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Abstract: A new estimation method for the two-component mixture model
introduced in [29] is proposed. This model consists of a two-component mix-
ture of linear regressions in which one component is entirely known while
the proportion, the slope, the intercept and the error distribution of the
other component are unknown. In spite of good performance for datasets
of reasonable size, the method proposed in [29] suffers from a serious draw-
back when the sample size becomes large as it is based on the optimization
of a contrast function whose pointwise computation requires O(n?) oper-
ations. The range of applicability of the method derived in this work is
substantially larger as it relies on a method-of-moments estimator free of
tuning parameters whose computation requires O(n) operations. From a
theoretical perspective, the asymptotic normality of both the estimator
of the Euclidean parameter vector and of the semiparametric estimator
of the c.d.f. of the error is proved under weak conditions not involving
zero-symmetry assumptions. In addition, an approximate confidence band
for the c.d.f. of the error can be computed using a weighted bootstrap
whose asymptotic validity is proved. The finite-sample performance of the
resulting estimation procedure is studied under various scenarios through
Monte Carlo experiments. The proposed method is illustrated on three real
datasets of size n = 150, 51 and 176,343, respectively. Two extensions of
the considered model are discussed in the final section: a model with an
additional scale parameter for the first component, and a model with more
than one explanatory variable.
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1. Introduction

Practitioners are frequently interested in modeling the relationship between
a random response variable Y and a d-dimensional random explanatory vec-
tor X by means of a linear regression model estimated from a random sam-
ple (X;,Y:)1<i<n of (X,Y). Quite often, the homogeneity assumption claim-
ing that the linear regression coefficients are the same for all the observations
(X1, Y1),...,(Xy, Ys) is inadequate. To allow different parameters for different
groups of observations, a Finite Mixture of Regressions (FMR) can be consid-
ered; see [9, 16] for nice overviews.

Statistical inference for the fully parametric FMR model was first considered
in [20] where an estimation method based on the moment generating function
was proposed. An EM estimating approach was investigated in [6] in the case of
two components. Variations of the latter approach were also considered in [14]
and [24]. The problem of determining the number of components in the para-
metric FMR model was investigated in [11] using methods derived from the
likelihood equation. In [13], the authors proposed a Bayesian approach to esti-
mate the regression coefficients and also considered an extension of the model
in which the number of components is unspecified. The asymptotics of max-
imum likelihood estimators of parametric FMR models were studied in [32].
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More recently, an ¢;-penalized method based on a Lasso-type estimator for a
high-dimensional FMR model with d >> n was proposed in [22].

As an alternative to parametric estimation of a FMR model, some authors
suggested the use of more flexible semiparametric approaches. This research di-
rection finds its origin in [10] where d-variate semiparametric mixture models
of random vectors with independent components were considered. The authors
showed in particular that, for d > 3, it is possible to identify a two-component
model without parametrizing the distributions of the component random vec-
tors. To the best of our knowledge, Leung and Qin [17] were the first to estimate
a FMR model semiparametrically. In the two-component case, they studied the
situation in which the components are related by Anderson’s exponential tilt
model [1]. Hunter and Young [12] studied the identifiability of an m-component
semiparametric FMR model and numerically investigated an EM-type algorithm
for estimating its parameters. Vandekerkhove [29] proposed an M-estimation
method for a two-component semiparametric mixture of regressions with sym-
metric errors in which one component is known. The latter approach was applied
to data extracted from a high-density microarray and modeled in [18] by means
of a parametric FMR.

The semiparametric approach proposed in [29] is of interest for two main
reasons. Due to its semiparametric nature, the method allows to detect complex
structures in the error of the unknown regression component. It can additionally
be regarded as a tool to assess the relevance of results obtained using EM-type
algorithms. The approach has however three important drawbacks. First, it is
not theoretically valid when the errors are not symmetric. Second, it is very
computationally expensive for large datasets as it requires the optimization of a
contrast function whose pointwise evaluation requires O(n?) operations. Third,
the underlying optimization method requires the choice of a weight function and
initial values for the Euclidean parameters, neither choices being data-driven.

The object of interest of this paper is the two-component FMR model stud-
ied in [29] in which one component is entirely known while the proportion, the
slope, the intercept and the error distribution of the other component are un-
known. The estimation of the Euclidean parameter vector is achieved through
the method of moments. Semiparametric estimators of the c.d.f. and the p.d.f.
of the error of the unknown component are proposed. The proof of the asymp-
totic normality of the Euclidean and functional estimators is not based on zero-
symmetry-like assumptions frequently found in the literature but only involves
finite moments of order eight for the explanatory variable and the boundness
of the p.d.f.s of the errors and their derivatives. The almost sure uniform con-
sistency of the estimator of the p.d.f. of the unknown error is obtained under
similar conditions. A consequence of these theoretical results is that, unlike
for EM-type approaches, the estimation uncertainty can be assessed through
large-sample standard errors for the Euclidean parameters and by means of an
approximate confidence band for the c.d.f. of the unknown error. The latter is
computed using a weighted bootstrap whose asymptotic validity is proved.

From a practical perspective, it is worth mentioning that the range of ap-
plicability of the resulting semiparametric estimation procedure is substantially
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larger than the one proposed in [29] as its computation only requires O(n) oper-
ations and no tuning of parameters such as starting values or weight functions.
As a consequence, very large datasets can be easily processed. For instance, as
shall be seen in Section 6, the estimation of the parameters of the model from
the ChIPmix data considered in [18] consisting of n = 176,343 observations
took less than 30 seconds on one 2.4 GHz processor. The estimation of the same
model from a subset of n = 30,000 observations using the method in [29] took
more than two days on a similar processor.

The paper is organized as follows. Section 2 is devoted to a detailed de-
scription of the model, while Section 3 is concerned with its identifiability. The
estimators of the Euclidean parameter vector and of the functional parameter
are investigated in detail in Section 4. The finite-sample performance of the pro-
posed estimation method is studied for various scenarios through Monte Carlo
experiments in Section 5. In Section 6, the proposed method is applied to the
tone data analyzed, among others, in [12], to the aphids dataset studied initially
in [3], and to the ChIPmix data considered in [18]. Two extensions of the FMR
model under consideration are discussed in the last section: a model with an
additional scale parameter for the first component, and a model with more than
one explanatory variable.

Note finally that all the computations reported in this work were carried out
using the R statistical system [21] and that the main corresponding R functions
are available on the web page of the second author (http://ikojadin.perso.
univ-pau.fr).

2. Problem and notation

Let Z be a Bernoulli random variable with unknown parameter my € [0, 1],
let X be an X-valued random variable with X C R, and let *,&** be two
absolutely continuous centered real valued random variables with finite variances
and independent of X. Assume additionally that Z is independent of X, £* and
¢**. Furthermore, for fixed af, 55, a5*, 85" € R, let Y be the random variable
defined by

V= (1= 2)(aj + B X + %) + Z(ap” + B5"X +&™),

i.e.
o+ BN+ € if Z=0, (1)
Tl g+ B X e i Z=1.

The above display is the equation of a mixture of two linear regressions with Z
as mixing variable.

Let F* and F™** denote the c.d.f.s of ¢* and €**, respectively. Furthermore, o,
B5 and F'* are assumed known while og*, 55*, mg and F** are assumed unknown.
The aim of this work is to propose and study an estimator of (a§*, 85*, 7o, F**)
based on n i.i.d. copies (X, Yi)lgign of (X, 37) Now, define Y =Y — af — 65X,
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o = ot — af and By = B5* — B3, and notice that
e* if Z=0,
Y_{ao-f—ﬁoX-i-E if Z=1, (2)

where, to simplify the notation, e = ¢** and F' = F**. It follows that the previ-
ous estimation problem is equivalent to the problem of estimating (o, Bo, 70, F')
from the observation of n i.i.d. copies (X;,Y;)1<i<n of (X,Y).

As we continue, the unknown c.d.f.s of X and Y will be denoted by Fx and
Fy, respectively. Also, for any z € X, the conditional c.d.f. of Y given X =z
will be denoted by Fy|x(-[z), and we have

Fyix(ylz) = (1 = m0) F*(y) + moF(y — a0 — foz),  y€R. (3)

It follows that, for any x € X, fy|x(:|x), the conditional p.d.f. of Y given X = x,
can be expressed as

fyix(yle) = (1 —m0)f*(y) + mof(y — a0 — Box),  yeR, (4)

where f* and f are the p.d.f.s of €* and ¢, assuming that they exist on R.

Note that, as shall be discussed in Section 7, it is possible to consider a
slightly more general version of the model stated in (2) involving an unknown
scale parameter for the first component. This more elaborate model remains
identifiable and estimation through the method of moments is theoretically pos-
sible. However, from a practical perspective, estimation of this scale parameter
through the method of moments seems quite unstable insomuch as that an alter-
native estimation method appears to be required. Notice also that another more
straightforward extension of the model will be considered in Section 7 allowing
to deal with more than one explanatory variable.

3. Identifiability

Since (2) is clearly equivalent to

Y=(0-2)"+Z(ap+ foX +¢), (5)
we immediately obtain that

E(Y|X) = moavo + mofo X a.s. (6)

It follows that the coefficients Ag1 = moag and Mg 2 = mBp can be identified
from (6) if |X| > 1. In addition, we have
E(Y?X) = E[{(1-2)e*+ Z(ap+ BoX +)}?|X] as.
= E(1 - 2)E{(c")?} + E(2)E{(ap + foX)?> + %X} as.
(1 —m0)(08)® + 7o (af + 20080 X + B X%+ 03)  as.
(1 —mo)(og)? + mo(ad + 03) + 2mpapBoX + moBe X2 as., (7)
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where oj and oy are the standard deviations of €* and ¢, respectively. If X
contains three points z1,z2,r3 such that the vectors {(1,z1,2%), (1,2, 23),
(1,23,23)} are linearly independent then, from (7), we can identify the coef-
ficients )\0)3 = (1 — WQ)(06)2 + 7T0(Oé(2J + 08), )\074 = 2mpap S and )\0)5 = Woﬁg. It
then remains to identify aq, Sy and 7y from the equations

Aol = oo

X2 = mofo

s = (1=mo)(0p)* +mo(ag +o3) (8)
Aoja = 2moapfBo = 2a0M0,2

Mo = ToBE = Boroze-

From the above system, we see that ag, By and 7y can be identified provided
moBo # 0. If mp = 0, then «ap and Sy cannot be identified, and, as shall become
clear in the sequel, neither can F. If By = 0, then the model in (2) coincides
with the model studied in [4] where it was shown that identifiability does not
necessary hold even if €* is assumed to have a zero-symmetric distribution. It
follows that for identifiability to hold it is necessary that the unknown compo-
nent actually exists (mp € (0,1]) and that its slope is non-zero (8p # 0). The
latter conditions will be assumed in the rest of the paper.

Before discussing the identifiability of the functional part of the model, it is
important to notice that the conditions on & stated above are merely sufficient
conditions. For instance, if X = {—1,1}, then A\g,1 = moap and Mg 2 = moSBy can
be identified from (6) and g4 = 2moaSBy can be identified from (7), which is
enough to uniquely determine (g, 8o, ™).

Let us finally consider the functional part F' of the model. For any n =
(a, B) € R?, denote by J(-,n) the c.d.f. defined by

J(t,m) =Pr(Y <t+a+ pX), teR. 9)

For any ¢ € R, this can be rewritten as
S = [ Frixt+a+ gelejdrx (o)
— (1) /R F*(t +a + Bz)dFx (2)
70 [ P{t+ (0= a0) + (3= Ao)o)dFx @)
For n = 1y = (a0, Bo), we then obtain
J(tm0) = (1 7o) /R F*(t + a0+ Bor)dFx (¢) + ToF(t),  tER.
Now, for any € R?, let K(-,n) be defined by

K(t,n)z/RF*(t—i—a—i—Bx)dFX(:v), teR. (10)
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It follows that F' is identified since
1
F(t) = 71'_ {J(tvno) - (1 - WO)K(tv 770)} ) teR. (11)
0

The above equation is at the root of the derivation of an estimator for F'.

4. Estimation

Let P be the probability distribution of (X,Y"). For ease of exposition, we will
frequently use the notation adopted in the theory of empirical processes as
presented in [15, 25, 27] for instance. Given a measurable function f : R? — R¥,
for some integer k > 1, Pf will denote the integral [ fdP. Also, the empirical
measure obtained from the random sample (X;,Y;)1<i<n will be denoted by
P, =n"'>"  0x,y:, where ., is the probability distribution that assigns a
mass of 1 at (x,y). The expectation of f under the empirical measure is then
P.f = n '3, f(X;,Y;) and the quantity G,f = /n(P,f — Pf) is the
empirical process evaluated at f. The arrow ‘~~’ will be used to denote weak
convergence in the sense of Definition 1.3.3 in [27] and, for any set S, £*°(5)
will stand for the space of all bounded real-valued functions on S equipped
with the uniform metric. Key results and more details can be found for instance
in [15, 25, 27].

4.1. Estimation of the Fuclidean parameter vector

To estimate the Euclidean parameter vector (ayg, o, ) € R xR\ {0} x (0, 1], we
first need to estimate the vector Ao = (Ao,1,...,X0,5) € R® whose components
were expressed in terms of «g, [y and g in (8). From (6) and (7), it is natural
to consider the regression function

dn(A) =Prpr,  AER?,
where, for any A € R%, ¢y : R? — R is defined by
oa(z,y) = (y — A1 — Aax)? + (y2 — A3 — Mz — Asz?)?, z,y e R. (12)

As an estimator of Ag = argminy Py, we then naturally consider A, =
argminy d, () that satisfies

dn(An) = ]P)n(p)\n = 07

where ¢y, the gradient of ¢ with respect to A, is given by

Yy — /\1 — /\Q.TE
z(y — A1 — Aax)
¢A(x7y) =-2 y2_)\3_)\4$_)\5x2 ) .I,yER

2(y? — A3 — gz — A52?)
22 (y? — A3 — M — As52?)
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Now, for any integers p,q > 1, define

. 1 &
XpPYd == XPyH4

and let
1 X 0 0 0 Y
X X2 0 0 0 Xy
A,=2] 0 0 1 X X2 and Y, =2 2 ,
0 0 X XZ X3 XY?
0 0 X2 X3 X4 X2y?2
which respectively estimate
1 E(X) 0 0 0 E(Y)
E(X) E(X?) 0 0 0 E(XY)
Ao =2 0 0 1 E(X) E(X?) | and Yo =2 E(Y?)
0 0 E(X) E(X?) E(X?) E(XY?)
0 0 E(X?) EX?*) EX? E(X?Y?)

The linear equation P, ¢, = 0 can then equivalently be rewritten as A, A, =
Y ,,. Provided the matrices A,, and Ag are invertible, we can write A,, = A1,
and Ao = Ag 'v,. Notice that, in practice, this amounts to performing an
ordinary least-squares linear regression of ¥ on X to obtain A, 1 and A, 2, while
An,3, An,a and A, 5 are given by an ordinary least-squares linear regression of
Y2 on X and X?2.

To obtain an estimator of («g, o, 7p), we use the relationships induced by (6)
and (7) and recalled in (8). Leaving the third equation aside because it involves
the unknown standard deviation oy of €, we obtain three possible estimators
of «y:

An1A A A2
(1) _ n,1\n,5 (2) _ n,4 (3) _ n,4
B 2 N O VD W
three possibles estimators of [j:
2
ﬂ(l) _ A'n,,S7 5(2) _ )\n,4 7 or 5(3) _ )\n,Q)\nA 7
" A2 " 2Mn " AN A2
and, three possibles estimators of 7q:
A 2A51\ AN 1 An 5
1 n,2 2 n,1\n,2 3 n,17\n,
Fg):m, WSZ):T’ or W;):TA

There are therefore 27 possible estimators of (ag, Bo, 7). Their asymptotics can
be obtained under reasonable conditions similar to those stated in Assumptions
Al and A2 below. Unfortunately, all 27 estimators turned out to behave quite
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poorly in small samples. This prompted us to look for alternative estimators
within the “same class”.

We now describe an estimator of («v, S, 7o) that was obtained empirically
and that behaves significantly better for small samples than the aforementioned
ones. The new regression function under consideration is d,, () = Ppip~, v € R®,
where, for any (z,y) € R?,

or(2,y) = (y — 11 — 122) + (¥ — 73 — az?)?
+ (@ =)+ (2® —76)> + (2 — 1) + (2" —9s)*. (13)

As previously, let v, = argmin, d, () be the estimator of vy = argmin, Py,
and notice that the main difference between the approach based on (12) and
the approach based on (13) is that the former involves the linear regression of
Y on X and X2, while the latter relies on the linear regression of Y2 on X2
only, which appears to result in better estimation accuracy. Now, let

1 X 0 0 0000 v
X X2 0 0 0000 XY
0 0 1 X200 00 Y2
Vo va 2y2
p,o—2| 0 0 X2 X1 0000 and 0, —2| ¥ ’
00 0 0 1000 X
00 0 0 0100 X2
0 0 0 0O 0 0 1 O X3
0O 0 0 0 0001 X4
which respectively estimate
1 E(X) 0 0 00 0 0 E(Y)
E(X) E(X?) 0 0 00 0 0 E(XY)
0 0 1 E(X?) 0 0 0 0 E(Y?)
B 0 0 E(X?) EXY 0 0 0 0 | E(X?Y?)
To=21 0 0 0 10 0 o ™M=2] "%y
0 0 0 0 01 00 E(X?)
0 0 0 0 00 1 0 E(X?)
0 0 0 0 00 0 1 E(XY)

Then, proceeding as for the estimators based on (12), we have, provided the
matrices I',, and Ty are invertible, that ~,, = I';,16,, and vy = ry 19y. In prac-
tice, yn,1 and 2 (resp. yn.3 and 7y, 4) merely follow from the ordinary least-
squares linear regression of Y on X (resp. Y? on X?), while v, 44+, = X' for
ie{l,...,4}.

To obtain an estimator of («v, o, ), we immediately have from the second
term in (13) corresponding to the linear regression of Y2 on X2 that

cov(X2,Y?)  cov(X2Y?)
Y0,4 = = )
V(X2) Y0.8 = V.6




2612 L. Bordes et al.

where the second equality comes from the fact that yo44; = E(X?) for i €
{1,...,4}. Now, using (5), we obtain

cov(X2Y?) = cov[X? {(1 — Z)e* + Z(a + BoX +¢)}?]
= FQBSV(X2) + 27T0a0ﬁQCOV(X2, X)

From the first term in (13) corresponding to the linear regression of ¥ on X
and (6), we have that 791 = moag and 792 = moSp. Combining these with the
previous display, we obtain

cov(X?,Y?) = 70,280(70,8 — 15.6) + 270,180 (70,7 — 70,570,6)-

This leads to the following estimator of (ag, B, 70):

Bn = 96(771) = Ind )
Y2 + 29,1 (V7 = Vn.5Yn.6)/ (Tns — Vo.6)
Yn,2
Tn = 9" (Yn) = ﬂL
n
Tn,1
o = g% (n) = 4.
Tn

As we continue, the subsets of R® on which the functions g%, ¢ and g™ exist and
are differentiable will be denoted by D, D? and DT, respectively, and D27
will stand for D* N D? N D™.

To derive the asymptotic behavior of (au, B, Tn) = (9% (Yn), 9% (Yn), 7 (Yn)),
we consider the following assumptions:

Al. (i) X has a finite fourth order moment; (ii) X has a finite eighth order
moment.
A2. the variances of X and X? are strictly positive and finite.

Clearly, Assumption Al (ii) implies Assumption Al (i), and Assumption A2
implies that the matrix Iy defined above is invertible.

The following result, proved in Appendix A, characterizes the asymptotic
behavior of the estimator (a,, Bn, mn)-

Proposition 4.1. Assume that vy € D%,

(i) Under Assumptions A1 (i) and A2, (aun, B, Tn) <25 (o, Bo, T0)-
(11) Suppose that Assumptions A1 (i) and A2 are satisfied and let V., be the
8 by 8 matriz defined by

99% ... 9g9%
o Ovs
_ agB agB o, fB,m
Uy o a2 |, yeDWOT
o .. 29"
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Then

K

\/ﬁ(a’ﬂ — Q, Bn - 6077T77, - 7TO) = _Gn(\Ij’YoFO_lsb’YU) + OP(1)7

where G, = /n(P,, — P). As a consequence, \/n(a, — ag, Bn — Bo,Tn —
o) converges in distribution to a centered multivariate normal random
vector with covariance matriz ¥ = \I/.,Ol“glP(cp% c,b:yro)l"alllf;'—o, which can
be consistently estimated by %, = W, T P (0, o1 )T, P W in the sense

that ¥, =23 3.

An immediate consequence of the previous result is that large-sample stan-
dard errors of «,, 8, and 7, are given by the square root of the diagonal ele-
ments of the matrix n~'%,,. The finite-sample performance of these estimators
is investigated in Section 5 and they are used in the illustrations of Section 6.

4.2. Estimation of the functional parameter

To estimate the unknown c.d.f. F of ¢, it is natural to start from (11). For a
known 1 = (o, 3) € R?, the term J(-,n) defined in (9) may be estimated by the
empirical c.d.f. of the random sample (Y; — o — X;)1<i<n, L€,

Zl(Yi—a—ﬁXigt), teR.
=1

S|

In (t7 77) =

Similarly, since F* (the c.d.f. of €*) is known, a natural estimator of the term
K(t,n) defined in (10) is given by the empirical mean of the random sample
{F*(t + o+ ﬁXi)}lgigna i.e.,

1 n
Kn(t,m) = ~ Y Fr(t+a+pX;), teR
i=1

To obtain estimators of J(-, 1) and K(-,7m9), it is then natural to consider the
plug-in estimators J,, (-, m,) and K, (-, ), respectively, based on the estimator
Mo = (n, Bn) = (9%, 9%)(n) of o proposed in the previous subsection.

We shall therefore consider the following nonparametric estimator of F' :

Fo(t) = Wi nltmn) — (1= ) Kn(timn)},  tER. (14)

Note that F,, is not necessarily a c.d.f. as it is not necessarily increasing and
can be smaller than zero or greater than one. In practice, we shall consider the
partially corrected estimator (F, V 0) A 1, where V and A denote the maximum
and minimum, respectively.

To derive the asymptotic behavior of the previous estimator, we consider the
following additional assumptions on the p.d.f.s f* and f of ¢* and ¢, respectively:

A3. (i) f* and f exist and are bounded on R; (ii) (f*)" and f’ exist and are
bounded on R.
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Before stating one of our main results, let us first define some additional
notation. Let F7 and FX be two classes of measurable functions from R? to R
defined respectively by

Fh={(a,y) = viy(e,y) =1y —a -z <t):t eRm = (a, B) € R*}
and

FE = {(:v,y) — wtlfn(x,y) =F'(t+a+px):teRn=(a,p) € R2}.
Furthermore, let D?;(’)B”T be a bounded subset of D*#7™ containing 7o, and let
FP™ be the class of measurable functions from R? to R? defined by

Fobm={(x,y) = —UaT5 dn ()
= (VS (2,9),¥5 (z, ), ¢35 (2, y)) : v € D™
With the previous notation, notice that, for any ¢ € R,
Vid Jn(t,mo)—J(t,mo)} = (an?/fgn0 and  /n{K,(t,n0)—K(t,m0)} = Gnﬂff,(m,
and that, under Assumptions A1 (ii) and A2, Proposition 4.1 states that
V(o — a0, B — Bos mn — o) = Gy ( 70,1/1707 Z,) +op(1).

Next, for any « € DE‘,{;B”T, let

1— PyE — Py/
Uy = S+ r(ews + FOENE - LTy Din S inyr 1)

with n = (o, 8) = (g%, ¢°)(7) and 7 = g™ (7).
The following result, proved in Appendix B, gives the weak limit of the em-
pirical process /n(F, — F).

Proposition 4.2. Assume that vo € D7 and that Assumptions A1, A2 and
A8 hold. Then, for anyt € R,

Vi{Fu(t) = F()} = Gati s, + Qnit.

where sup;cg |Qn.¢| = op(1) and the empirical process t — Guf., ~ converges
weakly to t — (wa,m in £ (R) with G a P-Brownian bridge.

Let us now discuss the estimation of the p.d.f. f of e. Starting from (11) and
after differentiation, it seems sensible to estimate E { f*(t + ap + 8o X)}, t € R,
by the empirical mean of the observable sample {f*(t + an + 8,Xi) <i<n-
Hence, a natural estimator of f can be defined, for any ¢ € R, by

- Lok S (e

’ﬂ

_ w if*(t + o + ﬁnXi)} , (16)

i=1
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where & is a kernel function on R and (hy),>1 is a sequence of bandwidths
converging to zero.

In the same way that F), is not necessarily a c.d.f., f, is not necessarily a
p-d.f. In practice, we shall use the partially corrected estimator f,, V 0. A fully
corrected estimator (so that, additionally, the estimated density integrates to
one) can be obtained as explained in [8].

Consider the following additional assumptions on (hy,)n>1, £ and f* :

Ad. (i) hy, = en™® with o € (0,1/2) and ¢ > 0 a constant; (ii) « is a p.d.f. with
bounded variations on R and a finite first order moment; (iii) the p.d.f. f*
has bounded variations on R.

The following result is proved in Appendix C.

Proposition 4.3. If v € D%#™, and under Assumptions A1 (i), A2, A3
and A/,

sup |fa(t) = f(£)] == 0.
teR
Finally, note that, in all our numerical experiments, the kernel part of f,, was
computed using the ks R package [7] in which the univariate plug-in selector
proposed in [30] was used for the bandwidth h,,.

4.3. A weighted bootstrap with application to confidence bands for F

In applications, it may be of interest to carry out inference on F. The result
stated in this section can be used for that purpose. It is based on the uncon-
ditional multiplier central limit theorem for empirical processes [see e.g. 15,
Theorem 10.1 and Corollary 10.3] and can be used to obtain approximate inde-
pendent copies of \/n(F, — F).

Given i.i.d. mean 0 variance 1 random variables &1, ..., &, with [ {Pr(|¢&] >
2)}"/2dx < oo, and independent of the random sample (X;,Yi)1<i<n, let

1 n
Glh=—= (& —8dx,v..
"= n (& —€)dx.v,

=1

3

where £ =n=1 Y"1 | & Also, let (Af‘/n,z/;ﬂn, Agn) = -V, I'''¢,, and, for any
t e R, let

,(Z)K _|_ ]P)nwtlfnn B Pnd}i]f”n A71'
t,Mn 7T2 In
(17)
be an estimated version of the influence function 1/15 ~, arising in Proposition 4.2,
where 1, = (anaﬁn) = (gaagﬁ)('Yn) and m, = gw('Yn)-
The following proposition, proved in Appendix D, suggests, when n is large,
to interpret ¢ — G;lwf% as an independent copy of \/n(F,, — F).

1—m,

N 1 N .
Vg, = Vil + (05, +fa()) X5,

Tn
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Proposition 4.4. Assume that vy € D7, and that Assumptions A1, A2, A3
and A hold. Then, the process (t — Gn¢f,70, t— G;l¢f,7n) converges weakly to
(t = Gf, t = GOf,) in {€>°(R)}?, where t — G'¢f is an independent
copy of t — G@[Jf,,/o.

Let us now explain how the latter result can be used in practice to obtain
an approximate confidence band for F. Let N be a large integer and let §§j ),
ie{l,...,n}, j € {l,...,N}, be ii.d. random variables with mean 0, vari-
ance 1, satisfying fOOO{Pr(|§§j)| > 2)}/2dz < oo, and independent of the data
(Xi,Yi)1<icn. Forany j € {1,..., N}, let GY) = n=2/2357"  (¢9) — £0))5y, .,
where £0) = =137 §§j). Then, a consequence of Propositions 4.2 and 4.4 is
that

(ViEn = F), 6 @DGE, Lt GIVIE )
w (£ Gul, t - GOPE, Lt GNIGE )

in {£>°(R)}N*! where G, ..., GIN) are independent copies of the P-Brownian
bridge G. From the continuous mapping theorem, it follows that

(sup VA(F, — )], sup |GOGE, ... sup|GOVGE, |>
teR teR teR

o (sup GV | 66T .. sup [0,
teR teR teR
N+1

in [0, 00)¥ Tt The previous result suggests to estimate quantiles of sup,cp |v/n(Fn—
F)| using the generalized inverse of the empirical c.d.f.

N

1 .
G () = 5 21 {sup L, | <o} (18)

o1 ter

A large-sample confidence band of level 1 — p for F' is thus given by F,, +
G (1 — p)/y/n. Examples of such confidence bands are given in Figures 1, 2
and 3, and the finite-sample properties of the above construction are empiri-
cally investigated in Section 5. Note that in all our numerical experiments, the
random variables 55] ) were taken from the standard normal distribution, and
that the supremum in the previous display was replaced by a maximum over
100 points Uy, . .., Ujgo uniformly spaced over the interval [minj<;<,(Y; — a, —
BnXi), maxi<i<n (Y — an — BnX;)].

Finally, notice that Proposition 4.2 implies that, for any fixed ¢t € R, the
random variable Gm/)f ~, converges in distribution to GU)E ~o- This suggests to
estimate the variance of G1/}5 ~, as the variance of an/)f ~o¢ Which is equal to
V{f, (X, Y)} = P(yf,,)? — (PYf,,)?. Should 4o be known, a natural es-
timate of the latter would be the empirical variance of the random sample
{@[1570 (Xi,Yi) hi<i<n. As 7o is unknown, the sample of “pseudo-observations”

{@[}f% (Xi,Yi) }i<i<n can be used instead. This suggests to estimate the stan-
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dard error of F,(t) as

0T AR, )7 — Bty )P (19)

The finite-sample performance of this estimator is investigated in Section 5 for
several values of t.

5. Monte Carlo experiments

A large number of Monte Carlo experiments was carried out to investigate the
influence on the estimators of various factors such as the degree of overlap of the
mixed populations, the proportion of the unknown component 7, or the shape
of the noise ¢ involved in the unknown regression model. Starting from (2), the
following generic data generating models were considered:

WO :E* NN(Oa 1)7 (O‘OaﬂO) (27 1)5 X~ N(2532)5 E(Ez) = 17
MO :e* ~ N(0,1), (ao, o) = (2,1), X ~ N(2,3?), E(?) = 4,
SO :e* ~ N(0,1), (ap, Bo) = (1,0.5), X ~ N (1,2?%), E(e?) = 4.

The abbreviations WO, MO and SO stand respectively for “Weak Overlap”,
“Medium Overlap” and “Strong Overlap”. Three possibilities were considered
for the distribution of e: the centered normal (the corresponding data generating
models will be abbreviated by WOn, MOn and SOn), a gamma distribution with
shape parameter equal to two and rate parameter equal to a half, shifted to have
mean zero (the corresponding models will be abbreviated by WOg, MOg and
SOg) and a standard exponential shifted to have mean zero (the corresponding
models will be abbreviated by WOe, MOe and SOe). Depending on the model
they are used in, all three error distributions are scaled so that € has the desired
variance.

Examples of datasets generated from WOn, MOg and SOe with n = 500 and
mo = 0.7 are represented in the first column of graphs of Figure 1. The solid
(resp. dashed) lines represent the true (resp. estimated) regression lines. The
graphs of the second column represent, for each of WOn, MOg and SOe, the
true c.d.f. F of ¢ (solid line) and its estimate F,, (dashed line) defined in (14).
The dotted lines represent approximate confidence bands of level 0.95 for F
computed as explained in Subsection 4.3 with N = 10, 000. Finally, the graphs
of the third column represent, for each of WOn, MOg and SOe, the true p.d.f.
f of € (solid line) and its estimate f, (dashed line) defined in (16).

For each of the three groups of data generating models, {WOn, MOn, SOn},
{WOg, MOg, SOg} and {WOe, MOe, SOe}, the values 0.4 and 0.7 were con-
sidered for 7, and the values 100, 300, 1000 and 5000 were considered for n.
For each of the nine data generating scenarios, each value of 7y, and each value
of n, M = 1000 random samples were generated. Tables 1, 2 and 3 report the
number m of samples out of M for which 7, ¢ (0,1], as well as the estimated
bias and standard deviation of ay,, B, T, Fr{F~1(0.1)}, F,{F~1(0.5)} and
F,{F~1(0.9)} computed from the M — m valid estimates.
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Fic 1. First column, from top to bottom: datasets generated from WOn, MOg and SOe,
respectively, with n = 500 and w9 = 0.7; the solid (resp. dashed) lines represent the true
(resp. estimated) regression lines. Second column, from top to bottom: for WOn, MOg and
SOe, respectively, the true c.d.f. F of € (solid line) and its estimate Fy, (dashed line) defined
in (14). The dotted lines represent approzimate confidence bands of level 0.95 for F' computed
as explained in Subsection 4.8 with N = 10,000. Third column, from top to bottom: for WOn,
MOg and SOe, respectively, the true p.d.f. f of € (solid line) and its estimate fn defined
in (16) (dashed line).

A first general comment concerning the results reported in Tables 1, 2 and 3
is that the number m of samples for which 7, ¢ (0,1] is the highest for the
SO scenarios followed by the MO scenarios and then the WO scenarios. Also,
for a fixed amount of overlap between the two mixed populations, it is when
the distribution of € is exponential that m tends to be the highest followed by
the gamma and the normal cases. Hence, as expected, the SO scenarios are the
hardest and, for a given degree of overlap, the most difficult problems are those
involving exponential errors for the unknown regression component.
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TABLE 2. For M = 1000 random samples generated under scenarios WOg, MOg and SOg, number m of samples out of M for which m, ¢ (0,1],
as well as estimated bias and standard deviation of an, Bn, Tn, Fo{F~1(0.1)}, Fo{F~1(0.5)} and Fx{F~1(0.9)} computed from the M — m wvalid

estimates
an Bn T F,{F~1(0.1)} F,{F~1(0.5)} Fo,{F~1(0.9)}
Scenario ™0 n m bias sd bias sd bias sd bias sd bias sd bias sd
WOg 0.4 100 21 -0.083 0.651 -0.022 0.342 0.044 0.134 0.186 0.167 0.004 0.164 -0.065 0.108
300 0 -0.053 0.381 -0.007 0.225 0.018 0.082 0.119 0.127 -0.008 0.134 -0.035 0.083
1000 0 -0.007 0.208 -0.003 0.128 0.005 0.040 0.058 0.087 -0.011 0.103 -0.012 0.043
5000 0 -0.004 0.094 -0.002 0.056 0.002 0.017 0.016 0.041 -0.006 0.055 -0.003 0.018
0.7 100 36 -0.014 0.360 -0.009 0.186 0.018 0.106 0.098 0.115 -0.008 0.132 -0.024 0.072
300 4 -0.009 0.211 -0.005 0.119 0.008 0.069 0.056 0.080 -0.010 0.100 -0.013 0.047
1000 0 -0.004 0.117 -0.000 0.069 0.002 0.038 0.025 0.050 -0.005 0.068 -0.003 0.024
5000 0 -0.002 0.051 -0.002 0.031 0.001 0.017 0.004 0.023 -0.003 0.031 -0.001 0.010
MOg 0.4 100 45 -0.067 0.846 0.002 0.400 0.047 0.156 0.106 0.122 0.008 0.112 -0.008 0.056
300 0 -0.049 0.458 -0.015 0.249 0.024 0.095 0.061 0.079 -0.001 0.079 -0.006 0.035
1000 0 -0.025 0.248 -0.012 0.141 0.008 0.045 0.024 0.044 -0.008 0.052 -0.003 0.020
5000 0 -0.006 0.115 -0.002 0.064 0.002 0.020 0.006 0.019 -0.002 0.026 -0.000 0.009
0.7 100 69 -0.011 0.511 0.007 0.222 0.018 0.124 0.049 0.081 -0.001 0.084 0.000 0.037
300 7 -0.031 0.299 -0.004 0.153 0.016 0.089 0.029 0.049 -0.005 0.059 -0.002 0.023
1000 0 -0.008 0.163 -0.003 0.087 0.006 0.049 0.011 0.027 -0.003 0.036 -0.001 0.012
5000 0 0.002 0.071 0.001 0.040 0.000 0.022 0.003 0.011 -0.000 0.017 0.000 0.006
SOg 0.4 100 305 1.339 12.672 0.155 0.455 0.012 0.224 0.062 0.190 0.024 0.138 0.021 0.049
300 145 0.076 0.619 0.055 0.274 0.041 0.182 0.018 0.087 0.001 0.060 0.010 0.024
1000 21 -0.011 0.314 -0.000 0.168 0.035 0.132 0.005 0.042 -0.000 0.032 0.003 0.013
5000 0 -0.004 0.152 -0.000 0.079 0.011 0.062 0.002 0.018 -0.000 0.014 0.001 0.006
0.7 100 386 1.222 22.682 0.169 0.326 -0.085 0.207 0.043 0.117 0.020 0.079 0.009 0.036
300 244 0.101 0.379 0.069 0.189 -0.028 0.167 0.017 0.051 0.005 0.037 0.003 0.017
1000 75 0.021 0.206 0.018 0.117 0.003 0.126 0.005 0.028 0.001 0.021 0.002 0.010
5000 0 -0.003 0.100 -0.000 0.055 0.007 0.067 0.001 0.012 0.000 0.009 0.000 0.004
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Influence of the shape of the p.d.f. of €. A surprising result, when observing
Tables 1, 2 and 3, is that the nature of the distribution of £ appears to have very
little influence on the performance of the estimators «,, 8, and 7,. Under weak
and moderate overlap in particular, the estimated bias and standard deviations
of the estimators are almost unaffected by the distribution of the error of the
unknown component.

The effect of the degree of overlap. As expected, the performance of the esti-
mators a,, 8, and m, is strongly affected by the degree of overlap. Notice how-
ever that the results obtained under the WO and MO data generating scenarios
are rather comparable, while the performance of the estimators gets significantly
worse when switching to the SO scenarios, especially for m,. Notice also that,
overall, the biases of a,, and 3, are negative under WO and MO and positive
under SO, while, for all the scenarios under consideration, 7, tends to have a
positive bias.

The influence of my. For a given degree of overlap and sample size, the pa-
rameter that seems to affect the most the performance of the estimators is the
proportion my of the unknown component. On one hand, the number of samples
for which m,, ¢ (0, 1] is lower for my = 0.4 than for 79 = 0.7. On the other hand,
when considering the samples for which m, € (0, 1], the finite-sample behavior
of o, and (3, improves very clearly when 7y switches from 0.4 to 0.7.

Performance of the functional estimator. The study of F,{F~1(p)} for p €
{0.1,0.5,0.9} clearly shows that, for a given degree of overlap between the two
mixed populations, the performance of the functional estimator is the best when
the distribution of € is normal followed by the gamma and the exponential
settings. In addition, it appears that F,{F~1(p)}, p € {0.1,0.5}, behaves the
best under the MO scenarios, and that, somehow surprisingly, F,,{F~(0.9)}
achieves its best results under the SO scenarios.

Asymptotics. The results reported in Tables 1, 2 and 3 are in accordance with
the asymptotic theory stated in the previous section. In particular, as expected,
the estimated biases and standard deviations of all the estimators tend to zero
as n increases. Notice for instance that under SOg and SOe with 79 = 0.4 (two
of the most difficult scenarios), the estimated standard deviation of a, is greater
than 7 for n = 100, drops below 0.7 for n = 300, and becomes very reasonable
for n = 1000 and 5000.

Comparison with the method proposed in [29]. The results reported in Ta-
ble 1 for models WOn, MOn and SOn, and for n € {100,300}, can be directly
compared with those reported in [29, Table 2]. The scenarios with gamma and
exponential errors considered in this work have however no analogue in [29]
as the method therein was derived under zero-symmetry assumptions for the
errors. A comparison of Table 1 with Table 2 in [29] reveals that the standard
deviations of our estimators of a, By and my are between 1.5 and 3 times larger,
while the two sets of estimators are rather comparable in terms of bias. It is
however important to recall that the results reported in [29] were obtained after
a careful adjustment of the tuning parameters of the estimation method while
the approach derived in this work is free of tuning parameters. Indeed, in the
Monte Carlo experiments reported in [29], the underlying gradient optimization
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method is initialized at the true value of the parameter vector (ay, o, 7o) and
the choice of the weight distribution function involved in the definition of the
contrast function is carefully hand-tuned to avoid numerical instability [see 29,
Section 4.2].

Let us now present the results of the Monte Carlo experiments used to in-
vestigate the finite-sample performance of the estimators of the standard errors
of a, Bn, mn and F,{F~1(p)}, p € {0.1,0.5,0.9}, mentioned below Proposi-
tion 4.1 and in (19), respectively. The setting is the same as previously with
the exception that n € {100,300, 1000, 5000, 25000}. The results are partially
reported in Table 4 which gives, for scenarios WOn, MOg and SOe and each of
the aforementioned estimators, the standard deviation of the estimates multi-
plied by v/n and the mean of the estimated standard errors multiplied by /n.
As can be seen, for all estimators and all scenarios, the standard deviation of
the estimates and the mean of the estimated standard errors are always very
close for n = 25,000. The convergence to zero of the difference between these
two quantities appears however slower for F,,{F~1(p)}, p € {0.1,0.5,0.9}, than
for a,, B, and m,, the worst results being obtained for F,{F~1(0.1)}. The
results also confirm that the SO scenarios are the hardest. Notice finally that
the estimated standard errors of «,, and (3, seem to underestimate on average
the variability of o, and ,, and that the variability of m,, and F,{F~'(p)},
p € {0.1,0.5,0.9} appears to be underestimated on average for the WO and MO
scenarios, and overestimated on average for the SO scenarios.

We end this section by an investigation of the finite-sample properties of the
confidence band construction proposed in Subsection 4.3. Table 5 reports the
proportion of samples for which

max Fo(t) — F(t)] > n~2G-%,(0.95),
te{Uu,..., U100}| ( ) ( >| n,N( )

where G,y is defined as in (18) with N = 1000, and Un, ..., Uygo are uniformly
spaced over the interval [ming<;<,(¥; —a, — 8, X;), maxi<i<n (Y — o — 8 X3
As could have been partly expected from the results reported in Table 4, the
confidence bands are too narrow on average for the WO and MO scenarios,
the worse results being obtained when the error of the unknown component
is exponential. The results are, overall, more satisfactory for the SO scenarios.
In all cases, the estimated coverage probability appears to converge to 0.95,
although the convergence appears to be slow.

6. Illustrations

We first applied the proposed method to a dataset initially reported in [5] and
subsequently analyzed in [6] and [12], among others. As we shall see, the model
studied in this work and stated in (2) appears as a rather natural candidate for
this dataset. For other datasets for which it is less natural to assume that one
of the two components is known, the derived method can be used to assess the
relevance of the results of EM-type algorithms for estimating two-component
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TABLE 4. For M = 1000 random samples generated under scenarios WOn, MOg and SOe, number m of samples out of M for which 7, & (0,1], and,
for each of the estimators an, fn, Tn, Fo{F~1(0.1)}, Fo{F~1(0.5)} and F,{F~1(0.9)}, standard deviation of the M — m wvalid estimates times
/1, and mean of the estimated standard errors times \/n. The quantities t1, ta and t3 in the table are equal to F~1(0.1), F~1(0.5) and F~1(0.9),

respectively
mu:@Hv mu:@mv Nﬂimwwv
Scenario 0 n m sd se sd se sd se sd se sd se sd se
WOn 0.4 100 16 6.66 6.67 3.51 2.92 1.37 1.23 1.43 1.15 1.57 1.36 1.18 1.11
300 0 7.10 6.49 3.88 3.43 1.42 1.23 1.55 1.18 2.22 1.90 1.72 1.50
1000 0 6.63 6.56 4.09 3.79 1.30 1.22 1.46 1.09 2.88 2.62 1.97 1.81
5000 0 6.42 6.61 4.00 3.92 1.19 1.24 0.95 0.86 3.31 3.23 1.88 1.93
25000 0 6.74 6.62 3.98 3.96 1.25 1.24 0.78 0.75 3.55 3.44 1.94 1.92
0.7 100 33 3.49 3.50 1.86 1.61 1.04 1.05 0.73 0.60 1.16 1.02 0.87 0.75
300 2 3.56 3.54 2.08 1.89 1.19 1.12 0.71 0.56 1.49 1.34 1.07 0.93
1000 0 3.77 3.58 2.17 2.08 1.23 1.17 0.56 0.50 1.82 1.65 1.17 1.05
5000 0 3.60 3.63 2.16 2.18 1.18 1.20 0.45 0.43 1.89 1.88 1.08 1.09
25000 0 3.60 3.61 2.12 2.17 1.18 1.19 0.41 0.41 1.94 1.92 1.04 1.07
MOg 0.4 100 57 7.96 7.91 3.92 3.33 1.53 1.46 1.15 1.03 1.11 1.08 0.54 0.62
300 2 7.99 7.69 4.41 3.93 1.60 1.39 1.43 1.09 1.38 1.32 0.61 0.64
1000 0 8.37 7.83 4.64 4.34 1.50 1.40 1.46 1.10 1.74 1.63 0.64 0.65
5000 0 8.39 8.04 4.69 4.54 1.52 1.43 1.38 1.13 1.96 1.86 0.65 0.64
25000 0 8.30 8.04 4.57 4.58 1.52 1.44 1.28 1.19 1.96 1.91 0.65 0.64
0.7 100 66 4.55 4.70 2.47 2.07 1.27 1.26 0.86 0.65 0.82 0.77 0.37 0.39
300 8 5.06 4.80 2.71 2.42 1.51 1.40 0.89 0.70 1.03 0.95 0.41 0.41
1000 0 5.05 4.95 2.73 2.64 1.57 1.48 0.86 0.70 1.15 1.10 0.43 0.42
5000 0 5.00 5.01 2.72 2.73 1.55 1.52 0.79 0.73 1.17 1.17 0.41 0.42
25000 0 4.93 5.03 2.71 2.76 1.52 1.53 0.79 0.78 1.19 1.19 0.42 0.42
SOe 0.4 100 294 76.74 60.97 6.19 4.65 2.24 3.59 1.94 2.30 1.36 1.94 0.51 0.80
300 171 11.91 10.92 5.13 4.92 3.40 4.35 2.13 1.64 1.40 1.55 0.46 0.60
1000 31 11.20 10.24 6.05 5.52 4.65 4.65 2.47 1.79 1.62 1.58 0.49 0.53
5000 0 11.47 10.87 6.17 5.93 4.64 4.38 2.91 2.47 1.70 1.68 0.48 0.48
25000 0 10.96 11.23 6.06 6.16 4.27 4.37 3.68 3.49 1.64 1.72 0.46 0.47
0.7 100 410 8.91 8.82 3.37 3.43 2.06 3.00 1.48 1.19 0.87 1.11 0.36 0.44
300 262 7.58 7.51 4.07 4.00 3.06 4.02 1.75 1.36 0.96 1.13 0.33 0.39
1000 121 7.41 7.55 4.09 4.23 4.44 5.04 1.92 1.54 1.07 1.19 0.31 0.36
5000 1 8.06 7.83 4.38 4.35 5.58 5.43 2.33 2.11 1.20 1.19 0.34 0.34
25000 0 8.00 8.00 4.36 4.45 5.44 5.50 2.80 2.76 1.22 1.22 0.33 0.34
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TABLE 5
For M = 1000 random samples generated under each of the mine scenarios considered in
Section 5, number m of samples out of M for which m, & (0,1], and proportion p out of the
M — m remaining samples for which Fy is not in the approrimate confidence band
computed as explained in Subsection 4.3

Generic e ~ Normal e ~ Gamma e ~ Exp
scenario ) n m D m D m D
WO 0.4 100 22 0.306 27 0.362 24 0.444
300 0 0.238 0 0.251 2 0.334
1000 0 0.126 0 0.182 0 0.226
5000 0 0.082 0 0.080 0 0.133
25000 0 0.064 0 0.055 0 0.092
0.7 100 32 0.169 32 0.195 24 0.290
300 2 0.138 5 0.160 3 0.231
1000 0 0.092 0 0.108 0 0.168
5000 0 0.073 0 0.074 0 0.090
25000 0 0.056 0 0.041 0 0.081
MO 0.4 100 45 0.088 42 0.177 48 0.334
300 0 0.114 2 0.205 1 0.296
1000 0 0.103 0 0.127 0 0.207
5000 0 0.073 0 0.095 0 0.126
25000 0 0.050 0 0.073 0 0.085
0.7 100 76 0.088 60 0.117 67 0.247
300 7 0.102 13 0.146 12 0.215
1000 0 0.084 0 0.082 0 0.140
5000 0 0.054 0 0.067 0 0.096
25000 0 0.049 0 0.065 0 0.070
SO 0.4 100 259 0.003 327 0.030 316 0.072
300 103 0.006 128 0.057 182 0.117
1000 4 0.027 14 0.067 29 0.142
5000 0 0.029 0 0.077 0 0.123
25000 0 0.042 0 0.045 0 0.087
0.7 100 328 0.001 413 0.036 405 0.099
300 166 0.005 249 0.037 280 0.094
1000 32 0.028 91 0.043 119 0.083
5000 0 0.036 2 0.062 2 0.088
25000 0 0.044 0 0.061 0 0.071

mixtures of linear regressions. Two such datasets will be analyzed: the aphids
dataset initially considered in [3], and the NimbleGen high density array dataset
studied in [18].

6.1. The tone dataset

The dataset, available in the mixtools R package [2], consists of n = 150 obser-
vations (x;,9;) where the z; are actual tones and the g; are the corresponding
perceived tones by a trained musician. The detailed description of the dataset
given in [12] suggests that it is natural to consider that the equation of the
tilted component is y = x. The transformation y; = ¢; — x; was then applied to
obtain a dataset (x;,y;) that fits into the setting considered in this work. The
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Fia 2. Upper left plot: the original tone data; the dashed lines represent the regression lines ob-
tained in [12] using a semiparametric EM-like algorithm without zero-symmetry assumptions.
Upper right plot: the transformed data; the solid line represents the estimated regression line;
the dashed line represents the corresponding (transformed) regression line obtained in [12].
Lower left plot: the estimate (Frn VO)A1 (solid line) of the unknown c.d.f. F' of € as well as an
approzimate confidence band (dotted lines) of level 0.95 for F' computed as explained in Sub-
section 4.3 with N = 10,000. Lower right plot: the estimate fn, VO of the unknown p.d.f. f of €.

original dataset and the transformed dataset are represented in the upper left
and upper right plots of Figure 2, respectively.

The approach proposed in this paper was applied under the assumption that
the distribution of £* in (2) is normal with standard deviation 0.079. The latter
value was obtained by considering the upper right plot of Figure 2 and by
computing the sample standard deviation of the y; such that y; € (—0.25,0.25)
and z; < 1.75 or x; > 2.25.

The estimate (1.652,—0.817,0.790) was obtained for the parameter vector
(), Bo, mo) with (0.217,0.108,0.104) as the vector of estimated standard errors.
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The estimated regression line is represented by a solid line in the upper right
plot of Figure 2. The dashed line represents the corresponding (transformed) re-
gression line obtained in [12] using a semiparametric EM-like algorithm without
zero-symmetry assumptions (see Table 1 in the latter paper for more results).
The estimate (F,, VO)A1 (resp. f, VO0) of the unknown c.d.f. F' (resp. p.d.f. f) of
¢ is represented in the lower left (resp. right) plot of Figure 2. The dotted lines
in the lower left plot represent an approximate confidence band of level 0.95 for
F computed as explained in Subsection 4.3 using N = 10, 000. Note that, from
the results of the previous section, the latter is probably too narrow. Numerical
integration using the R function integrate gave fil(fn V0) = 1.01.

6.2. The aphids dataset

We next considered a dataset initially analyzed in [3] and available in the mixreg
R package [23]. The data were obtained from 51 experiments. Each experiment
consisted of releasing a certain number of green peach aphids (flying insects)
in a chamber containing 81 tobacco plants arranged in a 9 x 9 grid. Among
these plants, 12 were infected by a certain virus and 69 were healthy. After
24 hours the chambers were fumigated to kill the aphids, and the previously
healthy plants were moved and monitored to detect symptoms of infection. The
number of infected plants was recorded. The dataset thus consists of n = 51
observations (z;, ;) where the z; are the number of released aphids and the
7; are the corresponding number of infected plants. The resulting scatterplot is
represented in the upper left plot of Figure 3. The dashed lines represent the
regression lines obtained in [24, Table 1] using a standard EM algorithm with
normal errors. With the notation of (1) and the convention that of and og*
are the standard deviations of £* and €**, respectively, the author obtained the
estimate (0.859,0.002, 1.125) for (og, 55, 04 ), the estimate (3.47,0.055, 3.115) for
(ag*, By*, o4*) and the estimate 0.5 for my [see also 31, Table 4].

To show how the semiparametric approach studied in this work could be
used to assess the relevance of the results reported in [24], we arbitrarily made
the assumption that the almost horizontal component in the upper left plot of
Figure 3 was perfectly estimated, i.e., that the known component has equation
y = 0.859 + 0.002z and that the distribution of the corresponding error is
normal with standard deviation 1.125 as estimated in [24]. The transformation
yi = Ui — 0.859 — 0.002x; was then applied to obtain a dataset (z;,y;) that fits
into the setting considered in this work. The resulting scatterplot is represented
in the upper right plot of Figure 3.

The estimate (2.281,0.067,0.454) was obtained for the parameter («yg, Bo, 7o)
with (2.538,0.016,0.120) as the vector of estimated standard errors. The esti-
mated regression line is represented by a solid line in the upper right plot of
Figure 3. The dashed line represents the corresponding regression line obtained
n [24]. The estimate (F}, V 0) A 1 (resp. fn, V 0) of the unknown c.d.f. F' (resp.
p.d.f. f) of € is represented in the lower left (resp. right) plot of Figure 3. The
dashed curve in the lower left (resp. right) plot represents the c.d.f. (resp. p.d.f.)
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Fia 3. Upper left plot: the original aphid data; the dashed lines represent the regression
lines reported in [24, Table 1] and obtained using a standard EM approach with normal
errors. Upper right plot: the transformed aphid data; the solid line represents the estimated
regression line; the dashed line represents the corresponding (transformed) regression line
obtained in [24]. Lower left plot: the estimate (F,, VO)A1 (solid line) of the unknown c.d.f. F'
of €, the c.d.f. of the parametric estimation of €** obtained in [24] (dashed line) as well as an
approzimate confidence band (dotted lines) of level 0.95 for F' computed as explained in Sub-
section 4.8 with N = 10,000. Lower right plot: the estimate f, V0 (solid line) of the unknown
p.d.f. [ of € and the p.d.f. of the parametric estimation of €** obtained in [24] (dashed line).

of the parametric estimation of £** obtained in [24], which is normal with stan-
dard deviation equal to og* = 3.115. The dotted lines in that the lower left
plot represent an approximate confidence band of level 0.95 for F' computed as
explained in Subsection 4.3 using N = 10, 000. Note again that, from the results
of the previous section, the latter is probably too narrow. Numerical integration
using the R function integrate gave f_lzo(fn V0) ~ 1.07. The results reported
in Figure 3 show no evidence against a normal assumption for the error of the
second component.
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Fic 4. Upper left plot: the original ChIPmiz data and the regression lines obtained in [18]
using a standard EM algorithm with normal errors. Upper right plot: the transformed data; the
solid line represents the regression line estimated by the method derived in this work, while the
dashed (resp. dotted) line is the corresponding regression line estimated in [18] (resp. in [29]).
Lower left plot: the estimate (Fr V 0) A1 (solid line) of the unknown c.d.f. F of € and the
c.d.f. of the parametric estimation of the corresponding error obtained in [18] (dashed line).
Lower right plot: the estimate frn V0 (solid line) of the unknown p.d.f. f of € and the p.d.f.
of the parametric estimation of the corresponding error obtained in [18] (dashed line).

6.3. The NimbleGen high density array dataset

As a final application, we considered the NimbleGen high density array dataset
analyzed initially in [18]. The dataset, produced by a two color ChIP-chip exper-
iment, consists of n = 176, 343 observations (z;, 7;). The corresponding scatter
plot is represented in the upper left plot of Figure 4. A parametric mixture of
linear regressions with two unknown components was fitted to the data in [18]
under the assumption of normal errors using a standard EM algorithm. The esti-
mates are reported in [29, Section 4.4] in the homoscedastic and heteroscedastic
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cases, and the regression lines obtained in the heteroscedastic case are repre-
sented by dashed lines in the upper left plot of Figure 4. As for the aphids
dataset, we used the approach derived in this work to assess the relevance of the
latter results. We arbitrarily considered that the component with the smallest
slope was precisely estimated, i.e., that it has equation y = 1.48+4-0.81z, and that
the distribution of the corresponding error is normal with a standard deviation
of 0.56 as obtained in [18] and reported in [29, Section 4.4]. The transformation
y; = Ui — (1.48 4+ 0.81x;) was then performed to obtain a dataset (x;,y;) that fits
into the setting considered in this work. The transformed dataset is represented
in the upper right plot of Figure 4.

The estimate (0.297,0.068,0.536) was obtained for the parameter (ag, 5o, 7o)
with (0.021,0.002,0.009) as the vector of estimated standard errors. The esti-
mated regression line is represented by a solid line in the upper right plot of
Figure 4 while the dashed line represents the corresponding (transformed) re-
gression line estimated in [18] under the assumption of normal errors. Note
that the estimate of my obtained therein is 0.32. The regression line obtained
in [29, Section 4.4] from a subsample of n = 30,000 observations and under
zero-symmetry assumptions for the errors is represented as a dotted line. The
estimate (F, V 0) A1 (resp. f, V 0) of the unknown c.d.f. F (resp. p.d.f. f) of
e is represented in the lower left (resp. right) plot of Figure 4 as a solid line.
The computed approximate confidence band of level 0.95 for F' is not displayed
because it cannot be distinguished from the estimated c.d.f. (which could have
been expected given the huge sample size). The dashed curve in the lower left
(resp. right) plot represents the c.d.f. (resp. p.d.f.) of the parametric estima-
tion of the corresponding error, which is normal with standard deviation equal
to 0.8 as reported in [29, Section 4.4]. The latter parametric c.d.f. lies clearly
outside the confidence band. The estimation of («g, Bo, 70, f, F'), implemented
in R, took less than 30 seconds on one 2.4 GHz processor while more than two
days of computation on a similar processor were necessary in [29] to estimate
the same parameters from a subsample of size n = 30,000. Based on Figure 4
and given the huge sample size, it seems sensible to reject both the assumptions
of normality considered in [18] and the assumption of symmetry on which the
method in [29] is based.

7. Conclusion and possible extensions of the model

The identifiability of the model stated in (2) was investigated and estimators
of the Euclidean and functional parameters were proposed. The asymptotics
of the latter were studied under weak conditions not involving zero-symmetry
assumptions for the errors. In addition, a consistent procedure for computing
an approximate confidence band for the c.d.f. of the error was proposed using a
weighted bootstrap.

As mentioned by a referee, the model considered in this work is very specific.
It is the constraint that the first component is assumed to be entirely known
that enabled us to propose a relatively simple and numerically efficient estima-
tion procedure. It is that same constraint that made it possible to obtain, unlike
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for EM-type algorithms, asymptotic results allowing to quantify the estimation
uncertainty. The latter advantages clearly come at the price of a restricted ap-
plicability. As we shall see in the next subsection, it is possible in principle to
improve this situation by introducing an unknown scale parameter for the first
component. In the second subsection, we briefly discuss another extension of
the model adapted to the situation where there is more than one explanatory
variable.

7.1. An additional unknown scale parameter for the first component

From the illustrations presented in the previous section, we see that the price to
pay for no parametric constraints on the second component is a complete spec-
ification of the first component. As mentioned in Section 2, from a theoretical
perspective, it is possible to improve this situation by introducing an unknown
scale parameter for the first component. Using the notation of Sections 2 and 3,
the extended model that we have in mind can be written as

| ape if Z=0,
Y_{Ozo—FﬁoX‘f‘E if Z:L (20)

where £* is assumed to have variance one and known c.d.f. F while of is un-
known. With respect to the model given in (2), this simply amounts to writing
e* as oje* and the c.d.f. F* of e* as F* = F(-/o}). The Euclidean parame-
ter vector of this extended model is therefore (v, So, 70, 0§) and the functional
parameter is F', the c.d.f. of «.

The model given in (20) is identifiable provided X, the set of possible values of
X, contains four points 1, 22, z3, x4 such that the vectors {(1,z;,2?,23)}1<i<a
are linearly independent. This can be verified by using, in addition to (6) and (7),
the fact that

E(Y3|X) = Foao(ag + 30'(2)) + 371'060(0(3 + U%)X + 37r0a0ﬁ(2)X2 + Woﬁng a.s.

(21)

By proceeding as in Section 3, one can for instance show that
. A0,320,5 — A0,70,2

(00)2 = 2 )

/\0,5 - )\0,2

(22)

where A\g 2 is the coefficient of X in (6), Ao,3 and Ao 5 are the coefficients of 1
and X2, respectively, in (7), and Ag 7 is the coefficient of X2 in (21).

From a practical perspective however, using relationship (22) for estimation
(or a similar equation resulting from (6), (7) and (21)) turned out to be highly
unstable. The reason why estimation of oj by the method of moments does
not work satisfactorily seems to be due to the fact that (of)? is always the
difference of two positive quantities. The estimation of each quantity is not
precise enough to ensure that their difference is close to (o§)?, and the difference
is often negative. As an alternative estimation method, an iterative EM-type
algorithm could be used to estimate all the unknown parameters of the extended
model. Unfortunately, a weakness of such algorithms is that, up to now, the
asymptotics of the resulting estimators are not known.
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7.2. More than one explanatory variable

Assuming that there are d explanatory random variables X,..., Xy for some
integer d > 1, and using the notation of Sections 2 and 3, an immediate extension
of the model stated in (2) is

e* if Z=0,
Y‘{ﬁTXJrs if Z=1, (23)

where B = (Bo,...,B4) € R is the Euclidean parameter of the unknown
component and X = (1, X1,...,Xy). Then, with the convention that Xy = 1,
we have

d
E(Y|X) =) mpiXi as.
=0

and

d
E(Y?|X) = (1—mo)(og)2+m0(Ba+08)+ Z 27T0ﬁi6inXj+Z7T06i2Xi2 a.s.

0<i<j<d i=1
Now, let
0i = mofi, i€{0,...,d},
€= (1~ m)(03)? + mo(f + o) o
Hiigy = 2m0BiB;, {i,7} c{0,...,d},
vi = mof3?, i€ {l,...,d}.

Adapting mutatis mutandis the approach described in Section 3, we have that
0i, i € {0,...,d}, can be identified provided that the set X C R? of possible
values of (X1,...,Xq) is such that the space spaned by {(1,x) : @ € X'} is of
dimension d + 1. A similar (but painful to write) sufficient condition on X can
be stated ensuring that <, pug; 53, {4,7} € {0,...,d}, and v;, i € {1,...,d}, can
be identified. Then, it can be verified that the system in (24) can be solved
provided mp € (0, 1] and there exists k € {1,...,d} such that 8, # 0. In that
case, we obtain f, = v/or and B; = py;ky/20k for any j € {0,...,d}, j # k.
In other words, a necessary condition to be able to identify 3 is that 7y € (0, 1]
and there exists k € {1,...,d} such that 5 # 0.

As far as estimation of B and m is concerned, the system in (24) suggests
a large number of possible estimators. Many additional estimators could be
obtained by generalizing the approach used in the second half of Section 4.
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Appendix A: Proof of Proposition 4.1

Proof. Let us prove (i). From Assumption A1 (i) and (5), we have that E(X?Y?)
is finite for all integers p, g € {0, 1,2}. Tt follows that all the components of the
vector of expectations E{¢~,(X,Y)} = Py, are finite. The strong law of large
numbers then implies that P, ¢, 2%, P¢.,. Using the fact that vy is a zero
of v = P¢., that P,y = I'nyvo — 65, and that Py, = I'yyn — 0, = 0, we
obtain that T, (vn — o) 2%, 0. The strong law of large numbers also implies
that I',, =25 T'y. Matrix inversion being continuous with respect to any usual
topology on the space of square matrices, Assumption A2 implies that I';;1 =25
I';'. The continuous mapping theorem then implies that T}, 'T,, (v, — v0) =
Yo — Y0 =25 0. Since 9 € D7, the strong consistency of (o, B, Tn) is
finally again a consequence of the continuous mapping theorem as the function

v (9%,9%97) (v) = (@, 8,) (25)

from R® to R? is continuous on DA™
Let us now prove (ii). Using the fact that P, = 0 and P, ¢+, = 0, we have

Prnnyy = Py, = _(Pnsb'yn - P"sb'ﬂ)) = _Pn(‘pvn - sb'YU) = —T%u(¥n —70),

which implies that G, ¢, = —I'v/n(¥n—70). From Assumption A1 (ii) and (5),
we have that the covariance matrix of the random vector ¢, (X,Y) is finite. The
multivariate central limit theorem then implies that G, ¢~, converges in distri-
bution to a centered multivariate normal random vector G-, with covariance
matrix Py, . Since (Grnyy,n) ~ (Gy,, To) and under Assumption A2,
we obtain, from the continuous mapping theorem, that

\/ﬁ('Yn - 'YO) = _szlGﬂ(p‘Yo ~ _F(J_leb‘Yo'

The map defined in (25) is differentiable at ~y since vy € DA™ We can thus
apply the delta method with that map to obtain that

\/ﬁ(an — g, fn — Bo, T — 7"-0) = _\I/’YOI‘;lGn(/.)"/o + OP(1>'
Since I';1 225 T';! under Assumption A2, we obtain that
\/ﬁ(an — Qp, Bn - BO; TTn — 7"-0) = _\I/"/oFalGn¢"/o + OP(1>'

It remains to prove that ¥,, =2 3. Under Assumption A1 (ii), the strong law of
large numbers implies that Py, ¢+, ¢IO 2%, Py, ¢IO. The fact that Py, -, gb; =
Pngb.mgb,:o + P (&, c,b,:n — P c,bIO) 25, Pgb.mgb,:o is then a consequence of the
fact that 7, — 4o and the continuous mapping theorem. Similarly, since
o € DP7 | we additionally have that ., ~= . . Combined with the fact
that, under Assumption A2, I} 22, l"al, we obtain that ¥, ==+ ¥ from the
continuous mapping theorem. Il
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Appendix B: Proof of Proposition 4.2

The proof of Proposition 4.2 is based on three lemmas.

Lemma B.1. The classes of functions F’ and F¥ are P-Donsker. So is the
class F*P™ provided Assumptions A1 (ii) and A2 hold, and ~o € D5,

Proof. The class F7 is the class of indicator functions (x,y) — 1{(x,y) € Cin},
where Cy,, = {(2,y) € R? : y < t+a+Bzx}. The collection C = {C},, : t e R, =
(o, B) € R?} is the set of all half-spaces in R?. From [27, Exercise 14, p 152],
it is a Vapnik-Chervonenkis (V' C) class with V'C' dimension 4. By Lemma 9.8
in [15], 77 has the same V C dimension as C. Being a set of indicator functions,
F7 clearly possesses a square integrable envelope function and is therefore P-
Donsker.

The class FX is a collection of monotone functions, and it is easy to verify
that it has V' C dimension 1. Furthermore, it clearly possesses a square integrable
envelope function because the elements of FX are bounded. It is therefore P-
Donsker.

The components classes of class F®#™ are well defined since Assumption
A2 holds and vy € D™, It is easy to see that they are linear combinations
of a finite collection of functions that, from Assumption Al (ii), is P-Donsker.
The components classes of F*#7 are therefore V' classes. They possess square
integrable envelope functions because ’DE‘Y‘[’)'B "™ is a bounded set. The class F®#7
is therefore P-Donsker. O

Lemma B.2. Under Assumptions A1 (i) and A3 (i),

ilelﬂgP(z/J;{n—z/J;{m)Q -0 and jgﬂgp(¢5n—¢5no)2 -0 as n — 10.

Proof. For class F”, for any t € R, we have

P(Q/’i{n - Qpi{no)z = |P(77Z"tJ,n + th,no - 2wt{n¢i{no)|
= P{({n — ¥iny) Lo + Box < a + Bx)} + P{(i n, — ¥in) Lo + Boz > a + Bx)}

= /{FY‘X(t+a—|—,8:c|x)—FY‘X(t+ag+,80:c|x)}1(ao+Bo:c<a—|—,8:c)dFX(x)
R
—|—/ {Fy‘X(t—F ap + fozxlx) — Fyx(t+a+ Bx|:c)} 1(ao + Box > o+ Bz)dFx(x)
R
S/’Fy\x(t+0‘0+5050|$)—FY\X(t‘FOé‘*‘ﬁﬂx)‘dFX(x%
R

where Fy|x is defined in (3). Since fy|x(:|z) defined in (4) exists for all z € X,
the mean value theorem enables us to write, for any ¢t € R and = € X,

Fyx(t+ a+ Bz|r) — Fyx(t + ao + Box|z) = fy|x(t + Gat + Po|7)
x {(a—ag) +x(8—Bo)},



Mixture of linear regressions in which one component is known 2635

where &, ; + BM:E is between « + Sz and g + Box. It follows that
sup P(¢7,, — ¥ )
teR

< sup / Pyt + o + Boselt) (o — ao) + (8 — fo)] dFx ()
teR JR

< {supf*(t) i igﬂgf(t)} {lo — o] + E(X])I8 — fol}

teR

Under Assumption A3 (i), the supremum on the right of the previous display
is finite and, under Assumption Al (i), so is E(]X|). We therefore obtain the
desired result.

For class FX, we have

sup P(¢f5, — ¢f5,)° = /{F*(t + a4 Bx) — F*(t + ag + Box) }dFx ()
teR R

< / [F*(t + a + ) — F*(t + oo + fox)|dFx (2),
R

from the convexity of x — 2% on [0, 1]. Proceeding as previously, by the mean
value theorem, we obtain that

sup P(6fS, — vf5,,)? < {fgﬂgf*(t)} {lo — a0l + E(XDIB - Bol}

teR

Under Assumptions Al (i) and A3 (i), the right-hand side of the previous in-
equality tends to zero as n — no. (]

Lemma B.3. Under Assumptions A1 (ii), A2 and A3 (ii), for any t € R,
\/E{Jn(’l']n,t) - J(,r]Oat)} = \/ﬁ (Pnd];&{nn - Pd];&{no)

=Gn (¥ + [(1 = 70)E{f*(t + a0 + BoX)} + mo f(t)] 1S,
+[(1 = m)E{X f*(t + g + BoX)} + mof ()E(X)] Y5 ) + Ry ,,

and
VALK (1, t) — K(no,0)} = v (BayE, — PYE )
=Gy (Y15, +E{f*(t + a0 + BoX )}, + E{X f*(t + a0 + BoX) 05 )+ RK,,

where sup;cp |R7{,t| —p 0 and sup;cg |R§,t| —p 0.

Proof. We only prove the first statement as the proof of the second statement
is similar. For any t € R, we have

\/ﬁ (Pnd]i{nn B Pd’i{no) =Gn (d]i]f’?n B wi{no) + G"d’i{no + \/ﬁP (wi{nn - d’i{no) :
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Using the fact that m, =25 79, Lemma B.1, and Lemma B.2, we can apply
Theorem 2.1 in [28] to obtain that

J J
sup |G” (wt,nn - wtﬂ?o)‘ —p 0.
teR
Furthermore, for any ¢ € R, we have

vnP (wgnn - wi{no)
= \/ﬁ/ {Fy|x(t + on + Buz|z) — Fy|x(t + ap + Boz|z) } dFx (),
R

where Fy|x is defined in (3). Since f}’,IX(-|x), the derivative of fy|x(-|z), exists
for all z € X from Assumption A3 (ii) and (4), we can apply the second-order
mean value theorem to obtain

\/ﬁP (wi],nn - Z/}gno)
—Va / Fypx (t + a0 + folz){(an — a0) + (B — fo)a}dFx (2) + RY.,.

where

R;{,t = g / f}//\X(t + dw,t,n + Bm,t,nx|x){(an - aO) + (ﬁn - BO)x}2dFX (:E)u
R

and Gy g0 + Bm,tmx is between «g + Box and ay, + Sr2. Now, from (4),

sup |RY,| < v/ {sup(f*)’(t) T sup f’(t)}
teR teR

teR
X {(an = a0)? + (Bn = B0)*E(X?) + 2| — aol|Bn — BolE(IX])} -

The supremum on the right of the previous inequality is finite from Assumption
A3 (ii), and so are E(]X|) and E(X?) from Assumption A1l (ii). Furthermore,
under Assumptions A1 (i) and A2, we know from Proposition 4.1 that v/n(a, —

o, Bn— Po) converges in distribution while (o, 8,) — (ao, Bo). It follows that
sup,cg |R; ;| —p 0. Hence, we obtain that

VP (¢, =i ) =E{ fy|x (t + ao + BoX|X)}vn(om — ag)
+ E{X fyx(t + a0 + BoX|X)}Vn(Bn — Bo) + Ry,  tER.

The desired result finally follows from the expression of fy|x given in (4) and
Proposition 4.1. O

Proof of Proposition 4.2. Under Assumptions Al (ii) and A2, and since vy €
DP7 we know, from Lemma B.1, that the classes F7/, FK and F*57™ are
P-Donsker. It follows that

(t = G"wgﬂo’ t— G"wg,(no ’ G"w?;o’ G"w‘ﬂm’ G"w;’ro)
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converges weakly in {£>°(R)}? x R®. Assumption A3 (i) then implies that the
functions t — E{fy|x(t + ao + SoX|X)}, t = E{X fyx(t + a0 + BoX|X)},
t—= E{f*(t+ a0+ BoX)}, and t — E{X f*(t+ ap + 50X )} are bounded. By the
continuous mapping theorem, we thus obtain that

t e Gp (Vi my + E{fyx(t + a0 + BoX|X) 1S, +E{X fyx (t + a0 + foX|X)}5,)
t e Gn (V00 + E{F(t+ a0 + BoX )}, + E{X f*(t + a0 + BoX) }15,)
G"wgo

converges weakly in {£>°(R)}2 xR. It follows from Proposition 4.1 and Lemma B.3
that

\/ﬁ (Jﬂ(nnv ) - J(7707 ')7 Kﬂ(nnv ) - K(n07 ')7 T, — WO) )

converges weakly in {¢*°(R)}? x R. The desired result is finally a consequence
of (14) and the functional delta method applied with the map (J, K,7)
{J-(1-mK} /7. O

Appendix C: Proof of Proposition 4.3

Proof. The assumptions of Proposition 4.1 being verified, we have that m,, ~=
7o # 0. Then, as can be verified from (16), to show the desired result, it suffices
to show that

1 - t_sz"*'an"'ﬁan
I e

i=1

sup
teR

_ MZf*(t—kan + B, X5) — mo f(t)

n ;
=1

220.

The previous supremum is smaller than I,, + (1 — mg)II,, where

-1 —WO)/Rf*(t—I—ao + Box) fx (z)dx —Wof(t)},

I, = sup
teR

and

n

! St an + BaXi) — /Rf*(t + ag + foz) fx (z)dx

n-
i=1

11, = sup
teR

Let us first show that I,, == 0. Consider the class F of measurable functions
from R? to R defined by

F={ () o vnante) = (L) sy — 0y e B2,

teR,he(0,00)},
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and notice that

1 - t— sz + an + ﬁan
P» == , tER,

where 1, = (an, fn). Then, I,, < I + I", where

1 1
I’;L = -—sup |]P)77zw"7n;t7hn - Pw"?71;t7hn| = 7 — ~=Ssup |G’ﬂw"lnxt7hn| ) (26)
I ter hn/M teRr
and
1
I’,/l/ = Sup h_Pwn’Vl)t7hn - g(t) ?
teR n
with

o) = (=) [ 1"(t+a0-+ Poa)fx(o)de + mof(), tER
Let us first deal with I/. From (4), notice that
o(t) = /Rfy‘x(t+ao+ﬁox|x)fx(x)dx, tER.
Also, for any t € R,

Py, th, = /R {/Rﬁ (t — y+§: +Bn$) fYX(y|fE)dy} fx(x)dz,

which, using the change of variable u = (t — y + a, + fnx)/hy in the inner
integral, can be rewritten as

Pin, th, = hn /R {/Rﬁ(u)fyp((t + ap + Brx — uhn|x)du} fx(z)daz.

Since k is a p.d.f. from Assumption A4 (ii), it follows that, for any ¢ € R,

Pl — 9(8) =
/R {/R k() { fy|x (t + o + B — uha|z) — fyx(t + a0 + Bozl|z)} du] fx(x)da.

As fyx(|x), the derivative of fy|x (+|z), exists for all € X under Assumption
A3 (ii), the mean value theorem enables us to write

1< {suplrY 0 +sup (0}

teR teR

X/R[/R“(u)“an—040|+|ﬂn—50||33|+|u|hn}du fx(z)d.
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Hence,

1< {sun(ry )+ sup ')}

teR teR

X {|an — ag| + |8 — Bo|E(|X]) + hn /R |u|f<a(u)du} ,

which, from Assumptions A1 (i), A3 (ii), A4 (ii), and Proposition 4.1 (i), implies
that 17 25 0.

Let us now show that I, ©*5 0. Since » has bounded variations from As-
sumption A4 (ii), it can be written as k1 — k2, where both k1 and ko are bounded
nondecreasing functions on R. Without loss of generality, we shall assume that

K, k1 and ko are bounded by 1. Then, for j = 1,2, we define

F = {(x,y) ey (ﬂ) (o, B t) ERP, h € (O,oo)}.

Proceeding as in [19, proof of Lemma 22], let us first show that F; is a VC class
for j =1,2. Let r; be the generalized inverse of x; defined by r; (¢) = inf{z €

R: k;(x) > ¢}, c € R. We consider the partition {C7,Ca} of R defined by

(n]z(c), ) if ceCy,

00
[/qj (¢),00) if ce Cs.

{xER:mj(:C)>c}={
Given (o, 3,t) € R3 and h € (0,00), the set

{(x,y,c) ER?:k; <w> > c} 27)

can therefore be written as the union of
{(z,y,¢) e R* x C, it —y+a+ Bz —hkej(c) > 0}

and
{(x,y,c)€R2 x Cy :t—y—l—a—kﬂx—hm}(c)EO}.

Now, let fop.t,n(2,y,¢) =t —y+a+ Bz — hr; (c). The functions fo,g,t,n, With
(o, 3,t) € R3 and h € (0,00), span a finite-dimensional vector space. Hence,
from Lemma 18 (ii) in [19], the collections of all sets {(z,y,¢) € R? x O} :
fapin(@y,c) > 0} and {(z,y,¢) € R?2 x Cq : fapen(z,y,c) > 0} are VC
classes. It follows that the collection of subgraphs of F; defined by (27), and
indexed by («, 8,t) € R® and h € (0, 00), is also VC, which implies that F; is a
VC class of functions.

Given a probability distribution @ on R?, recall that Ly(Q) is the norm
defined by (Qf?)'/?, with f a measurable function from R? to R. Given a class
G of measurable functions from R? to R, the covering number N (g, G, L2(Q)) is
the minimal number of Ls(Q)-balls of radius € > 0 needed to cover the set G.
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From Lemma 16 in [19], since F = F; — F2, and since F; and F» have for an
envelope the constant function 1 on R?, we have

SgpN@Ev]:v L2(Q)) < SgpN(57f17L2(Q)) X SgpN(57f2vL2(Q))v

for probability measures @ on R?. Using the fact that both F; and F» are VC
classes of functions with constant envelope 1, from Theorem 2.6.7 in [27] (see
also the discussion on the top of page 246), we obtain that there exist constants
u > 0 and v > 0 that depend on F; and F3 such that

sup N (e, F, L2(Q)) < (g) , for every 0 < ¢ < .
Q

Then, by Theorem 2.14.9 in [27], there exists constants ¢; > 0 and ¢z > 0 such
that, for € > 0 large enough,

Pr* [ sup |G, f| > ¢ | < c16% exp(—2¢?).
fer
Starting from (26), we thus obtain that, for every € > 0 and n large enough,
Pr*(I], > ¢) = Pr’ (sup |Grthm,, .| > \/ﬁhna)
teR
<Pr’ (sup |G f] > \/ﬁhn5> < c1(Vnhn,e)® exp(—2nh2e?) = a,.
fer

From Assumption A4 (i), it can be verified that a,4+1/a, — 1 and that n(a,+1/a,—
1) = —oo. It follows from Raabe’s rule that the series with general term a,, con-
verges. The Borel-Cantelli lemma enables us to conclude that I, == 0, and we
therefore obtain that I,, == 0.

Since f* has bounded variations from Assumption A4 (iii), one can proceed

along the same lines to show that IT,, =5 0. O

Appendix D: Proof of Proposition 4.4

The proof of Proposition 4.4 is based on the following lemma.

Lemma D.1. Let © C R? and Hy C R? for some integers p,q > 0, let F =
{fo.c:0€0O,( € Hy} be a class of measurable functions from R? to R, and let
Cn be an estimator of (o € Hy such that Pr(¢, € Hy) — 1. If F is P-Donsker
and

Sup P(f07<n - f07<0)2 —>p 07
0co

then,
sup |Gy, (fo,¢c, — fo,co)| —p 0.
9co
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Proof. The result is the analogue of Theorem 2.1 in [28] in which G,, is replaced
by G},. The proof of Theorem 2.1 relies on the fact that G, ~» G in (*°(F)
and on the uniform continuity of the sample paths of the P-Brownian bridge G;
see [25, proof of Theorem 19.26] and [26]. From the functional multiplier central
limit theorem [see e.g. 15, Theorem 10.1], we know that (G,,G/) converges
weakly in {¢>°(F)}? to (G,G’), where G’ is an independent copy of the G. The
desired result therefore follows from a straightforward adaptation of the proof
of Theorem 2.1 in [28]. O

Proof of Proposition 4.4. Since Assumptions Al (ii) and A2 hold, we have from
Lemma B.1 that F7/, FX and F*#™ are P-Donsker. Furthermore, E(X) is
finite from Assumption Al (i), the function f is bounded from Assumption
A3 (i), and so is the function ¢ — P(z/)t{(m — n,) from the definitions of .J
and K given in (9) and (10). Hence, from the functional multiplier central limit
theorem [see e.g. 15, Theorem 10.1] and the continuous mapping theorem, we
obtain that

(t = G"wf"lo ’t = G;lwf’)’o) ~ (t = wa"/o’ t lef"/o)

in {€>°(R)}?, where ¢} is defined in (15) and ¢ — G'¢f", is an independent
copy of t +— Gz/;t}f%. It remains to show that

sup G;L (¢fvn - 7/}5'70)

teR

—p 0.

From (15) and (17), for any t € R, we can write

‘G;l (ifﬁn - wf‘}’o) = ’G:l (%wi{ﬂn - %wgﬂo)’
+ |61 (fa®ds, = F@wS, )| + |64 (FO X5, — FORX)WS, )
T ‘G; (1 Tk, - ”Ow{fm)‘

o
Pl — Pl . Py — Py
G;l ( wt,’r]n - wt,nn 2/]71—" _ wtﬂ?o 7T2 z/]t,’n[) ’771—0> ‘ ) (28)

T 0

+

The last absolute value on the right of the previous display is smaller than

K J K J
intmn B intmn . Pwt,no — Pwtmo
2 2
n 0

|Gg|

e

Pwt{(no - ngﬂ]o
+ | —R—"

)

(29)

GZ(A% - ’7770) ’
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Now

)

K J K J
fgﬁ ‘]P"wt,nn = Putiyy, — Pt + Pwtmo‘
<nl? igﬂg ‘Gn (1/)15},(% - d’inn - 1/’15{(710 + wi],no)‘

- K J K J K J
+n~ sup |Gn (Viimo — 1/’t,no)| +sup |P (Vi = Yim, = Vi + 1/’t,no)| :
teR teR
(30)
Applying the mean value theorem as in the proof of Lemma B.2, we obtain that,

ilelng ’P (wt{{n - 1/’2],7; - wt{(no + wi{no)’ -0 as n — No,

which, combined with the fact that 1, ==+ 1y implies that the last term on the
right of (30) converges to zero in probability. From Lemma B.2 and Theorem
2.1 in [28], we obtain that the first term on the right of (30) converges to
zero in probability. The second term on the right of (30) converges to zero in
probability because the classes 7 and F¥ are P-Donsker. The convergence to
zero in probability of the term on the left of (30) combined with the fact that
Tn 2% 1 and that |G,%%, | is bounded in probability implies that the first
product in (29) converges to zero in probability uniformly in ¢ € R. Furthermore,
FBT heing P-Donsker, and since P||W., T ¢~ — Way T toa, |2 —p 0 under
Assumptions A1 (ii) and A2, we have from Lemma D.1 that G;l(z/sl;n =) =5 0,
which implies that the second product in (29) converges to zero in probability
uniformly in ¢ € R.

One can similarly show that the other terms on the right of (28) converge to
zero in probability uniformly in ¢ € R using, among other arguments, the fact
that, from Lemma D.1,

sup ‘G; (wi]mn - 1/}tJno)‘ ) sup |G;z (1/}577" - 1/}tKno)| )
teR teR
G,(WS, —¢3), and G5 —yl)

converge to zero in probability, as well as sup,cp | fn(t) — f(t)| since the assump-
tions of Proposition 4.3 are satisfied. O
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