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KURANISHI SPACES OF MEROMORPHIC CONNECTIONS

FRANCOIS-XAVIER MACHU

ABSTRACT. We construct the Kuranishi spaces, or in other words,
the versal deformations, for the following classes of connections
with fixed divisor of poles D: all such connections, as well as for
its subclasses of integrable, integrable logarithmic and integrable
logarithmic connections with a parabolic structure over D. The
tangent and obstruction spaces of deformation theory are defined
as the hypercohomology of an appropriate complex of sheaves,
and the Kuranishi space is a fiber of the formal obstruction map.

0. Introduction

We construct the Kuranishi space, or in other words, the versal deforma-
tion, of connections belonging to each one of the following classes:

meromorphic connections with fixed divisor of poles D;

integrable meromorphic connections with fixed divisor of poles D;

integrable logarithmic connections with fixed divisor of poles D;

integrable logarithmic connections on curves with parabolic structure at

singular points.

The interest in versal deformations is twofold. First, a versal deformation is
a kind of a local moduli space which exists in a much wider range of situations
than the moduli spaces in the proper sense do. Second, versal deformations
are usually easier to write down than the moduli spaces, and one can use the
versal deformation to determine the germ of the moduli space up to analytic,
formal or étale equivalence.

Historically, versal deformations were introduced for the first time in late
50s in the work of Kodaira and Spencer ([KS-1], [KS-2]), and Kuranishi ([Ku-
1], [Ku-2]). In the beginning, this theory was only concerned with defor-
mations of compact complex manifolds and was viewed as a replacement for
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Riemann’s insight of moduli of compact complex curves in higher dimensions.
But since then, the theory has been significantly formalized and extended to
a much wider range of domains: singularities [Ar], [Schl-2], [AGZV], vector
bundles and sheaves [Rim-1], [Rim-2], [Artam-1], [Artam-2], singular complex
spaces [Gro], [Illu-1], [Mlu-2], [Pa-1], [Pa-2], and morphisms of varieties or
complex spaces [F1], [Bi], [Ran-1], [Ran-2].

Recently, many people believe that a deformation theory over a field of char-
acteristic 0 should be taken over by a differential graded Lie algebra (denoted
DGLA). This principle deriving from researches regarding homotopy theory,
quantization, mirror symmetry, etc. (see, for instance, [Kon]). One proto-
type example to this principle is the deformation theory of compact complex
manifold via Maurer—Cartan equation on the vector field valued (0,1) forms.
This is the Newlander—Nirenberg theorem (or rather Kuranishi’s proof of the
existence of the Kuranishi space). If we restrict to infinitesimal deformations,
we can describe the situation as a bijection between

{Maurer-Cartan solutions in KS% @ ma}  {deformations of X on A}

gauge equivalence isomorphisms ’
where A is a local Artinian C-algebra and KS% = (A%*(©x),d,[—,—]) the
Kodaira—Spencer algebra on X. This isomorphism is functorial in A. The left-
hand side is the deformation functor associated to the Kodaira—Spencer DGLA
KS%, denoted by Defks, , and the right-hand side is the usual deformation
functor Defx of X.

All the constructions are enclosed in the paradigm of the Kuranishi space
associated to a “good” deformation theory. A “good” deformation theory
for some type of object X consists in determining a triple (7%, T%, f), where
T} is the tangent space to deformations of X, T% is the obstruction space,

f:T% — T% a formal map without linear terms, called the Kuranishi map
(" denotes the formal completion at zero). Then the formal scheme f~1(0) is
the Kuranishi space, or a formal germ of the versal deformation of X.

We provide the triples (T%,T%, f) for the above four classes of connections.
In all the 4 cases, T% = H(C*), the hypercohomology of an appropriate com-
plex of sheaves, and the initial component fy of f is the Yoneda square map.
For instance, in the case X = (£,V) is a meromorphic connection with fixed
divisor of poles D, the complex C* is a two-term one and is

C* = [End(E) —= End(€) ® QY(D)].

A similar situation occurs in the deformation theory of Higgs bundles or
Hitchin pairs [B-R], where T = H!(C*) with complex

C* = [€nd(€) 225 £nd(€) @ QL(D))]
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defined by the Higgs field ¢ : £ — & @ Q1(D); contrary to our case, ad ¢ is
Ox-linear.

Let X be a complete scheme of finite type over k or a compact complex
space (then k = C). The existence of a versal deformation and the theoretical
approach to its construction are known for coherent sheaves on X. The con-
struction of the Kuranishi space (= versal deformation) for coherent sheaves
is done in using the injective resolutions. We are studying vector bundles £
with an additional structure (a connection V), and in this case the deformation
theory of both £ and (£,V) can be stated in terms of the Cech cohomology
of a sufficiently fine open covering of X. This approach is easier than the
one via injective resolutions. We start by the construction of the Kuranishi
space of vector bundles serving as a model for that of the pairs (£,V). This
is done in Section 1, where it is also explained how the versal deformations
can be used to construct analytic moduli spaces of simple vector bundles. In
Section 2, we introduce connections with fixed divisor of poles and show that
their isomorphism classes of first order deformations are classified by the hy-
percohomology H*(C*) of some two-term complex of sheaves. In Section 3, we
show that the first obstruction to lifting the first order deformation is given by
the Yoneda square and construct the Kuranishi space. We also define several
versions of the Atiyah class. In Section 4, we describe the construction of the
Kuranishi space for integrable and integrable logarithmic connections. The
last Section 5 treats the Kuranishi space of parabolic connections.

0.1. Deformation theory. In this section, we follow [Ma], and [H-L] to
remind the framework of the deformation theory.

Let Art be the category of local Artinian C-algebra A such that A/m 4 ~C,
where m 4 is the maximal ideal of A. We mean by a functor of Artinian rings
[Schl-1] a covariant functor

D : Art — Set such that D(C) is the one-point set. The tangent space Tp
to a functor of Artinian rings D is defined by Tp = D(Cle]), where C[e] is the
ring of dual numbers C[z]/(z?).

Let A, B, C be local artinian C-algebras and 1 : D(B x4 C) — D(B) X p(a)
D(C) be the natural map. We call a functor of Artinian rings D a deformation
functor if it satisfies (i) if B — A is onto, so is , and (ii) if A=C, n is
bijective [Ma], Definition 2.5. Note that these conditions are closely related
to Schlessinger’s criterion of existence of a hull (see Remark to Definition 2.7
in [F-M]).

An obstruction theory of a functor of Artinian rings D is a pair (U,ob(—)),
consisting of a finite dimensional C-vector space U, the obstruction space, and
a map ob(a): D(A") — U ® a, the obstruction map such that for any small
extension

a:0—-a—-A—A =0,

with kernel a such that ma =0, the following conditions are satisfied:
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1. If 2’ € D(A') lifts to D(A), then ob(a)(z') =0.
2. For any morphism ¢ of small extensions

oy 0—a — A4 — A — 0
T
o9 0— ag — Ay — AL, — 0,

we have the compatibility ob(as) (% (') = (idy ® ¢, )(ob(a)(x’)), for every
x' € D(A]). Moreover, if ob(a)(z') = 0 implies the existence of a lifting of =’
to D(A), the obstruction is called complete.

In the sequel, we always assume that k is an algebraically closed field or
k= C. For instance, if X is a smooth projective variety over k, and let F
be a coherent Ox-module which is simple. If A € Art /k, let Dp(A) be
the set of isomorphim classes of pairs (Fa,p) where Fy4 is a flat family of
coherent sheaves on X parameterized by Spec(A) and ¢ : Fa @4 k — F is an
isomorphism of Ox-modules. Following [H-L], the map Dp(a): Dp(A) —
Dr(A") has for fibers affine spaces with affine group Ext!(F, F) @ a, and the
image of Dp(«a) lies in the kernel of the obstruction map ob(«): Dp(A’) —
Ext?(F, F) @, a.

PROPOSITION 0.1 (See [Mal, Proposition 2.17). Let D1 and Dy be defor-
mation functors and ¢ : D1 — Dg a morphism of functors, (Vi,0bp,) and
(Va,0bp,) obstruction theories for Dy and Da, respectively. Assume that

(i) ¢ induces a surjection (resp. bijection) on the tangent spaces Tp, —
Tp,.
(ii) There is an injective linear map between obstruction spaces ® : Vi —
Vo such that obp, o= ® oobp,.
(iii) The obstruction theory (Vi,obp,) is complete.
Then, the morphism ¢ is smooth (resp étale).

1. Construction of the Kuranishi space in the case of vector
bundles over any base

Let X be a complete scheme of finite type over k or a complex space (then
k=C), 4= (Uy) be an open covering of X, e, a trivialization of &y, . The
transition functions g.g relate the trivializations by the formula eg = eqgag
over Uyg = Uy NUg and satisfy the following relations

(1) 9B =050, YopgsyGra = 1.

In other words, (gas3) € C*(4, GL(r,Ox)) is a skew-symmetric multiplicative
1-cocycle.
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1.1. Construction of the Kuranishi space in the case of simple vector
bundles over any base.

DEFINITION 1.1. A vector bundle £ on X is simple if and only if H°(X,
£nd(€)) = kid.

In the case of a simple vector bundle, the versal deformation is in fact
universal and this is a local version of the moduli space.

PrOPOSITION 1.2. Let £ be a simple vector bundle on a scheme X of
finite type on k or a complex space (in which case k= C). Then there exists
an analytic space M(E) with a reference point x and a vector bundle E on
X x M(E) which satisfy the following properties:

(1) Elxx«~E.

(2) If T is an analytic space with a reference point * and E' a vector
bundle on X x T such that E'|x x«~ &, then there is a holomorphic mapping
O : T — M(E) such that ®(x) =+ and E' ~ (1 x ®)*(E).

(3) The above mapping ® is unique as a germ of a holomorphic mapping
from (T, %) to (M(E),*). (M(E),*) and E are called the Kuranishi space and
the Kuranishi family of £, respectively.

Proof. See [Mu-1]. O

We define SV x as the set of isomorphism classes of simple vector bundles
on X. Using Proposition 1.2, we can endow it with an analytic structure so
that SV x has a universal family only locally in the étale or classical topology.
Then there exists a sufficiently small open set U of SVx in the classical
or étale topology and a vector bundle £ on X x U satisfiying the following
property: For any analytic space S, there exists a functorial bijection between
the sets {morphisms S — U} — {vector bundles E on X X S such that Vs €
S, E, is simple and its class belongs to U}/ ~ given by ¢ — (1 X ¢)*(E).

PrOPOSITION 1.3. Let X, & be as in Proposition 1.2. Every obstruction to
the smoothness of SVx at [E] lies in ker(H?(Tr) : H?(X,End(€)) — H?(X,
Ox)). In particular, SV x is smooth at [E] if H?(Tr) is injective.

Proof. See [Mu-1]. O
Note, however, that SV x, even if it is smooth, is not a nice concept of

moduli space: it is non-separated in many examples.
We now treat the case of vector bundles over any base.

1.2. First order deformations. Deform the transition functions: gng =
Jap + €9ap1, where gop1 € I'(Uag, M, (Ox)) and €2 =0. We have JaB,1 =
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. Differentiating (1), we obtain:

<1

gan = 22 = =923 0051900
9ap,198v9va + 9aB9Bv19va + Japgpygrar =0,
and by (2), gya,1 = —gaq Jay.194- - Plugging this into the previous formula,
we get
9ap19679va + 9aBYIBy19va = JaBYByYan Yoy 19mn -

Multiply by go~ on the right:

(3) 908,198y T 9aBYBy,1 = Jar,1-

We want to represent this in the form a.s + agy = aq for an appropriate ad-
ditive 1-cocycle a = (ans) € C' (4, End(E)), associated with (gas1) and skew-
symmetric: aag = —agq. Define ang € I'(Uag, End(€)) by its matrix: g;ﬁlgaﬁ’l
in the basis eg and gag,lg;é in the basis ey. Then (2) gives goggsa1 +
gagjlg;ﬁl =0, written in terms of matrices with respect to the basis e,, and
(3) amounts to aag + a3y = aay. Thus the first order deformations of £ are
classified by the 1-cocycles a = (aq5) € C1 (8, End(£)). Such a deformation is
trivial if the vector bundle £ defined over X x Spec Cle]/(£2) by the 1-cocycle
GaB = gap + EGap is isomorphic to pri(€), where pry : X x SpecCle]/(?) —
X is the natural projection. This means that there exists a change of ba-
sis eq — €4 = eq(1 + €hy) which transforms gog into gos. We compute ég =
eg(l+¢chg) =eagap(l+ehg) = €a(l—chqa)gap(l+chg) and we want that this
coincides with ég = €,Jag. That is: gag +€gap,1 = (1 —cha)gas(l+chg), or
9ap1 = —hagas+ gaphs. Interpreting h, as the matrix of b, € I'(Uy, End(E))
with respect to the basis ey, we obtain an g = —by + bg which is written in
the basis e, in the form gaﬁylggﬁl =—hq + gaﬁhgg(;ﬁl. Thus the equivalence
classes of first order deformations of £ over V = SpecCle]/(¢?) are classified
by

H' (4, End(€))
B {1-cocycles (aqgz) € CH(U,End(E))}
~ {coboundaries aqs3 = bg — bs, where (by) € CO(U,End(E))}

1.3. First obstruction. We denote Vj, = SpecCle]/()*!. We will investi-
gate the following question: which of the deformations of £ over V7 lift to V57

Let Gop = gap.o + E9ap1 + €2gap2 be a deformation of the cocycle gop =
gap,0 over Va.

We want to prove, in other words that G,p gives a valid 2nd-order defor-
mation if and only if it satisfies the cocycle condition.

Assume that G,s mod £? is a 1-cocycle, then (2) and (3) are verified, and
compute the coefficient K,g+,2 of e? in GopGpyGya, which will be denoted
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Kapgy2:

(4) Kopy,2 = 908,098v,19v0,1 T 9ap,198+,09va,1 + 9aB,1987,19va,0
+ 908,298v,0972,0 + 90.8,098v,29va,0 + 9a3,098~,09~a,2-

Similar to the above, introduce the sections aqp; (i =1,2), of the endomor-
phism sheaf End(€|v,,)) having gamggﬁl for their matrices in the bases e,.
Then, as above, ga3,2987,09va,0 + 9a8,098+,2970,0 + 9aB,0987,09va,2 is the ma-
trix of ang,2 + agy,2 + Gya,2 in the basis e, and gag,098v,19va,1 + Ja8,198+,0 X
Gya,1 + 9aB,198v,19va,0 is the matrix of

(5) AB~,10~ya,1 + GoB,10ya,1 + GaB,105,1

in the basis e,. Let a1 denote the cocycle (anp,1) and [aq] its class in
HY(4,End(€)). Then agy 10101 = Cgya Tepresents the Yoneda product [a1] o
[a1] = [c] € H?*(4,£End(£)); see for instance 10.1.1. of [H-L] for the definition
of the Yoneda product

H'(4,End(€)) x HY (84,End(€)) — H'™ (4,End(E)).

The whole expression (5) is the skew-symmetrization ¢qgy of ¢gya, hence it
represents the same cohomology class [c]. Let also as denote the Cech cochain
(@ap,2). We can rewrite Ky = (Kyg+,2) in the form

(6) Ky = ¢+ das.

We now see that we can find ay in such a way that (Gog) is a cocycle over V5,
if and only if ¢ is d-exact. We have proved the following proposition.

PROPOSITION 1.4. Let X be a complete scheme of finite type over k or a
complex space (and then k = C), £ a vector bundle on X, [a] € H*(X,&End(£)).
Then the first order deformation of € over Vi defined by [a] lifts to a deforma-
tion over Va if and only if the Yoneda square [a]o[a] is zero in H?(X,End(£)).

DEFINITION 1.5. The map
(7) H'(X,End(£)) — H*(X,&nd(€)),
([a]) = la] o [a]
will be called first obstruction, and denoted ob®,

Thus ob® is the map of taking the Yoneda square. We will now con-
struct a universal first order deformation of £ on X. Let W = H' (X, End(£)),
t1,...,ty a coordinate system on W, Wy = Speckl[t1,...,tn]/(t1,. .., tn)ET?
the k-th infinitesimal neighborhood of the origin in W. The universal first
order deformation &; of £ over W7 can be described as follows.

Choose an open covering of X as above, so that £ is defined by a 1-
cocyle (gag). We deform & by specifying a family Gag(ti,...,tn) of 1-cocyles
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over X x Wi. Pick up N cocycles a; = (a (i)) e C'(4,End(&)) whose co-

homology classes [a1],...,[an] form a basis of W dual to the coordinates

t1,...,tny. Then we set gag = a&zigocﬁa where a((lg is represented by its ma-

trix in the basis e, and write Gog(t1,...,tN) = gag + Zi:l gaﬁtz. Then G
is a l-cocycle and defines a vector bundle & over X x Wj called a univer-
sal first order deformation of £. The whole universal deformation over Wj
cannot be lifted to a deformation on W5. Proposition 1.4 implies the follow-
ing.

PROPOSITION 1.6. There is a mazimal subscheme Ko C Wy with the prop-
erty that & extends as a vector bundle from X x Wy to X x Ks. This mazimal
subscheme Ky is the (second infinitesimal neighborhood of the origin in the
cone) defined by the equation ob® (z) =0 in W,.

We will now prove the following theorem, providing a construction of the
formal Kuranishi space.

THEOREM 1.7. Let X,€ be as above, W = HY(X,End(£)), (61,...,0n) a
basis of W and (t1,...,tNn) the dual coordinates on W. Let Wy, = Speck][ty,...,
tn]/(t1, ..., tN)*FL be the k-th infinitesimal neighborhood of the origin in W,
&1 a universal first order deformation of £ over X x Wy as above. Then there
exists a formal power series

Fltr, ...t ka th,. . tn) € HA(X,End(E))[[t1, .- . tN]],

where fi, is homogeneous of degree k, with the following property. Let I
be the ideal of k[[t1,...,tn]] generated by the image of the map f*: H*(X,
End(€))* — K[[t1,...,tn]], adjoint to f. Then for any k > 2, the univer-
sal first deformation & of € over X x Wy extends to a vector bundle &
on X X Ky, where Ky is a closed subscheme of Wy defined by the ideal
T@k[[t1,...,tn]]/(tr, ... tn)FHL

DEFINITION 1.8. The inverse limit K = @Kk is called the formal Kuran-
ishi space of £, and € =1lim &, the formal universal bundle over K.

Proof of Theorem 1.7. Let 4 = (Ug) be an open covering, sufficiently fine
so that £, is trivialized by a basis eq, and the groups H*(X,€nd(€)) are
computed by the Cech complex (C*(4,End(£)),d). Let Z*(4U,End(E)), B (4,
End(&)) denote the subspaces of cocycles and coboundaries in C? (4, End(€))
respectively. Let us fix some cross-sections o; : H*(X,End(E)) — Z%(4,
End(&)) and 7: B2(U,End(E)) — CH(U,End(E)) of the natural maps in the
opposite direction. Let a; = (ag%) = 01(0;), and denote, as above, by (gag)
the 1-cocycle defining &, so that eg = eqgag. We will construct by induction
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on k >0 the homogeneous forms of degree k in tq,...,tx

(8) Gaﬁ,k(tla vee 7tN) € F(Uaﬁ7M’r(OX)) ®k[t17 o 7tN]a
Fag%k(tl, .. ,tN) S F(Uagv,é'nd(é')) (24 k[tl,. .. ,tN],
fi(te, ..., tn) € H*(X,End(€)) @ k[t ..., tn]

with the following properties:

(1) Gapo = gap,Gap1 = Zf\]:l agggagti, where afj}, are represented by
their matrices in the basis e, .

(11) fk = O,Fa,g%k =0 for k= 0, 1.

iii) For each k > 1, let f® =3"._, f;, and let I**t1) be the ideal gen-
(iif) ) i<k Jis g
erated by (t1,...,tx)""? and the image of the adjoint map f*¥*: H?(X,
End(E))* — k[t1,...,tn]. Then (Fup,x+1) is a cocycle modulo T++1) and
fre1 is a lift to H?(X,End(€)) ® k[ty,...,tn] of the cohomology class

+
[(Fagyke1 mod I'*H)) € H2(X,End(E)) @ klty,. .., tx]/TFHD).

(iv) For any k> 1, set G&kﬁ), = Zigk Gop,i- Then G;@G(B?GE,@ =1+
Fopyk+1) mod I%++1) | Properties (1), (ii) determine Gag k, Fagy,i for k< 1.

The proof of Proposition 1.4 allows us to see that (iii), (iv) are verified for
k=1 with

N
_ @) G) @) G) L @) G
Faprz=y (aglall) +agpal) + agpag))tit;
ij=1

and to determine G,p2 we proceed as follows. Let fo = [(Fugy,2)], and 3
be the ideal of K3, that is the ideal generated by (¢1,...,tx)% and the image
of the adjoint map f* : H2(X,End(£))* — ka[t1,...,tx] = Sym?(W*) (the
degree-2 homogeneous part of k[ty,...,tyx]). Then the reduction mod I(?)
of [y = (Fapy2) is an element Fy = (Fup,2) mod I® € B3(U4,End(€)) @
(Sym?(W*)/I® N Sym?(W*)). We define a skew-symmetric 1-cochain ay =
Gap.2 € CHYU,ENA(E)) ® Sym? (W*) as an arbitrary lift of (7 ®id)(Fy) € C (4,
End(€)) @ (Sym?(W*)/I® N Sym?(W*)) under the quotient map. Next we
define Gopg2 by Gag,2 = @ag,29a8, Where the matrix of aqg 2 is taken in the
basis e,.

Likewise, assuming that Gg}_l)

, Fg;) are already fixed, we can choose
Fopy k+1 and Gag i as follows. By the induction hypothesis, we have G&kﬂ_l) X
Ggﬁfl)G.(ykofl) = (1 + Fapyx) mod I®). Then (F,p,%) is a cocycle mod-
ulo I and is a coboundary modulo I**V : [} = (Fapy,e mod TR+ ¢
B2(8,End(€)) @ (Sym* (W) /T++D N Sym* (W*)). We define Gopr = dap i X
Jop With (anp k) € CH(U,End(£)) @ Sym”(W*) an arbitrary skew-symmetric
lift to Sym* (W*) of (r ®id)(Fi). Then GGG G =1 mod (I%+D) + (1,
ooy tn)* D) Jand we can define F, s, 111 as the degree-(k + 1) homogeneous
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component of G&%GEQG%) To end this inductive construction of the se-
quences Gag ks Fapy,kt+1, we need only to prove that Fi11 = (Fagyk+1) is a
2-cocycle modulo I*+1) with values in End(E). O

The latter is proved in Lemma 1.9 below.

LEMMA 1.9. The 2-cochain (Fapgy,k+1), constructed in the proof of Theo-
rem 1.7 as the degree-(k 4+ 1) homogeneous component of G((fﬂ)G(ﬁ?G(y@, s a
2-cocycle modulo T with values in End(E).

Proof. The hypotheses, under which we have to prove the assertion of
Lemma 1.9, are the following: G) = Zf:o Gapi €T(Unp, M- (Ox)) ® klt1,

«
...,ty] are the matrix polynomials of degree <k in ¢1,...,tx and there is

an ideal J C (t1,...,tx)? such that GU)GYY =1 mod J and G)GY) 6L =
1 mod (J+(t1,...,tx)**1). The ideal J in Theorem 1.7 is I**+1). The collec-
tion (Fiupy,k) is considered not as a 2-cochain in M, (Ox), but as a 2-cochain
in End(€), € being defined by the multiplicative cocycle (gog) = Gapo €
ZY U, GL,(Ox)). Thus, Fapy = Fagy k41 is a certain section of End(E) over
Uapy given by its matrix in the basis e, of £y, ,, . We want to show that

(9) Fopgy — Fops +Foys — Fys =0 mod J.
We will replace it by a slightly different identity
(10) Fopy+ Foys + Foasg + Fgso =0 mod J,

which is the same as (9) as soon as we know that (F,,) is skew symmetric.
We have:

Faﬂ'y = [GaﬁGﬁfyG'ﬂx]k—&-la Fa'yé = [Ga’vaéG&a]k—&-la
Fosp = [GasGspGaalk+1,
Fpsy = Gapo([GpsGorGrpliin) G o = [GapGpsGsy GrpGpaliti,

where we omitted the superscript k in G(akg, [...]k+1 stands for the homoge-
neous component of degree k+1 in tq,...,ty, and all the four terms are given

by their matrices in the basis e,. Now
Faﬁfy"'Fawé"'Faéﬁ"'FBé'y
=[GapGpyGra + GayGr6Gsa + GasGspGpa + GapGpsGsyGrypGaali+t
= [GaﬁGg,yG,ya X Ga,yGrng(;a X Gw;G(ngga X GagGggGg,yG,yﬁGga]k+1
=0 mod J.

The skew symmetry of (Fng-) is a particular case of (10) when § =+. O
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2. Connections

Let X,& be as above. A rational (or meromorphic in the case when X is
a complex space) connection on £ is a k-linear morphism of sheaves V : £ —
& ® QL (D) satisfying the Leibniz rule:

Vpe X,VfeOpVse&,, V(fs)=fVs+sxdf.

We assume that D is an effective Cartier divisor and call D the divisor of
poles of V. We can extend V in a natural way to

E@Q*(xD) = hﬂ@g ® Q(nD)
n >0
as a k-linear map V : £ ® Q!(xD) — £ ® Qi1 (xD) satisfying the Leibniz rule
V(s ®w) =VsAw+ s®dw. The connection is integrable if V2 = 0. In this
case, V defines the generalized de Rham complex

(11) 0— EHD)—Y=ER@ O (+D) —Y=E @ O2(xD) —L= ...

If X is smooth at all the points of X \ D, then this complex is exact over
X \ D in all degrees different from 0 by the Poincaré lemma. Under the
same assumption, the subsheaf £" of sections s of &| x\p satisfying V(s) =0
is a local system of rank r, that is a vector bundle with constant transition
functions, and &|x\p = Eh® Ox\p; the sections of &M are called horizontal
sections of (£,V). The complex defined above, when restricted to X \ D, is a
resolution of £".

A connection V on € induces natural connections on £*,End(€), (£%)®™ ®
£®m™ and more generally, on any Schur functor of £ or £*. We will use in the
sequel the induced connection Vepq(e) on End(€). Taking a local section ¢
of £End(€), we can think of ¢ as a sheaf homomorphism £ — £ over an open
set U C X , and Vguq(¢) is defined by

Vendae)(p) =Vop—¢poV,
Vgnd(g) :€nd(€) — End(€) ® Ql(D)

If V is integrable, then Vg, q(¢) is also integrable, and End(&)h = End(EN).
Let now 4 = (U,) be a sufficiently fine open covering of X, e, a trivial-
ization of £ over U,, (gag) the transition functions of £ with respect to the
trivilizations (e,). The connection matrices A, € I'(Uy, M, (Ox) @ Q'(D)) of
V are defined by V(en) = e4As. The transition rule for the matrices A, is

(12) Ap = 9o5490p + 9o Aalas

over U,g. This equation can be given a cohomological interpretation. To this
end, introduce the cochains A = (A,) € CO(4, End(E) @ Q1(D)), G = (Gup) €
CH(4,End(E) ® Q') by saying that the matrix of A, (resp. Gaps) in the basis
€q 18 Ay (resp. dgagg;g). Then G is a cocycle.
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DEFINITION 2.1. The cohomology class [G] of G in H(X,End(€) @ Q)
does not depend on the choice of trivializations (e,) and is called the Atiyah
class of £. We will denote this class by At(£) and its image in H!(X,&nd(€) ®
QY(D)), in H'(X,End(£) ® Q' (xD)) by At (), (resp. At*P(£)).

Now we can write (12) in the form
G=dA,
and we get the following assertion.
PROPOSITION 2.2. Let X,E be as above, D an effective Cartier divisor in

X. Then & admits a connection with divisor of poles D if and only if AtD(E)
vanishes in HY(X,End(€) @ QY(D)).

Informally speaking, this property is expressed by saying that the Atiyah
class is the obstruction to the existence of a connection on a vector bundle.
For future use, we also provide the integrability condition of V in terms of
the local data A,:

(13) dA, + Ay NAL=0.

2.1. First order deformations of connections with fixed divisor of
poles D. Let (£,V) be defined as above and Vi = Spec k[e]/(e%). We repre-
sent the deformed pair (€, V) over V; by the local data

gaﬁ =9dap + €Jap,1;5 Aa = Aa + 51401,1-

We have already studied the compatibility conditions which guarantee that
Jap 1a a cocycle; they can be stated by saying that the cochain a = (ang) €
C*(U,End(E)), defined over Uap by the matrix gag,lg;é in the basis e,, is a
cocycle. Now, we fix this cocycle and search for a cochain (A1) compatible
with a. Expanding (12) to order 1, we obtain:

(14) Aﬂ,l = gﬁa,ldgaﬂ +gﬁadgaﬁ,1 +gﬁa,1Aaga,8 +gﬁo¢Aa,lgaﬁ +g,8aAocgaﬁ,1 .
LEMMA 2.3. Define the 0-cochain A1 = (A1) in End(E) @ Q4 (D) whose

matriz over Uy is Aq1 in the basis eq. Then (14) implies:
(15) (dAD)ap = As1 — Aat = daas + [An, angs)-
Proof. Conjugate (14) by gas:
(16) 9apAp1905 = 95adpa1dgasgns + dgas19ns
+ gapgBa1Aa + Aot + Aagas10ns-

Then gagA@lg;ﬂl, Aq 1 are the matrices of Ag 1, Aq,1 respectively in the
basis e,; we will also interpret all the remaining terms of (16) as matrices of
some sections of £nd(€) ® Q(D). We have

(17) 9padfal =0ga = —0ag;  Yap,19pa = ap;
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so that
(18) Jap9pa,iAa + Aadap19y5 = [Aas dap]-
Next, gag,1 = @apgag , SO that
(19) dgaﬂ,l == daaﬂgaﬁ + aaﬁdga,@~
Further, by (17),
(20) 950980199089, 5 = —0apdgasd ;-
Combining (19), (20), we obtain
(21) 95a9801908905 + A9ap.19,5
= *aaﬂdgcxﬂg;gl + daaﬁ + aaﬂdgaﬁg(;@l = daaﬂ-
Substituting (18), (21) into (16), we obtain (15). O

COROLLARY 2.4. The pair (§ag), (Aa) defines a first order deformation of
(€,V) if and only if the cochains a = (an3) = (gag,lg;é),AaJ = Ay (both
given in the basis ey) satisfy the relations d(ang) = 0,d(An1) = (daas +
[Aa; aagl)-

We will interpret the latter result in terms of the induced connection on
End (€). As we saw, given a connection V : £ — E®Q(D) on &, we can define
a connection Vepqe) : €nd(€) — End(€) @ Q' (D) by Venae)(p) =Vop—
@ o V. If we represent ¢ by its matrix M, in the basis eq, then Vepae)(¢) =
dM,, + [Aa, M,). Now, we can reformulate Corollary 2.4 as follows.

PROPOSITION 2.5. The first order deformations of (€,V) with fized divisor
of poles D are classified by the pairs (a, A1) € C*(8h,End(€)) x CO(U, End(€) ®
QY(D)) such that

(22) d(a) =0, d(A1) = Venae)(a).

Now, let us assume in addition that the initial connection is integrable.
Then the condition that the deformed connection (€,V), given by the data
(a, A1) as in Proposition 2.5 , remains integrable, can be written in the form:

(23) dAg1=—Aa1 A A — Aq A Ag,

or in an invariant form, Vgnd(g)(Al) = 0. We remark that here we consider
Venace) extended to End(£) ® Q°*(xD) in the same way as was explained for
V =Vg¢.

PROPOSITION 2.6. The first order deformations of integrable connections
(E,V) with fixed divisor of poles D are classified by the pairs (a, A1) as above
satisfying three relations

(24) d(a) =0, d(A1) = Venae)(a), Venace) (A1) = 0.
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2.2. Hypercohomology. Let K* = (KP? dk) be a complex of sheaves over
X, and = (U,) a sufficiently fine open covering of X. The Cech complex of
K* is the double complex

(25) (CP (U, K),d, (~1)"dx).

The hypercohomology group H!(X, K*®) is by definition the i-th cohomology
of the simple complex (L*®, D) associated to (25):

Ln = @ C’P(il, K‘if)7 D|C’7P(u,K‘1) =d+ (—1)Pdg,
ptqg=n
Hi(X,K') = Hi(L',D).

A hypercohomology class ¢ € H!(X, K*®) is represented by a cocycle ¢ € L,
c=(...,cp7batl epa eptha=1 " ) where p+ ¢ =1, and the cocycle condi-
tion is (...,deP~ 14 4 (=1)PdgcP? = 0,dcP 9 + (—1)PTdgcPtha=t =0,...).
A cocycle (¢P?),44=r is a coboundary if there exists a cochain (0P?),4q=n—1
such that
P — gpp—1a + (_1)debp,qfl.
We denote the i-cocycles Z¢(4, K*) and the i-coboundaries B*(, K*®), so that
H'(X,K*)=Z"(4,K*)/B"(4,K*).

Let now come back to the setting of Proposition 2.5. Define the two-term
complex of sheaves

(26) e =[c*—c',

where C? = End(€), C' = End(€) @ QY (D), and differential de = Vgna(e). Then
the equations (22) express the fact that (a,.4;) € Z'(4,C*). Changing the
bases e, over V; = Speckle]/(¢?) by the rule é, = e, (1 + €hy), where h =
(ha) € CO(U,End(E)) = CO(4,C°), we obtain the transformation rule of the
cocycle (a,A;) in the following form: (a,.A;) — (a + dh,.A; 4 dch), so that
isomorphic first order deformations differ by a 1-coboundary. We deduce the
following theorem.

THEOREM 2.7. Let X be a complete scheme of finite type over k or a com-
plex space (then k=C). Let £ be a vector bundle on X and V a rational
(or meromorphic) connection on € with divisor of poles D. Then the isomor-
phism classes of first order deformations of (€,V) with fixed divisor of poles
are classified by H'(X,C*).

In order to characterize the first order deformations of integrable connec-
tions, we introduce two other complexes:

R* = [End(€) — End(€) ® Q1 (D) — End(€) ® V*(xD) — .. ]
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with differential dr = Vgyq(¢), and

(27) Fo=[F—% 7,
where FO = &nd(€), dr = Venaeey, and Fb = ker(End(€) @ QY(D)) —
End(€) @ Q?(xD)). Tt is easy to see that these complexes have the same
1-cocycles and 1-coboundaries, so that

H'(X,F*) =H'(X,R").
The formulas (20) express the fact that the pair (a,.4;) is a 1-cocycle in either
one of the complexes F*, R*.

THEOREM 2.8. Let X be a scheme of finite type over k or a complex space
(then k=C). Let & a vector bundle on X and V a rational (or meromorphic)
integrable connection on € with fized divisor of poles D. Then the isomor-
phism classes of first order deformations of (£,V) in the class of integrable
connections with fized divisor of poles D are classified by

H'(X,F*) =H'(X,R").
3. Obstructions

3.1. First obstruction. Let X,&,V,(a,A;) be as in Theorem 2.7, and
let (€1,V1) be the first order deformation of (£,V) over Vi associated to
(a,A1). We want to determine the obstruction to extend (€1,V1) to (€2, V2)
over Vo = Speck[e]/(3). As before, we only consider deformations with fixed
divisor of poles D. We search for the extended data

Gaog = (1 + EQap + 62(1aﬁ,2)9aﬂ =0aB t€9ap,1+ 529(15,27
Aa = Aa + 614(1,1 + 5214(1,2’ -Aoz,l = Aa,l;
with respect to the basis e,. We assume that they satisfy the cocycle condition
modulo 2. Then the cocycle condition modulo ¢ has two counterparts:
the one expressing the extendability of &, which we have already treated in
Section 2, and the other expressing the extendability of the connection. The
latter has the following form:
(28) AB,Q = gﬁ(x,ngaﬁ + gﬁa,ldgaﬁ,l + gﬂadgaﬁﬂ
+ gﬁa,2Aagoz/3 + gﬁaAa,ngcB + gﬁaAagaB,2
+ g,@a,lAa,lga,@ + gﬁa,lAcha,@,l + g,@aAa,lgocB,l-
Introduce the cochain Ay € CO(4,End(€) ® Q(D)) given over U, by the ma-
trix Aqy2 in the basis e,. By transformations similar to those used in the
proof of (10), and in using formulas (22) and aga.2 — (aag.1)? + Gas2 =0, we
reduce (28) to the following equation:
(29) Vend(e)(@ap2) = Venae)(@ap,1)aap1 — [aas1, Al
= Vende)(@ap,2) + Aa10a8,1 — Gap1As1 = A2 — Aa,2.
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Let us denote

(30) kap = Venae)(aap,2) + Aa1Gap,1 — Gap,1As,1-

We consider k = (k) as a cochain in C*(4, End(€) ® Q'(D)).
LEMMA 3.1. k is a skew-symmetric cocycle.

Proof. A straightforward calculation using the relations

(31) Qa3,2 + ag~,2 + Oy, 2 = —QaB,108~,1 — B~ 10ya,1 — GaB,10~ya,1
and Venae)(XY) = Venae)(X)Y +Y Venae) (X), for any local sections X, Y’
of End(E). O

PROPOSITION 3.2. Let (a,.A;) € Z'(U,C*), and let (£1,V1) be the defor-
mation of (€,V) over Vi defined by (a,Ay). Then (E1,V1) extends to a de-

formation (E2,V3) over Vu if and only if the following two conditions are
verified:

(i) The Yoneda square [a1] o [a1] € H*(X,End(E)) vanishes.

(ii) Provided (i) holds, let az = (anp2) € C*(U,End(E)) be a solution of
(31), and let k = (ko) be the cocycle (30) determined by this choice of as.
Then [k] € HY(X,End(€) ® QY (D)) vanishes.

The expression Aa 1008,1 — Gap1As,1 entering (30) is a component c!!
of the Cech cocycle (cb!,c?9) € Z2(4U,C*) representing the Yoneda square
[a1,A1] o [a1,A1]. The other component is ci’gv = QaB,108y,1 + A3y, 10ya,1 +
@aB,10~a,1- Hence, we have the following proposition.

PROPOSITION 3.3. Under the assumptions of Proposition 3.2, (£1,V1) ex-
tends to (€3, Va) over Vo with fized divisor of poles D if and only if the Yoneda
square [ay,.A1] o [a1,.A1] vanishes in H?(X,C*).

3.2. Infinitesimal deformations of the Atiyah class. We fix a vector
bundle £ on X given by a cocycle gog. Recall that we defined the Atiyah
class of £ as the cohomology class of the cocycle G, 3 = dgagg(;ﬁl (here Gop is
considered as a section of End(€) ® N(D) given by the matrix dga,@g;é in
the basis ey).

If & is an extension of £ (as a vector bundle) to X x V;, where V; =
Speckle]/(e"T1), then we can define the Atiyah class At(&;) € HY(X,End(&;) ®
Q') by the cocycle G; 0p = dgi,agg;iﬁ, where (g;,08) is a cocycle defining &;,
Girap € T(Uap, M, (Ox) @ k[e]/(e7F1)). The following assertion is obvious.

LEMMA 3.4. Assume that £ admits a connection V with fized divisor of
poles D. Then V extends to a connection V; on &; with fixed divisor of poles
D if and only if the image AtP (&) of At(&;) in H'(X,End(E;) @ QY(D)) is

ZEro.
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COROLLARY 3.5. Let j >0, and assume & extends to a vector bundle &;
over X x V. For any i > 0,1 < j, denote by &; the restriction of £ to X x V;.
The following assertions hold:

(i) of V; is a connection with fixed divisor D of poles on &;, then V; =
Ve, is such a connection on &. Thus At”(E;) =0= AtP (&) =0 (i <j).
(i) Let AtP(E;) =0. Introduce the natural restriction map

resj; : H°(End(&;) ® Q1(D)) — H°(End(&;) @ QY(D));
o — o ®kle]/ ().
Then any connection with fived divisor of poles D on &; extends to such a

connection on &; if and only if resj; is surjective.

Proof. (i) is obvious. To prove (ii), we use the following observation: for two
connections V, V; on &; with fixed divisor D of poles, the difference V; — V;
is an element of H°(End(€;) ® QY(D)) and (V; — V))|e, =res;s(V; — V)) €
H°(&End(&;) @ Q1(D)). O

In this corollary, it is possible that both &;,£; admit connections with fixed
divisor of poles D, but not every connection with the same D on &; extends to
such a connection on &;. To produce an example, set D =0,i=0,j=1,X an
elliptic curve, £ = (9??2. Define &7 as a nontrivial extension of vector bundles

(32) OHOXX\/1$-51$- OX><V14’O-

Such extensions are classified by Ext'(Oxxv,,Oxxv,) = H' (Oxxv,) ~ kle]/
(¢2), and we choose an extension class in the form e[f], so that the exten-
sion is trivial modulo €2. We can describe [f] and the associated exten-
sion explicitly as follows. Let 4= {U;_} be an open covering of X, and
f €T (Ux,Ox) a function whose cohomology class [f] generates H!(X,Ox).
Let e+ = (e+1,e+2) be a basis of €|y, _, and define the transition matrix over
U+_ by

(33) (é Elf ) :

Define the maps p,v in (32) by p: 1—eyxq, v: (ex1,ex2) — (0,1). To be
more explicit, we will give X by the Legendre equation

y=z(@x—-1)(x—t) (tek\{0,1}),
and define an open covering 4 of X by Uy = X \ {oo},U_ = X \ {0}. Then

we can choose f =¥ as a function having two simple poles at 0 and co and
no other singularities. The Residue theorem implies that it is impossible to
represent f as the difference of two functions, one regular on U, and the

other on U_, so the cohomology class of f considered as a Cech cocycle of the
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covering Y with coefficients in Oy is nonzero. We now verify that At(£;) =0.
It is represented by the cocycle

_ 0 edf
and
Y dy dz
df:d(;):?— F:WJ,_—OJ_,
where
dy dx dy
W+:2—7y—2, w—=—,
T T

w4 (resp. w_) being regular on Uy (resp. U_). Hence,

1 _ (0 ewyr) (0 ew_
(35) dgy+-gi- = (O 0 ) (0 0 )

is a Cech coboundary, and At(&E1) =0. Thus, & has a regular connection.

Now, we will show that the map res;o defined in the last corollary is not
surjective, so not every regular connection on £ extends to a regular connec-
tion on &. We remark that in our case QY is trivial, D =0, so resiq is just
the restriction map resyo: H%(End(&;)) — H(End(&p)). Consider & as an
extension of another kind:

0—e&—E —E—0,
where € ~ (9??2 and & ~ & /e€ ~ (’)?@2. Apply to it Hom(&y,-) (the Hom-
sheaf as Ox xy,-modules):
0 — Hom(&1,&) — End (€1) — Hom(&1,E) — 0.

As £~ (’)_??2, the first and the third terms of the last triple are described as
follows:

Hom(El,E) ~&nd (8) = MQ(Ox)
Take an element in H°(Hom(&y,&)) ~ Ma(k) given by the matrix

(36) (8 (1))

(as above, &1, & are trivialized by the bases ex = (e+1,e+2)). We will see that
it is not in the image of the restriction map res; .
Indeed, assume there is a lift of

i

to H°(End(&y)). Then it is given in the basis ey by a matrix of the form

00
(38) A, = (0 1) +eB,
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B € M5(k[U,]). Transforming it to the basis e_, we obtain the matrix

(39) A= (8 ff> +eB,

which has to be regular in U_. Thus ¢f =&ebys — a_12, where by5 is regular in
Uy and a_q2 is yegular in U_. This contradicts the fact that f is not a C'ech
coboundary in C'({, Ox), and this ends the proof.

3.3. Kuranishi space for deformations of connections.

THEOREM 3.6. Let X be a complete scheme of finite type over k or a
complez space (in which case k =C), C* the 2-term complex of sheaves on X
defined by (26), W =H'(X,C*),(1,...,0n) a basis of W and (t1,...,tn) the
dual coordinates on W. Let Wy denote the k-th infinitesimal neighborhood of
0 in W, and (&1,V1) the universal first order deformation over X x Wy of
a connection (E,V) on X with fized divisor of poles D. Then there exists a
formal power series

fltr,. ot katl,.. ) e H2(X,C*)[[t1, - ., tn]],

where fi, is homogeneous of degree k (k > 2), with the following property. Let
I be the ideal of k[[t1,...,tn]] generated by the image of the map f*: H?(X,
C*)* — k[[t1,...,tN]], adjoint to f. Then for any k > 2, the pair (£1,V1)
extends to a connection (Ex, V) on X X Vi, where Vy, is the closed subscheme
of Wy defined by the ideal I @ k[[t1,...,tn]]/(t1,- .., tn )T

Proof. We will start by fixing a particular choice of coordinates (t1,...,tn),
coming from the spectral sequence EV'? = HY(CP) = HPT9(C®). The latter is
supported on two vertical strings p=0 and p=1 (see Figure 1).

Thus the spectral sequence degenerates in the second term FEs, and we have
the long exact sequence

0 — HO(X,C*) — HO(X,End(£)) —2= HO (X, End(€) @ Q% (D))

— H'(X,C*) — H'(X,End(€)) —2= H' (X, £nd(€) ® Q4 (D))

d

— H*(X,C*) — H?(X,&nd(€)) ——=H*(X,€nd(&) @ A (D)) — ...

We deduce the exact triple
0—-W =W —=W" -0,
with
HO(X,End(€) ® Q% (D))
im d1

W” =ker(H'(X,€nd(€)) — H'(X,End(€) ® Q% (D)).

W/: , W:HI(X7C.)7
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p

FIGURE 1. The spectral sequence is supported on 2 vertical
strings p=0,p=1.

Let N'=dimW’, N” =dimW"; choose t1,...,ty in such a way that s; =
tN/415- .-, SN/ = tN/+N//(N = N’+N"), are coordinates on W' and t1,...,tN7
restrict to W’ as coordinates on W’. We will construct by induction on k> 0
the homogeneous forms

Gapi(s1,...,snv) €T (Uap, End(E)) @ ks1,...,snn],

Fopyi(s1,-..,sn7) €T (Unpy, End(E)) @ kls1,...,sn50],

(40) fi(s1,...,snv) € H*(X,End(€)) @ k[s1, ..., snv],
Aap(ti....tn) €T(Uq,End(€) ® QX (D)) @ klt1, ..., tn],
kr(t....ty) € H(X,End(€) ® Q% (D)) @ klt1, ..., tn],

Kaﬁ,k(tl-u, N) ( aﬁagnd( )®Ql (D)) ®k‘[t1,...,t1\[]
with the following properties:
(1) Gap,o=9gap, and A, o define £ and resp. V with respect to the local
trivializations e, of £ on U,,.

(ii) fx=0,Fup, k=0 for k=0,1, and Kn50=0.

(iii) For each k> 1, let f(F) = Doi<k fi, and let T**1 be the ideal gen-
erated by (s1,...,5n7)? and the image of the adjoint map f)*: H?(X,
End(€))* — k[s1,...,snr]. Then (Fu,pyk4+1) is a cocycle modulo I(kﬂ) and
fra1 is a lift to W” @ k[sy,...,snn~] of the cohomology class

[(Fagy,e41 mod 1:(]”'1))] eEW"®k[s1,...,s%] JIRFD),
(iv) For any k> 1, set G(k) => i<k Gap,i- Then

(41) Gl Gﬁ’y G(ﬁy = (1+ Fapypt1) mod I+,
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(v) For each k> 1, set k" =3"._, k;, and let J*+1) be the ideal gen-
erated by (t1,...,tx)*2 and by the image of the adjoint map x®)* : H'(X,
End(€) @ QY(D))* — k[t1,...,tn]. Then (Kaprs1) is a cocycle modulo
JEHD L T++2) and kg is a lift of the cohomology class

[(Kagrt1 mod (J’f+1 + j(k+2)>]
c H! (X,&End(€) ®Ql(D)) ® k[[t17~-.,tN]]/(J"”‘+1 +f(k+1))

in H'(X,End(€) ® QY(D)) ® k[t1,...,tN].
(vi) For any k > 0, set AP = > i<k Aayi- Then

(42) Kopps1 =dGUY G0V AT + ABGEY mod (JEH1 4 [0+2),

In these properties, G&kﬂ) is considered as an endomorphism of & over U, x Vj
given by its matrix with respect to two bases: e, for the source, eg for the
target, where & is the vector bundle over X x Vj defined by the 1-cocycle
(G&kg) Similarly (Agk)) is understood as a 1-cochain with values in End(&x) ®
QY(D), and in formula (42), AP (resp. A(Bk)) is represented by its matrix in
the basis e, (resp. eg). The base changes G k+1 acting on both sides of (42),
reduce to Gag,0, since the only nonzero terms in (42) are of degree k+ 1, and
everything is reduced modulo (t1,...,tx)*2. Thus (42) defines (Ko x+1)
as a l-cochain with values in €nd(€) ® Q'(D). Going over to the proof, we
first remark that Gog,0, Aq,0 are already known, and we have to indicate the
choice of Gop.k;, Ao,k inductively on k > 0, the other data Fig+,, fr, Kog ks Kk
being recovered via formulas (41), (42). To initialize the induction, first look
at (41) with £ =0. Then F,g,,1 =0 by (ii), which implies

(43)  Gap1Gpy,0Gya0 + Gap0Gpy1Gra0 + GapoGy.0Ga,1 =0,

The latter equation expresses the fact that (Gagp,1) is a 1-cocycle with values
in End(€) ® (W")*. Asin Section 2, we can write Gog1 = Ea&%ga@si, where
[(a&%)] for i=1,...,N” form the basis of W” dual to s1,...,sy~. Here and
further on, we adopt the following convention: all the Gap (resp. G(akg)

are regarded as 1-cochains with values in End(€) (resp. End(&x)) given by
matrices with respect to two bases: e, for the source, eg for the target. We
denote by & the vector bundle over X x V), defined by the cocycle Gg?.

Hence, looking at the first term Gog,1Ggy,0G~a,0 of the sum in (43), we
see that it represents the matrix of G, with respect to one and the same
basis e, for the source and the target. The same applies to the other two
summands in (43), thus (43) is the cocycle condition

aag +agy + ayq =0

put down via matrices of the three summands in the basis e,.
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We will adopt the same convention for cochains with values in End(€) ®
QL(D) or in End(&) ® Q1(D). The Ay (resp AY)) will be considered as
matrices representing cochains in £nd(€) ® Q1(D) (resp. End(&x) ® QY(D))
in the basis e, over U,. Now write (42) for k =0:

(44) Kop1 =dGag1 — GapiApgo + Aa0Gag,i;

we take into account that I) = J() =0 and that dGas0 — Gagodso +
Aa,0Gap,0 =0, the latter equation being a form of (12) in which Gag are
considered as matrices of endomorphisms of £ written with respect to two
bases: e, for the source, eg for the target, and (dGap,0) is a cocycle repre-
senting At”(€).

The r.h.s. of (44), with the same convention that G.31 are matrices
of endormorphisms of £ with respect to the two bases, is just the cochain
(daas + [Aasaap)) € CHU,End(E) @ Q1(D)). As in (22), we can rewrite it as
Vendce)(a), where a = (Gap,1), and this representation makes obvious that
(Kap,1) is a 1-cocycle. The differential di of the spectral sequence being in-
duced by Vepnq(ey, we see that the cocycle (Kup,1) is a coboundary if and only
if

[a] = [Gap1] € ker(H' (X, End(E)) @ (W)
— H'(X,&nd(€) @ Q'(D)) @ (W")7).
Assuming that (K,g,1) is a coboundary, we choose (A, 1) as a solution to

(45) Kop1 = GapoApr = Aa1Gasyo.
Such a solution can be chosen as a linear form in si,...,sy~. Single out
one such solution and denote it (Af ;) = (A 1 (s1,...,587)). Let (A/( )) i=
.,N' be a basis of H(4,End(€) ® Q1(D)) dual to the coordinates t1,
., tnr on W’. Then set

Aua = ALy (51, 500) +ZA’“

Now assume that the forms (40) have been constructed up to degree k >0
and define them for degree k£ 4 1. Start by F,gy k41, which we define, as in
the proof of Theorem 1.7, to be a lift to Z2(U,End(E)) @ k[s1, .. .,sn+], of the
homogeneous component of degree k+ 1 in Gkaﬁ) Gg;) nyka), which is a cocycle
modulo T**Y) 4 (sy,...,s5+)**1 by the proof of Lemma 1.9.

Then we set fr41 equal to any lift of the cohomology class (Fagyk+1) €
H?(X,End(€))®k][s1,...,sn]]/ TV to H?(X,End(&))®k[s1,...,sn7]. By
construction, (Fagy k+1) is a coboundary modulo TR+2) 4 (s1,...,8n7)k2 s0
there exists a cochain in

Cl (ﬂ,fnd(g)) ®]€[81,. . .,SN//]/(j(k+2) + (81,. . '7SN”)k+2)
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whose coboundary is (Fagyx41) mod (I*+2) 4 (sy,...,sn0)52), and
(Gap.kr1) is defined as any lift of this cochain to C (4, End(E)) @kl[s1, ..., sn]
which is homogeneous of degree k + 1 in $1,...,sy~. Consider now the ex-
pression

Fasaon =G G5 A AP G
= dGy) ~ G Ay + AL VG + dGap h
_ Gaﬁ,k+1A(ﬁk_1) ARG — G((lkﬁ-‘rl)AB,k N Aa,kG((lk;_l).

By the induction hypothesis, Kop4 = ngg - G((lkgA/(@k*l) + A(akfl)ngﬁH) is
a cocycle modulo J*¥ + I*+1) and is a coboundary modulo J¥+1 4 T(k+1) 4

(t1,...,tn )", From (42), in order that Kug 41 has no homogeneous com-
ponents of order < k + 1 modulo J*+*  I++D (¢, ... tx)**!, we have to
set (Aq,k) to be a solution of

k41 k41
(46) G Ag ), — Aa Gl

Eka@k mod (Jk+1 _|_jk+1 + (tl, .. .,tN)k+1),

where nggl) can be replaced by Gup, so that (46) is an equation for
the cochain (Gup0dsk) with values in End(€) ® QY(D). Thus, we come
to the following inductive procedure: define K, 5+1 as the homogeneous
form of degree k+ 1 in Kupx11. Assuming it is a cocycle modulo (J*+1 +
I#R+2) we define kipp1 as a lift to HY(X,End(E) ® QYD) @ k[ty, ..., tN]
of the cohomology class [(Kap k1) mod JF+1 4 [*+2)] Then J*+2) ig
well-defined and (K1) becomes a coboundary modulo J*+2) 4 [(k+2) 4
(t1,...,tn)*+2. Hence, we can construct (A, 111) as a lift to CO(U,End(€) ®
QY(D)) @ k[ty,...,tn] of a solution (A, kx11) of the equation
Gaﬁ,OAﬁ,kH - Aa,k+1Gaﬁ,o
= f(ozﬁ,k—&-l mod (Jk+2 + j(k+2) + (tl, RN ,tN)k+2).
Thus, we have to verify that (K, ,+1) is a cocycle. O

LEMMA 3.7. (Kopk+1) defined as the homogeneous component of degree
k+1 of Kag i1, is a 1-cocycle modulo JF+1 4 [(F+2),

Proof. By the induction hypothesis, we have

(k) — (k) 4(k=1) k—1) ~(k) k. 7k

dGyy = Goy Ay — AFDGY) mod (JF 4 IH+D),
Gz(xkﬁ)G(Bliy)G’(ylfx) =1+ Fapyk+1 mod f(k+1)7

and by construction,

Gap 1G5 GE) + GGs, k1 G + GG Grapin

= — aﬁ'y,kJrl mOd (j(k+2)+(817"'38N//)k+2)’
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Kop k1= dG(kH) — G(’%H)Agc) + Agk)ng@H) mod (Jk“ + f(k+1)).

Denote G5, G), Gapres1, AV Kaprit by Gap,Glg, Gy, Aa, Kag, te-
spectively.
We have
(47) KapGpyGra + GapKpyGra + GapGpyKya
=dGasGpyGra + GapdGayGaya + GapGpydGra — GagAsGpyGra
T+ AaGopCGpyGra = GapGpy Ay Gra + GapApGpy Gra
— GopdGyGraAa + GapdGpyAyGag
=dG, 3G, G, + Gl dGy G + GGl dGL, +dGL G G,
+ GlpdGy, Gl + GGl dGY 4+ dG 3G G + dGLGR, GY
+ GopdG G, + G dGs G, G"BG daG’,
= d(G/ ﬁGﬁ'v 'va) G, ﬁGN dG/ + d(GHﬁGﬁw v
+ GapG, Gra + GapGis, Ga)
=d(F apy, k1) = d(Faﬁ%k-H)
=0 mod (J”H'1 + f(k+2)).
This ends the proof. O

Coming back to the proof of the theorem, we define f; as any lift to
H?(C*) ® k[t1,...,tn], homogeneous of degree k in ti,...,tyn, of the coho-
mology class of the cochain
(48) ((Kapr), (Fapyx)) mod (J*+ 1)

€ C2(8,C*) @ k[[tr,. ... tn])/ (JF + THHD),
which we are assuming to be a cocycle. Then quotienting by I makes (48) a
coboundary of ((Aa.k); (Gag.k)), and the pair (ngﬂ),(A&k))) defines (&, Vi)
over X x V. It remains to prove that (48) is a cocycle with values in C* ®
k[t1,...,tn]/(J¥ 4+ I¥t1). One part of this, namely, the equation

d(Kap,r) = Venae)(Fasoyk)

is verified by the computation (47). The second part d(F, afy,k) =0 is guaran-
teed by Lemma 1.9.

4. Integrable connections

4.1. Higher order deformations of integrable connections. From now
on, we take into account the fact that (£, V) is an integrable connection with
fixed divisor of poles D and consider deformations of (£,V) preserving the
integrability and the divisor of poles. In Theorem 2.8, we characterized the
first order deformations of (£,V) in terms of the hypercohomology group
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H'(X,F*) =H'(X,R*). Now we will consider the second order deformation
and respectively, the first obstruction. So, we search for the extension

Gap = (1+€aap1 +€%aas.2) gos,

(49) B )
Aa - Aa + EAa,l +e Aa,Q

of (gag, Aa) to V =Speck[e]/(*). To order 1, we have the conditions (24):

(50) d(aes1) =0, d(Aa1) =V(aas1), V(Aq,1) =0.
Expanding (13) to order 2, we obtain in addition to (6) and (23), the equation
(51) VAa2=-Aa1 NAa.

Note that V(A,,1) =0 implies that V(Aa 1 A Ag,1) =0. One easily verifies
the following relations

V(Aa1 ANAa1) =0,
d(Aa1 AN An1) = —V(Aa10ap1 — tapiAsi),
d(Ag 10051 — aap1Ap1) = V(aap,108y,1 O),

where OO denotes the skew-symmetrization on the subscripts a,3,7. These
three equations express the fact that the triple

((aap,1a8v,1 O): (Aa,100p,1 — @api1Ap1), (Aag A Aa1)) € C? (U, R®)

is a cocycle with respect to the differential D =V 4 d. Then the conditions
saying that (49) is an integrable connection with fixed divisor of poles D
modulo €2, that is, formulas (29), (31) and (51), mean that the cocycle defined
above is the coboundary of the cochain ((ang2), (Aa.2)):

D(az, A2) = ((aap1asv,1 O), (Aa1@as1 — aap1As), (Aa1 AAan)).

As the cocycle (52) represents the Yoneda square of [a;,.4], we deduce the
following proposition.

PROPOSITION 4.1. The first order deformation (€1,V1) of (€,V) defined
by the cocycle ((aap,1),(Aa1)) extend to an integrable connection (E2,Va)
over X x Vo with fized divisor of poles D if and only if the Yoneda square
[a1,A1] o [a1,.A1] is zero in H2(R®).

Thus, the integrable case looks similar to the non-integrable one (compare
to Proposition 1.6), provided we replace the 2-term complex C* by R*. As far
as only the hypercohomology H' and H? are concerned, we can also truncate
R* at the level 2: HY(R*) = H!(R*), for i =0,1,2, where R* = [R? — R —
ker(R? — R?)].
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4.2. Kuranishi space of integrable connections. Now, we turn to the
construction of the Kuranishi space of integrable connections with fixed divisor
of poles D. Its construction is completely similar to the one in the non-
integrable case, so instead of giving a proof of the next theorem, we will only
supply some remarks indicating modifications that should be brought to the
proof of Theorem 3.6 in order to get the proof in the integrable case.

The spectral sequence EY"? = HI(X, RP) converging to H*(R*) is not con-
centrated on two vertical strings, so here H?(R*) has a filtration consist-
ing of three nonzero summands which are subquotients of H°(X,End(€) ®
Q3% (D)), H (X,End(€) @ Q% (D), H*(X,£End(€)). Hence, we have to add to

the forms ( 0) two more homogeneous forms of degree k, say
(52) ak(tis. .. tn) €T(Uq,End(€) ® Q% (xD)) @ kt1, ..., tn],
l (t1,....tn) € H*(X,End(€) ® Q% (+D)) @ klt1,. .., tn],

and modify according the conditions (i),...,(vi) to which the forms (40), (52)
should satisfy. Remark also that the long exact cohomology sequence for C*
introduced in the proof of Theorem 3.6 remains exact only in its 4 terms when
C* is replaced by R°.

THEOREM 4.2. Let X be a complete scheme of finite type over k or a
complez space (in which case k= C), V an integrable connection on & with
fized divisor of poles D, R* the complex of sheaves on X defined above, W =
HY(X,R*), (61,...,0n) a basis of W and (t1,...,tnx) the dual coordinates on
W. Let Wy, denote the k-th infinitesimal neighborhood of 0 in W, and (£1,V1)
the universal first deformation of (£,V) over X x W1 in the class of integrable
connections with fized divisor of poles D. Then there exists a formal power
series

flte,... ¢ ka tiy..tn) €EHA(X, R ([t tn]],

where fi is homogeneous of degree k (k > 2), with the following property. Let
I be the ideal of k[[t1,...,tn]] generated by the image of the map f* : H?(X,
R*)* — K[[t1,...,tn]], adjoint to f. Then for any k > 2, the pair (£1,V1)
extends to an integrable connection (Ex, Vi) on X x Vi, where Vi, is the closed
subscheme of Wy, defined by the ideal I ® k[[t1,...,tx]]/(t1,...,tn)FFL.

REMARK 4.3. The complex R* may be replaced by its subcomplex 0 —
End(€) — End(€) ® Q% (D) — End(€) ® Q% (2D) — ... Theorem 3.6 will re-
main valid if we replace R* in its statement by this smaller complex.

In the case where V is an integrable logarithmic connection, we can re-
duce R* further to £* = [0 — &nd(£) — End(€) @ Q4 (log D) — End(€) @
0% (log D) — ...]. We now go over to integrable logarithmic connections.
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4.3. Integrable logarithmic connections.

DEFINITION 4.4. Let X be a nonsingular complex projective variety, S a
normal crossing divisor with smooth components. An integrable logarithmic
connection F on X is a pair (£,V) where £ is a torsion free coherent sheaf
of Ox-modules on X and V: & — £ ® Q% (log S) is C-linear and satisfies the
Leibniz rule and the integrability condition V2 =0 (see in the beginning of
Section 2).

Let Dx be the sheaf of algebraic differential operators on X and let
Dx[log S] be the Ox-subalgebra generated by the germs of tangent vector
fields which preserve the ideal sheaf of the reduced scheme S. According
to [Ni], a logarithmic connection on X with singularities over S can be in-
terpreted as a Dx[logS]-module which is coherent and torsion free as an
O x-module.

REMARK 4.5. A nonsingular integrable connection on X is simply a Dx-
module which is coherent as an O x-module.

DEFINITION 4.6. An infinitesimal deformation of an integrable logarithmic
connection & is a pair (Ey, a), where £y is a family of logarithmic connections
parameterized by V = Spec(Cle])/e?, with an isomorphism « : &y /e€y — &.

We define T as the set of all equivalence classes of infinitesimal deforma-
tions of €. Let the sheaf K¢ be the kernel of V: &nd(€) @ Q! (logS) —
End(€) ® Q%(logS). As the curvature of V is 0, the image of V: & —
E® N (logS), is contained in Kg. If A€ H(X,Kg), then V +eA is a family
of logarithmic connections on the underlying sheaf £ parameterized by V.
This gives a linear map p: H%(X,Kg) — Te.

THEOREM 4.7. If an integrable logarithmic connection &€ is locally free,
the vector space Te of infinitesimal deformations of € (which equals the tan-
gent space at [E] to the moduli scheme M of stable integrable logarithmic
connections when & is stable) is canonically isomorphic to the first hyperco-
homology H'(Cg) of the complex Ce = (V : End(€) — K¢), which is in turn
equal to the first hypercohomology of the logarithmic de Rham complexr L*® =
(End(€) @ Q% (log S), V) associated to End(E).

Proof. See [Ni]. O

We deduce the construction of the Kuranishi space of integrable logarithmic
connections over X.

4.4. Kuranishi space of integrable logarithmic connections.

THEOREM 4.8. Let X be a smooth projective variety over an algebraically
closed field k (or on C), € a vector bundle on X, V an integrable logarithmic
connection on £, L* the complex of sheaves on X defined in Theorem 4.7,
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W =HY(X,L*), (61,...,0n) a basis of W and (t1,...,tn) the dual coordinates
on W. Let Wy denote the k-th infinitesimal neighborhood of 0 in W, and
(€1,V1) the universal first order deformation of (£,V) over X x Wy in the
class of integrable logarithmic connections with fixed divisor of poles D. Then
there exists a formal power series

ftla a ka tl; GHQ(X‘C)[[t17"'7tNH7

where fi is homogeneous of degree k (k > 2), with the following property. Let
I be the ideal of k[[t1,...,tn]] generated by the image of the map f*: H?(X,
L) — E[[t1,...,tn]], adjoint to f. Then for any k > 2, the pair (£1,V1)
extends to an integrable logarithmic connection (E, Vi) on X X Vi, where
Vi is the closed subscheme of Wy defined by the ideal I ® k[[t1,...,tN]]/
(t1,... ty)FHL

5. Parabolic connections

Let X be a smooth projective curve of genus g. We set

Toi={(t1,...,tn) EX x -+ x X | t; #1; for i #j}

for a positive integer n. For integers d,r with r > 0, we set
A (d) = {(A<”)19.§” eC™ |d+ > A= o}.
0,J

0<j<r-—1
Take an element t = (tl, - ,tn) €T, and A = ()‘(‘i))lﬁiﬁn,OSjST—l € Agnn)(d)

DEFINITION 5.1. (E,V, {l }1<Z<n) is said to be a (¢, A)-parabolic connec-
tion of rank r if

(1) E is arank r algebraic vector bundle on X, and

(2) V:E-E®QL(log(ts +---+1,) is a connection, and

(3) for each t27 1 is a filtration of El, —l ) l(Z l(Z 1 St =0
such that dim(t{" /1)) =1 and (Res;, (V) — /\(” idy )(z< )1l for j =
0,...,7r—1.

REMARK 5.2. By condition (3) above and [EV-1], we have

n r—1

deg E = deg(det(E Z TrRes, (V) = — Z Z )\y) =

i=1 j=0

Let T be a smooth algebraic scheme which is a covering of the moduli stack
of n-pointed smooth projective curves of genus g over C and take a universal
family (C,ty,...,t,) over T.
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DEFINITION 5.3. We denote the pull-back of C and ¢ with respect to the
morphism 7' x A{™ (d) — T by the same characters C and t = (f1,...,t,).
Then D(t) :=1t; + -+ + t, becomes a family of Cartier divisors on C flat

over T x Ag") (d). We also denote by A the pull-back of the universal family
on Agn)(d) by the morphism T' x Agn)(d) — Agn)(d). We define a functor
M) (t,r,d) from the category of locally noetherian schemes over T x A (d)
to the category of sets by

ML, d)(8) = {(B, V. {I;"})}/ ~

where

(1) FE is a vector bundle on Cg =C X1y A () S of rank r,

(2) V:E—-E® QéS/S(D(f)S) is a relative connection,

(3) Eliys = l(()i) D lgi) DD lﬁill 51 =0 is a filtration by subbundles
such that (Res;,) (V) — (5\§-i))5)(l§-i)) C l;il for0<j<r—1,i=1,...,n,

(4) for any geometric point s € S, dim(lg-i)/lj(-?rl) ®k(s) =1 for any 7,5 and
(E,V, {Zy)}) ® k(s) is a-stable.

Here (E,V,{l?}) ~ (E’,V’,{l;-(i)}) if there exist a line bundle £ on S and

an isomorphism o : E = E' ® £ such that o, (l](-i)) = l;(i) for any 4, j and the
diagram

B ——  EaQ, (D)

al o® idl
EoL —— BoQ, (D)oL
commutes.
We now can construct the moduli space of this functor.
THEOREM 5.4. There exists a relative fine moduli scheme
ME)p(t,r,d) — T x A(d)

of a-stable parabolic connections of rank r and degree d, which is smooth,
irreducible and quasi-projective and has an algebraic symplectic structure. The
fiber M& (t,\) over (z,)) € T X A (d) is the irreducible moduli space of a-
stable (t,,\) parabolic connections whose dimension is 2r%(g — 1) + nr(r —
1) + 2 if it is nonempty.

Proof. See [I]. O
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Let (E,V, {ij(l)}) be a universal family on C x7 Mg)p(f,r,d). We define a
complex G* by

G":= {s € End(E)|slz, w nrz

c/T
gl.= {sGSnd( )®QC/T( (N)) ’
Res,;ing/T(g’r’d)(s) (l ) C l§+1 for any i,j},
Vge : G° — Gl Vge(s)=Vos—soV.
As in the previous section, we can construct the Kuranishi space of (¢, A)-

parabolic connections on a smooth projective curve in using the hypercoho-
mology of G°.

(Er,d) (l;(z)) C ly) for any i,j},

THEOREM 5.5. Let X be a smooth projective curve over k, (E,V,{lg)})
a (t,\)-parabolic connection on X, G* the complex of sheaves on X defined
above, W =HY(X,G*), (61,...,0n) a basis of W and (t1,...,ty) the dual
coordinates on W. Let Wy denote the k-th infinitesimal neighborhood of 0 in
W, and (51,V1,{l£i)}1) the universal first order deformation of (£,V,{l,(f)})
over X X Wy in the class of (t,\)-parabolic connections. Then there exists a
formal power series

Fltr,...,t ka thy.etn) €EHA(X,G%) [[t, .- tN]],

where fi. is homogeneous of degree k (k > 2), with the following property. Let
I be the ideal of k[[t1,...,tn]] generated by the image of the map f* : H?(X,
G*) — k[[t1,...,tn]], adjoint to f. Then for any k > 2, the triple (£1,V1,
{l,(ki)}l) extends to a (t,\)-parabolic connection (Sk,Vk,{lii)}k) on X x Vi,
where Vi, is the closed subscheme of Wy, defined by the ideal I @ k[[t1,...,tn]]/
(t,... tx)FHL

We now want to construct the Kuranishi space of T-parabolic bundles. Let
T be a finite set of smooth points {Py,..., P,} of X and W a vector bundle
on X.

DEFINITION 5.6. By a quasi-parabolic structure on a vector bundle W at
a smooth point P of X, we mean a choice of a flag

WPZFl(W)p DFQ(W)P D) --'DFl(VV)IDZO7

in the fibre Wp of W at P. A parabolic structure at P is a pair consisting
of a flag as above and a sequence 0 < oy < ap < --- < oy < 1 of weights of W
at P.

The integers k1 = dim Fy (W)p — dim Fo(W)p,..., k = dim(F;(W)p) are
called the multiplicities of aq,...,a;. A T-parabolic structure on W is the
triple consisting of a flag at P, some weights «;, and their multiplicities k;.
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A vector bundle W endowed with a T-parabolic structure is called a T-
parabolic bundle.

DEFINITION 5.7. A T-parabolic bundle W7 on X is a T-parabolic subbun-
dle of a T-parabolic bundle W5 on X, if W7 is a subbundle of W5 and at each
smooth point P of T', the weights of W7 are a subset of those of W5. Further,
if we take the weight a;, such that 1 < jo <m, and the weight [, for the
greatest integer ko such that Fj (W1)p C Fi,(Wa)p, then oj, = B, -

DEFINITION 5.8. The parabolic degree of a T-parabolic vector bundle W

on X is
pardeg(W) := deg(W +ZZI@

Pel i=1

DEFINITION 5.9. A T-parabolic bundle W is stable (resp. semistable) if
for any proper nonzero T-parabolic subbundle W/ C W the inequality

pardeg W rk(W”)

deg W' . <
pardeg W' < (resp. <) e

holds.

We have a forgetful map g from (¢, A) parabolic connections to T-parabolic
bundles. We thus can construct the Kuranishi space of T-parabolic bundles
by following an analogous argument to the one given above. We first introduce
the Higgs field @ : £ — £ ® Q4 (D) defined as follows:

Vpe X,Vfe€Ox,,Vs€&p, O(fs)=fP(s).

We afterwards consider a parabolic bundle £ with fixed weights and parabolic
points Py,...,Py. Weset L=K ® O(Py,...,Py), the line bundle associated
to the canonical divisor together with the divisor of poles D= P; +---+ Py.
The sheaf of rational 1-forms on X is identified with the sheaf of rational
sections of the canonical bundle having single poles at points Pi,..., Py. We
replace t; by P;, fori=1,..., N and MC/T(t, r,d) by M. We define a complex
B* by

B :={se&nd(E)|s |PlxMZC/T(Prd)(l )Cl()foranyz,]}
B':={seé&nd(E )®QC/T( (Pz))’

Resp s (P’T’d)(s) (l ) C l§+1 for any i,j},

z,.c/T
ad ®p. : B — BY; ad ®pe(s) =Pos—s0d.

From this, we deduce the construction of the Kuranishi space of T-parabolic
bundles on a smooth projective curve.
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THEOREM 5.10. Let X be a smooth projective curve over k or a complex
space (in which case k=C), €& a T-parabolic bundle on X, B* the complex of
sheaves on X defined as above, W =H(X,B*), (81,...,0n) a basis of W and
(t1,...,tn) the dual coordinates on W. Let Wy, denote the k-th infinitesimal
neighborhood of 0 in W, and &1 the universal first order deformation of &£
over X x Wy. Then there exists a formal power series

ftr, o tn) = falty, . ty) €HP (X, B°) [t .. ],
k=2

where fi is homogeneous of degree k (k > 2), with the following property. Let
I be the ideal of k[[t1,...,tn]] generated by the image of the map f* : H2(X,
B*)* — kl[t1,...,tn]], adjoint to f. Then for any k > 2, & extends to a T-
parabolic bundle E, on X x V., where Vi, is the closed subscheme of Wy, defined
by the ideal I @ k|[t1,...,tx]]/(t1,- .. tn)F L
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