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CONVERGENCE IN BV.,, BY NONLINEAR MELLIN-TYPE 
CONVOLUTION OPERATORS 
CARLO BARDARO, SARAH SCIAMANNINI & GIANLUCA VINTI 

Abstract: In this paper we establish convergence results for a family 'r of nonlinear integral 
operators of the form: 

(Twf)(s) = 1+oo Kw(t, f(st))di; = 1+oo Lw(t)Hw(f(st))dt, 8 E Rt, 
where f E Dom'r, Dom'r being the class of all the measurable functions /:Rt-+ R such that 
Twf is well defined as Lebesgue integral for every s E Rt. For the above family of nonlinear 
Mellin type operators, under suitable singularity assumptions on the kernels K {K..,}, we 
state a convergence result of type limw-++oo V..,[µ(T.,,f- f)J = 0, for some constantµ> 0 and 
for every f belonging to a suitable subspace of BV..,-functions. 
Keywords: Musielak-Orlkz cp-variation, V..,-convergence, locally cp, "/]-absolutely continuous 
functions, nonlinear Mellin type convolution operators. 

1. Introduction 

In [16] there is considered convergence with respect to <p-variation and rate of 
approximation for a class of linear integral operators of the form: 

(Twf)(s) = f Kw(s,t) f(t) dt, ln+ (I) 

defined for every f EX for which (Twf)(s) is well-defined for every s E JR+ and 
for every w > 0, being Kw : JR+ x JR+ - JR.it a family of kernel functions satisfy
ing a general homogeneity condition with respect to a measurable function 17, and 
where X denotes the space of all Lebesgue measurable functions f : Rcj - .Ill. Re
sults concerning estimates for operators of the form (I) with respect to <p-variation 
in one-dimensional and in multidimensional frame can be found in [3], [4], [17]. 

The concept of <p-variation, has been introduced by L.C. Young in [18] and 
in [14] this concept was developed by J. Musielak and W. Orlicz in the direction 
of function spaces; it represents a generalization of the classical Jordan variation. 
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Given a <p-function <p : Rt ---+ Rt, for every f E X, the Musielak-Orlicz 
<p-variation of f is defined as 

n 

V,p[f] = V,p[f; JR+]= sup I: <p([f(ti) - /(ti_i)[) 
II i=l 

where the supremum is taken over all finite increasing sequences II in JRt (see 
[14], [12] in case of a bounded interval). By means of this functional it is possible 
to define the space of functions with bounded <p-variation on Rt in the sense of 
Musielak-Orlicz, as 

It is possible to observe that the functional p : X ---+ [O, +ooJ, defined by 

p(f) = V,p[/] + [/(a)!, 

for some a~ 0, f EX, is a convex modular on X; therefore the space BV,p(Rt) 
is connected with the theory of modular space and hence also the formulation of 
convergence in <p-variation is connected with the modular convergence (see [15], 
[12], [10]). Namely we will say that 

a family (/w)wER+ E BV,p(Rt) is said to be convergent in <p-variation to 
/ E BV,p(Rt) if there exists a A > 0 such that V,p[A(/w - /)] - 0 as w---+ +oo. 

The problem of convergence in <p-variation for a family of nonlinear integral 
operators is very delicate. Indeed, the modular p above introduced, does not satisfy 
the assumptions which are generally used in modular convergence problems of 
various families of this kind of operators (see e.g. [13], [1], [5]). In this paper, using 
a different approach, we will study properties of convergence in BV,p(JRt) for the 
family of nonlinear integral operators of Mellin-type: 

r+= r+= 
(Twf)(s) = lo Kw(t,f(st))dt = lo Lw(t)Hw(f(st))dt s E Rt, (II) 

where f E Dom"£', being Dom"£' the class of all measurable functions f: JRt ---+ 

R such that Twf is well defined as Lebesgue integral for every s E Rt. The 
above operators represent a nonlinear version of linear convolution Mellin-type 
operators, which are considered in the classical theory of Mellin Transform (see 
[6], [7l). 

For estimates with respect to <p-variation (also in the generalized sense) for 
operators of type (II), see [11]. 

The main result of the paper is a convergence theorem (Theorem 2) which 
states that for f E AC~c(]R+) n BV,p+ 11 (]Rt), and under singularity assumptions 
on the kernels lK {Kw}, there is a constant µ > 0 sufficiently small that 

lim V,p [µ(T wf - f)] = 0, 
w-->+= 
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that is the family of nonlinear integral operators converges with respect to ({)-va
riation towards f. Here IP and r, are two ({)-functions satisfying suitable assump
tions. In order to formulate the convergence theorem (Theorem 2) there are of 
fundamental importance the convergence in ({)-variation for the dilation operator 
Tz calculated over (Hw o /), as z -, 1 (Theorem 1) and an equiboundedness in 
({)- variation for the family { H w o /} (Lemma 3) together with the result (Lemma 
3) that for every e: > 0 there exists a step function v: JRt -, R such that 

V<.0[,;\(Hw of - v), [O, b]] < e: 

for a suitable A > 0, uniformly with respect w ;? w > 0 and for every interval 
[O, bl, and being f E ACt,c(Rt) n BV<.0(1Rt). 

2. Preliminaries 

Let X be the space of all Lebesgue measurable functions f : JRt -, R where 
JRt [O, +oo). 
Let <P be the class of all nondecreasing functions IP : :Rt -, Rt satisfying the 
following assumptions: 

i) 1P(O) = 0, 1P(u) > D for u > D; 
ii) IP is a convex function on JRt ; 

iii) u- 1ip(U)-, 0 as U-; Q+. 

From now on we will always suppose that IP E <I> and we will say that IP 1s a 
tp-function. 
Now, for every f EX, we define the Musielak-Orlicz ({)-Variation off as follows 

n 

V<.0[/] = V<.0[/;R+] = sup L 1P(IJ(ti) - f(ti-1)1) 
II i=l 

where II denotes an increasing finite sequence in JRt (see [14], [12]). 
It is easy to see that the functional p : X -, [O, +oo], defined by 

p(f) = V<P[f] + 1/(a)I, 

for some a;? 0, f EX, is a convex modular on X (see [12]). 
In the following we will identify functions which differ from a constant. 
By means of the above modular p, we define the space of functions with bounded 
({)-variation on JRt in the sense of Musielak-Orlicz, as 

It is possible to observe that by monotonicity and convexity of IP, we have 
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and there results that if f E BVcp(lRJ), then f is bounded in JR.t. In the following 
we will denote BV'P(Rit) simply by BV'P. 

We will say that a family of functions {f w }w>O is of equibounded ({)-variation if 
it is of bounded ({)-variation uniformly with respect to w > 0. 

Now we recall the following result about ({)-variation, which we will use in 
the following (see [14], [2]): 

j) if /i,/2, ... ,fn EX, then 

Let ({), rt : JR.t ---. JR.t be two ({) - functions. We will say that a function 
f : Rit ---. R is locally ('P, rt)-absolutely continuous if there is a .\ > 0 such 
that the following property holds: for every E > 0 and every bounded interval 
J C Rit, there is a 6 > 0 such that for any finite collection of non-overlapping 
intervals [ai, bi] C J, i = 1, 2, ... , N, with 1:i1 ({)(bi - ai) < 6 there results 

N 

L rt(.\IJ(bi) - /(ai)I) < E. (1) 
i=l 

If rt= 'P in the above property, we will say that f is locally ({)- absolutely conti
nuous (see [14], [12], [16]), and we will denote by AC~jJR.it) the class of all these 
functions. 

We will say that a family of functions {Jw}w>O is locally equi ( ({), rt)-absolutely 
continuous if there is .\ > 0 such that for every E > 0 and every bounded interval 
J C JR.it, we can choose a 6 > 0 for which the local absolute ({)-continuity of 
Jw holds uniformly with respect to w > 0. For rt=({) we will speak of local equi 
({)-absolute continuity. 

Let now K be the class of all the functions K : Rit x R ---. JR. of the form 

K(t, u) L(t)H(u), t E Rt, u ER, 

where L E L1(Rit), L ~ 0 and H : JR.---. JR. is a function satisfying a Lipschitz 
condition of type 

IH(u) - H(v)I ~ 1/J(lu vi), u, v ER, (2) 

where 1j., : JR.ci ---. Rt is a function with the following properties: 
1. ¢(0) 0, 1/J(u) > 0 for u > 0; 
2. 1j., is continuous and nondecreasing. 

We will denote with '1r the class of all functions 1j., satisfying the above 
conditions. 
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Let K = {Kw}w>O be a set of functions from K, Kw(t, u) Lw(t)Hw(u), 
w > 0, t E Rt, u E JR. We will say that lK is singular in BV,.,(Rt), if the 
following assumptions hold: 
(K.1) there exists A> 0, such that 0 < IILwll1 = Aw 5 A for every w > 0; 
(K.2) for every o E (0, 1), we have 

lim 1 Lw(t)dt 
w--++oo ll-tl>.5 

O· , 

(K.3) putting Gw(u) = Hw(u) - u, for every u E JR, w > 0, there exists 
.,\ > 0 such that 

V,.,[AGw, J] ----+ 0, as w----+ +oo, 

for every bounded interval J C Rt. 

Example 1. For every n EN, let 

Kn(t,u) = Ln(t)Hn(u), t E lRci, u E JR, 

where 
H (u) = { nlog(l + u/n), 0 5 u < 1 

n nulog(l + 1/n), u 2:: 1, 

where we extend in odd-way the definition of Hn for u < 0; moreover {Ln}nEN is 
a classical kernel with the mass concentrated at 1, i.e. 

1= Ln(t)dt = 1, for every n EN, 

with the property (K.2). It is easy to show that 

IHn(u) - Hn(v)I 5 lu - vi, for every u, v E JR, and n EN 

and, for every u z 0, we have 

{ 
u - nlog(l + u/n), 

IGn(u)I = IHn(u) - ul = u[l - nlog(l + 1/n)], 
05u<l 

u 2:: 1. 

Then !Gn(u)I is increasing on Rt, If c.p: Rt ----+ Rt is a convex function, using 
Proposition 1.03 in [14], we have, for every interval J = [0, M], 

v,.,[Gn, J] c.p(IGn(M) Gn(0)I) - o, as n - +oo. 

Analogously, by the definition of Hn for u < 0, we have V,.,[Gn, [-M, 0Jl ----+ 0, 
as n----+ +oo. 
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3. Preliminary lemmas 

Before to formulate the following lemmas, we recall the concept of convergence in 
cp-variation (see [14], [12], [2], [16]). 

We say that a sequence (f w )wEJR+ E BV'P is convergent in ip-variation to 
f E BV,p if there exists a >. > 0 such that V,p[>.(fw - f)] --+ 0 as w-+ +oo. 
Moreover we will use the following relation between the functions ip, 1/J and 'Tl, 
being cp, 'Tl two cp-functions, with 'Tl not necessarily convex and 1/J E W. 

We say that the triple { ip, 'Tl, 1/J} is properly directed, if the following condition 
holds (for similar assumptions see [11]): for every ). > 0, there exists a constant 
C;,, such that 

cp(C;,,1/J(u)) S ry(>.u), for every u 2'.: 0. (3) 

Now we start to formulate the following lemma. 

Lemma 1. Let f : Rt -+ JR be a locally (cp, ry)-absolutely continuous function. 
Let {Hw}w>O be a class of functions satisfying (2) for a fixed 1/J E W and let us 
assume that the triple { ip, 'Tl, 1/J} is properly directed. 
Then the family {Hw o J}w>O is locally equi ip-absolutely continuous. 

Proof. Let >. > 0 be a constant for which the definition of the (ip, ry)-absolute 
continuity off holds and let O <µSC>.., being C>.. the constant in (3). Since f is 
locally (ip, ry)-absolutely continuous, for a fixed interval JC JRt and £ > 0 there 
is a 8 > 0 such that (1) holds for any finite collection of intervals Ii [ai, bi], i = 
1, 2, ... N, with I:::1 ip(bi - ai) < 8. For such a family {Ji}, we have 

N 

L ip(µl(Hw O J)(bi) - (Hw O J)(ai)I) 
i=l 

N 

SL ip(C;,,1/J(lf(bi) - j(ai)I)) 
i=l 

N 

SL ry(>.IJ(bi) - f(ai)I) < £. 

i=l 

• 

Lemma 2. Let f be a locally cp-absolutely continuous function such that f E 
BV,p(Rt). Let {Hw}w>O be a family of functions Hw : JR-+ JR such that (K.3) 
holds. Then there is ). > 0 suc11 that the following property holds: for every 
£ > 0 and every interval [O, b] C Rt, there are a w > 0 and a step function 
v: Rt -+ JR such that 

V,p[>.(Hw of - v), [O, bl] < c: 

uniformly with respect w 2'.: w > 0. 

Proof. Let [O, b] C Rt be a fixed bounded interval. From Lemma 1 in [16], (see 
also Theorem 2.21 of [14l), there is a >. > 0 such that, for a fixed £ > 0 there 
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exists a division D = { To = 0, T1, ... , Tn = b} of the interval [0, b], such that the 
step function v : Rt _, R, defined by 

(t) = { /(Ti-1), Ti-1 $ t < Ti, 
v f(b), t?: b 

i= l, ... m 

satisfies 
v..,[2-\(f - v), [0, bl] < e/2. 

Now, let D = { to, t1 , ... , tn} be an arbitrary partition of [0, bl, with to < t1 < 
... < tn. We have 

n 

L cp(-\IHw(f(ti)) - v(ti) - {Hw(f(ti_i)) v(ti-1)}1) 
i=l 

1 n 
$ 2 L cp(2-\IHw(/(ti)) - /(ti) - {Hw(f(ti-1)) - /(ti-1)}1) 

i=l 

1 n 

+ 2 L cp(2-\l/(ti) - v(ti) {f(ti-1) - v(ti-1)}1) 
i=l 

= 11 + h. 

Since f E BV..,(Rt), f is bounded, i.e. there is M > 0 such that 1/(t)I $ 
M. Putting J = [-M, Ml, we have 

1 
Ii$ 2 V..,[2-\Gw, J]. 

Thus using (K.3) we can take ,\ > 0 such that Ii $ e/2 for sufficiently large 
w > 0. The assertion follows being h $ ½ V..,[2-\(f v), [0, b]] < e/2. • 
Lemma 3. Let f E BV'l(Rt) and {Hw} be a family of functions Hw : R _, 
R satisfying (2). Let us suppose that the triple { cp, r,, 1/J} is properly directed. Then 
the family { Hw of} is of equibounded cp-variation on every interval I* C Rt, 

Proof. Let D = { to, ti, ... tn} C I* be fixed and let ,\ > 0. For 0 < µ $ 
C>., C>. being the constant in (3), we have 

Now, by (3) we have 

n 

L cp(µl(Hw O /)(ti) - (Hw O /)(ti-1)!) 
i=l 

n 

$ Lcp(C>.'r/J(lf(ti)- f(ti-1)1). 
i=l 

n 

L cp(µj(Hw O /)(ti) - (Hw O /)(ti-1)1) 
i=l 

n 

$ Lr,(-\lf(ti)- /Ui-1)1) $ Y.i[-'/,J*], 
i=l 

and so the assertion follows. • 
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4. An approximation result by means of the dilation operator 

For any z E JR+, we will put: 

Tz/(s) = f(sz), 

for every f : Rj -t JR and s E Rt. Using the above lemmas, we show the following 
theorem 

Theorem 1. Let I.{), 'fJ be fixed and let f : Rt -t JR be a locally l.{)-absolutely 
continuous function, such that f E BV,p+ry(RJ). Let {Hw} be a family of functions 
Hw : JR - JR satisfying (K.3) and (2) for a fixed 1/J E \JI. Let us assume that the 
triple { I.{), 'f/, 1/J} is properly directed. Then for every A > 0 there exist a constant 
µ > 0 and w > 0 such that 

lim V,p[µ(Tz(Hw O /) - (Hw O /))] = 0 
Z-+1 

uniformly with respect to w ~ w. 

Proof. Let 9w = Hw of, for w > 0. Since f E BVri (Rt), from Lemma 1 of [16], 
given e > 0 there is c > 0 and Ao > 0 such that Vri[Af, [c, +oo)] < e, for every 
0 < A s Ao. From Lemma 3, there exists a constant µ > 0 so small that 

V,p[4µgw, [c, +oo)] S Vri[Af, [c, +oo)] < e 

uniformly with respect to w > 0. Let us choose constants d, b with d > b > c and 
let v be a step function on [0, d] given in Lemma 2. Let now z be such that c/b < 
z < min { d/b, bf c}. By convexity of I.{), and property j), for every z sufficiently 
near to 1, we have now, for sufficiently small µ > 0, 

V,p[µ(Tz9w - 9w)] 
1 

S 2{V,p[2µ(Tz9w - 9w), [O, bl]+ V,p[2µ(Tz9w - 9w), [b, +oo)]} 

1 1 
S 2 V,p[2µ(Tz9w - 9w), [0, bl}+ 4{V,p[4µ(Tz9w), [b, +oo)] + Vcp[4µ(gw), [b, +oo)j} 

1 1 s 2 V,p[2µ(Tz9w - 9w), [0, b]] + 2 v'I [A/, [c, +oo)] 

1 
S 2Vcp[2µ(Tz9w - 9w), [0,b]] + €. 

The first inequality comes from a classical property of l.{)-variation (see [14], Pro
position 1.17). 
Now we consider the interval I* = [0, b]. We have, for sufficiently small µ > 0, 

Vcp[2µ(Tz9w - 9w), J*] 

S 1 {V,p[6µTz(9w - v), I*] + V,p[6µ(v - 9w), I*]+ V,p[6µ(Tzl/ - v), I*]} 

1 
S 3{2Vcp[6µ(gw - v), [0, dl] + V,p[6µ(Tzv - v), [0, d]]} 

=Ii+ 12. 
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Now from Lemma 2, Ii:::; c:/2, while as in Theorem 1 in [2], we have h:::; c:/2. 
Thus the assertion follows. • 

5. An approximation theorem for nonlinear Mellin-type convolution 
operators 

Let K = {Kw(t, u)}w>O be a singular kernel in BV,p(Rt), where, as before, 
Kw(t,u) Lw(t)Hw(u) for tERt,uER and w>O. 

We will study approximation properties of the family of nonlinear integral 
operators 'Jr {Tw} defined by 

r+oo r+oo 
(Tw/)(s) = lo Kw(t, J(st))dt = lo Lw(t)Hw(J(st))dt s E Rt, 

where f E DomT. Let us remark here that if the function f is such that ( Hwo f) E 
L1(JRt), or if f E L00 (Rt), then f E Dom'Jr. So in particular, if f is of bounded 
cp-variation, where cp is an arbitrary cp-function, f E DomT. 

Let now cp, r, be two cp-functions, with 17 not necessarily convex, such that 
the triple { cp, 17, 'I/!} is properly directed. Then in [11] it is proved that if f E 
BV'l/(Rt) then Twf is of bounded cp-variation, for every w > 0. 

We have the following 

Theorem 2. Let f E AC1~ARt) n BV,p+'IJ(Rt) and let us assume that the tri
ple { cp, 17, 'I/!} is properly directed. Let lK. = {Kw} C K be a singular kernel in 
BV,p(Rt). Tlien there exists a constant µ > 0 such that 

lim V,p[µ(Twf - I)]= 0. 
w--.+oo 

Proof. First of all we remark that Twf - f E BV,p(Rt). We can assume that 
Aw = 1, for every w > 0, where Aw are the constants given in (Kl). Let >. > 
0 such that VT/[>./] < +oo, and let µ > 0 so small that 4µ:::; C>. and 

lim V,p[2µ(rz(Hw Of) (Hw o /))] = 0, 
Z-+1 

uniformly with respect to sufficiently large w > 0 (Theorem 1). 
Let D = { so, s1, ... , s N} C Rt be a finite increasing sequence and let µ 

sufficiently small. We have: 

N 

L cp[µl(Twf)(si) - (Twf)(si-1) - f(si) + /(si-1)1] 
i=l 
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=Ii+ [z. 

Now given 15 E (0, 1), we write 

1i $ ~ t { L,1<• + i,_,1,.} 
Lw(t)ip[2µl(Hw(/(sit)) - Hw(f(si))) - (Hw(/(si-1t)) Hw(J(si-1)))l]dt 

=If+ If. 

Next, 

1 11+0 If ~ 2 Lw(t)V,p[2µ[rt(Hw O /) - (Hw O f)l]dt 
1-0 

and so, for sufficiently small 15 E (0, 1) we have If :s; e, uniformly with respect 
tow> 0. 

Now, by property j), 

If :::; ~ f Lw(t)V,p [4µ(Hw O f)]dt 
111-tl>o 

:s; 1 VtJ [>./] f Lw(t)dt, 
111-tl>o 

and so, from (K.2), If - 0, a.s w - +oo. 
Finally, we estimate [z. We have: 

But since / is bounded, there is M > 0, such that 1/(t)I ::; M for every t E 
Rt. Putting J = [-M, M], we apply the singularity assumption (K.3) and we 
obtain [z - 0 a.s w - +oo. The proof is now complete. • 

Acknowledgment. The authors wish to thank Prof. J. Musielak for the intere
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