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Abstract. We give a description of confluence for the general Schlesinger systems

(GSS) from the view point of twistor theory. GSS is a system of nonlinear di¤erential

equations on the Grassmannian manifold G2;NðCÞ which is obtained, for any partition

l of N, as the integrability condition of a connection ‘l on P1 � G2;N constructed

using the twistor-theoretic point of view and is known to describe isomonodromic

deformation of linear di¤erential equations on the projective space P1. For a pair

of partitions l, m of N such that m is obtained from l by making two parts into one

parts and leaving other parts unchanged, we construct the limit process ‘l ! ‘m and as a

result the confluence for GSS.

1. Introduction

In the study of nonlinear di¤erential equations in the complex domain,

Painlevé equations and their generalizations form an important class in the

sense that they define new special functions and play important roles in various

research fields of mathematics and theoretical physics. Historically, P. Pain-

levé and B. Gambier [1, 9] classified equations of the form

q 00 ¼ Rðt; q; q 0Þ; R A Cðt; q; q 0Þ

having no movable branch point and, as a result, they obtained six equations

PI ; . . . ;PVI called Painlevé equations. It is known that the Painlevé equations

are also obtained from the isomonodromic deformations of systems of linear

di¤erential equation on P1 with regular and/or irregular singular points, and

from this view point they are widely generalized. For example, for PVI , we

consider the isomonodromic deformation of a Fuchsian system of rank 2:

dy

dz
¼ A1ðtÞ

z
þ A2ðtÞ

z� 1
þ A3ðtÞ

z� t

� �
y; AiðtÞ A M2ðCÞ ð1:1Þ
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with 4 regular singular points z ¼ 0; 1; t;y. The linear equation which

controls the dependence of y on the parameter t is

qy

qt
¼ �A3ðtÞ

z� t
y: ð1:2Þ

The equations (1.1) and (1.2) can be written as

dy ¼ ðA1d log zþ A2d logðz� 1Þ þ A3d logðz� tÞÞy ð1:3Þ

and its integrability condition gives the system of nonlinear equations

dA1

dt
¼ ½A3;A1�

t
;

dA2

dt
¼ ½A3;A2�

t� 1
;

dA3

dt
¼ � ½A3;A1�

t
� ½A3;A2�

t� 1
; ð1:4Þ

which is a particular case of Schlesinger system [2, 10]. It is explained in [2]

that if we define qðtÞ from a solution ðA1ðtÞ;A2ðtÞ;A3ðtÞÞ of (1.4) by

q ¼ tðA1Þ12
ðtþ 1ÞðA1Þ12 þ tðA2Þ12 þ ðA3Þ12

;

where ðAjÞ12 is the ð1; 2Þ-entry of Aj, then qðtÞ satisfies PVI . The situation for

the other Painlevé equations is similar.

The Painlevé equations PI ; . . . ;PV can be obtained from PVI by certain

limit process called degeneration (or confluence). The degeneration scheme is

expressed as

PIII

PVI �! PV PII �! PI :

PIV

ð1:5Þ
% &

& %

This degeneration for PJ is induced from the confluence of singularities for the

linear systems which are deformed isomonodromically. Hence we can asso-

ciate the above diagram with the diagram consisting of partitions of 4 which

encode the nature of singular points of linear systems:

ð2; 2Þ

ð1; 1; 1; 1Þ �! ð2; 1; 1Þ ð4Þ

ð3; 1Þ

ð1:6Þ
% &

& %

As for the lack of corresponding part for PI in the above diagram, we make

a comment at the end of this paragraph. In the above diagram, a partition
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ð2; 1; 1Þ means, for example, that the linear system corresponding to PV has 3

singular points in P1, two of them are regular singular points and one is an

irregular singular point of Poincaré rank 1. In fact, it is given by

dy

dh
¼ B1ðsÞ þ

B2ðsÞ
h

þ B3ðsÞ
h� s

� �
y ð1:7Þ

where h ¼ 0; s are regular singular points and h ¼ y is an irregular singular

point, and the dependence on s in the isomonodromic deformation is con-

trolled by

qy

qs
¼ �B3ðsÞ

h� s
y: ð1:8Þ

Note that (1.7) and (1.8) can be written as

dy ¼ ðB1 dhþ B2d logðhÞ þ B3d logðh� sÞÞy ð1:9Þ

and the integrability condition gives the degenerated Schlesinger system corre-

sponding to PV . The arrow ð1; 1; 1; 1Þ ! ð2; 1; 1Þ in the diagram (1.6) means

the system (1.9) is obtained from (1.3) by the confluence of singularity z ¼ 1,

y ! h ¼ y. The explicit form of this process will be given in Section 4.

Notice that there is no partition corresponding to PI in the diagram (1.6).

This comes from the fact that the linear di¤erential equation, which gives PI

by isomonodromic deformation, has only one singular point z ¼ y where we

need functions and power series of z�1=2 to obtain the formal fundamental

system of solutions. This situation is di¤erent from the other Painlevé

equations and the degeneration PII ! PI should be treated separately.

The purpose of this paper is to give this process in a more general

situation, namely for the systems analogous to (1.3) or (1.9) corresponding to

arbitrary partitions of integer N. To describe these systems, we use the

viewpoint of twistor theory due to Mason and Woodhouse [6, 7, 8]. In their

theory, a partition l of N implies a maximal abelian subgroup Hl of GLNðCÞ
which is obtained as a centralizer of regular element of GLNðCÞ indexed by

the partition l, see Section 2. We remark that the same group appeared in

the theory of general hypergeometric functions on the Grassmannian mani-

fold [5].

This paper is organized as follows. We review the result of [4] about the

general Schlesinger system or the corresponding isomonodromic deformation

in Section 2. In Section 3, we construct the process of confluence for the

isomonodromic deformation and prove the main theorem. In the last section,

we discuss the confluence process for Painlevé equations as examples to

illustrate the theorem.
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2. General Schlesinger system

We give in this section the definition of general Schlesinger systems. See

also [4].

2.1. Maximal abelian subgroup. Let G ¼ GLNðCÞ be the complex general

linear group of N �N matrices. For g A G, let Adg : G ! G be defined by

a 7! AdgðaÞ ¼ gag�1, which gives the adjoint action of G on itself. Denote

the orbit of a A G by OðaÞ ¼ fAdgðaÞ j g A Gg and the centralizer of a A G by

ZGðaÞ ¼ fg A G jAdgðaÞ ¼ ag. We know that both OðaÞ and ZGðaÞ are com-

plex manifolds and dimC G ¼ dimC OðaÞ þ dimC ZGðaÞ.

Definition 2.1. An element a A G is said to be regular if dim OðaÞ is

maximum, in other words, dim ZGðaÞ is minimum.

It is seen that dim ZGðaÞ ¼ N if a is a regular element and that a A G is a

regular element i¤ the Jordan cells of the Jordan normal form of a have distinct

eigenvalues, i.e., for some partition l ¼ ðn1; . . . ; nlÞ of N, a is conjugate to

A1

A2

. .
.

Al

0
BBBB@

1
CCCCA; Ak ¼

ak 1

. .
. . .

.

. .
.

1

ak

0
BBBBB@

1
CCCCCA ð2:1Þ

with distinct a1; . . . ; al A C, where Ak A GLnk ðCÞ. We call such element a a

regular element of type l.

What we concern is the groups obtained as centralizers of regular elements,

which are given explicitly as follows. When a A G itself is the Jordan normal

form as in (2.1), then

ZGðaÞ ¼
hð1Þ

. .
.

hðlÞ

0
BB@

1
CCA
������� hðkÞ A JðnkÞ

8>><
>>:

9>>=
>>;; ð2:2Þ

where JðnÞ is an abelian subgroup of GLnðCÞ of the form

JðnÞ ¼ h ¼

h0 h1 � � � hn�1

. .
. . .

. ..
.

. .
.

h1

h0

0
BBBBB@

1
CCCCCA

����������
h0 0 0

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

ð2:3Þ

called n-dimensional Jordan group. We also write h A JðnÞ as

h ¼ h0I þ h1Lþ � � � þ hn�1L
n�1

292 Hironobu Kimura and Damiran Tseveennamjil



using the shift matrix L ¼ ðdiþ1; jÞ0ai; j<n of size n. The group ZGðaÞ, which is

isomorphic to the product group Jðn1Þ � � � � � JðnlÞ, and is irrelevant to the

eigenvalues of a, will be denoted as Hl so as to emphasize that the group is

determined by the partition l.

Let jðnÞ and hl be the Lie algebras of JðnÞ and Hl, respectively:

jðnÞ ¼ fx ¼ x0I þ x1Lþ � � � þ xn�1L
n�1 j xi A CgFCn

and

hl ¼
xð1Þ

. .
.

xðlÞ

0
BB@

1
CCA
������� x

ðkÞ A jðnkÞ

8>><
>>:

9>>=
>>;F jðn1Þl � � �l jðnlÞ:

In order to make explicit the relation between Hl and its Lie algebra hl, we

introduce the following functions.

Definition 2.2. Let T be an indeterminate. Define the functions ymðxÞ
of x ¼ ðx0; x1; . . .Þ by

logðx0 þ x1T þ x2T
2 þ � � �Þ ¼

Xy
m¼0

ymðxÞTm: ð2:4Þ

We see that y0 ¼ log x0 and, for mb 1,

ymðxÞ ¼
X

ð�1Þk1þ���þkm�1 ðk1 þ � � � þ km � 1Þ!
k1! . . . km!

x1

x0

� �k1
. . .

xm

x0

� �km
; ð2:5Þ

where the sum is taken over all ðk1; . . . ; kmÞ A Zm
b0 satisfying k1 þ 2k2 þ � � � þ

mkm ¼ m.

For example, first few of them are

y0ðxÞ ¼ log x0;

y1ðxÞ ¼
x1

x0
;

y2ðxÞ ¼
x2

x0
� 1

2

x1

x0

� �2
;

y3ðxÞ ¼
x3

x0
� x1

x0

� �
x2

x0

� �
þ 1

3

x1

x0

� �3
;

y4ðxÞ ¼
x4

x0
� 1

2

x2

x0

� �2
þ 2

x1

x0

� �
x3

x0

� �( )
þ x1

x0

� �2
x2

x0

� �
� 1

4

x1

x0

� �4
:
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From these explicit form we see that ymðxÞ, mb 1, has a pole along x0 ¼ 0

of order m and is a weighted homogeneous polynomial of x1=x0; . . . ; xm=x0 of

weight m when the weight of xi is set to be i.

Let ~JJðnÞ be the universal covering group of JðnÞ. Then we see that

log : ~JJðnÞ ! jðnÞ defined by

h 7! log h ¼

y0ðhÞ y1ðhÞ � � � yn�1ðhÞ
. .
. . .

. ..
.

. .
.

y1ðhÞ
y0ðhÞ

0
BBBBB@

1
CCCCCA

gives a biholomorphic map.

2.2. General Schlesinger systems. Let PN�1 be the ðN � 1Þ-dimensional com-

plex projective space which we call the twistor space. Let x ¼ ðx0; . . . ; xN�1Þ
be the homogeneous coordinates of PN�1 and ½x� denote the point of PN�1

with the homogeneous coordinates x. Define the right action of Hl on PN�1

by

PN�1 �Hl ! PN�1; ð½x�; hÞ 7! ½xh�: ð2:6Þ

If we write the homogeneous coordinate x block-wise as

x ¼ ðxð1Þ; . . . ; xðlÞÞ; xðkÞ ¼ ðxðkÞ
0 ; . . . ; x

ðkÞ
nk�1Þ ð2:7Þ

according as the partition l ¼ ðn1; . . . ; nlÞ, then the action of h ¼ ðhð1Þ; . . . ; hðlÞÞ
A Hl is written as

½xh� ¼ ½xð1Þhð1Þ; . . . ; xðlÞhðlÞ�:

We prepare the space whose elements parametrize lines in the twistor space

PN�1 and define the action of Hl on this space. Given a matrix z A M2;NðCÞ,
we write z block-wise as

z ¼ ðzð1Þ; . . . ; zðlÞÞ; zðkÞ ¼ ðzðkÞ0 ; . . . ; z
ðkÞ
nk�1Þ A M2;nk ðCÞ;

where z
ðkÞ
i is a two dimensional column vector. Define an open subset Zl of

M2;NðCÞ by

Zl ¼ z A M2;NðCÞ
����� detðz

ðkÞ
0 ; z

ðkÞ
1 Þ0 0 ðnk b 2Þ;

detðzðkÞ0 ; z
ðlÞ
0 Þ0 0 ðk0 lÞ

( )
:
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It is seen that the map M2;NðCÞ �Hl C ðz; hÞ 7! zh A M2;NðCÞ defines an action

of Hl on Zl, see [5].

Let F : P1 � Zl ! PN�1 be the holomorphic map

ð½~zz�; zÞ 7! ½~zzz� ¼ ½~zzzð1Þ; . . . ;~zzzðlÞ�; ð2:8Þ

where ~zz ¼ ð1; zÞ and z denotes the a‰ne coordinate of P1.

Theorem 2.3 ([4, 7]). Let U � PN�1 be an open set containing a projective

line and let p : E ! U be a holomorphic vector bundle on U of rank r. Assume

that

(i) U is invariant by the action of Hl on PN�1 defined by (2.6),

(ii) E is trivial on any projective line contained in U,

(iii) the action of Hl on U can be lifted to E.

Then the infinitesimal action of Hl on U gives a flat connection ~‘‘l on E and

the induced connection ‘l ¼ F�~‘‘l on F�E is locally written as ‘l ¼ d � ol5,

where

ol ¼
Xl
k¼1

Xnk�1

a¼0

AðkÞ
a ðzÞdyað~zzzðkÞÞ;

Xl
k¼1

A
ðkÞ
0 ðzÞ ¼ 0:

The integrability of the connection ‘l gives the isomonodromic deformation of

a system of linear di¤erential equation

dy

dz
¼

Xl
k¼1

Xnk�1

a¼0

AðkÞ
a ðzÞ dyað

~zzzðkÞÞ
dz

 !
y ð2:9Þ

with unknown vector y A Cr.

Remark 2.4. (i) dyjð~zzzðkÞÞ=dz, as a function of z, has a pole z ¼ �z
ðkÞ
00 =z

ðkÞ
10

of order j þ 1, and hence the equation (2.9) has l singular points of Poincaré

rank n1 � 1; . . . ; nl � 1. When these l points are in a finite plane, z ¼ y is not

a singular point of (2.9) because of
Pl

k¼1 A
ðkÞ
0 ðzÞ ¼ 0.

(ii) By the action (2.6) of Hl, the twistor space PN�1 is expressed as a

union of orbits. There is an open dense orbit OðaÞ passing through ½a� A PN�1,

where

a ¼ ðað1Þ; . . . ; aðlÞÞ A CN ; aðkÞ ¼ ð1; 0; . . . ; 0Þ A Cnk ð2:10Þ

and there are codimension 1 orbits OðbjÞ, j ¼ 1; . . . ; l, where bj ¼ ðbð1Þj ; . . . ; b
ðlÞ
j Þ

with

b
ðkÞ
j ¼ ð1; 0; . . . ; 0Þ; ðk0 jÞ; b

ð jÞ
j ¼ ð0; 1; 0; . . . ; 0Þ:
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When U ¼ OðaÞ [Oðb1Þ [ � � � [OðblÞ, the set Zl is the space which para-

metrizes all the projective lines contained in U.

Definition 2.5. The system of nonlinear di¤erential equations for A
ðkÞ
a

obtained as the complete integrability condition of the connection ‘l is called

the general Schlesinger system (GSS) of type l.

3. Confluence

In this section we construct a process of confluence of the connections

‘l given in Theorem 2.3. This construction is a concrete realization of

adherence relations among strata of a natural stratification in the space of

regular elements Greg of G ¼ GLNðCÞ. So we describe first the adherence

relation among strata.

3.1. Stratification of the set of regular elements. Let PN denote the set of

partitions of N. Then we have the decomposition of Greg as

Greg ¼
G

l APN

Gl ð3:1Þ

where Gl is the set of regular elements of type l.

Definition 3.1. Let l; m A PN. m is said to be adjacent to l when m is

obtained from l by making two parts of l into one parts and leaving the other

parts unchanged. In this case we denote it as l ! m.

Example 3.2. In the set of P4, the adjacency is described as in (1.6).

Definition 3.3. Let m A PN be obtained from l A PN by successive chains

of adjacent partitions, namely, there are l1; . . . ; lp A PN such that l ¼ l1 ! l2
! � � � ! lp ¼ m. In this case we write m < l.

The relations < defines a partial order in the set PN . We notice a well-

known fact that (3.1) defines a stratification of Greg in the sense that each Gl

is a complex manifold of dimension N 2 �N þ lðlÞ and we have

Gl ¼
[
mal

Gm;

where lðlÞ denotes the number of parts of l and Gl denotes the closure of Gl

in Greg with respect to the usual topology of Greg. What we want to do is to

construct, for l; m A PN such that l ! m, the confluence ‘l ! ‘m explicitly.
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The first step is to give explicit realization of the adjacency. Namely, for

a A Gm, we construct aðeÞ A Gl depending holomorphically on e A C� in some

neighbourhood of 0 such that lime!0 aðeÞ ¼ a. Before entering the general

situation, we explain this step by a simple example.

Example 3.4. Consider the case G ¼ GL2ðCÞ. Only partitions of 2 are

l ¼ ð1; 1Þ and m ¼ ð2Þ and we have l ! m. Let a ¼ a 1

a

� �
A Gm be given.

Put gðeÞ ¼ 1 1

e

� �
. Then we define aðeÞ A Gl depending holomorphically on

e A C�:

a 1

a

� �
! ða; 1Þ ! ða; 1ÞgðeÞ ¼ ða; aþ eÞ !

a

aþ e

� �
! gðeÞ a

aþ e

� �
gðeÞ�1 ¼: aðeÞ;

where the vector ða; 1Þ is constructed from
a 1

a

� �
by arraying the element

in the main diagonal, and then that in the upper subdiagonal. Computation

shows

aðeÞ ¼ a 1

aþ e

� �
: lim

e!0
aðeÞ ¼ a:

Since we are considering the situation l ! m, namely m is obtained from

l by making some two parts of l into one parts, our construction reduces to

the case where l; m A PN are of the form l ¼ ðp; qÞ and m ¼ ðNÞ.
Define gðeÞ A MNðCÞ by

gðeÞ ¼ Ip g1ðeÞ
0 g2ðeÞ

� �

where g1ðeÞ A Mp;qðCÞ, g2ðeÞ A MqðCÞ are given by

g1ðeÞ
g2ðeÞ

 !
¼ DNðeÞ

0
0

� �
0
1

� �
� � � 0

q�1

� �
1
0

� �
1
1

� �
� � � 1

q�1

� �
..
. ..

. ..
.

pþq�1
0

� �
pþq�1

1

� �
� � � pþq�1

q�1

� �

0
BBBBBBBB@

1
CCCCCCCCA
DqðeÞ�1;

DmðeÞ denoting diagð1; e; e2; . . . ; em�1Þ and i
j

� �
denoting the binomial coe‰cient

which is equal to 0 when i < j by usual convention. Then we have
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gðeÞ ¼

1 0
0

� �
� � � 0

q�1

� �
e�qþ1

. .
. ..

. ..
.

1 p�1
0

� �
e p�1 � � � p�1

q�1

� �
e p�q

p
0

� �
e p � � � p

q�1

� �
e p�qþ1

..

. ..
.

pþq�1
0

� �
e pþq�1 � � � pþq�1

q�1

� �
e p

0
BBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCA

:

It is seen from the expression of g1ðeÞ, g2ðeÞ that det gðeÞ ¼ epq. Hence

C� C e 7! gðeÞ A GLNðCÞ is a holomorphic map. Take

a ¼

a 1
. .
. . .

.

. .
.

1

a

0
BBBB@

1
CCCCA A GðNÞ:

Taking account of ða; 1; 0; . . . ; 0ÞgðeÞ ¼ ða; 1; 0; . . . ; 0
zfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflffl{p

; aþ e; 1; 0; . . . ; 0
zfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflffl{q

Þ, we put

aðeÞ ¼ gðeÞ
aIp þ Lp

ðaþ eÞIq þ Lq

 !
gðeÞ�1 A Gð p;qÞ

for e A C�, where Lp ¼ ðdiþ1; jÞ0ai; j<p is the shift matrix of size p. Then we

can show that lime!0 aðeÞ ¼ a, see [3].

3.2. Confluence of the connections. Let l; m A PN be given by l ¼ ðp; qÞ
and m ¼ ðNÞ. Using the above gðeÞ, we construct the confluence ‘l ! ‘m.

Suppose we are given the connection ‘m described in Theorem 2.3. Write the

connection form om of ‘m as

om ¼
X

0a j<N

BjðwÞdyjð~zzwÞ; w A Zm:

We construct ‘lðeÞ :¼ d � ol5 with the connection form olðeÞ. Consider a

change of variables

z ¼ w � gðeÞ ð3:2Þ

and a change of gauge potentials

A ¼ B � ð tgðeÞ�1 n IrÞ; ð3:3Þ
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where A ¼ ðAð1Þ
0 ; . . . ;A

ð1Þ
p�1;A

ð2Þ
0 ; . . . ;A

ð2Þ
q�1Þ A glrðCÞ

N and B ¼ ðB0; . . . ;BN�1Þ A
glrðCÞ

N . Since z and the gauge potentials A depend on e by (3.2) and (3.3),

we denote them as

zðeÞ ¼ ðzð1ÞðeÞ; zð2ÞðeÞÞ;

AðeÞ ¼ ðAð1Þ
0 ðeÞ; . . . ;Að1Þ

p�1ðeÞ;A
ð2Þ
0 ðeÞ; . . . ;Að2Þ

q�1ðeÞÞ:

Put

olðeÞ ¼ o
ð1Þ
l ðeÞ þ o

ð2Þ
l ðeÞ ð3:4Þ

¼
X

0a j<p

A
ð1Þ
j ðeÞdyjð~zzzð1ÞðeÞÞ þ

X
0a j<q

A
ð2Þ
j ðeÞdyjð~zzzð2ÞðeÞÞ: ð3:5Þ

Note that, for w A Zm, we have zðeÞ A Zl for any e A C� in a neighbourhood

of 0.

Theorem 3.5 (Confluence). If we put

om ¼
X

0a j<N

BjðwÞdyjð~zzwÞ; w A Zm;

then

olðeÞ ¼ om þOðeÞ:

Hence,

lim
e!0

olðeÞ ¼ om:

3.3. Proof of Theorem 3.5. We need the following lemma.

Lemma 3.6 [3]. Let x ¼ ðx0; x1; . . .Þ and let yðx; tÞ ¼ ðy0ðx; tÞ; y1ðx; tÞ; . . .Þ
be a sequence of formal power series of t defined by

yjðx; tÞ ¼
X
kb0

j þ k

k

� �
xjþkt

k; jb 0:

Then we have

yjðy0ðx; tÞ; y1ðx; tÞ; . . .Þ ¼
X
kb0

j þ k

k

� �
yjþkðx0; x1; . . .Þtk; jb 0;

where yj are functions defined by (2.4).
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By the relation (3.2), zðeÞ is written as

z
ð1Þ
j ðeÞ ¼ wj; 0a j < p;

z
ð2Þ
j ðeÞ ¼

X
kb0

j þ k

k

� �
wjþke

k; 0a j < q:

Note also that the relation (3.3) is written as

A
ð1Þ
j ðeÞ þ

X
0ak<q

j

k

� �
A

ð2Þ
k ðeÞe j�k ¼ Bj; 0a j < p; ð3:6Þ

X
0ak<q

j

k

� �
A

ð2Þ
k ðeÞe j�k ¼ Bj; pa j < N: ð3:7Þ

Then o
ð2Þ
l ðeÞ of (3.4) is written as

o
ð2Þ
l ðeÞ ¼

X
0a j<q

A
ð2Þ
j ðeÞdyjð~zzzð2ÞðeÞÞ

¼
X

0a j<q

A
ð2Þ
j ðeÞdyj ~zz

X
kb0

j þ k

k

� �
wjþke

k

 !

¼
X

0a j<q

A
ð2Þ
j ðeÞdyjðy0ð~zzw; eÞ; y1ð~zzw; eÞ; . . .Þ

¼
X

0a j<q

A
ð2Þ
j ðeÞ

X
kb0

j þ k

k

� �
dyjþkð~zzwÞek:

Here we used Lemma 3.6 in the last equality. Then, using this and the

identities (3.6), (3.7), we have

olðeÞ ¼
X

0a j<p

A
ð1Þ
j ðeÞ þ

X
0ak<q

j

k

� �
A

ð2Þ
k ðeÞe j�k

 !
dyjð~zzwÞ

þ
X

pa j<N

X
0ak<q

j

k

� �
A

ð2Þ
k ðeÞe j�k

 !
dyjð~zzwÞ þOðeÞ

¼
X

0a j<N

Bj dyjð~zzwÞ þOðeÞ

¼ om þOðeÞ:

Thus we proved Theorem 3.5.
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4. Examples

Using Theorem 2.3, we have obtained [4] the general Schlesinger systems

which give Painlevé equations PJ ðJ ¼ II ; . . . ;VIÞ in particular cases r ¼ 2,

N ¼ 4 through reduction of the systems using first integrals. We give in this

section the process of confluence for these GSS.

4.1. GSS for Painlevé equations. At first we list up, for each Painlevé

equation, the following data:

(1) a partition l of 4 which specifies the abelian group Hl � GL4ðCÞ,
(2) the subspace Xl of Zl which is a realization of GL2ðCÞnZl=Hl and

parametrizes lines in an invariant open subset U of the twistor

space P3,

(3) the connection form o of the flat connection ‘l ¼ d � o5,

(4) the GSS equivalent to the Painlevé equation obtained as the zero-

curvature condition of ‘l (see [8] for the equivalence).

Note that in each of the following cases, the invariant open subset U � P3 in

Theorem 2.3 is a union of the open dense orbit and the orbits of codimension

one.

4.1.1. Painlevé PVI .

(1) l ¼ ð1; 1; 1; 1Þ, Hl ¼

h0

h1

h2

h3

0
BBB@

1
CCCA

8>>><
>>>:

9>>>=
>>>;.

(2) Xl ¼ z ¼ 1 �1 0 �t

0 1 1 1

� ����� t0 0; 1;y

� �
.

(3) o ¼ A1
dz

z� 1
þ A2

dz

z
þ A3

dz� dt

z� t
with A0 þ A1 þ A2 þ A3 ¼ 0.

(4)

dA1

dt
¼ ½A3;A1�

t� 1
;

dA2

dt
¼ ½A3;A2�

t
;

dA3

dt
¼ � ½A3;A1�

t� 1
� ½A3;A2�

t
: ð4:1Þ

4.1.2. Painlevé PV .

(1) l ¼ ð2; 1; 1Þ, Hl ¼

h0 h1

h0

h2

h3

0
BBB@

1
CCCA

8>>><
>>>:

9>>>=
>>>;.

(2) Xl ¼ z ¼ 1 0 0 �t

0 1 1 1

� ����� t0 0;y

� �
.
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(3) o ¼ A1 dzþ A2
dz

z
þ A3

dz� dt

z� t
with A0 þ A2 þ A3 ¼ 0.

(4)

dA1

dt
¼ 0;

dA2

dt
¼ ½A3;A2�

t
;

dA3

dt
¼ ½A1;A3� �

½A3;A2�
t

: ð4:2Þ

4.1.3. Painlevé PIV .

(1) l ¼ ð3; 1Þ, Hl ¼

h0 h1 h2

h0 h1

h0

h3

0
BBB@

1
CCCA

8>>><
>>>:

9>>>=
>>>;.

(2) Xl ¼ z ¼ 1 0 0 �t

0 1 0 1

� ����� t0y

� �
.

(3) o ¼ A1 dz� A2z dzþ A3
dz� dt

z� t
with A0 þ A3 ¼ 0.

(4)

dA1

dt
¼ ½A3;A2�;

dA2

dt
¼ 0;

dA3

dt
¼ ½A1 � tA2;A3�: ð4:3Þ

4.1.4. Painlevé PIII .

(1) l ¼ ð2; 2Þ, Hl ¼

h0 h1

h0

h2 h3

h2

0
BBB@

1
CCCA

8>>><
>>>:

9>>>=
>>>;.

(2) Xl ¼ z ¼ 1 0 0 t

0 1 1 0

� ����� t0 0;y

� �
.

(3) o ¼ A1 dzþ A2
dz

z
þ A3d

t

z

� �
with A0 þ A2 ¼ 0.

(4)

dA1

dt
¼ 0;

dA2

dt
¼ ½A3;A1�;

dA3

dt
¼ ½A2;A3�

t
: ð4:4Þ

4.1.5. Painlevé PII .

(1) l ¼ ð4Þ, Hl ¼

h0 h1 h2 h3

h0 h1 h2

h0 h1

h0

0
BBB@

1
CCCA

8>>><
>>>:

9>>>=
>>>;:
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(2) Xl ¼ z ¼ 1 0 t 0

0 1 0 0

� ����� t0y

� �
.

(3) o ¼ A1 dzþ A2d
	
t� 1

2 z
2


þ A3d

	
�ztþ 1

3 z
3


with A0 ¼ 0.

(4)

dA1

dt
¼ ½A2;A1 � tA3�;

dA2

dt
¼ ½A3;A1�;

dA3

dt
¼ 0: ð4:5Þ

In the subsequent subsections, we use the following notations. In the case

l ! m; l; m A P4, we denote a point of Xl as z, the variable parameter in z as

t, the connection form of ‘l as o, the coordinate of P1 describing the lines

in the forms o as z and the vector consisting of potentials in the form o as

A ¼ ðA0;A1;A2;A3Þ. Correspondingly, for the partition m, we use the symbols

w, s, ~oo, h and B ¼ ðB0;B1;B2;B3Þ.

4.2. From PVI to PV . In this case, the partitions are l ¼ ð1; 1; 1; 1Þ ! m ¼

ð2; 1; 1Þ. For w ¼ 1 0 0 �s

0 1 1 1

� �
A Xm, put zðeÞ ¼ wgðeÞ A Xl:

zðeÞ ¼ 1 0 0 �s

0 1 1 1

� � 1 1

e

1

1

0
BBB@

1
CCCA¼ 1 1 0 �s

0 e 1 1

� �

and consider the change of potentials AðeÞ ¼ B � ð tgðeÞ�1 n I2Þ. Explicitly we

have

A0ðeÞ ¼ B0 � e�1B1; A1ðeÞ ¼ e�1B1; A2ðeÞ ¼ B2; A3ðeÞ ¼ B3: ð4:6Þ

Then we consider the connection form oðeÞ defined by

oðeÞ ¼
X

0a ja3

AjðeÞd logð~hhzjðeÞÞ

¼ e�1B1d logð1þ ehÞ þ B2d logðhÞ þ B3d logðh� sÞ

¼ B1 dhþ B2
dh

h
þ B3

dh� ds

h� s
þOðeÞ:

Hence we have lime!0 oðeÞ ¼ ~oo.

To derive the confluence on the level of nonlinear equations, we try

to transform zðeÞ to the normal form of elements in Xl by the action of

GL2ðCÞ �Hl:
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~hhzðeÞ ¼~hh
1 1 0 �s

0 e 1 1

� �

¼~hh
1

�e

� �
1

�e�1

� �
1 1 0 �s

0 e 1 1

� �

¼ ð1;�ehÞ 1 1 0 �s

0 �1 �e�1 �e�1

� �

¼ ð1;�ehÞ 1 �1 0 �ð�esÞ
0 1 1 1

� � 1

�1

�e�1

�e�1

0
BBB@

1
CCCA:

This computation implies that the form oðeÞ can be obtained from o by the

change of variables z ¼ �eh, t ¼ �es and the change of potentials (4.6). From

this observation, we can conclude that the system (4.2) can be obtained from

(4.1) by the change of variable t ¼ �es and the change of potentials (4.6).

4.3. From PV to PIV . In this case, the partitions are l ¼ ð2; 1; 1Þ ! m ¼

ð3; 1Þ. For w ¼ 1 0 0 �s

0 1 0 1

� �
A Xm, put zðeÞ ¼ wgðeÞ A Xl:

zðeÞ ¼ 1 0 0 �s

0 1 0 1

� � 1 1

1 e

e2

1

0
BBB@

1
CCCA¼ 1 0 1 �s

0 1 e 1

� �

and consider the change of potentials AðeÞ ¼ B � ð tgðeÞ�1 n I2Þ. Explicitly we

have

A0ðeÞ ¼ B0 � e�2B2; A1ðeÞ ¼ B1 � e�1B2;

A2ðeÞ ¼ e�2B2; A3ðeÞ ¼ B3: ð4:7Þ

Then we consider the connection form oðeÞ defined by using zðeÞ. Then

oðeÞ ¼ ðB1 � e�1B2Þdhþ e�2B2d logð1þ ehÞ þ B3d logðh� sÞ

¼ B1 dh� B2h dhþ B3
dh� ds

h� s
þOðeÞ

! ~oo:

To derive the confluence on the level of nonlinear equations, we transform

zðeÞ to the normal form of elements in Xl by the action of GL2ðCÞ �Hl:
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~hhzðeÞ ¼~hh
1 0 1 �s

0 1 e 1

� �

¼~hh
1 1

e

� �
1 �e�1 0 �s� e�1

0 e�1 1 e�1

� �

¼~hh
1 1

e

� �
1 0

e�1

� �
1 0 0 �s� e�1

0 1 1 1

� � 1 �e�1

1

e

1

0
BBB@

1
CCCA

¼ ð1; e�1 þ hÞ 1 0 0 �ðsþ e�1Þ
0 1 1 1

� � 1 �e�1

1

e

1

0
BBB@

1
CCCA:

This computation implies that the form oðeÞ can be obtained from o by the

change of variables z ¼ hþ e�1, t ¼ sþ e�1 and the change of potentials (4.7).

Then we can conclude that the system (4.3) can be obtained from (4.2) by the

change of variable t ¼ sþ e�1 and the change of potentials (4.7).

4.4. From PV to PIII . This is the case where l ¼ ð2; 1; 1Þ ! m ¼ ð2; 2Þ. For

w ¼ 1 0 0 s

0 1 1 0

� �
A Xm, put zðeÞ ¼ wgðeÞ A Xl:

zðeÞ ¼ 1 0 0 s

0 1 1 0

� � 1

1

1 1

e

0
BBB@

1
CCCA¼ 1 0 0 es

0 1 1 1

� �

and consider the change of potentials AðeÞ ¼ B � ð tgðeÞ�1 n I2Þ. Explicitly we

have

A0ðeÞ ¼ B0; A1ðeÞ ¼ B1; A2ðeÞ ¼ B2 � e�1B3; A3ðeÞ ¼ e�1B3: ð4:8Þ

Then we consider the connection form oðeÞ defined by using zðeÞ. Then

oðeÞ ¼ B1 dhþ ðB2 � e�1B3Þd log hþ e�1B3d logðhþ esÞ

¼ B1 dhþ B2
dh

h
þ B3d

s

h

� �
þOðeÞ

! ~oo:
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Here we used

d logðhþ esÞ ¼ dh

h
þ ed

s

h

� �
þOðe2Þ:

We derive the confluence on the level of nonlinear equations. Since zðeÞ is

already of the normal form in Xl, it is only necessary to make a change of

parameter t ¼ �es and a change of potentials (4.8). Then we obtain the

system (4.4) from (4.2) if we take a limit e ! 0.

4.5. From PIV to PII . In this case, the partitions are l ¼ ð3; 1Þ ! m ¼ ð4Þ.

For w ¼ 1 0 s 0

0 1 0 0

� �
A Xm, put zðeÞ ¼ wgðeÞ A Xl:

zðeÞ ¼ 1 0 s 0

0 1 0 0

� � 1 0 1

1 e

1 e2

e3

0
BBB@

1
CCCA¼ 1 0 s 1þ e2s

0 1 0 e

� �

and consider the change of potentials AðeÞ ¼ B � ð tgðeÞ�1 n I2Þ. Explicitly we

have

A0ðeÞ ¼ B0 � e�3B3; A1ðeÞ ¼ B1 � e�2B3;

A2ðeÞ ¼ B2 � e�1B3; A3ðeÞ ¼ e�3B3: ð4:9Þ

Then we consider the connection form oðeÞ defined by using zðeÞ. Then

oðeÞ ¼ ðB1 � e�2B3Þdhþ ðB2 � e�1B3Þd s� 1

2
h2

� �
þ e�3B3d logð1þ ehþ e2sÞ

¼ B1 dhþ B2d s� 1

2
h2

� �
þ B3d

1

3
h3 � sh

� �
þOðeÞ

! ~oo:

Here we used

logð1þ ehþ e2sÞ ¼ heþ s� 1

2
h2

� �
e2 þ 1

3
h3 � sh

� �
e3 þOðe4Þ:

To derive the confluence on the level of nonlinear equations, we transform

zðeÞ to the normal form of elements in Xl by the action of GL2ðCÞ �Hl.

We have
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~hhzðeÞ ¼~hh
1 0 sþ h2 h3ð1þ e2sÞ
0 1 0 h3e

� � 1 0 h2

1 0

1

h3

0
BBB@

1
CCCA
�1

¼~hh
1 0 0 �ð�e�1 � esÞ
0 1 0 1

� � 1 0 h2

1 0

1

h3

0
BBB@

1
CCCA
�1

:

Here we determined h2, h3 as h2 ¼ �s, h3 ¼ e�1. Put h ¼
1 0 h2

1 0

1

0
B@

1
CA
�1

¼
1 0 s

1 0

1

0
B@

1
CA. The above computation implies that the change of parameter

should be t ¼ �e�1 � es. So, to obtain the form oðeÞ from o, first we modify

o as oþ A2 dy2ðhÞ ¼ o� e�1A2 dt, and then make a change of parameter

t ¼ �e�1 � es and of potentials (4.9). From this observation, we can conclude

that the system (4.5) can be obtained from (4.3) as follows. First we modify

(4.3) as

dA1

dt
¼ ½A3;A2� þ e�1½A1;A2�;

dA2

dt
¼ 0;

dA3

dt
¼ ½A1 � tA2;A3� þ e�1½A3;A2�

according as the modification of o. Then the change of variable t ¼ �e�1 � es

and of potentials (4.9) together with the limit e ! 0 gives the system (4.5).

4.6. From PIII to PII . In this case, the partitions are l ¼ ð2; 2Þ ! m ¼ ð4Þ.

For w ¼ 1 0 s 0

0 1 0 0

� �
A Xm, put zðeÞ ¼ wgðeÞ A Xl:

zðeÞ ¼ 1 0 s 0

0 1 0 0

� � 1 1

1 e 1

e2 2e

e3 3e2

0
BBB@

1
CCCA¼ 1 0 1þ e2s 2es

0 1 e 1

� �

and consider the change of potentials AðeÞ ¼ B � ð tgðeÞ�1 n I2Þ. Explicitly we

have

A0ðeÞ þ A2ðeÞ ¼ B0; A1ðeÞ ¼ B1 � 2e�1B2 þ e�2B3; ð4:10Þ

A2ðeÞ ¼ 3e�2B2 � 2e�3B3; A3ðeÞ ¼ �e�1B2 þ e�2B3: ð4:11Þ
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Then we consider the connection form oðeÞ defined by using zðeÞ. Then we

can check that

oðeÞ ¼ A1ðeÞdhþ A2ðeÞd logð1þ ehþ e2sÞ þ A3ðeÞd
hþ 2es

1þ ehþ e2s

� �

¼ B1 dhþ B2d s� 1

2
h2

� �
þ B3d

1

3
h3 � sh

� �
þOðeÞ

! ~oo:

The confluence on the level of nonlinear equations can be carried out in a

similar way as in the case PIV ! PII .
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