable sheaves on smooth
surfaces are still valid for our situations, though for the sake of the length
of this paper, we will only mention those that are related to our study. The
main body of this section is to establish some technical results regarding
the embedding of the Grothendieck's Quot-scheme to a projective space
after [8] that are essential to our construction of the degeneration in the
next section. In the end, we will discuss how to construct the moduli of
stable sheaves over X. We begin with the following definitions.

Definition 1.1. Let S be any reduced quasi-projective scheme and let
E be a coherent sheaf on S. For x e S, E is said to be torsion free at
x if / is a zero divisor of the (9S ^-module 0S χ , whenever / e @s χ is
a zero divisor of the *?« -module f?v . The sheaf E is said to be torsion

«3 , X X

free if Eχ is torsion free for any x e S.
Let E be any coherent sheaf on x, then an easy argument shows that

there is a torsion subsheaf T of E so that E/T is torsion free, and such
T and E/T are unique. By abuse of notation, we will call T the torsion
part of E, and E/T the torsion free part of E. We define the rank
of E to be an integer pairs, τk(E) = (τk(E)ι, rk(E)2) where τk(E)i =
rank(2s ®^ ffx) . When rk(£)j = rk(£)2 = r, we call E a rank r sheaf.

Let H be a very ample line bundle on X and let / be an invertible
sheaf on X. In this section we will fix H and / once and for all. We
denote the sheaf E 0 Hm by E(n) and denote by χE the Hubert poly-
nomial given by χE{ri) — χ{E{n)). If E is a torsion free sheaf of rank
r, then

XE(n) = \n(H H) + n(τ(E) - ^ωχ . H) + χ(E),

where ωχ is the canonical sheaf of X, and τ(E) is an integer. As usual,
τ(E) is called the degree of E and denoted by deg/s.
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Next we shall make sense of the determinant line bundle of a torsion
free coherent sheaf E on X. In case E has a locally free resolution
of finite length, [17] showed that there is an invertible sheaf det/? on
X, which is the determinant line bundle of E. In general, a torsion free
sheaf E on X does not necessarily admit a locally free resolution of finite
length, and the existence of det/? is not obvious even if we allow det/?
to be a rank 1 sheaf on X. In this paper, we will use the following ad hoc
definition.

Definition 1.2. Let £ b e a torsion free sheaf on X of rankr, and
let / be an invertible sheaf on X. We say det/? « / , if in addition
deg/? = /•//, there are isomorphisms detE, xvΣ = LxvΣ for i = 1,2.

For the very ample line bundle H on X, we denote by Hχ (resp. H2)
the restriction of H to Xχ (resp. X2). Let α = (aχ, a2) with at =
(Hi //,)/(// H). For any torsion free sheaf E we define the polynomial

PE(n) = χE(n)/a rk(E).

Note that since ax + α 2 = 1, if rank(/?) = r, then /^(w) = χE(n)/r.
Definition 1.3. A sheaf E on X is said to be //-stable (resp. //-

semistable) if E is a coherent, torsion free sheaf, and pF -< pE (resp.
PF -PE) whenever F is a proper coherent subsheaf of E.

Lemma 1.4. ^ sheaf E on X is H-stable (resp. H-semistable) if E is

a coherent, torsion free sheaf and pE -< pQ (resp. pE •< pQ) whenever Q

is a quotient sheaf of E with rk(Q) ^ ( 0 , 0 ) .

Proof. The proof is similar to the proof given for semistable sheaves
on smooth variety [3, p. 153]. q.e.d.

Let d be any integer and let χ be the polynomial depending on d and
r:

(1.1) χ(n)=r-n\H H)-n[(H.I)-r2(ωχ H)] + (r-l)χ(d?χ) + χ(I)-d.

Note that when E is any sheaf of Hubert polynomial (1.1), E is of rank
r and degree deg/.

Definition 1.5. &x(n) will be the set of all //-semistable sheaves E(ή)
of rank r with det E « / and χE — χ.

Let E be any coherent sheaf on X. We denote by E{1) (resp. E{2)) the
torsion free part of E^x (resp. E^x ) . By abuse of notation, we will view

E^ as a sheaf of 0χ -modules. Then the surjections a^.E —• /s(z) induce

a homomorphism <τ: £ -» /?(1) Θ /s ( 2 ). In general, it is neither injective
nor surjective. On the other hand, since X has only normal crossing
singularities along Σ, we have inclusion /s ( 1 )(-Σ) θ £ (-Σ) —• E.
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Lemma 1.6. Let E be a torsion free coherent sheaf on X of rank

(Γj, r 2 ) . Then σ: E -> 2?(1) Θ £ ( 2 ) w injective. Moreover, if we denote

the cokernel of σ by E{0), then £ r ( 0 ) is a sheaf of @Σ module and at the

generic point x e Σ, E{®] £ @®r*χ with 0 < r0 < min(r{, r2).
Proof Assume ker{σ} Φ {0} . Then supp(ker{σ}) c Σ which violates

the torsion freeness of E. Therefore, σ is injective. Let 2s(0) be the

cokernel of σ . The exact sequence

IT y I? (5?) (ψ ff^ P^ 6?) (ψ ¥ E (§§ {y ^ 0

yields the commutative diagram

E • £•<

(1-2) || I r,

Since yχ is surjective, y2 is surjective. Thus E is a sheaf of (fΣ-

modules. Now we denote p = (p{, p2): E{1) θ E{2) -^ E{0). Since

E -• £ ^ ' is surjective, the exactness of (1.2) implies that both pχ and p2

are surjective. To show that E^ = ^ ^ a t the generic point x G Σ, we

use the result from [31, p. 166] which states that if E is torsion free, then

at generic point x e Σ,

Thus E™ a < ( f l ; * } and £<2) s ^® ( f l ; c ) while Ef a < f l , . This com-

pletes the proof of the lemma, q.e.d.
For the remainder of this section, we let E be a rank- r torsion free co-

herent sheaf on X. If we assume deti? « / , then since detE,Xyj. = I\X\Σ

for ι = l , 2 , there are integers aχ and a2 such that det£"( i ) = Lχ (αzΣ).

Let τdiήk^E^) = r0. Then by comparing the Hubert polynomials of

E, E{0), E{1), and E{2), we obtain

(1.4) aι+a{+r0-r = 0.

Indeed, if we assume that E is //-semistable, then the tuples (a{, a2, r0)
is very much limited.

L e m m a 1.7. ΓAere is a constant A such that if E e <§** is an H-

semistable sheaf with d e t ( £ ( l ) ) = /(f l 7 Σ) for i= 1,2, then \a{\, \a2\ < A .
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Proof. The proof can be carried out easily by noting that both 1?(1) and
E^ ' are quotient sheaves of E. Then the lemma follows from Lemma
1.4. We leave the proof to the readers, q.e.d.

To construct the moduli scheme of //-semistable sheaves on X, we
need to know that the set %?χ is bounded. More precisely, &χ is bounded
if there is a scheme S of finite type over C and a coherent sheaf F on
X x S flat over S so that whenever E e &χ , then there is a closed point
s e S so that the sheaf Fs, which is the restriction of F to the fiber Xx{s}
over s, is isomorphic to E. We will use the following characterization
due to Kleiman [16].

Proposition 1.8 (Kleiman). Let X be any projective surface and let H
be a very ample divisor. Assume that p is a polynomial and 31 is a set
of sheaves E with χE = p. If there is a constant K such that whenever
E e 31 y then h°(E) < K and h°(E ®ffiH>) < K for some divisor H'
linearly equivalent to H. Then 31 is bounded.

We need a technical lemma similar to [8, Lemma 1.2]. We adopt the
convention that if p is a polynomial, then Ap(n) = p(n) - p(n - 1).

Lemma 1.9. Suppose a{ and a2 are rational numbers, and r, Ax and
l0 are positive integers. Let p(n) = \n2(H -H) + aχn + a2. Then there are
integers K and No so that if E is a torsion free coherent sheaf on X of
rank (r{, r2) with rχyr2<r satisfying

(i) every nontrivial subsheaf F of E has ApF < Ap,
(ii) ApE < Ap and

(iii) h°(E{n)) > (a rk{E))p{n) for some n>N0>

then the following hold.
(1) h°(E ®&H>) < K for some divisor H1 linearly equivalent to H,

(2) h2{E{m)) = 0 ifm>No,
(3) Ap = ApE and

(4) ifh\E(-lo))<A, then hι(E(m)) = 0 for m>NQ.
Proof. The proof is very much similar to that of [8]; we will give a

sketch of it.
Let E be the coherent torsion free sheaf satisfying (i), (ii), and (iii).

Let Fn be the smallest subsheaf of E(n) so that H°(Fn) = H°(E(n)) and
E(n)/Fn is torsion free. Note that by (i), for some constant c depending
on p and r only, F_c = 0. Without loss of generality, by replacing E
with E(-c) and changing the polynomial p accordingly, we can assume
Fo = 0. We remark that H°(Fn(-l)) = H°(E(n - 1)). Let C be linearly
equivalent to H. Then C is a union of two smooth curves, so C = C{ UC2

with Cf C X{. By letting C be in generic position, we can assume that the
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Fn 's are locally free on C\Σ and such that for any x eCnΣ, Fn χ is of
the form (1.3). We choose C so that for two distinct points xx e Cx and
x2 £ C2, the stalk of Fn at xx and x2 are generated by global sections.
Since 0 —> Fn{-\) —> Fn —> Fn*c -> 0 is exact, our remark shows that

h°(E(n))-h°(E(n-l))<h°(C,Fn).

Let nχ, n2, , nk be the integers so that Fn Φ Fn (1) . Clearly k <

rχ + rχ. If we let (an, bn) be the rank of Fn, then there is an exact

sequence

where Qn is supported at a finite number of points. Hence

There are constants A2 and A3 so that for i = 1, 2, Λ*(ίfc (-Σ)(/)) <

for / > 0 and Λ VC ((-Σ)(/)) = 0 for / > A3. Thus

h\Fn ® <fc) < χ (Fn 9 ffc) + (an + bn)A2

and

if Πj > n > n._χ + ̂ 43 for some j . Therefore,

(1.5) h\Fn)
k=0 k=0

where A4 is a constant depending on r and //. Because of assumption

(i), there is a constant A5 such that deg(.Fπ

(z)(-w), C ) < Λ5 for / = 1, 2.

Then since the cokernel of Fn*c —• F^\c θFΛ

( 2 ) |C is supported at a finite

number of points, we have for n < nk,

( 1 )) | C i) + fl||(l - g(Cχ)) ( 2 )

with 0 < c π since C being generic implies F,c is torsion free. Hence

χ(Fn ®d?c) < deg((/=; ( 1 ) ) | C | ) + deg((F n

( 2 ) ) | c . 2 )

< ann {Hχ Hχ) + A5 + bnn • (H2 H2) + A5

< (a • Λ{E) - ε)(H H) n + 2A5



IRREDUCIBILITY OF MODULI OF RANK- 2 VECTOR BUNDLES 35

for some ε > 0 depending on r and H only. In the following, we denote
r = rk(£). Let

/

g(l) = Σ ( ( a r' - ε)(H -H)-m + 2A5)
m=0

= (α r' - ε) \{H H) /(/ + 1) + 2(1 + 1 )Ay

If « < nk , then

m=0

If Λ > Λfc , then

/(JFΠ (g> ^fc) = AχE(n) = (α τ)Ap(n) - β,

where β = (α τ)Ap(n) - AχE(ή) > 0 by (ii). Thus
n n

\ / YH^^Ity tit—fit^

= (α r )(p(n) — p{nk — I)) — β (n — nk + 1).

Since the leading coefficient of g(n) - (α τ)p(n) is negative, there is an
^46 such that if n > A6, then

Assume for some nQ > A6 we have h°(E(n0)) > (α τ)p(n0). We claim
that then no>nk. Otherwise, by (1.5) and (1.6),

contradicts our assumption. Thus no> nk. Next we claim that A6 > nk .
Assume not, that is nk>A6 + l. Then by (1.5), (1.6), and (1.7),

Λ°(£(«o))-(« r>("o)

(1.9) <
m = 0 m==nk

< g(nk - 1) - (a τ)p(nk - 1) - β (nQ - nk + 1) +Λ 4 < 0.

The last inequality is the result of applying (1.8) with n — nk - 1 and
noting that n0 - nk + 1 > 1. This violates the assumption (iii). Therefore
we must have A6 > nk .
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Now assume β is positive. Since nk is bounded by A6 , we can find
Aη > A6 so that for any n> Aη,

(1.10) g(nk - 1) - (α τ)p{nk - 1) - β - (n - nk - 1) + A4 < 0.

If h°(E(n0)) > (α r')p(7ϊ0) for some 7z0 > Λ7, we can use (1.5), (1.6),
and (1.8) again to see that (1.9) is impossible. Therefore β must be zero
and thus (3) is established if we let NQ = AΊ. Since (1), (2) and (4) follow
easily from the arguments of [8], we will omit the proofs, q.e.d.

Theorem 1.10. %χ is bounded.
Proof. Assume E e &χ . Apply Lemma 1.9, we see that there is a K

such that h°(E) < K and h°(E ®ffH,) < K for some Hf linearly equiv-
alent to H. Then by Proposition 1.8, we conclude that ί?* is bounded,
q.e.d.

Corollary 1.11. For any polynomial χ of (1.1), there is an No so that

if n > No and E e %χ{n), then h\E) = 0 for i = 1, 2 and E is

generated by the global sections of H°(E).
For any χ of (1.1), we let TV be the integer provided by Corollary 1.11.

Let E e ^χ{ή), n > NQ, be a fixed /f-semistable sheaf. For / = 1, 2, let

(1.11) 4 : d e t%ΛΣ^ / (™WΣ

be isomorphisms. Since Σ is irreducible, λι

E are unique up to scalars. Let

N = h°{E) and let F z = V\E) be the image of

(1.12) Λ ^ * ' E)

We remark that V1 do depend on the choice of E e ^χ(n). Then any

isomorphism φ: CN —> H°(E) induces homomorphisms

(1.13) μίEt9 = 4 ° λ ? € H o m

It is clear that μι

E are nontrivial and that they are unique up to scalars.
Let

(1.14) fEtψ e P ^Hom

be the corresponding points (P(C7) is the space of lines in C ) and let

(1.15) μ(E9 φ) = [μl

Eφ , fEφ\ € F(Wι) x P(W2),
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where Wι is the space HomίΛ'C*, V1). Assume that ψ: CN -> H°(E)
is another identification, ψ = φog with g € GL(N, C). If we denote by
[g] the dual action of g on P(Wι), then we have μ(E, ψ) = [g] μ{E, φ).
Thus E e &χ(n) corresponds to an SL(N, C) orbit in P{WX) x P(W2).
It is nowadays standard to use the geometric invariant theory developed
by Mumford to study the space of these orbits. We first recall the theory
very briefly. Let Nx, N2 be positive integers so that

(1.16) N{/N2 = (Hι Hι)/(H2 H2) (=a{/a2).

Let L(NX, N2) be the very ample line bundle on F(Wι) x P(W2) that

corresponds to the invertible sheaf p^iN^^p^iN^. There is a canon-

ical SL(N9 C) linearization on L(NX, N2) induced from the canonical

SL(Wι\ C) linearization on <?(JV.) over P(W'). For any x € P{Wι) x

P(W2), let x e L(N{, N2)
v be a lifting of x. Let c^ , ω2, , ωz be a

basis of H°{L{NX, N2)). Denote G = SL(N, C).
Proposition 1.12. The following conditions are equivalent:
(1) Some G invariant sections of L(Nγ, N2) do not vanish at x.
(2) The closure of the orbit of x is disjoint from the zero section of

L(N{,N2)\

(3) Let λ: Gm —> G be any one parameter subgroup. Then at least one

of the rational functions of a, say ω^ c ^ ) , does not vanish at 0. That

is, lim_0x^0.
If these conditions are satisfied, we say x (or x) is semistable under

G. Further, if the orbit of x is closed and the stabilizer Gx of x is finite,
then we say x (or JC) is stable under G. In [8], it is shown that when
X is smooth, E is //-semistable if and only if μ(E, φ) is SL(N, C)-
semistable. In the following, we will show that the same result holds for
the singular surface X.

We first introduce the concept of weighted basis. A weighted basis

(ei, tt) of C^ is an ordered basis of C^ together with integers t. with

tx < t2 < < tN and tχ H h tN = 0 . Clearly, any weighted basis cor-

responds to a one-parameter subgroup λ: G m -> G by λ ( ^ ) ^ = stjej9

and vice versa. The weighted basis (et, tt) induces a weighted basis

of SNiUom{/\rCN, VιY as follows: Let u\, u j , ••• , MJ be a basis of

( F z ' ) v . Then

(1.17) εlj = uι

jo 0 (ejι Λ Λ βj), / = 0 0 , i P - , 7 r ) ,

form a weighted basis of H o m ( Λ Γ C * , F ' ) v of weight 5(β^, A) = ^ +

••• + / , and
Jr
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(1.18) β [/] = ® β V [J] = (Jι> ~ >JN)>

is a weighted basis of SN> Hom(/\r CN, F z ) v of weight Σ £ I <*(«//> A ) (<*

[10]). For any JC = [jCj, x 2 ] e P(Wι)x¥(W2) with JC. e Hom(ΛΓC*, F1'),
we define

(1.19) <ϊ(χ., A) = min {t -f 4- ί, |x,(e, Λ Λ e,) Φ 0}.
Λ< <Λ -71 Λ h Λ

Lemma 1.13. ΓA^ point x = [jq, x 2 ] € P ( ^ ) x P ( ^ 2 ) is stable
(resp. semistable) under G if and only if for any one-parameter subgroup

ΊΎl f

(1.20) otχδ(xχ, A) + a2δ(x2, A) < 0 (resp. < 0).

Proof. Assume x = (xχ, x 2 ) € L(JVj, Λ^2)
v is any stable (resp. semi-

stable) point. Then there is an ω e H°(&(Nχ, N2)) of the form

(1.21)

such that ω(x) Φ 0 and ω(λ{a)x) = aτω{x) with T < 0 (resp. T < 0).
By the previous argument, we have

(1.22) Γ = X>(εJ,, A) + χ;<5(εja, A).
A : = l A : = l

Since δ(xi, A) = πiin/==(yo ̂ ... y. } { ^ +• -+tj \εlj(x.) Φ 0 } , and since ω(x) Φ

0 guarantees that ^(x^ Φ 0 for k = 1, , Nt, we have δ(εlji, A) >

J(jcf., λ). Thus

fc=l A : = l

> Nιδ(xι, λ) + ΛΓ2<J(.x2, A) = ^ ( α ^ ί ^ , λ) + α2<S(x2, A)).

Therefore that Λ: is stable (resp. semistable) implies (1.20). Similarly, if
for a one-parameter group λ: Gm —• G, we have

aιδ(xι, λ) + α25(jc2, A) < 0 (resp. < 0),
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then we can find an ω e H°((?(Nχ, N2)) of the form (1.21) such that
ω(λx) = αΓω(x) with T < 0 (resp. < ) . So we have established the
lemma, q.e.d.

Now we denote by (P(Wι) xP(W2))s (resp. (P(Wι) xP{W2))ss) the
space of G-stable (resp. G-semistable) points in P(Wι) x P{W2). The
rest of the section is devoted to proving

Theorem 1.14. There is an NQ so that the following hold for n> NQ:

(i) If E e %x(n), then hj{E) = 0 for j > 0, and E is generated by
global sections.

(ii) For any E e &x(n) and isomorphism φ: CN -> H°(E), μ(E, φ) €
(P(Wι)xP(W2))ss. Furthermore, μ(E, φ) is stable under G if and only
if E is H-stable.

(iii) Let E be a torsion free sheaf of rank r with deti? « I(rn) and
χE( ) = χ( + n). Suppose there is a homomorphism φ: CN —• H°(E) so
that μ(E > φ) is semistable under G. Then E is H-semistable.

Proof The proof is similar to that of [8]. We will give a sketch of the
proof of (ii) and leave that of (iii) to readers. Since £?x is bounded, there
is an A{ such that hι(E)<Aχ for any E e%x . Now fix a large No that
is provided by Lemma 1.9 with data r, A{ and p = Aχ/r. Let n> NQ.
Assume that E e &x{ή) is H-stable and that μ(E, φ) = [xx, JC2] is not
stable. Then there is a one-parameter subgroup λ: Gm —• G such that

(1.23) a{δ(x{, λ) + a2δ(x2, λ) > 0.

Let {ei, tt) be the weighted basis of C^ associated to λ. Note tχ < t2 <
<tN and Σ ^ = 0.

We fix the basis {ex, , eN} . We seek to find a better choice of weight
tγ < t2 < - < tN so that we can indeed compute the number in (1.23).
Let F c / be the set

N

V = {(vχ 9v2,- , vN)\J2vk = 0,vχ<v2< <vNandvN=l}.

V is a closed bounded convex subset of R^. Given any v € VnQN, there
associates a one-parameter subgroup λυ: Gm —• G, λ v(α)β = aMVje.,
where M is the least common denominator of vχ, v2, ••• , v^. For
any 1 < k < N, let Fι. k be the subsheaf of 2?^ spanned by sections

<P(eχ), ... , p(eΛ) € i / ° ( X , £ ) . Let β.(k) = τ*ήkFitk. Clearly, £(•) is

an increasing function and β^N) = r. Let 1 < 7j < •• < j \ < N be
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tuples of integers so that

(1.24) i Λ

Here we agree that /?z(0) = 0. Clearly, the subsheaf of E,χ generated by

φ{e.i), , φ{e,i) has rank r. Thus
J\ J r

(1.25) X iejiΛ ' ΛejήϊO.

Further, one checks directly that if 1 < k\ < < kι

r < N is any tuple so
that

then necessarily k\ > j \ for all / = 1, , r. Now based on (1.19), for

n QN,

δ(xi, λυ) = .̂ min^ {M(vh + 4- ̂ O l * ^ Λ Λ ̂ .) ^ 0}

any υ e V n QN,

Next, we define / : V -> R,

Then for v0 = ( l / ί ^ ) ^ , ί2, ,tN), f(vQ) > 0. Let T = m a x ^ κ f{υ).
Then T > f(υ0) > 0. We claim that T is attained at a point ϋ =
(vχ, , vN) where Ϊ7j = = vι and vι+ι = = ΰN = 1 for some
I < I < N. Indeed, since the functional / is linear and V is a compact
convex set, the maximum of / is always attained at a vertex of V. Clearly
all vertices of V are those v = (v{, , υN) with v{ = = υk and
i;fc+1 = ••• = vN = 1 for some 1 < k < N. Since Σ ) j = i ^ = ° a n d

^ = 1, we have

Vj = = vι = ~(N - l)/l, υM - = vN = 1.

Now we can assume that ti = vi and that (1.23) still holds. Let F c E

be the subsheaf generated by φ(ex), , φ{eι) e H°(E). Let rk(F) =

(r{, r 2 ) . We claim that ^ , j2^ < I and ^ + 1 , j)^χ > /. By (1.24), the

sheaf generated by φ{e.i), •• , $?(e.,• ) has rank r. + 1 over X.. Thus

7^+ 1 > /. Similarly, j \ < I follows from (1.24). So ^ i, , ίy =
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(N-l)/l, t , , ••• ,t , = 1,
>r, + l •'r

k=\ k=\

and

= M

Therefore

1 , 1

Since £ is iϊ-stable, for any subsheaf Ff C F c E we have Δ/?F/(_π) <
Δ//r. Clearly, ApF,n) < Δχ/r for the same reason. Now we apply
Lemma 1.9 to the sheaf F(—ή). By our special choice of 7V0, we con-
clude that ΔpF (_ n ) = Aχ/r. We claim that there is an /0 independent of

particular choice of E e ^χ(n) so that h°((E/F){-lQ -n)) = 0. Other-
wise, (E/F)(-n) will have a subsheaf J{-n) such that

We can further assume Q = (E/F)/J is torsion free. Thus Q as a
quotient sheaf of E has pQ -< pE which contradicts Lemma 1.4 since E

is //-semistable. Therefore h°(F(-lQ - n)) = 0. Since /0 is bounded

independent of E € &χ{n), we can assume hι(E(-l0 - n)) < Ax. Thus

hι(F(-lQ - ή)) < AX. So by applying Lemma 1.9 again, we can assume

hJ(F) = 0 for j = 1, 2 by enlarging NQ if necessary. Since

and ΔpF (_π ) = Δp £ ( _ Λ ) , we have p F ( _ π ) >: PE{_n). This violates the in-
stability of JE1. Therefore μ(E, φ) must be a stable point. The situation
of semistability can be treated similarly, q.e.d.

For the sake of completeness, we now discuss how to construct the
moduli space of semistable sheaves E on X with χE = χ and det E « I.
As one will see, what we will construct is a reduced scheme whose closed
points are in one-one correspondence with the set If* (modulo certain
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equivalence relation). However, it is unlikely that the functor from the
category of separable finite type schemes to the category of subsets in %χ

(cf. [8]) will be represented by the moduli space that we will construct. The
main difficulty here is due to the lack of the Picard scheme of open surfaces
Xj\L. Since the following discussion will not be needed in the future
discussion of this paper, we will only sketch the idea of the construction
and leave the details of the proof to the readers.

We first choose n large so that the conclusions of Theorem 1.14 all hold.
We then let @n(χ) be the Grothendieck's Quot-scheme parameterizing all
quotient sheaves φN<fx —> E(n) with N = χ(n) such that χE = χ.

Then Sn{χ) is projective. Next, we let Sn{χ) be the normalization of
@n{χ) and let % be the sheaf on X xSn{χ) that is the pullback of the
universal family on Xxέfn(χ). Since ί? admits a finite length locally free
resolution on (^\Σ) x (£n{χ), we can define the determinant line bundles

Since &n{χ) is normal, similar to the proof in Lemma 2.2, one can show

that there is a reduced closed subscheme &n(χ, I) c @n(χ) such that

ξ e$n(χ) is a closed point in &n{χ, /) if and only if det <^ « /. Indeed,

more is true: There are line bundles Lχ and L2 on £n(χ, I) so that

as line bundles on (ΛΓ.\Σ) x in{χ, /), dctr ( / ) = p\l\X>& ®p\Lt. Now

let T1 C H°(X.\Σ91) be the least subspace containing all V\E) of

E € Px(n) (cf. (1.12)). Since gx(ri) is bounded, Tι are of finite

dimension. Parallel to the discussion after Corollary 1.11 (see also §2), we

have a morphism

Φ: in(χ,I) -> P (Horn (j\CN

By Theorem 1.14, if we let βn{χ, I)ss be the space of all semistable quo-
tient sheaves, then the induced morphism

Φ': in(χ,lf - (f[P (ilom (/\CN, r1

is finite (see proof of Proposition 2.8). Thus similar to the discussion at
the end of §2, in(χ, I)ss//G is projective and

f ((f[f[P Uiom (f\CN, ̂ X\\ //G
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is finite. We let 9Jt*'7 be the image scheme of &n(χ,I)ss'//G with the
reduced scheme structure. It is easy to see that the set of closed points
of UJl^1 are in one-one correspondence with the set of semistable sheaves
(modulo the equivalence relation specified in [8]) of Hubert polynomial /
and determinant » / .

2. The construction of the degeneration of moduli schemes

In this section, we are going to construct a degeneration of moduli

scheme of semistable sheaves (of arbitrary rank) over smooth algebraic

surfaces. We will consider the following situation: Let C be a smooth

(irreducible) affine curve, and O e C a closed point, and let / be a uni-

formizing parameter at 0. By abuse of notation, we will use t (/ 0) to

denote closed points of C* = C\0. We consider a family of algebraic sur-

faces π: Z -> C with smooth total space such that Zt — π~ι{t), t Φ 0,

are smooth connected, and Z o is reduced with normal crossing singular-

ities. For simplicity, we assume Z o = X{ u X2 intersect along a smooth

(connected) divisor Σ . (The result of this section can be generalized to the

case where Z0 = XxU"'UXk such that H°{0*o) = C*, where xf = X.\

singular loci of Z o .) We fix a relative ample line bundle H of Z —> C

and an invertible sheaf / on Z . As we mentioned at the beginning of

this paper, our immediate goal is (for a fixed /) to construct a degener-

ation 9Jt0 of the family of schemes 9Jϊ | ' 7, where 9Jt|'7 is the moduli of

ϋ,-semistable sheaves E over Zt of Hubert polynomial χ and determi-

nant It, such that closed points of 9Jt0 associates canonically to semistable

sheaves over Z o . Here we adopt the convention that Ht = H,z .

We begin our discussion with some remark about family of sheaves on

Z . Let p: S —> C be a scheme of finite type over C and let Es be a

rank- r sheaf on Zs = ZxcS. Let πs: Zs —• S be the projection. We say

Es is a flat family of torsion free sheaves over S if Es is flat over S and

if for every closed s e S, the restriction of Es to the fiber Zs = Z xc{s}

(we denote it by Es) is torsion free. Let Z ( 1 ) (resp. Z ( 2 ) ) be the smooth

variety Z\X2 (resp. Z\XX)9 and let Z{

s

ι) (resp. zf]) be the scheme

Z ( 1 ) xc S (resp. Z ( 2 ) x c S). For / = 1, 2, πs: Z^ -» S are smooth.

Thus any sheaf Es on Zs that is flat over S locally admits a bounded

locally free resolution on Z^. Hence we can define determinant line

bundles detEs,z{i). We say that deίEs « p*zI, if there are isomorphisms
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(2.1) λt: det^, z (o * (π*L. ®/£/)|z</) >

where Lt e Pic(S) and pz:Zs-^Z . Note that if S is flat over C, then
« /?z/ implies that for any closed ^ G S over 0 € C, we have
« 70 according to Definition 1.3, where 70 = 7,z .

Let # be the polynomial depending on d and r:

Let %Z be the set of all if,-semistable sheaves E on Z, satisfying detl? «
7? and χE = χ . (We agree that deti? « 7r means det£ = /̂  when t φO.)
We fix an iV0 sufficiently large so that the conclusions of Theorem 1.14
hold for g * for all t € C (cf. [8, Lemma 1.2]). Let n > NQ and

let N = χ(n). Following Grothendieck [12], we define Q u o t | ^ to be
the functor sending any scheme S of finite type over C to the set of all
quotient sheaves E of <?®N on Zs flat over S so that /^ (m) = χ{n+m)

S s

for any closed s e S. Ω u o t z ^ is represented by a scheme ^ f u o t ^

projective over C, called Grothendieck's Quot-scheme. Next, we let il^*

be the set of all closed points ξ e S\xo\z\c over t e C such that the
corresponding quotient sheaf E* (over Zt) is i/^-semistable and such
that deti?£ = It{m). Since being semistable on smooth surface is an
open condition and having determinant = It is a closed condition, il^*

is a locally closed subscheme of &uot^/^ Since f̂ u o t | ^ is projective

over C, by shrinking C if necessary, we can assume il^* is flat over

C*. Now we define ^ u o t | ^ ' ^ c f̂ u o t | ^ to be the closure of il^* in
e ndowed with reduced scheme structure, and let

the normalization of ^ f u o t ^ ' ^ . 9fyfc'* will be the basic object in our
construction of degeneration of moduli.

As is clear from the construction, ^z)c depends on the parameters
d, r, / and H (χ depends on d and r as in (2.2)) and also on the
choice of n > No (or N = χ(ή)) that is always chosen large enough (cf.
Theorem 1.14). Since I is fixed throughout the paper, we will not build
I into the notation. Also, the choice of n is not important as long as
it is large enough. In this and the next sections, we work on arbitrary
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r > 2. Starting from §4, we will study the case where r = 2. If all these

are understood, we will abbreviate fftz'/c* t 0 $td'H. More frequently

we shall write just 9td if the context makes the choice of H either clear
or unimportant. We will also use 9td to denote the fiber of 9Kd over
t G C . We will adopt the following convention throughout the paper.
Unless otherwise is stated, all schemes are over C . In case the set is
related to the surface Zt, we then will build the subscript Zt into the
notation. Finally, the subscript 0 (resp. t) is reserved to denote the fiber
over 0 G C (resp. t G C) of the respective scheme.

Returning to the scheme 9t , because 9t is constructed as the closure

of a scheme over C*, no component of ΰ\d is contained entirely in 9KQ .

Thus by [13, III.9.7], by shrinking C (still containing 0) if necessary, we

can assume 9\d is flat over C . Thus we have

Proposition 2.1. 9Kd is a normal scheme that is flat and projective over

C. Further, for any closed υ e *Rd, there is a curve S, s0 e S and a

morphism φ: S —• ίRd such that φ(sQ) = υ , πc o φ: S -> C is dominant

and φ(s) is H-semistable for general s eS.

Following [8], we intend to find a C-morphism μ from 9td to a big
projective space P £ . We first study the following situation. Let Sch
be the set of all normal C-schemes of finite type that are flat over C .
Let S e Sch be an affine scheme and let Es be a flat family of sheaves
(not necessarily torsion free) on Zs over S. We assume that there is a
homomorphim hs: (f®N —> Es such that at any closed point s e S, the

restriction hs: <f®N —> Es is surjective at the generic points of Zs.

Lemma 2.2. With the notation as above, and suppose on Z^, where

S° = p~\C*) with p: S -> C, we have d e t £ ' 5 | Z o = p*zI(rn)\ZQ. Then

*
Proof We need to prove that there are isomorphisms

(2.3) λt: detEs{zii) $pzl{m)\z{i).

By assumption, detEs,z(\)\Zso = pzI(rn)\Zso. So there is a canonical

section υ G H°(Zso, (pzl(rn))~ι <g> det JB'^i)). We will show that there

is a Carrier divisor D of S contained in SQ such that υ extends to a

nonvanishing section in

(2.4) H°(Z{

s

l), (pzI(rn)Γl(D) 0 d e t ^ i , ) .

Since zί is normal, ?; extends to a meromorphic section ?J of
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(pzl(rn))~ι <g> detJ55|z(D . Knowing that the zero and pole divisors of ΰ

are contained in So and that Z^ -> S is smooth with connected fiber,
there is a divisor Z> of *S contained in So such that v is a nonvanishing
section of (2.4). Thus λχ = ϋ is an isomorphism between dcίEs^zn)(D)

and pzl(rn), and (2.3) holds for / = 1 because 5 is affine. The same
reason shows that λ2 exists also, q.e.d.

Now suppose we have isomorphisms (2.3) for the family Es. By com-

posing the isomorphisms λt with the homomorphism /\r hs: /\r @z —•

Z(o, we get

Thus λz o /\Γ Λ5 induce

(2.5) δ,

Considering the square

S —!-> C.
Since (pz/(r/i)) |z(, ) = p*z{I(rn)ιz{i)) and p: S ^ C is flat, by [13, III.9.3]

we have

(2.6) π5+(/?* J(rn)lz(,)) = />*πc+(/(™),zω).

Finally, let 2^' = πC s t t(/(r«) | z W). Compared to the V1 defined in (1.12),

it is easy to see that if @Z

N -• Es is a quotient sheaf, then for any closed

s e S, the subspace V\ES) c H°(X.\Σ, I(rn)) corresponding to Es is

contained in 2̂ "ί ®k(t0), where ί0 lies under s. Clearly, T'1 are torsion

free sheaves on C. We claim that 2^z are coherent. Indeed, let p0 be a

positive integer so that for any p > p0, H°(X2,1(rn)(-pX{)^χ ) = {0} .

There is an obvious injective homomorphism

(2.7) φ: πc.(/(rn)(p0ΛΓ2)) - πc.(/(rπ) | z(i,).

Let 5 G πc>tt(/(r«)|Z(i)). Let ^0 be the smallest integer such that there is

an integer a > 0 so that s/f extends to section β e πc^(I{rn)(q0X2))
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with β^χ φ 0. By the minimality of q0, β^χ φθ. Thus

which implies that q0 < pQ and β e πc+{I(rn)(p0X2)), so that

senc.(I(rn)(p0X2))9

and (2.7) is surjective. Therefore, Ύx is coherent. Similarly, (V1 is
coherent. Hence *Vι are locally free.

The homomorphisms δi considered as sections

Homs (p (

induce C-morphisms μz : S —> Homc(/\r <f®N, Ψ*1). If we can show that
for any closed s e S over t e C, μ.(s) e Hom{l\r&®N, Tl) % k(t) is

nontrivial, then we can associate to Es morphisms

(2.8) μ.: S-+P ί

and the C-morphism

μ = [μl9 μ2]: S

(2.9)

We need the following technical lemmas.
Lemma 2.3. Let S e Sch. Let s e S be any closed point, and

t0 = p(s). Suppose that v e /\rCN and that v € H°(f\r#®N) is the

corresponding section. Then μ.(s)(υ) e "V1 0 k(t0) is trivial if and only if

the section (Λ o Λ' h(s))(v) e H0(Z{

s

i], p*zI(rn){z{i)) is also.

Proof. It suffices to show that for any closed tQ e C, the restriction

homomorphism rt : Ψ'^kUΔ -* H°(zlι\ Hrn),-^) isinjective. Assume

that v e Tι ® k(t0) with rt (υ) = 0. Let w e H°{C, Ψ1) be the section

with w <S> k(tQ) = υ. Then r( (v) = 0 is equivalent to ttf.z<i) = 0, and

the latter implies that w = {t- to)w' for some w' € H°(C ,Ψ°ι). Hence
υ = w <g> k(t0) = 0 . q.e.d.
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The lemma guarantees that μ.(s) is never trivial if we assume that

hs: 0Z

N -> Es is surjective at the generic points of Z^. Next we show

that the morphisms μ. are canonical.
Lemma 2.4. For S e Sch, the morphisms

are canonical.
Proof. Clearly, the definition of μz depends (only) on the choice of

the isomorphisms λ of (2.3). We claim that if λ and λ^ are two pairs
of isomorphisms,

λi, λ'.: det£ s | z (o = p*zI{rn)ιz{i),

then there are f. e H°(S, 0§) such that )ίi = π^f^ λt. Indeed, since

both λi and λ't are isomoφhisms,

g. =λ'ioλ~ι:p*zI(rn)ιztj) ^ pzl{m)^)

are isomorphisms. So q( e H°(Z^, 0Z&). Since p: S -> C is flat and
πc*^z(i) = ^c' w e

Thus, the g. e H°(Z{

s

i], 0^) are pullback sections of f. e H°{ZS ,0*).

It follows that λ^ = πj(yj) λi, so that the induced homomorphisms δi

and d'i differ by π^(yj ) . Hence the moφhisms μ. and μ'. are identical,
q.e.d.

Combining Lemmas 2.3 and 2.4, we have proved

Proposition 2.5. For any affine S e Sch and flat family of sheaf Es

over S with homomorphism hs: 0Z

N —• £ 5 having the property that at

each closed point s e S, Λ5: 0Z

N —> £"5 w surjective at the generic points of

Zs and that άt\E^ = π*sL®p*zI(rn), S° = p~ι(C*)f there is a canonical
C-morphism

μs = [μ{(S), μ2(S)]: S ^ 2

c c c

Now we are ready to construct the C-morphism /ιΛ from ίRd to ^

^ We first cover <Rd by affine open sets S{, 5 2 , , 57 in Sch.
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On each S. , we have a C-morphism

(2.10) ^.:^P(^)xP(^),

provided by Proposition 2.5. Since the morphisms μ,. are canonical,

μfc = μj\s nS . Therefore, {μ ;} ; = 1 patches together to give a C-morphism

(2.11) ^ SR^P^xP^2).

Let 9 = <9*l(N, C) = SL(N, C) (g>c C be the special linear group

scheme over C . For any scheme S e Sch, assume that g e &s =.

<9Ί(N, 5) and that σ: @®N —• Es is a quotient sheaf homomorphism.

Then g(σ) = σo g: @®N -^ Es is a quotient sheaf also. Hence ^ u o t ^

is naturally a ^-scheme. Since & is an irreducible smooth group scheme

and £?uot£/c * ^s invariant under 9, ^fuot|/^'^ as well as its normal-

ization ΐfKd are natural ^-schemes. One checks easily that through the

dual action g(υ) = vog, where g e % and υ e H o m c ( Λ Γ ^ ? ^ ' ^)'

P(Hom c(ΛΓ #cN' ^ ) ) a r e a l s o ^-schemes.
Proposition 2.6. Through the dual action of & on ^ ^

the morphism μR: *ί\d -+ P(H^) x P(H^) w α ^-morphism.

Proof. One needs to check that for S e Sch, if σs: Λf * -> ̂  is a
flat family of quotient sheaves on Zs over S, and g 5 € 2?l(N9 S) is a
section over 5 , then

μ(gs(σs)) = gs(μ(σs)): S

This is straightforward from our construction of the map μR: R^ —• P( W^)

x P( W^). (See also [21, p. 114].) q.e.d.

Let (P(W^)xP(W^))55 be the open subset of P(W^)xV(W^) consisting

of all semistable points under 9, and let i t " C 9id be the set consisting

of all semistable quotient sheaves. We prove the following.
Proposition 2.7. μ~R\{P{W^) x P(W^))SS) = ίiss. In particular, if* c

ίH w open.
Proof. We first show that μR{!dss) c (P(W^) x P(W^))5 5. Let z € U"

be any closed point over ί / O e C . Then μR(z) e ^ c
follows from [8, Theorem 0.7]. Now assume that z e iiss is a closed point
over 0 6 C, and that E is the corresponding semistable sheaf over Z o

with isomorphisms (λx, λ2) of (2.3). Then by using Lemma 2.3 and the
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fact that %Kd is flat over C, we conclude

l\r0®N ® k(0)

is commutative up to scalars in C*, where j is the obvious injection, and

V\E) is defined in (1.12). By Theorem 1.14, [E] e P(Wι) x P(W2) is

SL(N, C) semistable, where Wι is the space associated to E defined in

(1.15). Since Wi c W ^ Θ A (O) (Lemma 2.3), μR(z) must be semistable

also. Thus we have proved that μR(ίlss) c ( P ( ^ ) x F(W*))SS.

Now we prove the other direction: μ~\(P(W^) x P(W^))SS) C ίlss. Let

w e μ~ι((F(Wς) x P(W^))M) b e a n y c l o s e d P ° i n t corresponding to the

quotient sheaf 0®N ~* E» where w is over ί. In case E is torsion free,

w e it" by [8] and Theorem 1.14. We now prove the general situation.

There are two possible situations: Either t = 0 or t Φ 0. In the following,

we will prove the case where t = 0 and leave the easier case t Φ 0 to the

readers. We assume w e SHQ . By Proposition 2.1, we can find a smooth

curve S flat over C, s e S over 0 e C and a C-morphism

(2.12) ψ:{s9S)^(w9fΛ
d)

such that 9>(SV) Q &ss We can assume S\s is over C\0. Let Es be

the pullback quotient sheaf on Zs via φ , and let Λ5: ff^
N -» is s be the

quotient homomorphism. Consider the homomorphism h^: ff®1* —• ^ o

that is the restriction of hs to Zso where 5° = 5\^. Following the proof
of Lemma 3.2 and the remark after Lemma 3.2 in the next section (see also
[8]), we can find a flat family of torsion free sheaves Fs with Fs>z = ^ o

and a homomorphism h's: (f®N —• Fs on Zs which extends hso such

that /^: &®N —• F5 is surjective at the generic points of Zs. We then
have the diagram

(2.13)

0 > ker(AO)
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By assumption, h's(ker(hs)) is supported on Zs. Thus it must be zero

since Fs is flat over S. Es is a quotient sheaf of &χ^s, so there is

a homomorphism gs: Es -• Fs induced from 0®N 4 0®N such that

gs, o hs = Λ^. Because < ^ —• /^ is surjective at the generic points of

Z 5 , g 5 induces isomorphisms det(gs) : detEs.zw —• d e t F ^ ί o . Thus

the morphisms / / ( ^ s ) , μ(Fs): S -> P(W^) x P(W^) induced by quotient

homomorphisms hs and Λ̂  respectively are identical. So μ(Fs)(s) is

semistable. Since Fs is torsion free, by Theorem 1.14, Fs is semistable

and then hs: @®N -+ Fs is surjective. Thus 0®N -^ Fs is also a family
s S

of quotient sheaves in the Quot-scheme ΰKd. Because fjtf* is separated,
Es= Fs, which completes the proof of the proposition, q.e.d.

Let μυ\ ίiss -> (P(H^ ) x V{W^))SS be the restriction of μR to ίlss.
Then we have

Proposition 2.8. μ^: Uw -^ ( P ( ^ ) x P ( ^ ) ) ' 5 is finite.

Proof. We first check that μυ is proper. Since £K is projective

over C, μR: <Rd -> P ( f ^ ) x P ( f ^ ) is proper. Thus the restriction

of μΛ to μ^(φ{Wς) x P(W^))55) = il55 is a proper moφhism to

Next we check that for any closed point z e (P(W^) xP(W^))ss, μ~ι (z)

is finite. We first prove that if ηλ and η2 are two closed points of ίiss

in μR

ι(z), and Λ : 0®N —• Et are corresponding quotient sheaves on

Zt where ί lies under ηχ and ^/2, then E{ = £ 2 as quotient sheaves of

Λ ^ . Indeed, according to [8, Lemma 4.3], there is a dense open subset

V c Zt such that E^v = E2^v as quotient sheaves of &yN. Now let β z

be the kernel of h : ̂ f®^ -> E . We have the diagram
I Z,, i

o > β l — ί U ^z

eJV - ί i - ^ , o

Since E^v = E^v as quotient sheaves of ^ ^ , h2(fχ{Qx)) is a torsion

bsheaf of E2 supported on Zt\

rsion free. So QιQQ2. Similarl

= £ 2 as quotient sheaves of 0®

Since E^v = E^v as quotient sheaves of ^ ^ , h2(fχ{Qx)) is a torsion

subsheaf of E2 supported on Zt\V. Thus A2(/,(β,)) = 0 since £"2 is

torsion free. So QιQQ2. Similarly, Q2 c Q,. Therefore β, = β 2 and

£ = £ as quotient sheaves of 0®
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Thus we have proved that the set μ^ι(z) c H5S c fRd is over a

single closed point in £fuot |^ '^ N. Since %Kd is the normalization of

£fuot |^ '^ , fRd —• £fuot |^ '^ is finite. Hence μ~^(z) is finite, and the
proposition has been established, q.e.d.

Let Π c = (P(H^) x P(Wc))ss//& . By the geometric invariant theory,

Π c is a good quotient of (P(W^) x P ( ^ c ) ) w by &. Further, Π c is
projective over C. The following lemma (for its proof see [8]) shows that
there is a good quotient i t " / / ^ .

Lemma 2.9. Let G be a reductive group, and Mχ and M2 be two G-
schemes. Suppose that μ: Mχ -> M2 is a finite G-morphism and that a
good quotient of M2 by G, say M2//G, exists. Then a good quotient of
Mχ by G exists, and the induced morphism Mχj'/G —> M2j'/G is finite.

We summarize our result as follows.
Theorem 2.10. For any integer d, let n > NQ be a sufficiently large

integer, and let ίίss c 9KdyH, N = χ{n), be the set of closed points

corresponding to H-semistable quotient sheaves. Then the C-morphism

μυ\ il5S -• (P(H^) x P(^c)) S S s o constructed is finite and & equίvari-

ant Further, the good quotient md'H = Uss//& exists. Finally, W?'11 is

projective and flat over C.

The following theorem shows that the scheme 9Jt^'H is a degeneration

of the moduli ffly' ' in the weak sense, where 9Jt7' ' is the moduli of

rank r //,-semistable sheaves on Zt of det = It and c2 = d .

Theorem 2.11. W?'" is normal. Further, for any closed t Φ 0 e C,

there is a finite morphism from Wlt'
H to 9Jίz' ' .

Proof By the universal mapping property, it is easy to check that

md'H is normal if frt*'H is normal [26, p.5]. For md'H, we note that

WldyH is the good quotient of ίl™ that is finite over the open set of

semistable sheaves in Ouoψ (see the construction at the beginning of

this section). Therefore, the quotient md'H = ilf //SL{N) is finite over

md

z'
Ht. q.e.d.

3. Geometric realization of sheaves on Z o

In this section, we will keep the notation developed in §2 and still work
on the moduli of sheaves of arbitrary rank.

Let 8? be any irreducible component of il^5, and let m be the cor-
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responding multiplicity. Since fRd is normal, it is smooth at the generic
point of a?. Let U c ίlss be a smooth open set so that 0 ^ l/n9t£ C 3?.
Set /?: t/ -> C . We can and do assume that the reduction of [/ - 0 =
/Γ^O) is smooth. Let fm:Cm^C be a branch covering with 0 e Cm

as its only ramification point of index m over 0 e C. We define C/m as
the normalization of the cartesian product

Cm xc U > U

(3.1) J,. j ,

Cm fm ) C.

We assume 7w|m. Then t/m is smooth and further, the fiber p~ !(0) C

f/w has multiplicity 1 because the fiber p~l{0) c U has multiplicity m.

Therefore, p m is a smooth morphism at ^ " ^ O ) . By shrinking U if

necessary, we can assume pm: Um -> C m is smooth.

Similarly, we can form the Cartesian product Z™m :

(3.2) |

C m /m ) C

Z™m= Z™m xcmUm, where Z™m and ί7m are schemes over Cm via π m

and pm respectively. Obviously, Z™m is not smooth when m > 1. Let

y: Ẑ m -> Ẑ m be the desingularization of Z ^ , , and let Ξ c z£m be the

exceptional divisor of γ. Clearly, Ξ is the union of (m - 1) copies of

the ruled surface Δ, and Z^1 is the union of Xχ, X2 and these (m - 1)

copies of Δ. In the following, we denote Z™ = Δo U U Δm , where

Δo = Xχ, Δj = = Δm_j are the ruled surfaces, and Am = X2 such

that Σ. = Ai__ι Γ\Ai is nonempty. Next, we let Z™m = Z™m xcm Um , and

let Ξjjm — Ξ xcm Um be the exceptional divisor of Z™m -> Z™m . Let

TJ

(3-3) Ψ: φ ^ - ^

be the restriction to Zυ of the universal quotient family. Fυ is a flat
family of torsion free sheaves. By pullback via yυm , we get

N

(3.4) £
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Since Z™m\Ξum -* ZV\Σ xc U is finite and flat, the restriction of (3.4) to

Z™mXEjjm is a flat family of torsion free quotient sheaves. We seek to find

a new sheaf Eυm that is a "modification" of y\jmFυ along Ξum .

Definition 3.1. A sheaf Evm on Z™m is called a gpod modification of

y*υmFυ along Ξum if there is a homomorphism

(3.5) Ψ

such that the following hold:

1. The restrictions of (3.5) and (3.4) to Z™m\Ξum are isomorphic.

2. Eυm is a family of torsion free sheaves on Z™m flat over Um .

3. For any closed u e Um over 0 e C, Ψ : ($f 0jm -• £ issurjective

at the generic points of Z™.
4. jÊ m admits a length-two locally free resolution at each point.

The main goal of this section is to construct good modification of

y\jm¥υ . Intuitively, the modification Eυm will be constructed as follows:

We take & as the restriction of y*υmFυ to the compliment of the excep-

tional divisor of Z™m -> Z™m. We extend SF to an open V Λ Z™m so

that V contains the generic points of the exceptional divisor Ξum and so

that γ^rm(Ψ) extends to V and & is generated by the image of ®N <f~m

on V. Since Z™m is smooth, we can continue to extend & to all Z™m via
i^. Then by restricting to a smaller U if necessary, we obtain the desired
modification. In the following, we give the details of this construction.

We first study a special situation. Let k D C be any field, and let
R D k be a discrete valuation ring with maximal ideal m generated by
a uniformizing parameter t. Let K be the field of fractions of R. We
assume that there is a flat morphism Speci? -> Cm . Let Z™ = Z™m xc

Speci? be the product scheme. We denote the generic fiber by Z% , and
the closed fiber of Z% over Speci? by Z™ . We also let / be the open
immersion Z™ -+ Z™, and let j be the closed immersion Z™ -+ Z™.
We first prove the following lemma.

Lemma 3.2. Let Eκ be a torsion free sheaf on Z™, and let LR be a

locally free sheaf on Z% so that there is a surjective homomorphism

(3.6) * *

over Z™. Then there exist a unique coherent sheaf ER c i^Eκ on
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flat over Speci? and a unique extension of Ψ ^ ,

(3.7) *R-®L*^E*

such that the following hold:
(1) i*ER = Eκ, and Ek,A = (J*ER)\A

 a r e torsion free.

(2) j*ψR: ®N j*LR -> Ek is surjective at the generic points of Zk.
(3) ER admits length-2 locally free resolution everywhere.

Proof We first assume k is algebraically closed. Let Σ p , Σ W c
Z™ be the smooth curves in the singular locus of Z™ . Then by [18, p.
100], there is a unique coherent sheaf Er

R on ZR\\Jm Σ. flat over Spec!?
and a unique extension of Ψ ^ :

N

Λ|Zj\uΣ, * ER

such that (1), (2), and (3) of the lemma hold.

Now let η be the open immersion ZR\\JΣi «-> ZR and let ER = %E'R.

Clearly ER is torsion free. Because ZR is smooth and |J m Σ, c ZR is

a codimension 2 subvariety, ER = η*ER is coherent. Next, the existence

of ΨR follows easily from the fact that LR = tl*(LRlz
m\{ \Σ ) ^ o w w e

show that U*ER)\A is torsion free. Assume Ek*A has torsion elements at

x e Δ.. Let w be (local) parameter so that {w = 0} defines Δz at x.

Since ER/wER is torsion free, x e Σ(_{ U Σ f . We assume x eΣr Then

there is / e m~m such that the germ {/ = 0, w = 0} is contained in

Σz as set and such that there are u, υ e ER χ, [υ] Φ 0 e ER x/wER χ,

and fυ = wu. Thus (w//),z vΣ = (v/t)^z vΣ as elements in ER χ.

Therefore,
u/f = v/w eη^ER = ER

and v = w-υ/w = 0e ER x/wER χ . So U*ER)\A.
 i s torsion free, and (1)

is established. In particular, this argument shows that depth ER χ > 2 for

any x e ZR . Thus ER admits length-2 locally free resolution everywhere

[22]. Finally, the uniqueness follows from the uniqueness of ER and (1).

Now we assume k is any field. Let k be the algebraic closure of k, let

R = R χk k, and let K be the fractional field of R. Let Eτ = EK®KΈ

and let LR = LR<8>kk . If we apply the previous argument to

(3.9) Ψ* = Ψ κ ® κ *
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then there is a unique extension sheaf ER on Zj flat over Spec/? and

unique extension homomorphism Ψ^ such that (1), (2), and (3) of the

lemma hold. We claim that there is a sheaf ER on ZR and a homomor-

phism ΨR: (&NLR -> ER such that

(3.10) ER = ER®kk, Vj = VR9kk.

Indeed, let σ e Gal(fc/fc), and let σz = lγn ® φ: ZR xk Specfc ->

ZR xk Spec/c be the moφhism, where φ: Spec/c —• Spec/c is defined

by taking σ~ι as the homomorphism φ*: k -^ k. Then there are canon-

ical isomorphisms σ*E χ = E-^ and σ*Ψ-χ = ψχ By the uniqueness of

the extension,

Since ER c (i+EK) <8>k k, by descent theory, there is an isΛ on Z Λ and a

Ψ Λ : φ ^ L ^ -• ER such that (3.10) holds. Finally, (1), (2), and (3) hold

for ER and ΨR since they hold for ER®kk and Ψ^Θ^A:. The uniqueness

follows from the flatness of ER, (1) and the fact that ΨR: φ ^ LR -* ^

is surjective at generic points of Z^. We shall leave the details to the

reader, q.e.d.

Remark. If we replace ZR by ZR = Z xc Speci?, then since ZR has

only normal singularities along Σ c Zk, the argument is valid and the

resulting sheaf η+ER still satisfies (1) and (2) of the lemma.

Now we are ready to prove the main result of this section.

Proposition 3.3. Let %? c UQ5 be any irreducible component, let m be

the multiplicity of Sf c il^5, and let m > 0 be divisible by m. Then

there is a smooth open subset U Cίiss, Uo = Unίζsφ0C%", having

the following properties: Let Ψ: @N &z -» Fv be the pullback of the

universal quotient sheaf on Zυ, and let Um —• U be the branched covering

as in (3.2). Then there is a good modification Ψ: φ Λ V ~ m -• Eυm of
um

the pullback y^m(Ψ): ®N 0%* -> 7 ^ ^ ^ « ^ Ξ̂ m . Further, for any

closed u e Um over 0 e Cm, the restriction of Ψ: @N @?m -* £Γ/m to

/Â  generic point of Σm c Z^» w surjective. Finally, there is a large m,

m\m, so that Eu is locally free at Σmxc Um c Z ^ , .
Proo/ We let Um -• (7 be the base change so that pm: Um -+ Cm is

smooth. Let A: be the field of rational functions over Um . There is a
canonical discrete valuation υ: K\{0} -> Z so that t (ί) = 1, where ί =
P*m(tm), and ί is the uniformizing parameter of Cm . Let R = {v > 0}
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and let k = {υ = 0} . υ is a valuation of K/k .

Clearly, Spec I? is flat over Cm . Consider Speci? -* Um , ηR: ZR =
Z™m xcm Spec/? —> Z^m , and ^ : Z™ -> Z™m\Ξum . We obtain homomor-
phism of sheaves

(3.11) *

where each of them is a pullback via ηκ. Clearly, (3.11) satisfies the
condition of Lemma 3.2. Therefore there is a unique flat extension ER

of Eκ and an extension Ψ^ of Ψ^ such that (1), (2), and (3) of Lemma
3.1 hold.

Now, by general tautology, we can find an open set U C U, where
U Π ίis

o

s is dense in U Π HQ5 such that over Z™m xcm Um, there is an
extension sheaf E~ , an extension homomorphism

m

(3.12) Ψ
Um

with the desired properties. Indeed, if we denote by ηR: Z™ —• C/m the

obvious morphism, then ^ £ " ^ = ER and ^ Ψ = ΨR. The statement

that ΨM: ®N (f~m -> Eu> u e Um , is surjective at the generic points of
u

Σm will be proved in Proposition 4.1. Here we remark that in doing so,

we may have to further shrink U.

To prove the last statement, we first consider the following situation.

Suppose that Em is a family of torsion free sheaves on Z™m flat over

C m , and that Ψ: (&N#2* -• Em is surjective at Z™m\Z™m 0 , surjective

at the generic point of Z™m 0 and surjective at the generic points of Σ m c

Z™m 0 . Let Clm —• Cm be a branched covering with only ramification

point 0 G Clm ramified over 0 e Cm of index / and φι: ZιJm -+ Z™m .

We claim that for some large /, the modification of φ] (Ψ): 0 ^ (9~lm —»•
clm

Φ*(Em) (along the exceptional divisor of φt) constructed by Lemma 3.2,

say Elm , is locally free at Σ / w c Zι™m 0 .

We first study the case when 1 = 2. Let p1 e Σ2m be any closed point

and let p e Σ m be the closed point under p via φ2 . We will prove that
(3.13) c o l ( £ 2 w | Δ J p ι < max{col(£ w | Δ J p - 1 , 0 } .

(For definition of col, see §0.) Indeed, let (x, y, z) be a local coordinate
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of an analytic neighborhood V c Z™m of p so that

Then there is a local coordinate (x , / , z') of an analytic neighborhood

V' C z j2, of p \ K; C 0 ~ ! ( F ) , such that

and such that the map </>2: Z^SL —• Z™m is given locally by φ2(x , y , z) =

(JΓ;, x ' / 2 > z) [2]. Without loss of generality, we can assume Em^ n v is

locally free away from p. Let F_ = F\{/?} and F^ = 4^1{V_) Π K ;.

Since Ψ m is surjective at the generic points of Σ m , we can assume Ψ m

is surjective on V_nAm. Thus E2,yf = Φ\{Em)^V' , and by the proof of

Lemma 3.2, E2>v, = η^(Φl(Em)), where η is the inclusion V'_ c-> K ;.

Clearly, if i? m is locally free at p , then E2>v> = Φl(Em)*yf is locally free

at p . Now we assume Em is not locally free at p. Let

be a locally free resolution o f E,v provided by L e m m a 3.2. Then over

V[_, E2m]yi has a locally free resolution

W E2mlv, - 0,E2mlv,

where φ*2(A) = A o φ2 . Since Em is not locally free, there is / e

/ $ m®h

p , such that A(f) £ mfh+r). We write A(f) = xM{ +yM2

where Ml9M2,M3€ @y^r). Notice

* / # /O / / /9 /

[φ2A)(f) = x M{+x y M2 + z M3 = x {Mχ + y M2) 4- z M3.

Since {x' = 0, z — 0} C φ2\p), the image of the meromorphic section

(Mι+yf2M2)/zf = -M3/χf

via ^ 2 ^ ) i n E2m i s r e g u l a r o v e r v- Because E2m^v = nj^lm\y ) , this

section extends to a regular section in E2m^v>. Now we define F2m on V1

as the cokernel

(3.14) ffyl φtfyt θtfy —* ̂ / ^ θ^yl —• / ^ ~^ 0,
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where

/ φ*A 0
A= Mι+y'2M2 z

V M3 -x'.

It is straightforward to check that there is a commutative diagram
(3.15)

1(1,0,0) 1(1,0) Π

Clearly, 0 2 ( ^ m ) p ' S FimiP' - E2m,P'
 a n d f u r t h e r

5

 bY studying the restric-
tion to Δ 2 m of (3.15), we have

Therefore we must have (3.13).
To finish the proof of the proposition, we argue as follows. Let / be

the integer so that for any closed ξ e U™ and any p e Σmχcm {ξ},
we have coliE^^ χ m[ξy)p < /. By shrinking U if necessary, we can

χ

assume E # is a good modification on Z2? . Then by induction on /,

we can show that by further shrinking U if necessary, E 2ιm is locally
y y

free at Σ x 2ιm U . We leave the details to the reader, q.e.d.
We will call Eυm a proper transform of sheaves over U C ίlss. In

general, a sheaf E on Z^1 is said to be a proper transform of an H-

semistable sheaf F on Z o if there is a smooth curve S flat over C,

soe S over 0 e C , a C-morphism #: S -> Dt^, g(^0) = {F} so that if

we let Fs be the sheaf on Zs that is the pullback of the universal quotient

family and let Es be the good modification on Z™m xcS constructed in

Proposition 3.3, then E = Es® k(s0).

Corollary 3.4. Every closed point of 9ΪQ has proper transforms.
In the next section, we will concentrate on studying the geometry of

the proper transform Eυm . More specifically, we will give a quite explicit
description of the distribution of the first and second Chern classes of
the sheaves E,A for j = 0, , m and will study the stability of the
restriction of E to Δm .
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4. The Chern classes of E,A

From now on, we will work with a special degeneration Z that suits
our purpose of studying the degeneration of moduli of vector bundles
over X. First we explain how to construct our Z . Let C be a Zariski
neighborhood of 0 e Spec(C[/]). During our discussion, we will feel
free to replace C by a smaller neighborhood O e C ' c Spec(C[ί]). We
form a smooth threefold Zc over C by blowing up X x C along the
subvariety Σ x {0} , where Σ e \H\ is a smooth divisor and if is a very
ample line bundle on X. Let πc: Zc —• C be the projection. Then
Z o = π " 1 ^ ) = l u Δ , where Δ is a ruled surface. Next, we need to
choose an appropriate ample divisor on Z . Let pχ: Z —• X be the
projection. For any rational number ε = p/q, 0 < ε < 1/2, we form a
divisor p*χH®q(—(q — p)A) on Z . For convenience, we will abbreviate the
Q-divisor p^H (-*=£&) to H(ε). Clearly H(ε) is relative ample over C .
In the sequel, we will write H(ε)®n freely, and understand that by H(e)®n

we always mean « G Z + SO that n ε e Z. Let I be a line bundle over X.
Following §2, we construct the degeneration DJld'H^ (= Md'ε) based on
the threefold Z —• C, ample divisor H(ε), line bundle p*χI over Z and
the Hubert polynomial (depending on r and d)

(4.1) * ( Λ ) = I Λ

2 (J/ .J f) + Λ ^ ^

In the following, we will restrict ourselves to r = 2. We first study the
distribution of the first Chern classes of a proper transform E along A .
Let F(ή) € UQ5 be any //(ε)-semistable sheaf on Z o and let E be a sheaf
on Z^* that is a proper transform of F. By Lemma 1.6, there is an exact
sequence over Z o ,

(4.2) 0 -> F -> i^(1) θ F ( 2 ) -> F ( 0 ) -+ 0,

where F ( 1 ) (resp. F ( 2 ) ) is the torsion free part of F^χ (resp. JFJΔ) , and

F{0) is a sheaf of ^-modules with (F ( o ))^ = &®r°, 0 < r0 < 2, at the

generic point ξ e Σ. Recall that det F « 7 0, 70 = P^/iZ . Thus there

are integers <Zj, α2 such that de tF ( 1 ) = /(fljΣ) and detF ( 2 ) = I0lA(a2Σ).

Since F is semistable and F ( 1 ) is the quotient sheaf of F, we have

PF di PFd) (resp. pF ^ pF(2)). Note that with the choice of H(ε), α =

(ε 2, 1 - ε 2 ) . So /?F = χ/r and

= Λ[«V(J5T 7/) + /ιe (1)
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Therefore by //(ε)-semistability, we have

(4.3) β, > ( l - e )
H (KX-I)

(HH)

Similarly, since F ( } is the quotient sheaf of F , we have pF ^ pF{2). Thus
we have

< 4 4 >
Further by (1.4), ax + a2 + 2 = rQ. Since // is a very ample divisor on
X , we may and will assume throughout this paper that

(4.5) {HH)> U\(Kχ H)\ + 18|(J H)\.

Therefore, 2 > aχ > 0 and 0 > a2 > -2. The sheaf F is said to be of
type I if rQ = 2, and type II (resp. Ill) if r0 = 1 (resp. r0 = 0). We
remark that type III may possibly occur only when H (Kχ - I) = 0.

Now we will use this information to analyze the geometry of the sheaf
E. Recall that Δ o , A{, , Δm are irreducible components of Z^1 and
that Σj. = Ai_ι Π Δ7. Let Pi be the generic fiber of Δ over Σ. We
say that E>A has generic fiber type (ai, bt) if the restriction sheaf E*p =

ffiia^&fφ ) . Then det£ | p_ = ^ . + 6 . ) . Clearly, the line bundle y*JΪ(β),

γ: Z^1 —> Z , satisfies

(4.6) / 7 / ( ε ) | p ^ ^ , Ϊ = 1, .. , m - l .

Since £" admits length-2 locally free resolution, det£ is locally free and
further by assumption on the determinant line bundle, there are integers
α 1 ? ••• , am so that

(4.7)

\i=0

Here by abuse of notation, we denote by 70 = Pχl^m the pullback line

bundle on Z™ as well as on ZQ . We claim that

(4.8) ni = <*._! + aM - 2a. > 0 for / = 1, , m - 1.

Indeed, if we let E(n) = E 0 γ*H(ε)®n, then the homomorphism #?:

@N @~m -• £ ( « ) , that is the restriction to Zo

m of the homomorphism

constructed in Proposition 3.3, is surjective at the generic points of Δz

for / = 0, , m . In particular,if E has generic fiber type (α , bt) on
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Δ., then by (4.6), at, bt > 0, / = 1, , m - 1. Since άtlE(ή)\P =

@P{μi + bt) and a{ + 6,. = Λ/—1 + α / + 1 - 2αf., we have established (4.8).

Since E is a proper transform of F, i^v Σ = 2?.Δ ̂ Σ (resp. Z 7 ^ =

E\A \Σ ) I n f a c t> m o r e i s t Γ u e S * n c e ®N ^z generates the sheaf F(n),

(BN0X (resp. φ ' V j generates the sheaf F{n){ι) (resp. F{n){2)).

Hence the sheaf F(>2)(1) (resp. F{ή){1)) considered as sheaf on Δo c Zo

m

(resp. Δ m c Z™) is generated by φ ^ ^ - " 1 B ^ t h e w a ^ E w a s c o n "

structed, we conclude that

(4.9) ^ " e ^ | J

assubsheafon Δo (resp. Δ w ) .

Let j 0 : F{1) -• £ ( . (resp. ym: F ( 2 ) -> £"|A ) be the inclusion. In the

following, we will show that coker(j0) (resp. coker(jm)) is a torsion sheaf

supported at discrete point set of Δo (resp. Am). We will prove this by

showing that detF ( 1 ) = det£"|Δ and detF ( 2 ) = det JE(Δ .

Assume F is of type I, that is detF ( 1 ) = I0(nQA)ιχ and detF( 2 ) =
I0(nmX)\A with nQ + nm = 0. Further assume detJ? = I^la-A^. Then
by (4.9), we have

(4.10) n0 = aχ - a0 > n0, nm= am_χ -am> Ήm.

Therefore from (4.8) it follows that

0 = (aχ - α0) + Σ K - i " «/+! " 2αf ) + K _ ! " α m ) > «0 + ?Tm = 0.

Hence all equalities in (4.8) and (4.10) hold. Thus, detF ( 1 ) =

= detE,Δ , and E,A are of generic fiber type (0, 0) for i =
1, , m- 1.

Now assume F is of type II. Then detF ( 1 ) = I0(n0A)\χ and detF ( 2 ) =
/0(7fmX)|Δ with nQ + nm = - 1 . Let n0, nm be defined by (4.10) and
nλ, n2, ••• , /im_1 be defined by (4.8). Then Σ!JLonj = °> «, > 0 for
i = 1, , m - 1 and «0 > «0, nm>nm. Since 7f0 + wm = - 1 , there is
an ι0 € {0, , m} such that

= ί "
I 7Ϊ7Ϊ. + 1, / = ι0.
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Here we agree 7^ = 0 for i = 1, , m - 1. We claim that iQ Φ 0,

m. Assume i0 = m. Since F is of type II, there is a section v e

H°(Z0, F(n)) so that the restriction of v to Σ is nontrivial while the

restriction of v to Δ is trivial. Indeed, the generic sections of the kernel

of H°(ZQ9 F(n)) -• H°(A, F(n){2)) satisfy this condition (such sections

exist follows from Theorem 1.10 by assuming n large). Then the section

υ will provide a section ϋ e H°{Z™, E{n)). Since iQ = m, detF(n) ( 1 ) =

det£(«)|Λ . So j 0 : F(π) ( 1 ) -> E(n),Ao is surjective at the generic point of

Σ j . Thus ϊ7|Σ is nontrivial. On the other hand, since i0 = m, E(n),A

are of generic fiber type (0,0) for / = 1, , m - 1. Hence U^Σ are

nontrivial for i = 1, , m. Thus Ψ{A is nontrivial. This contradicts

the fact that v,A is trivial and j m : F^ -» £ | Δ is isomoφhic at generic

point of Δ m . So /0 ^ m. Similarly, we can prove iQ Φ 0. Hence

detF ( 1 ) = det£ | Δ o and detF ( 2 ) = det£ | Δ ^ .

The situation where F is of type III can be analyzed similarly. We will
omit its detail but state it as a proposition.

Proposition 4.1. Let F be any H(ε)-semistable sheaf on Z o and let E

be a proper transform of F on Z™. Then there are canonical inclusions

j 0 : F ( 1 ) -> £,Λ and j m : F ( 2 ) —• E^A satisfying the following:

(1) j 0 (resp. jm) is an isomorphism except at finitely many points of
Δo {resp. Δ J .

(2) Assume J5,Δ are of generic fiber type (α . , b() for i = 1, , m-1,

then (at, bt) can only be of the forms ( 0 , 0 ) , ( 0 , \),or ( 1 , 1) . Moreover,

m_{ ί 0 , Fisoftypel,

{ F ^ of type II,
F is of type III.

Remark. Since ®N @z —> ̂ (w) is surjective, conclusion (1) of the
proposition proves what we need in Proposition 3.3 when r = 2. For
r > 2, the same argument works without any change. Since we only need
r = 2 in the rest of this paper, we will leave the proof of the general case
to the readers.

In the remainder of this section, we will study the distribution of the

second Chern classes of E along Δf.. Assume det£ = Z0(X^Λf-Δf-). With-

out loss of generality, we can assume a0 = 0. Then since E^A are torsion

free (Definition 3.1), we have the exact sequence
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m m

i=0 ' ί=l

By using the Riemann-Roch theorem, we get

ι=0

1=1 ' ' i=0

Hence we have proved

Lemma 4.2. Lei £ on Z™ be a proper transform of F with F(n) e

UQS . Then the sum of the second Chern classes Σ?=o CI^\A ) ^ ^ w < ^ t o d

Now, we are going to derive an upper bound of c2(E,A ) . We will

show that there is a constant A2 so that c2(ElA ) < d + A2. Here and in

the following context, unless the contrary is mentioned, by a constant we

always mean a constant that depends only on (X, H, / ) . In particular,

it is independent of the choice of d and 0 < ε < \ . Our approach is as

follows. Since F ( 2 ) c E]A has cokernel supported at a discrete point set,

c2(ElA ) < c2(F{2)). On the other hand, by (4.2), we have

(4.11) χ(F{l)) + * ( F ( 2 ) ) = χ(F) + χ(F{0)).

Since F ( 1 ) is not far from being stable, we should have an upper bound

of χ(F^). Thus if we can find a manageable lower bound of χ(F^),

the bound of c2{F^2)) then follows immediately.
We will use ^-stability defined in §0.
Lemma 4.3. There is a constant e such that the sheaf F^ is e-stable.

Proof Let Q be any rank-one quotient sheaf of F ( 1 ) . Then Q is
also a rank (1,0) quotient sheaf of F. Hence by semistability of F,
PQ(n) h PE{n). Thus

and we have

(4.12) det(β) > i ( l - e)(Kχ H) + (ε/2)(/ H).
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On the other hand, by (4.4), de tF ( 1 ) can only possibly be /, I(H), or
I{2H). Hence

deg(β) - \ deg(F(1)) > ±(1 - ε)(H. Kχ) + § (/. H) - \{I. H) - (H. //)

Thus for e = 6(7/ i/) , F ( 1 ) is e-stable. q.e.d.
e = 6(H H) will be fixed in the rest of this section.
Lemma 4.4. There is a constant A such that for any e-stable rank-two

locally free sheaf V to X with det V = I(aH), \a\ < 2 and any sheaf of
^-modules Q that is a quotient sheaf of KΣ, we have

χ(Q)>-c2(V) + A.

Proof The proof is a modification of Bogomolov's theorem showing
that the restriction of a //-stable rank-2 vector bundle to any hyperplane
curve of high degree is stable. We will prove the only nontrivial case where
rank Q = 1.

First assume Q is a locally free ^-module. Then there is an exact
sequence of sheaves 0—> W ^ V -> Q -^ 0 with W locally free on X.
By using Riemann-Roch, one checks directly that cx(W) = cχ(V) - [Σ] =

and

(4.13) c2(W) = c2(V) + χ(Q) + (g{Σ) - 1) - a(H H) - (I. H).

Thus

4c2(W) - cx(wf = 4χ(Q) + 4c2(V) + 4(g(Σ) - 1) - (a + \f{H. /

Assume that

\ 2 i H)

Then MΓ violates Bogomolov's inequality for stable bundle and is there-
fore unstable. So there is a rank-one destabilizing subsheaf LCW, WjL
torsion free, such that

(4.14) L H - {{a - l)(H. H) - \{I • //) > 0.
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By the e-stability of V, we have

(4.15) LH- \a{H.H) - \{I H) < \e.

Finally, W belongs to the following exact sequence

0->L->W->I® L~\{a - 1)Σ) <g> fz - 0,

where z is some zero scheme of X. Thus

Combined with (4.13), we obtain

(4Λ6)

Next, by Hodge index theorem, LL<(L- H)2/(H H)2 . Thanks to
(4.14), (4.15), \L H\ is bounded by a constant A1. Therefore, by (4.16)
for some constant A, we have χ(Q) > -c2(V) + A . In general, when Q
is not locally free, the previous argument shows that the locally free part
Qfr of Q has χ(Qfr) > -c2(V) + A. Thus

χ(Q)>X(Qfr)>-c2(V)+A. q.e.d.

Corollary 4.5. There is a constant Aχ so that c 2(F ( 1 )) > Aχ.

Proof. Let V be the double dual of F{1) and let det V = I(aH). Then
\a\ < 2. Assume 4c2(V) - cχ(V)2 < 0. Then by Bogomolov's inequality,
V is not stable. Let L c V be the destabilizing subsheaf so that V/L is
torsion free. Then deg V < degL < deg V -h \e. Thus by the Hodge index
theorem, ct (L) cχ (L) is bounded from above by a constant. Therefore,

c2{V)>cι{L)(I + aH-cι(L))>Aι

for some constant Aχ. q.e.d.
Proposition 4.6. There is a constant A2 such that for any proper trans-

form E of F with F(n) e l ζ 5 ,

c 2 ( E l A ) < d + A 2 .

Proof It suffices to show that c2(F ( 2 )) < d + A2. Let S be the kernel
( 1 )|Σ

 {0)
f

of CF(1))|Σ -> F{0) and let F' be the cokernel of the composition
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We have the

0 -

0 -

0 -

0 •

diagram
0

1
S| —

i
• s —

1
—> v—

1
—-«;-

1

0

i

i
— FW\Σ —

1
_ > ( F ( 1 ) ) V V | Σ —

1
- it -

1

0

1

ί
— Fl0) —

ί
y f

1

1

—> 0

—-» 0

—» 0

—> 0

0 0 0
where S2 is the kernel of the corresponding row exact sequence, and
Tχ,T2, and Sχ (resp. T[, T2 and S[) are the corresponding kernels
(resp. cokernels) of the column sequences. Then the whole diagram is
a commutative diagram, and each column as well as each row is exact.
Hence

= χ(Ff) + (/(Γ,) - X(SX)) -

> (-c 2 ((F ( 1 ) ) v v ) + A) + (*(Sί) - χ(Sχ)) > -c2(F{{)) + A.

Here the third inequality holds because of Lemma 4.4 and χ(T[) = χ(Tχ)

which can be seen as follows: χ(T[)=χ(Tι) if χ ( ( ^ ( 1 ) ) | Σ ) = / ( ( F ( 1 ) ) v v | Σ ) .

But the later two only depend on the degree of F{1) and F ( F ( 1 ) ) W

since both are torsion free. The last inequality holds since c2(F^) >

c 2 ((F ( 1 ) ) v v ) + /(Γ;),and 1{T[) = 1{TX) > χ(Sx). Also χ(S[)>0. There-

fore,

x (c2(F ( 1 )) -A) + χ(F{ι)) <

for some constant A7, and the proposition is established.
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5. Irreducible components of SDx

In [19], the second author constructed a line bundle &m(H) on

and showed that S?m (H) is nef. and its top self-intersection number is

positive. In particular, when SPΐ̂ '7 has the expected dimension cd =

Ad - 3χ(&x) - / / , the self-intersection number is positive, i.e.,

(5.1) J/

S. Donaldson first introduced this number (5.1) in a different category and
showed that this intersection number is an invariant of the underlining
smooth structure of the four manifold X when p > 1. In this paper,

we will use (5.1) to deduce some properties of the degeneration

In short, we will show that there is a constant A2 having the property

that for any irreducible component ίΠ^ 8 c 9Jt^'ε, there is an irreducible

component X of 91Q'£ such that for generic F e X and proper transforms

E of F, 2s,Δ is //-stable and further, all such sheaves over Δm form an

algebraic subset of dimension cd in an appropriate moduli space of vector

bundles over Δ m .

We first construct the line bundle on Wld. We will briefly sketch the
construction of this line bundle and outline some useful properties enjoyed
by this line bundle. The full proof of these results can be found in [17],
[19].

For any integer r > 0, let Dr C Z be a divisor such that π: Dr —• C

is smooth, Ώ\ = π~\t) e \rH\ for t Φ 0 and D[ c Δ\Σ. We call

such Dr good divisors in \rHc(-rA)\, where Hc = PχH. Since H is

very ample, the set of good divisors in \rHc(-rA)\ is base point free.

Let Pic(Z>7Q be the relative Picard scheme. On Pic(Z//C), there is

a curve C C Fic(Dr/C) consisting of line bundles L on Dr

t such that

L®2 = KDr <g> Pχlϊjy , which exists if Σ / is even which can certainly be

arranged in advance. Clearly, C is an etale covering of C. Then there

is a line bundle θr on D~ = C xc Dr so that (θr

v)®2 £ KDr ®P*χI^r for

any closed v e C, where θr

υ = (θr)>Dr and Dr

v is the fiber of D~ over

v e C.

We now construct a line bundle on ίl~r = Cxcίi
ss as follows. Let ^{n)

be the universal quotient family on Z xcίl
ss. Since & is a family of

torsion free sheaves on Zxcίi
ss flat over iiss and DrnΣ = 0 , &~\Dτ is flat

over if5 also (see §0), where 9^ is the restriction of & to DrxcUΪs. Let

p 1 2 (resp. pι3 resp. ^ 2 3 ) be projection Drxcίl~ -> JDgr (resp. D r x c U ^ ->
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Dr xc U" resp. Dr xc il~ -+ il~). Note that p23 is smooth. Hence

(5.2) R P 2 3 M * J r

is a perfect complex on il~ [17]. Following [17], we can form the deter-
minant line bundle

(5.3)

on il~ of the complex (5.2). We have the following useful result.

Lemma 5.1. Let & be a Poincarέ line bundle on Dr xcPic8r~ι(Dr/C)

and let X = det(Rq2^), where q2 is the projection onto Pic8r~ι (Dr/C).

Then there is a line bundle 3* on ίlss such that

(5.4) det(Rp2^(P;3(^Dr) ®p*nθ
r)) = p\

where pχ and p2 are projections from ίl~? onto C C Picgr~ι (Dr/C) and

ίlss respectively, and gr is the genus of the fibers of Dr —> C. We denote

the line bundle 3 by . S ^ Z / ) . Further, suppose Dr and Dr are two good

divisors in \rHc(-rA)\. Then there is an isomorphism «5?

c/(Dr) £ S?υφ
τ).

Proof For technical reasons, we will show that the line bundle 3?υ(pr)

is the restriction to ίl~r of a similar line bundle on ίHgr. Let ^\n) be

the restriction of the universal family to (Z\X) χ c fRd . Then there is a

global length-3 locally free resolution of &1. Namely, there are locally

free sheaves βχ, β2 and &z on (Z\X) xc^
d such that &1 belongs to

the exact sequence

(5.5) 0 -» ̂ 3 -> S2 -> @x -> ̂  -> 0.

Thus similar to (5.3), we define line bundle

(5.6)

on C x c 9ί^. Since the determinant line bundle preserves triangle of

perfect complexes and is independent of choice of resolution (5.5) [17],

one concludes that the restriction of (5.6) to il~? is canonically isomorphic

to (5.3). Then by mimicking the proof of [19, Lemma 2.1], one shows

that there is a line bundle ^R{Dr) over %Kd so that (5.6) is isomorphic to

p\3£%1 <8> pl^fR{Dr)~ι. Thus the first part of the lemma is established.

Next, let Dr and Dr be any two good divisors in \rHc(-rΔ)\, and let

^fR(Dr) and -2fRφr

c) be the corresponding line bundles just constructed.
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In [19, Lemma 2.2], it was shown that for any closed / / O G C ,

(5.7) &R(Dr) 0 k(ή £ - % ( 5 r ) <g> fc(ί).

Then by applying [13, IΠ.12.9] to the locally free sheaf r

over 9ίd -» C and ad
over C, we infer that

(5.8)

over 9ίd -» C and adding the fact that 9i^ is normal, projective and flat

where D C S ^ is a divisor contained in 9^ . Finally, since the set of good

divisors in \rHc(-rA)\ is an irreducible set, when Dr = Dr, the divisor

D in (5.8) satisfies <?(D) = <?. Thus, for any choice of Dr and Dr,

^(D) = (9, and the lemma has been established, q.e.d.

In the sequel, we will denote the unique line bundle «S^(Z/) by 2^{r).

Our next task is to analyze when the line bundle -2Jj(r) descends to a line

bundle on ίm . We need the following descent lemma of Kempf.

Lemma 5.2 (Descent Lemma). Let Sf be a 5/-line bundle on iiss.

S* descends to ΐΰt1 if and only if for every closed point w e ίiss with

closed orbit 9 {w}, the stabilizer stab(tϋ) c 9 of w acts trivially on

w

Proof We can invoke Theorem 2.3 of [5] since SPt̂  is normal and is
a good quotient of if5 by 9. q.e.d.

Proposition 5.3. There is a function κ\ Z + -> (0, 1/2) and a constant
A having the following properties'. For any d > A, there is a large r such
that whenever ε e (0, κ(d)), then the line bundle &v{r) descends to a line
bundle on SDt̂ .

Proof The proof is very much the same as [19, Proposition 1.7]. We
give a sketch here. First note that with & = SL(N, C) x c C, ilM is a 9-
scheme. The action of 9 on (9®N induces a 9 action on the universal
quotient sheaf &~(n), and thus induces a & action on the line bundle
&v{Dr).

To show the existence of the descent line bundle, thanks to the descent
lemma, we only need to check that for any closed w e ίiss with closed
orbit SL(N, C) {w} , the stabilizer stab(w) acts trivially on &v(Dr)w .
By [19], it suffices to check the case when &'{n)w is a quotient sheaf on
Z o . First, note that Z/iVZ C stab(w) for any closed w e ί i ^ . By using
the fact that xi^jy ® θr

υ) = 0 for any closed w e ίiss (and υ e C)
over t e C, one concludes that the Z/7VZ action on <3p

υ(Dr) <g> k(w) is
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trivial [19]. Next, note that the only closed w e ίlss over 0 e C that
have closed orbits SL(N9 C) {w} and stabilizers stab(w) ζ Z/NZ are
those F(n) 's where F are nontrivial direct sums of 77(ε)-stable sheaves.
Assume F = / t Θ Θ Jr, r>2. By base change property [17],

(5.9)

where (flo)®2 = ^z>r ® A)iz>r Then following the proof of [19], for any

g e stab(iί ) ,

det(g | 2>ί): 5ζj(Dr) <8> k(w) -+ J2?υ(Dr) 0 jk(τι )

is the identity if χ{Jj\Dr <8> θr

0) = 0 for all j = 1, , r. But this follows

from Proposition 5.8.

It remains to show that the descended line bundle SfJJ?) is indepen-

dent of the choice of Dr e \rHc(-rA)\. It suffices to show that for two

different Dr and Dr

c, the isommorphism (5.8) is 9 equivariant. But

this follows immediately from the fact that the isomorphism (5.7) is 9

equivariant [19]. q.e.d.

We denote the descended line bundle on Md by *S?m{r), and denote its

restriction to Dtif by <22

m(r)t. We remark that by [19], for tφ 0, &Jj)t

exists for any r > 1.

In [4], S. Donaldson (see also [6, 34]) showed that for the algebraic

surface X and the fixed divisors / and H, there is a constant A such that

ίJfJiχ1 is smooth at the generic points when d > A. We fix such an A and

assume that d > A throughout the rest of this paper. Let cd = dim 9 j φ ι .

In the sequel, we fix an irreducible component 91 c 9Jt .

Lemma 5.4 (Donaldson). Let W? be any irreducible component of
Let r > 1. Then the self-intersection number is positive, i.e.,

(5.10) [ ^ T O ( r ) ^ ( < ) > 0

for any closed tφOeC.

Proof. In [19], the second author of this paper showed that for suffi-

ciently large q, //°(9tf, -2^(r)fq) is base point free and the morphism
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(5.11) y:<-P(//°(<,^m(r)fY)

is a birational morphism onto the image y(9tf). So (5.10) follows imme-
diately, q.e.d.

Now we intend to generalize (5.11) to a C-morphism γc: 9JΓ —> P c .
To accomplish this, we need to construct many & invariant sections of
5fv(rγq over ilS 5. (We always assume r to be so chosen so that 2fv(f)
exists.) This will be done by using the technique of restricting sheaves to
Dr. For any good divisor Dr e \rHc(-rΔ)\, let m(Dr/C) be the relative
moduli scheme of rank-2 semistable vector bundles E on Dr jC with
det E = v*χI\Dr. Since Dr is a family of smooth curves, 9Jt(Dr/C) -> C
is a flat family. Now let ίiss[Dr] be the open subset of iί5S consisting of
closed points u e iiss such that ^Dr is locally free and semistable, where

u is over t e C. By restricting F e ίlss[Dr] to Dr, we obtain a morphism

(5.12) ΦDr:ίlss[Dr] - m(Dr/C).

If we view m(Dr/C) as a if scheme with trivial ^ action, Φ^r is <̂ -
equivalent.

Proposition 5.5 [Donaldson]. There is a relative ample line bundle S?Dr
on 9Jl(Dr/C) -+ C such that the following isomorphism holds over ίiss[Dr] :

(5.13) < * V ^ υ

Further, this isomorphism is &-equivariant.
Proof. See [4, 6, 19]. q.e.d.

Take q large so that £?#q is very ample and let v e H°(m(Dr/C),

Sf®rq) be any section. Then Φ*Dr(v) is a ^ invariant section of S^(r)®q

over ϋss[Dr]. We will show that the section Φ*Dr(υ) can be extended to the

scheme if5. We first state a technical lemma whose proof can be found

in [20] (see also [19]).

Lemma 5.6. Let S be a smooth curve over C, s e S over t e C.

Assume we have the following: a map p: S -• if5, p(S°) c ίiss[Dr],

S° = S\s, with a sheaf Fs on Z xcS which is thepullback of the universal

quotient sheaf by p, a section v £ H°{m(Dr/C), &$q), and υso which

is the pullback section p*Φ*Dr(υ) on S°. Then vso extends uniquely to a

section ϋs e H°{S, /Λg^r)®*). Further, w e ^ ! ( 0 ) if and only if either

Fw\Dr is not semistable or v(V>Dr) - 0.

Proposition 5.7. With the notation as above, let Dr e \rHc(-rA)\ be

any good divisor and let v e H°(Wl(Dr/C), 5?®rq) be any section. Then the
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pullback section Φ*Dr(v) e H°(ilss[Dr], &v{r)®q) extends canonically over
Hss to a ^ invariant section. We shall denote this extension by Φ ^ ( ^ ) e x

Further,

is\uT[Dr
(5.14) Φ^ίt;)" 1 ^) = {iis\uT[Dr]) U{fE iiss[Dr]\v(F{Dr) = 0}.

Proof. Let Φ*Dr(v) be the pullback section. Since iiss is normal, by

Lemma 5.6, Φ*jy{v) extends uniquely to a section v on the closure of

Uss[Dr] in ίiss, and also

(5.15) (ίXss\ύss[Dr])f]ίiss[Dr] C (υ)'\θ).

Thus, the extension of v' by zero is regular. We let Φ*Dr(v)eχ be such an

extension. Clearly, Φ*Dr(υ)eχ is canonical and is 9 invariant. The charac-

terization of Φ*iy(v)^(Q) follows from the construction and Lemma 5.6.

q.e.d.
To construct the C-morphism γc promised earlier, we need to show

that the space of ^-invariant sections, say H°(ίlss, £?υ(r)®qf, is base
point free. It is certainly base point free on the set ilss\V^ [19, Theo-
rem 3]. To attack the general situation, we need the following technical
proposition:

Proposition 5.8. There is a function κ\ Z+ —• (0, 1/2) depending on
(X, H, /) having the following properties: For any d0 > A, there is an
r > 1 such that for any ε e (0, κ(dQ)), whenever d < d0 and F e iiss is
an H(ε)-semistable sheaf over teC, F>Dr is semistable for generic good
divisor Dr e\rHc{-rA)\.

Proposition 5.8 will be proved shortly.
By Proposition 5.8, for d0 and r, if we choose ε small enough, then

there are good divisors D[, , Dr

k e \rHc(-rA)\ such that for any closed
s e if* and at least one j e {1, , k} , ^Dr is semistable, where t

lies under s . Thus by choosing q large so that all Sf®r

q are very ample,

we have:
Proposition 5.9. Let V} = πμ(&$q), where πr. m(Drj/C) -> C, let

ψ. = {Φ*Dr{v)Jv e Vj} and let Tc be the span of 3^, ••• ,Ύk in

fqf, where πc:ίi
ss - + C . Then Tc is base point free.

vυ

Let T:ίt™ -> P(^, v) be the induced C-morphism. Since 2^ c

rfqf, Ύ factors through a C-morphism γ:
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Theorem 5.10. Let *ild C 3Jl̂  be any irreducible component. Then

(5.16) d imy(<) = c,.

Proof. Clearly, γ(Vld) is a scheme dominant over C and

f = cd. Since yίfltf*) is irreducible and projective over C, itf d
is flat over C [13, ΠI.9.7]. Thus γ(W?)0 = ypnjj) has dimension c r f.
q.e.d.

Corollary 5.11. With the notation as above, let il c ίiss be the irre-

ducible component corresponding to *S&, and let X{, , Xι be the irre-

ducible components of i l 0 . For any good divisor Dr e \rHc(-rA)\ and

v e H°{m{Dr/C), &$*), if we let W{υ) c md be the zero locus of the

extension section Φ*Dr(v)eχ, then there is at least one i e {1, , /} such

that for any tuple {Drj, Vj}cf=ι,

Proof. Without loss of generality, we can assume {DΓj, Vj}Cjd

=l is con-
tained in the collection used in Proposition 5.9. Then the corollary follows
since W(Vj) are divisors cut out by ample divisotrs in P(2^ v ) . q.e.d.

Let X be the irreducible component of il0 satisfying Corollary 5.11,
and let U C il be the (irreducible) open subset provided by Proposition
3.3. Namely, 0 Φ C/Πil0 C X and there is a family of torsion free sheaves
% on Z™m x cm Um such that & is a good modification of the restriction
to Z xcU of the universal family on Z xcίi

ss. Note that % is flat over
Um and locally free along Σm xcmUm . Then g[Δ x mUm is a flat family

to torsion free sheaves on Δ m xcm Um . Let (a, k) be integers so that for

any closed u e UT , det E|Δ = L (aΣ~) and c2(E,A ) = k, where we

denote the line bundle PχIlA by IA . By Proposition 4.6, |α| < 2 and

k < d + A2.

Put C/o

m[Δ ] = { « e C^lftiA is //(ε)-semistable} and let Ψ: ί/o

m[Δm]

-»- dJl^>k be the map sending w e U?[A ] to ^ | Δ . Here we denote by

artΔ' the moduli scheme of //(ε)Δ-semistable rank-two sheaves E on Δ

satisfying det E = L (aΣ~) and c, (E) = k. We now state and prove the

main result of this section:
Theorem 5.12. With the notation as before, there is a constant A and

a function κ\ Z + -> (0, 1/2) such that for any d >A, any ε e (0, κ(d))
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and any irreducible component XO/HQ satisfying Corollary 5.11, we have

(5.17) dimΨ(U™) = cd.

We need the following technical lemmas.

Lemma 5.13. There is a constant e such that for any F e ίϊ£, F{2) is
eε-stable.

Proof. Let Q be any rank-one quotient sheaf of F ( 2 ) . Then Q is a
quotient sheaf of F also. Thus by comparing the linear coefficients of
PQ(N) :</?F(«), weget

(β)Δ (c l ( β) - IϋΓΔ)] > 1/7(7 - Kx).

Let degζ? = H(ε)A - cχ(Q). Then

On the other hand, we have cχ(F^) = 7,Δ(αΣ~) with a possibly be 0,

- 1 , or - 2 . Since Σ" H(ε)A = ε(H. H) and JΔ i/(ε) = (1 - ε)(I //),
for e = 6(H H),

deg β - \ degF(2) > i^ε. q.e.d.

Lemma 5.14. Given the constants e and A2, we can find a function
K: Z + —> (0, 1/2) having the following properties: For any d >A, there is
a large r such that whenever ε e (0, κ{d)) and V is an eε-stable (with
respect to H(ε)A) rank-2 vector bundle on Δ with d e t F = /Δ(αΣ~),
|α| < 2 and c2(V) <d + A2, the following hold:

(1) V either is μ-stable or belongs to the exact sequence

(5.18) 0 -* l\T + βΣ~) -> F - . / ( - Γ - (A - α)Σ~) Θ ^ -> 0

ybr some zero scheme z C A , numerical zero divisor Γ c Δ αn</ 2/' = / Δ .

(2) For generic Dre\rΣ*\, V^D is semistable.

Lemma 5.14 will be proved shortly.

Proof of Theorem 5.12. Recall &(n) is the universal family on Z x c

ί/5, and for any closed u e ίζs, S^2) is the torsion free part of ^ | Δ . We

first show that for generic u e 8?, ^ ( 2 ) is //-stable. Assume not. Then

by Lemma 5.14, i^(2) belongs to the exact sequence

(5.19) 0 - /(Γ + βΣ') 8>^Zi -+ ^u

{2) - l'(-Γ-(β - α)Σ°) 0 J^2 -> 0,
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where zχ and z2 are two zero schemes, and Γ is a numerical zero divisor.

Since c2(^u

{2)) < d+A2 (Proposition 4.7), by calculating the second Chern

class of ^ ( 2 ) based on (5.19), we get

(5.20) /(z1) + l(z2) <d + (A2 + 4(H. H)).

Clearly, then %?[Dr

0] (= {u e ^Wu\jy is semistable}) is the set of all

u e 8? such that in (5.19), zχ, z2 c A\Dr

Q. We define

(5.21) Π: JT-+Pic°(Σ)/{l, -1}

to be the map sending u e 3? to *f(Γ),Σ- . Π is well-defined. Further,

for any υ e H0(UJl(Dr/C), &$*), the zero locus of Φ*Dr(v)eχ (denoted by

W[v) n£?[Dr

0]) is mapped (under Π) into a divisor in Pic°(Σ)/{l, -1} .

We denote the image set U(W(υ) Π^[Dr

0]) by B(v).

Now we choose cd generic good divisors Dr. e \rHc(-fA)\ in the sense

that no two Dr 's coincide along ZQ and no three Dr 's share common in-

tersections along Z o . We also choose sections v. e H°(M(Dr./C), -2^*) ,

j = 1, ,cd, such that for any {i\ , , ig+ι} c {1, , cd},

(5.22)

The tuple {(Z)y, v, )}yii always exists because of the ampleness of i/ and
-2^r. Let

ue

which exists, thanks to Corollary 5.11. Since cd = 4d+O(l), when d > 0,
(5.20) implies that there are at least g + 1 of Dr 's, say D[, , Z>^+1, so

that u G Πf-i1 ^[^ 7

Γ ] - Then Π(w) G J?(V ;) for j = 1, , * + 1, which

contradicts to (5.22). So we have proved that for generic u e ^ , ^ ( 2 ) is

//-stable and thus U™[AJ φ 0 .

It remains to show that (5.17) is true. Let ψm: U™ -+ U be induced by

projection. Without loss of generality, we assume for any closed u e U™ ,

gulAm is //-stable. By (5.14), for any Dr and v £ H°(m(Dr/C),^g),

φ^(W{v)) Π ί70

m is a union of fibers of Ψ . Thus for generic Dr and

generic section v , by Proposition 5.8, ^{φ^iW^) n t/)) is a proper di-

visor in Ψ([/^). Now suppose dimΨ(ί7(J
n) < cd . Then by using Proposi-
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tion 5.8 and the ampleness of £?Dr, for generic D[, , D[ and sections

vλ, , v so that
1 cd

On the other hand, dim(j2*\l/0) < cd . So by choosing {£>', v j generic,
we also have

Thus

(5.23)

which contradicts the assumption. So we must have ^ ^
In the remainder of this section, we will prove Proposition 5.8 and

Lemma 5.14. Assume that V is a rank-2 vector bundle on Δ such that
d e t F = &(aΣ~), |α| < 2 and c2(V) < d + A2, that V is eε-stable
and that V is not //-stable. Let L c V be a destabilizing subsheaf,
L = &(Γ+bΣ~) where Γ is a pullback divisor from Σ. We assume V/L
is torsion free. Then we have the following exact sequence

(5.24) 0 -> <f(Γ + *Σ~) -> K - ^ ( - Γ - (6 - α)Σ") <8> J ^ ^ 0,

where J ^ is the ideal sheaf of a zero subscheme z c Δ. Thus

(5.25) d + A2> c2(V) > - ( Γ + bΣ~)(Γ + {b - a)Σ~).

Since V is ^ε-stable and L is the destabilizing subsheaf,

\eε > (Γ + bϊΓ) //(ε)Δ - \(άΣΓ) //(ε)Δ > 0.

Setting a = (Γ Σ°)/(# i/) , we obtain

(5.26) α(2fe - α) + 6(6 - α) <

(5.27)

One checks easily that there is a function K: Z+ -• (0, 1/2) so that for
any ε £ (0, κ(d))> the only solutions (α, b) of (5.26) and (5.27) with
a (H-H) and b integers are a = 0 and 0 < b < e/(H H). Thus we
have proved part 1 of Lemma 5.14.
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Proof of Lemma 5.14. By tensoring V with (l')~ι, we can assume
V satisfies detF = 0{μΣΓ) and c2(V) < d + A2. Then (1) follows
from the previous argument. For (2), it is clear that the sheaves V of
(5.18) have semistable restriction VD for general Dr. We now show
that the same conclusion holds for all //-stable sheaves V. Assume that
V,D is not semistable. Then there is a quotient line bundle Q of V^D

over Dr, V^D -> Q with degβ < 0. Let W be the kernel of V -+ (/.

Then fF is a locally free sheaf on Δ with Cj(fF) = a[Σ~] - r[Σ+] and
c2(W) = c2(V) + degΣ Q < c2(V). Hence

Ac2(W) - cχ(W)2 = 4c2(F) + 4degβ - (r2 - a){H - H)

<4c2(V)-(r2-a2)(H H).

Since r can be made large, we assume (r2 - 4) > 4(d 4- A2)/(H H) >
4c2(V)/(H /ί). Then Bogomolov's inequality shows that W is Bogo-
molov unstable. That is, there is a rank-1 locally free sheaf L c W, PΓ/L
is torsion free, so that L®*(-(fcα/2)[Σ~] + (fcr/2)[Σ+]) is effective for
k > 0. Write < (̂L) = < (̂αΣ~ + Γ) where Γ is a divisor in Δ supported
on the fibers of q: Δ -> Σ. Denote 6 = (Γ Σ)/(ίΓ H). Then

(5.28) a - α/2 + r/2 > 0, ft + r/2 > 0.

By computing the second Chern class of W in terms of L similar to
(5.25) and then comparing it with c2(V), we get

(alΓ + Γ)((α - α)Σ~ - rΣ+ - Γ) < c2(fF) < c2(V).

So

(5.29) α(β -a)-b(r-a + Id) < ^ ± ^ .

Since F is semistable, (L - (α/2)Σ") /Γ(β)Δ < 0. Thus

(5.30) ε(α-α/2) + ( l - e ) f t < 0 .

We will show that ft = 0 by showing, after an appropriate choice of r
and ε, that ft > 0 and ft < 0 are impossible. We first assume ft < 0, so
b<-l/(HH).By (5.28) and (5.29),

> a(a - α) + (—ft)(r - a + 2α) > α(α - α).

Thus |α| < y/d + A2 + 2 and then r - α + 2<z>r- 2̂ /rf -h ̂ 2 - 4. So by
(5.29) again,

( ί J I > w^-WϊΓf
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If b > 0, thanks to (5.28) and (5.30), we have

Now for any d, we can choose r large so that (5.31) does not hold. Then
let ε = κ(d, r) be small enough so that the right-hand side of (5.32) is
negative. Since neither (5.29) nor (5.32) holds by our choice of r and ε,
b has to be zero. Therefore, for any rational ε e (0, κ(d, r)), V>D is not

semistable only if the line bundle L C W satisfies cχ(L) [Σ+] = 0. Let
D C Δ be a divisor so that L(D) is a subsheaf of V with V/L(D) torsion
free. Since V/L is torsion free over Δ\DΓ, we have D = 0 or D = Dr.
We claim that D = 0 . Otherwise, since L is a destabilizing subsheaf of
W, L(D) c F will be a destabilizing subsheaf of F . This would violate
the μ-stability of V. Therefore, V belongs to the exact sequence

0 -• @{aΣ + Γ) -> V -> ̂ ( ( α - a)Σ - Γ) ® J ^ -» 0

with a numerical zero divisor Γ. Therefore, Fj^ is semistable for generic

Dr € | r Σ + | . This completes the proof of Proposition 5.8 and Theorem
5.12.

6. Vector bundles over the ruled surface Δ

In previous sections, we have succeeded in constructing a degeneration

of the moduli scheme Wt*'*. By an appropriate choice of ε, we also

showed that for any irreducible component yid of the degeneration ίjrf*,

there is an irreducible component 8? of 91Q SO that the restriction to Δm

of proper transforms E of generic F E J are //-stable. Further, the set

of all such E,A is an algebraic subset of ffl^'k of dimension equal to c..

In this section, we will concentrate on studying this subset of UJl^jk .

First let us fix some notation. We still denote by Σ + (resp. Σ~) a sec-

tion of q: A -> Σ such that (Σ+ Σ+) > 0 (resp. (Σ~ Σ~) < 0). Note that

Σ~ is unique while |Σ + | is base point free. We use /Σ~ to denote the

nonreduced curve that is the /th infinitesimal neighborhood of Σ~ C Δ.

Let J/(e)Δ be the ample Q-divisor q*HΣ((l - ε)Σ~), where HΣ is the

restriction of H to Σc X. We understand that ε is a small positive ra-

tional number. We will work on the Grothendieck's Quot-scheme instead

of on the moduli space since the previous space has a universal family.

Let a be either 0 or 1, k a positive integer and let 9t£ be the Quot-

scheme parameterizing all quotient sheaves E of φ ^ H(ε)®(~π) with
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detE = 0{aΣΓ) and c2(E) = k. Here TV = χ(E(n)), where n will be
chosen large enough (depending on d and ε). For any constant e > 0,
we let 9t£'ε C 9t£ be the subset of all ^-stable quotient sheaves. When
the choice of a is made, we will suppress the index a and denote 9t£
and ΰ\^e by 9ik and ΰKe

k respectively. Let g = g(Σ) and let A2 be a
constant that remains fixed throughout this section.

Let V be a fixed locally free sheaf on 4Σ~ . We define θe

v C 9ΐ* to
be the subset consisting of all quotient sheaves E e 9\e

k with E,4Σ- = V.
Clearly, θe

v is a constructible set (Proposition 6.5). Then θe

v is the
finite union of locally closed subsets of ίRe

k . We call θ c θe

v a maximal
irreducible component if θ is locally closed, irreducible, and θ{ c θ
whenever θ{ is a locally closed irreducible component of θe

v such that
θ c θ r The goal of this section is to prove the following theorem.

Theorem 6.1. For constants A2 and e, there are constant A and func-
tion K: Z + —• (0, 1/2) having the following property: For any k >A, any
ε £ (0, κ(k)), any locally closed irreducible S c θe

v with codimension
at most A2 in V\e

k and a general closed s e S, there is an irreducible
curve T c θe

v, s € T such that there is a quotient sheaf E e T with
Λ2(Δ, %ndo{gh){-4L~)) = 0 and col(E)p = 1 for some p e Δ\Σ" .

Proof Clearly, there is a maximal irreducible component 6 C θe

v

such that S c&. Of course, codimθ < A2 . Thus Theorem 6.1 follows
immediately from

Theorem 6.2. For constants A2 and e, there are constant A and func-
tion K: Z + -> (0, 1/2) having the following property: For any k>A, any
ε € (0, κ(k)), and any maximal irreducible component 6 c θe

v with codi-
mension at most A2 in 9\e

k, there are non-locally-free sheaves F e & such
that Λ2(Δ, %nd°(F)(-rΣ-)) = 0 and col(F)p = 1 for some p e Δ\Σ" .

We now sketch the idea of the proof of Theorem 6.2. First, as we
explained in the introduction, we can deform an E e & C θe

v to F e 9te

k

so that F is not locally free at some p € Δ\Σ. If F. 4 Σ- = V, then we

are done. Otherwise, we let 9ίf C 9t£ be the subset of non-locally-free
sheaves. Assume ίJftf ΠG Φ 0 . Then since <κf QfΆe

k is a divisor, some
component T of 6 \ β which contains F is contained in 9t^ h ne. On the
other hand, by studying the deformation problem, we can show that we
can deform a general sheaf E e T within T to a non-locally-free sheaf.
Thus T cannot be contained in ίH^h ί l 6 , a contradiction. In the rest of
this section, we will provide the detail of this argument. First we state
some results regarding the set 6 .
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Lemma 6.3. With the notation as above, there is a constant A such that
whenever k > A, any generic sheaf E e & has generic fiber type (a, 0).

Proof. Let 3Sχ be the subset of ίftd

k consisting of locally free sheaves
that are of generic fiber type (α + / , - / ) , / > 1. By [3], d i m ^ <

3k + N2 + 0 ( 1 ) . Since dim9t£ = 4k + TV2 + 0 ( 1 ) , there is a constant

A such that for k > A, codimflj/^^/) > Λ2 + 1. Thus 6\U/>i«*/ i s

nonempty, q.e.d.
Next, let D be any fixed divisor on Δ. We will estimate the dimen-

sion of the set sfk of all sheaves F e rfk with A2(Δ, g?nd°{F){-D))

Φ 0. Here &nd°(-) is the traceless part of the endomorphism sheaf. We
have the following estimate.

Lemma 6.4. There is a constant A3 independent of k and ε such that

codimj^ >k - Ay

Proof Since F is torsion free,

h2(gnd°(F){-D)) = h2{^nd°{Fs/v){-D)),

which is equal to h°{^nd°{Fvs/)(KA + D)) by Serre duality. For p e

H°{%nd°(Fyy)(KA + D)), let det/> e H°(2KA + 2D). In the following,

we denote by ^ v b l (resp. s/k

ι) the set of all rank-2 locally free (resp.

arbitrary) sheaves F in 9*£ having p e H°{^nd°{Fys/)(KA + D)) with

nontrivial det/?. Then by [4], [6], [34], there is a constant A4(D) such

that
dimj/ f c

v b ' ! < 3A: + TV2 + y44(Z)).

Assume F G J / / . Then F v v € ^ T b ί l , where ik; = c 2 ( F v v ) . Further, F
is a subsheaf of F v v with cokernel Q of length k - kf. It is shown in
[19] that the number of moduli of the set of F with c2(F) = k and F v v

fixed ( c 2 ( F v v ) = jk;) is 3(fc - fc'). Therefore,

dimJ/^1 < max(dimj/fc

v_b;1 + 3j) <3k + N2 + A4(D).

Now let J^ v b ' ° (resp. J^°) be the set of locally free (resp. arbitrary)

sheaves F e 9\e

k so that there is a p φ 0 e H0(gnd0(Fvv)(KA + D)) such

that det p = 0. We claim that there is a constant ^45(I>) so that

(6.1) ' dimj^ v b ' ° < 2>k + N2 4- Λ5(D).

Let F € J ^ v b 0 , and let p: F -+ F®KA(D) be a traceless homomorphism
with det p — 0. Let L = ker(/?). Then we have the exact sequence

(6.2) 0 -> L -> F -+ L"1 ® detF ® J^ -> 0.
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Following [4, p. 296], p is induced by a homomorphism L~ι(aΣ~) —>
L(KA + D). Combined with the i/(ε)Δ-stability of F, we get a uniform
bound of the degree of L. Thus a standard argument of counting the
number of moduli of all possible extensions of (6.2) yields (6.1). Finally,
using argument similar to those used in deriving estimate of dim J ^ 1 from
that of dim J ^ v b ' ι , we obtain the main estimate of the lemma, q.e.d.

As a first step toward establishing Theorem 6.2, we have the following
proposition that will be proved eventually.

Proposition 6.5. With the notation as in Theorem 6.2, there is a con-
stant A such that if k > A, and & is a maximal irreducible component
of θe

v of codimension less than A2, then there is a stable sheaf E e& so
that Λ2(Δ, g?nd°(E)(-4Σ~)) = 0 and col(E)p = 1 for at least one closed

point p e Δ\Σ~ . Here, 6 is the closure of & in 9ie

k .
We next show that we can find an E e & so that E satisfies the con-

clusion of the Proposition 6.5. We will accomplish this by studying the
deformation of family of sheaves on Δ. We first state some known facts
that we shall need.

Lemma 6.6. Let S be any quasi-projective scheme and let & be a
family of torsion free sheaves on Ax S flat over S. Let F be any sheaf
on 4Σ~ . We define SF to be the set {s e S\^sμΣ- ^ F}. Then SF is a

constructible set. Take SF C S be the closure of SF . Then there is a closed
subscheme structure on SF with the following property: For any morphism
/ : T —> S, suppose there is an isomorphism (^dAxf)*(^),Σ-xT=plΣ-Ft

where p4Σ- : 4Σ~ x T —• 4Σ~ . Then f factors through SF .

Proof Let L~ι be a very ample line bundle on 4Σ~ so that
hι(F®L~ι) = 0 and H°(F ® L"1) = Cm generates F <g> L"1. Fix
a homomorphism g: φm L -> F so that the induced homomorphism
Cm -> H°(F ®L~ι) is an isomorphism.

Consider the Grothendieck's Quot-scheme ίR^L parameterizing all quo-
tient sheaves of φ m L having Hubert polynomial χF . g defines a closed
point [g] e 9ί£fL. Put π4Σ- (resp. πs): 4Σ~ x 5 - ^ 4Σ" (resp. -> S) and
denote ^ = ^ o m ( 0 w π * Σ - L , <^4Σ-). Consider the sheaf π s (2H on

S. Since S is quasi projective, by choosing L~ι sufficiently ample, we
can assume πs* {cPr) is locally free. Here we have used the fact that since
%? is a flat family of torsion free sheaves, ^JrΣ- is still flat over S (cf.
§0). Let V c P(2^) be the open subset consisting of all closed points
corresponding to surjective homomorphisms. Over 4Σ~ x V, there is a
flat family of quotient sheaves
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(6.3) h : π*4Σ.

where p is the projection 4Σ~ x F - 4 4Σ~ x S. Thus there is an induced
morphism Ψ: V —> Dΐ̂ fL . We define 05 C F to be the closed subscheme
defined by the ideal sheaf that is the pullback via Ψ of the ideal sheaf
defining [g] e Mfc^

We then define Ŝ Γ to be the scheme theoretic image of π: 05 c P(2^*) —•
S. Set-theoretically, SF is identical to the closure of SF in S. Now we
check that for any morphism f:T-+S satisfying the condition of the
lemma, / will factor through SF . Since (idΔ x / ) * ( ^ ) , 4 Σ - x Γ = p ^ - i 7 ,
the homomorphism g: φ m L-> F induces

m

Clearly, η induces a morphism [η]: T —> JR*fL that factors through ζ: T
—y [g] € 9t^fL. On the other hand, [η] induces a morphism j\T -* V
[13, II.7.12] such that the pullback of the (6.3) via j is identical to (6.4).
Therefore, we have the commutative diagram

V

with Ψ o j = ζ. So, T -^ V factors through 05. Since SF is the scheme-

theoretic image of 05, / : T -^ S factors through SF . q.e.d.

Now, suppose s £ %Kd

k is a closed point so that for a closed point p £

Δ\Σ~ , col(ζ) p = 1. Let U C Δ x ίRe

k be a classical neighborhood of

(p, s) so that there is a locally free resolution

Since general sheaves E £ΪfKe

k are locally free for large k [20], / - 1 ( 0 ) C

Δ x %Ke

k is a codimension three analytic subvariety of U, where we think of

/ as a map of U to C 3 . Let ΰish(s,p,U) be the image set π2(f~ι(0)).

Since ζ is torsion free, π2(f~ι(0)) is a codimension one subset.

Lemma 6.7. With the notation as above, there is a classical neighbor-

hood U of (p, s) so that near s, 9ΐsh(<ζ, p, U) is an analytic hypersur-

face of Vie

k. Further, if we assume %Ke

k is smooth at s, then there is a
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scheme structure of <Ksh(<ζ ,p9U) so that for any Artin ring of the form

An = SpecC[ί]/(ίn) and φ: An -> vf*{s,p, U) with φ(0) = s, there is

a codimension 2 subscheme Zn c Ax£An flat over An and a classical

neighborhood Jj' of {p} xcAn C A x c An such that φ*^)^' belongs to

the exact sequence

(6.6) 0 -+ φ*ί^)ϊτri -+ 0%? -+0Ύ -> 0.

Proof The first statement follows from the previous argument. Now
we assume 9t£ is smooth at s. Since col(ζ) = 1, there are analytic
coordinates y = {yχ, y2) ofpeA and z = (zχ, , zk) of s e W?k re-
spectively so that the resolution (6.5) has the form / = (yχ + hχ (y, z), y2 +
A2(y,z), A3(z)) with

(6.7) ~^hλ (0, 0) = 0, -7^-hJO, 0) = 0.
dyχ

 1V <9y2

 2V

Now we give £Hsh(<ζ, p, U) the scheme structure {A3(z) = 0} . The lemma

follows immediately from the explicit expression of / and (6.7). q.e.d.

Now we return to the proof of Theorem 6.2. Let x e &, and let

p € Δ\Σ~ be the closed point provided by Proposition 6.5. Clearly, The-

orem 6.2 will be established if we can show that 9\sh(s, p, U) Π 6 Φ 0 .

Otherwise, since 9\sh(s,p, U)ί)& is a divisor (in 6) and (β\<8) Π U

has codimension at least one in 6 n U, by choosing 5 G 6 ί l 9\sh(s ,p,U)

generic and shrinking U 3 (s, p) if necessary, we can assume (&\&)Γ\U C

9t s h(s, p, U) as sets and s is a smooth point of Dΐ£ . Let ΰish(s, p, U)

has a scheme structure by Lemma 6.7. Now we endow 6 C 9^ the closed

scheme structure introduced in Proposition 6.5 with S = 6 and F = V,

and let 6 ^ be the closure of {E e %\e

k\E^z- = F} endowed with the

scheme structure given by Proposition 6.5 with F = <ζι4Σ- . Then for

some δ > 0, the scheme 6 ^ Γ\&Γ\U (c 6 \ 6 as a set) must be a sub-

scheme of <m s h(s,/?, U), where δΰ\sh{s,p, U) is defined by / = 0

when <HslV,/?,[/) is defined by / = 0. That is,

(6.8) 6 j Π 6 Π U C δίRsh{s,p,U).

We will derive a contradiction by showing that (6.8) is impossible.
Let S be a smooth affine curve and 0 e S, and let #?: (0, S) —• (s, 6 ) ,

ψ(S\0) C 6 . Define Es on Δ x S to be the pullback of the universal
family. By Lemma 6.3, without lose of generality we can assume that for
any closed s e S, h2(S?nd°(Es)(-4Σ~)) = 0. We will derive a contra-
diction to (6.11) by constructing deformation Eg of Es over An so that
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Esμτ-χSχAΛ is the constant deformation of £ 5 | 4 Σ - χ S while En

s{Ax{0}xAn

is not contained in (n - l)9ίsh(<ζ, p, U). We need the following defor-
mation lemma.

Lemma 6.8 (Deformation lemma). Let Y be either AxS or 4Σ~ xS,

where S is an affine scheme, and let Mn be a coherent sheaf on Y x An

flat over An . Suppose that Mn admits length- 2 locally free resolution and

that there is a line bundle L on Y so that άQ\Mn = pγL. Then there is

an obstruction class ω(Mn, L) e Ext y(M 0, MQ)°, MQ = M,γ, such that

ω(Mn, L) = 0 if and only if there is a coherent sheaf Mn+χ on YxAn+ι flat

over An+{ so that Mn^YxA^Mn and detM n + 1 = p * L . We call M n + 1

a determinant fixing deformation of Mn over An+χ. Further, the space of
all determinant fixing deformations is a homogeneous space isomorphic to
Extι

γ(M0,M0)°.
Proof The case where Mn is locally free was proved in [9], and that

where Y is smooth was proved in [25][1]. In general, let 0 —> Qχ -> Qo ->
Mn —> 0 be a locally free resolution of Mn . Since Mn is flat over An ,

(6.9) o - β 1 | y ^ β o | y - M o - . O

is a locally free resolution of MQ on Y [27, p. 296]. Thus (6.9) as a
complex of sheaves gives rise to a complex of sheaves ^ o m ( Q . | y , Q.\γ)
whose associated hypercohomology is Ext y(M 0, MQ).

Now we fix an affine covering {Ua} of Y x An+ι, and let Qx a (resp.
Qo α ; resp. da\ Qχ a -+ β O α ) be the restriction of Q{ (resp. Q o ; resp.
d) to UanYxAn. Since Qo a and Qχ a are locally free on YxAnΓ\Ua,

we can find locally free sheaves Qo a and Qχ on Ua, that restrict to

Qo a and Qχ a respectively. Let da: Q{ a —• QQ a be an extension of da ,

and let fι

aβ: QitβW -^ Qi,a\uaβ (u«β = u

a

 n ^ b e a homomorphism

that restricts to the identity of Q• βW —• Q. o,^ -* Q | t / . Since the

restriction of %β ° f'βγ ° f^- QiMuaβy ^ Qi,«\vaβr

 t 0 Uaβγ

 n Y x Λ i s t h e

identity homomorphism,

[/ll/Jy = Jaβ ° f'βy ° Jγa ~ i d

vanishes along YχAnΠ Uaβγ. So by identifying %'om{Qi, β , ) (-^ x An)

to βίfomiQ^Y, (2,-|y), we have

(6.10) L/ΊU e Γ(Uaβγ

Similarly, one finds that

(6.11) ^ ^
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It is straightforward to check [11, p. 724] that the triple ([/]°, [/]* [f®d])

is a cocycle in the hypercohomology group of H2(U_,^om(Q^γ, Q\Y))

and whose vanishing is equivalent to the existence of {(faβ, da)} so that

the left-hand sides of (6.10) and (6.11) are zero cochains. Thus (Qt α , fι

aβ)

form locally free sheaves Q. and {da} induces a homomorphism d: Q{->

Qo. Let Mn+ι be the cokernel of d. Since Qt are locally free and d\YxA

is identical to (6.9), one obtains easily that Mn+ι is flat over An+ι and

MΠ+I\YXA = Mn W e d e f i n e (if?' I/I* ' U ® d]) to be the obstruction
class ω(Mn, L). One further checks that if det Mn = pγL, ω(Mn, L) is
traceless [9]. Finally, following [9], when ω(Mn, L) = 0, we can choose
M π + 1 so that detM/ J + 1 = /?^L. The last statement of the lemma follows
from [15], [12].

Lemma 6.9. With the notation as before and let 4Σ^ = 4Σ~ x S. Then
there is a canonical exact sequence of ^-modules:

(6 12) ^ s { s ' s(
—• E x t 4 Σ - x S ( E E ) * ^ x t ( ^ ^ ( ^ ) )

4 Σ -

Further, if E$ is a determinant fixing deformation of E$~l over An, and

g 6 Ext[χS(Es, .E^)0, then the new deformation (En

s)
8 of En

s~
ι given by

Lemma 6.8 satisfies (E^)8\4Σ~ = (E^4Σ-)p{8).

Proof Let 0 —• Q2 —»> βj —• Es -+ 0 be a locally free resolution. Then
we have the following exact sequence of complexes of sheaves:

0 -> J%Όm(Q., β.(-4Σ^)) ^ β?om{Q., Q.)

(6.13) ^ χ o m ( α | 4 Σ _ ? α | 4 Σ _ ) ^ 0 .

Note that since Es v is torsion free for closed υ e S,

(6.14) 0 - Q 1 | 4 Σ- - β 0 | 4 Σ - - EsμΣ- - , 0

is still exact [19]. Thus by taking the corresponding long exact sequence of
the hypercohomologies of the short exact sequence (6.13) and combining
it with (6.14), we get

(6.15) j 2

- ^ E x t 4Σ-χ 5 (^5|4Σ- ' ^ |4Σ") " * ExlAxS(
ES > Es(~4ΣS ))•

Finally, one checks directly that the traceless submodule Ext( , )° C
Ext( , •) is preserved in (6.15). Thus (6.12) is exact. The last statement
can be proved by using [12]. q.e.d.



IRREDUCIBILITY OF MODULI OF RANK- 2 VECTOR BUNDLES 87

Now we continue our construction of deformations. We first let F^ be
the constant deformation of Es over A2. By the deformation lemma,
the space of all determinant fixing deformations is a homogeneous space
with group E x t ^ ^ , Es)°, and by Lemma 6.9 the subspace of defor-

mations that induce constant deformation along 4Σ~ x S is isomorphic

to the image of Extι

AχS(Es, ES(-4Σ~))° Λ Extι

AxS(Es, Es)°. Because

H2(Δ x S, &nd°(Es)(-4Σς)) = 0, the long exact sequence coming from

the spectral sequence H'iβat( )) => Ext"( ) guarantees that

(6.16) Extix S(£ s, £S(-4ΣJ))° Λ H°(A x 5, frxί1^, /y-4Σj)0))

is exact [11]. Since co\(Es 0) = 1, there is a g e Extι

AxS(Es, ES(-4Σ~))°

so that ζ(g) generates the (9'-module &xtι(Es, ES(-4Σ~))° . Thus by
[29],

(6.17) (Fs)g\Ax{0}xA2 t Ksh(s,p,U).

We let E2

S = (F2)8 . In general, since E x t 2 ( ^ , Esf = {0} by the vanish-

ing of H2(S?nd°(Es)(-4Σ^)), we can successively apply Lemmas 6.8 and

6.9 to find determinant fixing deformation E$ of E2

S over An> n > 3,

such that Es\4Σ~χSχA *s t * i e c o n s t a n t deformation of Es\4Σ~χs- There-

fore by Lemma 6.6, En

s]Ax{0}χAn e ®^_and ^ | Δ x ( 5 χ o ) x ^ c 6 which

implies £ j c 6 . Hence E^,AχrQ,χA e &FΠ&. On the other hand, by

(6.17), Es\Aχ{0}χA ^s n o t c o n ta ined in the n - l)9t s h(s, p, U). Since n
can be arbitrary large, (6.8) is impossible. So Theorem 6.2 is established,
q.e.d.

Now we prove Proposition 6.5. We first study the case where a = 0.
We state a useful result of [3] for constructing vector bundles on Δ.

Lemma 6.10. Let E be any rank- 2 locally free sheaf on Δ with cχ = 0
of generic fiber type (0 ,0) . Then there is a lei. zero scheme Z C Δ such
that E belongs to the exact sequence

(6.18) 0 -> F -> E -4 J ^ c y -• 0,

F = q*q+E, and ~ ^ c y w ίAe ideal sheaf of Z in Y = q~ιq(Z).
c

Here q{Z) is the scheme-theoretic image of Z . Further (6.18) is unique,
cx(F) = -[Y] and c2(E) = l(Z).

For our purposes, we need to generalize this construction to a family of
sheaves on Δ. Let %? be the restriction to Δ x 6 of the universal quotient
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family. Let μ: Δ x 6 —• Σ x 6 be the obvious projection. Since for the
generic points s e 6 , ζ has generic fiber type (0, 0) (Lemma 6.3) and

(6.19) ^ ( ^ V ) | Σ χ W ^ ^ ( < χ W )

is an isomorphism, there is a Zariski open set Γ C 6 such that W =
/**(^V)iΣχr *s l°caUy free a n ( * that for any closed s e T, (6.19) is an
isomorphism. In the following, we shall view W as a family of locally
free sheaves on Σ parameterized by T. Now according to Lemma 6.10,
there is a Lei. codimension-two subscheme Z c Δ x T so that for Y =
μ~x μ(Z), ί ? v belongs to the exact sequence

(6.20) 0 -> μW -> ̂ v -> ̂ y 0 / z c r -> 0,

where J ? is a line bundle on Γ. Since /(Z5) and l(q(Zs))9 s eT closed,
are independent of s e T by Lemma 6.10, both Z and Y are flat over
T. Now, by replacing T with a smaller open subset (which we still denote
by Γ), we can assume #supp(#(Zs)) is constant over T. We have the
following estimate:

Lemma 6.11. With the notation as above,

(6.21) #supp(<?(Z5)) >k-A'2, A'2 = A2 + 2(g+ 1).

Proof. Let s e T be a general closed point. Assume L C Ws is a
subline bundle so that no subline bundle of Wo has degree higher than the
degree of L. Then ζ v belongs to the exact sequence

(6.22) 0 -> #*L - gf ^

The number of moduli of the set of vector bundles belonging to (6.22)
(with L and Zs fixed) is at most

dimExt1 (tf*!,"1 0 4 , q*L) - 1 < -

(If degL > — # , the estimate is different but the conclusion of the lemma
can be derived more easily.) It is easy to see that degL > — jl{q{Zs)) — g
since deg^Γ = l(q(Zs)). Further, for fixed distinct points x{, , xh c
Σ, the number of moduli of the set of all zero scheme z C Δ with
supp(#(z)) c {xx," , xh] is at most l(z) [14]. Therefore, the num-
ber of moduli of T can be at most

dimPic(Σ) + #moduli of {ZJ + dim Ext1 (^*L 0 <JZ , q*) - 1

< g + /(Zs) + #supp(<7(Zs)) + (-2degL + 2g + /(Zs)).

However, we have assumed that the number of moduli of T is at least
4k + 3(g- 1)-A2. Therefore, combined with k = l(Zs), we obtain (6.21).
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Remark. The lemma implies that for generic s e T, Ws is ^-stable
with eQ — A2 + 1, and Zs is the union of z and z" where q{z) and
q{z") are disjoint, z is a simple scheme with l(z') >k- 2A2 . Here, we
call z C A a simple scheme if z is reduced and the projection supp(z) -+
supp(#(z)) is one-to-one.

For any rank-2 vector bundle W on Σ, we let Tw = {s e T\WS ̂  W) .
Since the number of moduli of the set of rank-2 vector bundles on Σ is
at most Ag - 3, there is a W so that

(6.23) dim Tw > dim T - (4g - 3).

We fix such a W. For any E e Tw, by dualizing (6.20), E belongs to
the exact sequence

(6.24) 0->E^Wv±E^0.

By the remark after Lemma 6.11 and the assumption on the number of

moduli of T, we can assume that there are m distinct points x{, , xm

C Σ, m > k - 2A'2, a sheaf Fr supported on fibers of q\Δ other than

P. = q~X{xi), i = 1, , m , with surjective homomorphism cr': PFV —»•

F1 such that the number of moduli of the set
m

Γ([JC], (σ;, F')) = {Ee TW\E belongs to (6.27) with F = 0 ^ , ( 1 ) ΘF'W\E belongs to (6.27) with F = 0 ^ ,
i=\

m

and γ = φσiθσf where σ.: PF

is at least 3m - A4, where Λ4 is a constant depending on A2 and Δ
only. Put R = ker{σ': Wy -> F1}. Λ is locally free. Then all E e
T([x], (σf, F ;)) belongs to the exact sequence

m

(6.25) 0 - » £ - » Λ -

We choose the trivialization ϋ . ^ = <fΛ θ <fp , Pt = ^"'(x,-), and basis

{«,,?;,.} of H°(<?p(l)) so that M^'(0) e Σ" . We then identify s* =

[s[, , 4 ] G P; = P 3 to homomorphism 5'f: R -> tfp (1),

(2.26) ί ' ( l , 0) = s[ut + si

2vi, s'(0, 1) = ^M,- + 5>,

For any ί = (sι, • • • , sm) € Π ^ , P 3 , we define

1=1
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Note that if s* φ Q. c P^ (resp. sι φ M. c P?), where Q. = { ψ j =

4 ^ } (resp. M. = {s4 = s[ = 0}), then the kernel £ of (6.28) with

s = 0 m j is locally free at P. (resp. Σ~ Π P.). Now put

[Q] = {s 6 ΠWP^| there is at least one ί so that s1 e Q J

and [Q]~ = ΠmP^\[Q]. By [3], there is a flat family of locally free sheaves

f o n Δ x [Q]~ such that for any closed s e [Q]~ , 2^ belongs to (6.28)

with σ = σs. Let [Q]^ = {s e [Q]~|2^ € Tw}. Since the number of
moduli of T([x], (σr, F ;)) is at least 3m-A4,

(6.27) dim[QV > 3m - A4.

Let 3Γ be the closure of [Q]^ in Π W P^. Since [Q] is an ample divisor

of Π m P z

3 , [Q] Π W φ 0 . Now let s0 e [Q] Π W. We will show that

s0 corresponds to non-locally-free sheaf. Let 0 e D be a small disk with

parameter t and let φ: (0, D) -> (s0, 3Γ), p(D\0) c [Q]^,. (3 is rep-

resented by families of homomorphisms sι(t) e Hom(i?, <fp (1)). In this

way we obtain a sheaf ED which belongs to the exact sequence

Let &Ώ = Im{σs{t)} c φm@P^D{\) and let ^ = Im{^(.)} c ^ > x i ) ( l )

Clearly, ^ is flat over Z). Assume s\ϋ) e Qr Then ^ <g> fc(0) =

^ , θ Cp , pz e P . Consequently, ^ <g> k(0) is non-locally-free at p.

and c o l ί ^ 0) = 1. We denote ED 0 = Es , and remark that Es does

depend on the choice of the curve φ.D^W.
Proposition 6.12. With the notation as above, there are constants A

and e3 such that whenever m> A, [Q] n W Φ 0 and further, for generic
se[Q]nW,

(1) there is a closed point p e Δ\Σ such that col(Es)p = 1,
(2) Es is eystable.

Proof For (1), we only need to show that [Q] Π W is not contained in
Π m M when m is large. But this follows from the dimension comparison
since d i m Π ^ M ; = m while dim[Q] n W > 3m - A4 - 1.

Now let s € [Q] Π W be a general closed point. Thanks to the remark

after Lemma 6.11, we know that W is ^-stable for a constant eQ. We fix

a Σ + C Δ so that Es (which is well-defined if we choose a curve D passing

s) is locally free along Σ + . Let vέ e H°(<?p(l)) be such that v~\θ) e Σ+ .
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By definition, /CF('Σ+) < 2A2 . Thus i? | Σ + is eχ-stable with ex < eQ + 2 ^

Now we define a birational map / : ΠmP^ -> ΓΓP 1 by sending 5 e ΠmP^

to ([̂ 2 , s\], , [$™, ^ ] ) € Γ Γ P 1 . Since Es is locally free along Σ + , /

is well defined near s. Since W has bounded codimension in Π m P^, the

images /([Q] Π 2F) has bounded codimension also. In particular, since

s e [Q] Γ\W is general, for some universal constant e2 (depending on

A2), we can assume ([s\ , s\], , [s™"*2, s™~e2]) is in general position

of Π W ~^ 2 P 1 . Note that E,Σ+ belongs to the exact sequence

where γι{a, b) = sι

2a + s\b. Since when /c > 0, m - e2 > 2ex, we

can choose γ so that K e r { 0 ^ 2 / ^ ) Σ+ -^ Θ/lT^CΣ+n/'.} i s s t a b l e

Therefore, £>

5(Σ+ is e2stab\e. Then one checks directly that Es is ^3-
stable for some constant e3 (depending on A2 and Δ) because Es is of
generic fiber type (0, 0) and ε is small.

Proof of Proposition 6.5 in case a = 0. When e3 < e, the Es con-
structed in Proposition 6.12 is contained in 6 c ΰfk already. Now assume
e3 > e . By the technique of [30], when k > 0,

(6.28) dim(9^3Vn£) < dimίΠ^3 - 2A2 - 2.

Therefore, there is a unique maximal irreducible component 6 3 of θ ^ C

^ such that 6 C © 3 . Let β^ be the closure of 6 3 in 9t*3. By (6.28),

dim(6^\6) < dim9t^3 - 2Λ2 - 2.

Now let E (= Ey) G 6 be the sheaf provided by Proposition 6.12.

Namely, for some p e Δ\Σ~ , col(E) = 1. We can apply Lemma 6.7 to

the pair (E, p) to conclude that there is a classical neighborhood U C $£

of E such that 9\sh(E, U,p)Γ\&3 is a nonempty divisor. Then by (6.28),

9t s h (£, U, p) Π6 ^ 0. Therefore, Proposition 6.5 is true for a = 0.

q.e.d.

Our strategy of proving Proposition 6.5 when a = 1 is by reducing

it to the case α = 0. Let β be the maximal irreducible component of

θ ^ Q 9t['* having codimension at most A2 . We fix a Σ + . Since d > 0,

for generic Veβ, h°(^nd°(V)(-Σ+ - 4Σ~)) = 0. So

f, Vf
is surjective. Therefore, there is a deformation Vu of V such that |
is a constant deformation while KM)Σ+ is stable for general u. In particular,
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we can assume KΣ+ is stable already. Let S c 6 be the set of all V e &

such that KΣ is stable. Let M be a line bundle on Σ + with degM =

-3g. We consider the set

(6.29) & = {(V, σ)\V e S, σ is a surjective map V -> M" 1 } .

Let p : ^ -^ 5 be the obvious projection. On Δ x Ψ, there is a family of
sheaves & such that for any w = (s, σ) e &, ^ belongs to the exact
sequence

(6.30) 0 -> ̂  -^ ζ Λ M " 1 -• 0,

where g7 is the universal family on Λ x 5 . We claim that for general
w e *&, SFW is of generic fiber type (0 ,0) . Indeed, since <ζ is of generic
fiber type (1,0) , by [3], ζ fits into the following exact sequence

(6.31) 0 -> ^ L ' ^ Σ " ) -• g; -> ^*L(g) J ^ -^ 0,

where #: Δ —• Σ, and L is a line bundle on Σ. Since the number of
moduli of S is at least 4k + 3(# - 1) - A2 , an argument similar to the
proof of Lemma 6.11 shows that for generic s e S, the line bundle L
in (6.31) satisfies degL = k + 0(1). In particular, when k is large,
degL> 9g. Thus,

cannot be trivial because otherwise we would have nontrivial L —> M~ .
Therefore, by shrinking S if necessary, we can assume the sheaves SFW in
(6.30) have generic fiber type (0 ,0) .

Next, we claim that the number of moduli of {^w\w e <SP} is larger
than 4k + 3(g - 1) - A2 - 9g. Indeed, by (6.30), ^ ) Σ + belongs to the
exact sequence

where M1 = (?Σ+(-Σ+ - M). In particular, degM' <g> M~ι > 2g since
9\Kχ H\<\H-H\. Thus, i ς | Σ + = M Θ Mf. Therefore, for fixed ^ ,
the number of moduli of the set of all locally free sheaves V that belong
to the exact sequence

is at most 9g. Since the number of moduli of S is at least 4/c+3(g-1)
- A2 , the number of moduli of {^w\w e %*} is at least 4k + 3(# - 1) -
A2 - 9g. Finally, since ^ ι Σ + = M Θ Mf and ^w is of generic fiber type
(0, 0), 5 ς is ^-stable for eγ = ISg. Notice c2(FJ = kγ=k-3g.
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Now let Γ C ^ 1 ' 1 be the set such that z eT if and only if IT' e {^w\

for some w e W} , where %' is the universal family of Λ ^ 1 , and let

Clearly, T c θ j ¥ c s φ * 1 and codim(Γ, <n°>£>1) < A2 + 9#. By the

proof of Theorem 6.1 in case a = 0, we can find a family of sheaves

ED C Θ̂ J M on Δ x ΰ , where Z> is an irreducible curve, having the fol-

lowing properties: There are 0, 1 e D such that Eoe T and c o l ^ ) = 1

for some p e Δ\Σ~ . (It is easy to see that Theorem 6.1 still holds when

we replace θe

v by θe

v M C fR^'e.) Thus by reversing elementary trans-

formation,

we obtain a family of sheaves Ft, t e D, that are e2-stable for a constant
e2 independent of k such that FQ e S and col(F1)/7 = 1. In particular,

if we let 6 2 C ©J/*2 c ^ ' ^ 2 be the maximal irreducible component

containing 6 , then β 2 contains a sheaf E with col(2?)p = 1, p e Δ\Σ~ .

Thus by letting A large and assuming k > A, the estimate (6.31) will

allow us to find E e 6 C fRι

k'
e that has the desired properties. This

completes the proof of Proposition 6.5.

7. Proof of the main theorem

In this section, we will prove Theorems 0.1, 0.2, and the main theorem

stated in the introduction. Let M be any irreducible component of 9Jt^'7

and let (Π^ C yrf1 be the corresponding irreducible component. Our strat-

egy for proving that M contains non-locally-free stable sheaves is to show

that there are non-locally-free stable sheaves in 91^ and that the generic

such sheaf on Z o can be lifted to non-locally-free sheaves in 91^ = M . In

producing the desired deformation, we need a vanishing theorem similar

to [9]. Thus we will work on the scheme Z™m rather than on Z .

We assume that d > A and in the subsequent discussion, A is large
so that the previous requirements for the second Chern class d are all
satisfied. We first prove the following theorem.

Theorem 7.1. For any ample divisor H and any divisor I, there is a

constant A such that whenever d > A, any irreducible component M c

9Jt^'7 {moduli of rank- 2 H-semistable sheaves) contains at least one non-

locally-free μ-stable sheaf Further, if we let M ( 1 ) c M be the subset of
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μ-stable sheaves E with co\(E) = 1, the M ( 1 ) is a nonempty, codimension-
1 subset of M.

Let ty? C Wld be the irreducible component corresponding to M e
UJld

χ. Let ίiss c 9 ^ , and let π:ίiss -> OT^ be the quotient projection.
Then by Proposition 3.3, there is an open subset

(7.1) ucussnπ~ι{<nd),

£5 x ί 7 man integer m > 1 and a flat family of sheaves %υm on z£5» xcm ί7

having the following properties: g^« is a proper transform of the universal

quotient family on Z xc U such that it is flat over Um and that the

restriction of %υm to Δm x U™ C Z™m x c £/w satisfies the conclusion

of Proposition 3.3. Choose a general closed point EQ e U™ . Let (α, k)

be such that deti?0 |Δ = IA (αΣ~) and C2(^OIΔ ) = ^ Here Σ~ = Δm Π
I w fli > tn

Am_{. Let 4Σ" c Δ w be as in §6; that is, 4Σ~ = 4Aw_j ΠΔW . Then by

Corollary 5.11 and Theorem 5.12, we can assume the set Ψ(U™) c ml'k
nt

has dimension cd, where Ψ: U™ -^ ΐΰf^k is the rational map induced

by the family ^ m ^ . Further, by Proposition 4.6, k is bounded from

above by d + Aχ, where Aχ is a constant depending only on (X, H, I).

Therefore, there is a constant ^ 2 such that codimΨίfT^2) < ^42 .

Now let θ = {E e 3K£'*|£|4 Σ- = ^0|4Σ-} > a n d l e t A3 b e t h e n u m b e r

of moduli of the set of all rank-2 locally free sheaves on 4Σ~ (it is finite).

Since EQ is generic, we can assume

(7.2) codim(Ψ([/0

m) n θ ) < A2 + Ay

We remark that since IA = 2/', by tensoring ^m. Δ with -l'([a/2]Σ~),
the new family satisfies the condition of Theorem 6.1. Since when A
is large and d > A, (7.2) ensures that k is large. We now fix e =
-(H - H). By assuming rf large, we can assume EQ,A is ^-stable (see
(6.31)). Then by Theorem 6.1, there is a smooth affine curve S, two
closed points s0, sι e S and a flat family of ^-stable sheaves Es on
Δm x 5 having the following properties: ES>4Σ- is a constant family of

locally free sheaves, Λ2(Δm, g'ndo(Es){-4Σ~)) = 0 for all closed s eS,

ESQ 3 £ 0 , Δ w and c o l ^ ) , = 1 for some p € Δ m \Σ" .

Let L be an ample line bundle on Z™m such that the restriction of L to

Z^m , t Φ 0, is isomorphic to //. Let n > 0 such that for any closed w e

Um (over / G C " 1 ) , Λ^Z^, %u ΘLf π ) = 0 for / > 0 and H°(Z?, ftt 0
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Lfn) generates the sheaf Zu®L?n on Z, m . Put W = ®NL®{~n) and let

9t~m be the Grothendieck's Quot-scheme of all quotient sheaves F of W

on Z™, teCm, with χF = χ . We let <V c <n|m be the set of all v e^

such that the quotient sheaf ^ ( ^ is the universal quotient family of

9i | m ) is isoorphic to %u for some u e Um with πm(w) = πm(v) e Cm.

Since Um is irreducible, 2̂ * is also so (notice n > 0).

Now let 9ΐ~fi0 c 9t~m be the irreducible component that contains "V.

In the following, we shall show that *K~'m° contains Es as a quotient sheaf

of W. Indeed, since the fiber of Um over 0 e Cm is reduced, the fiber of

Sn|̂ ° over 0 e Cm is also so. Thus there is a smooth curve T -> 9ί|^° flat

over C m and a closed point voeT over 0 e C m such that the quotient

sheaf ^ is isomorphic to EQ, that the induced morphism T —• C m is

not branched near t>0 and that Γ is only contained in the irreducible

component 9ΐ^° C 9ΐίm . Let Fτ be the pullback of the universal family

on Z^1 = Z™m xcmT. Since Γ is not branched at v0, Z™ is smooth near

Z™ c Z^ 1 . Further since i^ = J?o has a length-2 locally free resolution,

without loss of generality, we can assume Fτ has a length-2 locally free

resolution. Let Λo be the fiber of Z™ over vQ (i.e., Z™) and let Λj be

the subscheme of Z™ supported on Λo defined by the ideal sheaf

(7.3)

where hm = 1, hm_{ = 4, and A. > 1 will be specified shortly.

Now we construct a sheaf M1 on A{ x S as follows: We denote Δ^ =

Δ m \Σ" . We let the restriction of Mι to (Λj\Δ^) x S be the pullback

of ET,,A > Δ 0 ) via p{: (Λj\Δ^) x S —• (Λj\Δ^) (a constant family along

S), and let the restriction of M 1 to Δm x S be the family Es. Since

the restrictions of Es and P ^ ^ U Λ V Δ 0 ) )
 t 0 ^ ~ x ^ a r e isomorphic

constant families on 4Σ~ (note that ES\4Σ- is locally free), they can be

glued together along 4Σ~ x S to form a sheaf Mι on A{xS. Intuitively,

Mx is obtained by replacing the part of P*(FT\A ) on Am x S by Es.

One special feature of Mι is that the restriction of Mι and Fτ to A{x

{0} = Λj x S Π Z^1 x {0} are isomorphic. Clearly, M 1 admits a length-2

locally free resolution and detΛ/1 = p*det/γ ) Λ . Let detF Γ = Iτ be
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the line bundle on Z™. Let Ak = A{ + (k - 1)ΛO. We say a sheaf

Mk+X on Ak+{ x S is a preferred deformation of Aί* (on Λfc x 5) if (1)

(M / c + 1 ) | Λ χS = Mk , (2) the length-two locally free solution of Mk can be

extended to a locally free resolution of Mk+ι, (3) detM f c + 1 = p ί ( / Γ | A ) .

We have the following deformation lemma:

Lemma 7.2. Let M° = (Af *) | A . Suppose

Then there is a sequence of sheaves {Mk}, Mk on Ak x S, such that

Mk+ι is a preferred deformation of Mk and the restriction of Mk+ι to

Ak+ι x {0} is isomorphic to FT^A .

Proof If Mι is locally free, the existence of a preferred deformation
was proved in [9]. In general, we use the length-2 locally free resolution as
we did in proving Lemma 6.8. We show that when detΛf = p*ITιA , the

obstruction class ω(Mk, Iτ) of the existence of the preferred deformation

Mk+ι lies in the 5-module E x t ^ x S ( M ° , Λ/°(-Λ1 xS)f . By assumption,

Ext? xS(M°, M°(-Λ 1 x 5))° = {0} . So we know that there always exist

preferred extensions M_+ι of M , and by [15], the set of all such exten-

sions is a homogeneous space isomorphic to Extl x 5 ( M ° , M°(-A{ xS))°.

Since

is surjective (see the proof of Lemma 6.9), there is a

k-\-\

so that g(M_ )IA ί(ίX is isomorphic to FτlA . Thus we have con-

structed the desired extension.
One local property of Mk+ι that follows from the existence of the

extension of length- 2 locally free resolution is the following: Let t be
the uniformizing parameter of T. Then the homomorphism induced by
multiplying t,

(7.4) 0 - Mk H Mk+l -* M° - 0

is exact. Indeed, let

(7.5) 0 -> Qχ Λ QQ
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be a locally free resolution on Akx S. Then near each closed point p e

Ak+{, there are locally free sheaves Qχ, Qo on Ak+ι x 5 so that we have

an exact sequence

0 - Q{ -ί Qo -> Mk+ι -> 0

whose restriction to Λ^ x S is (7.5). Thus we have a commutative exact
diagram

0 0 0

G, - ^ Qx > β, | Λ o χ S

0

0 0 0

where the last row is exact because Fτ is flat over T. q.e.d.

Next, we choose Ax = Σ^0Λ.Δ. so that E x t ^ x 5 ( M ° , M^-Λj x 5))°

vanishes automatically. By Proposition 4.1, (Af°)|Δ X t S , 1 < j < m—

1, has generic fiber type either (0 ,0) , (0, 1), or (1 ,1) . Let hm =

1, hm_χ = 4, and let h._χ be such that h._χ = 2h. - hj+ι - (a + b)

when (Λ/°),Δ has generic fiber type (a, b). Notice that {A.} is strictly

decreasing.

Lemma 7.3. Assume A2(ΔW, ^ndo(M^mX{s})(-4Σ~)) = 0 for any

closed s eS.

Let E be the sheaf (Λ/°)jΛ x{s} with 5 G 5 closed. Since S is

affine, it suffices to show that E x t ^ ( £ , ^(-Λj)) 0 = 0 for all 5. By Serre

duality,

(7.6) Ext^(E, E(-A{))° = Ext°Ao(E(-A{), E ® ω Λ ( ) )
0 ,
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where ω. is the canonical sheaf of Λo. (7.6) is

Using the adjunction formula we obtain ωA = n*xKx(£!j=\ JΔβ, where

nχ: Z™ —• X is the projection. Therefore, ω. has fiber type 0 on Δ .̂,

1 < j ' < m - 1. Since KA = π*χKχ(-2Am_ι),A , by assumption we have

H°(Am, £nd°(E) ® ωAo(A{)) = /f°(Δm, gnd°(E)(KA + 4Σ")) = {0}.

Therefore

( m-l \

U Δ., %nd\E) 0 ωΛo(Λ1 - Δ J
y=o /

is surjective. For 1 < j < m - 1, since ω. (Aχ - Δ.+ 1),Δ has fiber type

- 1 (resp. -2;resp. -3) when E,A has generic fiber type (0,0 ) (resp.

(0, 1); resp. (1, 1)), A°(Δy, gnJ°(E) ® ω ^ - Δ y + 1 ) ) = 0. Thus
repeating the previous argument yields that

H°(A0,
is surjective. The lemma will be established if we can show that

H°(A0,
 O

= Hϋ{X, %nd\E){Kχ - (3 - δ)H)) = {0},

where δ — 0 (resp. δ — 1 resp. δ = 2) when E is of type I (resp. type
II; resp. type III). Now let p e H°{X, BΊιd°(E){Kχ - (3 - <*)//)). Then
detp € / A * , 2Kχ - 2(3 - 5)i/) = {0} must be trivial. Let / be the
kernel of p. Then E,χ belongs to the exact sequence

(7.7) 0—> J -+ E, v —•/ (g> I(aH) <S> ^ —• 0.

Since tr(p) = 0, /? is induced from / ^ / ( f l / / ) ® ^ -> J(Kχ-(3-δ)H)
and therefore

2(/ if) > (3 + a - (ϊ)(// •//)-(//• A^) + (// /).

Finally recall that £" is a proper transform of an //(ε)-semistable sheaf on

Z o , and by (4.12) the quotient sheaf J~ι <g> I(aH) ® J^ of 2?,̂  satisfies

- ( / /f) + (7 //) + a{H
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Combining these two inequalities together, we obtain
(7.8)

2a{H H) + (2- ε)(I H) - (1 - e){H Kχ)

which holds only when δ + a > 3 . Therefore, we obtain a contradiction
because by §4, det2?|X = I{aH) with 0 < a < 2-δ, and hence the lemma
is established, q.e.d.

We continue the proof of Theorem 7.1. By Lemmas 7.2 and 7.3, we can
successively find preferred extensions {Mk}k>ι such that (Mk+ι)^A xS =

M and that (M ),Λ χ rQ, = FT*A . Further, we remark that once we have

chosen the family Es, we can take n large so that with W = ®N L® (~π ),
there is a surjective homomorphism

(19} Q - n*W —> Ml

(p j : Zj x S —> Z^1) that coincides with the quotient sheaf W —> F Γ when

restricted to Aχ x {0} . We can also assume hι(Z™, <^om(L0, Es)(-Aχ))

= 0 for all closed s e S. Then gχ extends to

(7.10)

that restricts to Ŵ A
1 Jfc

Let g

Zm

m x

>k b e

Sk' P\W\κkxs

- Fτ\κk

 a l o n e Λ*
the restriction of Mk to

and Aϊ t = SpecC[ί]/(/*)

. X

Z

{0}

7 x
.
SCZr

Ί

is the

"xS, where Z j =

obvious immersion

with closed point u0 in its image. We claim that %?k is flat over Akx S.

Indeed, since both T and S are smooth, and &0 = M° = Aίλ x 5 is flat

over S, by local criterion of flatness all we have to show is that £?k ^i <g^+1

is injective. But that follows immediately from (7.4). So &k is flat over

Ak x S. By the universality of the quotient scheme ϋR~;, If induces a

morphism

(7.11) φk:AkxS^X%m.

By definition, φk^\AkXS = φk.

Since 5R-m is projective over C m , there is an irreducible component
;ίR|m of JR|m so that pfc factor through '9t | w for all fc > 1. In par-

ticular, Es belongs to 'V^m as a quotient sheaf. On the other hand,

since φk{Ak x {0}) is contained in the image of T -> 9l |^ 0, the image
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of T is contained in 'ίK~w . But we have assumed that ίK-;,0 is the only

irreducible component of ίR̂ m that contains T. So '£H~m = 9t~m . In

particular, S C ίH|^° and then E £ ίK~m

0.

Now we are ready to prove Theorem 7.1. By Lemma 6.7, there is a
classical neighborhood Fj C 9ΐ^° of s{ and a classical neighborhood

V2 c Z** of /? E Δ w , F2 Π Zo

m c Δ m , such that if we let & be the

universal quotient family of 9l~'®, then the set

fR(l){Vx, V2) = {ueV1\co\{9r

u)q = 1 for some qeZ™ΓιV2,t lies under u}

is a nonempty codimension 1 subset of Vχ containing s{. Because of our

construction, the curve S C ίftt^ is not contained in 91 (K , K ) . Thus

9t ( 1 )(Fj, P^), is not contained in the fiber of 9ίί^0 over 0 £ Cm . In other

words, VK{ι\vχ, V2) n 9ί|^0 ^ ̂  0 for general ί e C w . Therefore, we have

proved the first part of the following proposition.
Proposition 7.4. There is a curve R c 9ί^° containing s{ and flat over

Cm such that the following hold:
(1) For any closed t £ R not lying over 0 £ Cm, there is a closed point

q £ X such that for the pullback sheaf & on Z™m xcmRy co\{3^)q = 1.

(2) For generic t£Rt &[ is μ-stable and further, E x t 2 ( ^ , ^ ) ° = 0 .

Proof We only need to prove (2). Let R be any curve C 9t|^0 con-

taining s{, which is flat over Cm . Let R (over Cm) be the normalization

of R. Let Z^ be the normalization of Z£m x c « ΐ , where m = m p and

p is the branched order of Λ over Cm at 0. By Proposition 3.3, there is

a good modification F (on Zj) of the pullback of & via Zj -• Z™.

Further, since SF is locally free along Σm , ^ ,Δ = F χ |Δ_, where xo£ R

lies over .s j .

Now to prove (2), it suffices to show that Fχ is //-stable for generic x £

R. Assume Fχ are not //-stable for all x £ Λ. Then by the semicontinuity

theorem, there is a line bundle 3* on Zj , a nontrivial homomorphism

F -> 3 such that the degree of i ? , 3 = -2i~, is no bigger than

\{I H). Without loss of generality, we can assume Fγ —• 3 is surjective

at the generic points of all irreducible components Δ/ c Z™. Let J ^

be the restriction of 3 to A.. Since Fχ has generic fiber type (0,0) ,

(0, 1), (1, 1) along Δf., 1 < i < m-\, we° must have j». = ^ - / / / ( ε ) | Δ >
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0, γ: Zχ ->ZQ. On the other hand, from (4.12) it follows that

βo>{l/2)(l-ε){H Kx) + (e/2)(I H).

Finally, by definition, Fχ )Δ_ is ^-stable with e = -(H H). Therefore,

> \{H H) + \{\ - ε)(I H) - ε(H H).

So, we have

m .

(7-12) Σβ^^I H),
0

which certainly contradicts the assumption that Jẑ . H < \{I H) for

generic x e R. So we have proved that Fχ are //-stable for general x e

R. Finally, Ext2(Fχ, Fχ)° = {0} for general x because H°(gndo(FXQ®

π*χKχ) = 0 which follows from the proof of Lemma 7.3 (cf. [9]).

Proof of Theorem 7.1. Fix a general closed t e Cm . Let U? c 9t|;,0,

be the open subset of all //-stable quotient sheaves. Since St-^0 is irre-

ducible, C/,0 is also so. Thus all quotient sheaves E e U® are represented

by closed points in M . In particular, Proposition 7.4 tells us that there is

a stable sheaf E e M with Ext 2 (£, E)° = 0 such that for some closed

p e X, col(£) = 1. Now a straightforward deformation argument shows

that there is an E eM such that Ext 2 (£, E)° = 0 and co\(E) = 1.
Proposition 7.5. There is a constant A depending on (X, H, /) swc/z

J/zαί whenever d > A, the number of irreducible components of 9Jί^'7 is

independent of d.

Proof Let Λ^ be the set of irreducible components of 9 j φ 7 . Since

SDΐ̂ '7 is projective, Λ^ is finite. Let A be the integer provided by Theo-

rem 7.1. Then there are maps

(7.13) φd:Ad^AM, d>A,

defined as follows: For any M e Λ^, pick a μ-stable sheaf E e M so

that Ext 2 (£, E)° = 0. Since d > A, such £ always exists. Let x e X

be a general closed point and let F be a torsion free sheaf belonging to

the exact sequence

(7.14) 0->F ^E^Cχ-^0,

where Cχ is the skyscraper sheaf supported at x. Then F is still μ-

stable and Ext2(F, F)° = 0. Thus F belongs to a unique irreducible
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component M' e Ad+ι. We define φd(M) = M' . It is easy to see that φd

are independent of the choice ofE,η and x. Further, by Theorem 7.1,
every irreducible component M C W?x, d > A, contains //-stable sheaf
F such that col(.E) = 1 and Ext2(E, E)° = 0; that is, F belongs to the
exact sequence (7.14) with E = Fvv. Thus, φd, d > A, are surjective.
Therefore, {#Ad}d>A is a decreasing sequence of positive integers. In
particular, for some large A', #Ad is independent of d as long as d > A1.
This proves Proposition 7.5.

Proposition 7.6 (Taubes). With the notation as in Proposition 7.4, and

let φd be the map

<Pd =

>A, t
Proof. Let M j , M 2 € Ad, d > A, be any two irreducible components.

hoose //-stable sheaves E( e M. so that Ext2(i?.? E.)° =
large enough so that both E belong to the exact sequence

Then for any d >A, there is a large βd such that φd

d(Ad) = single point.

wo irreduci

Choose //-stable sheaves E( e M. so that Ext2(i?.? E.)° = 0. Let m be

with zχ, z2 zero subschemes of X. Without loss of generality, we can
assume supp(Zj) n supp(z2) = 0 . Let Ft be subsheaves of Ei belonging
to the following diagrams:

> 0

u u

> 0 .

^ and ^ 2 / F 2 s ^ . Thus {F.} G ̂ ( { M J ) , where

= l(z). On the other hand, this exact sequence tells us that both

Fχ and F2 correspond to closed points in the affine space Extι(H®m <g>

/<8>/ z U z , H®^~m^). Since being stable is an open condition, Fχ and F2

are in the same irreducible component of Ad+β . Therefore, ^
R RR R

φd({M2}). So for sufficiently large integer βd , φd

d(Ad) consists of one
point only.

Proof of the main theorem. By Proposition 7.4, there is a constant A

so that for d > A, #Ad = K is independent of d. Further, the map

φd and subsequently ^ are all isomorphisms. On the other hand, for

any d > A, there is a large βd such that φβ

d

d(Ad) is a single point set.
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Therefore, K has to be one; that is, 9 j φ 7 will become irreducible when
the second Chern class is sufficiently large.
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