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1. Introduction

Over the past years, boosted by applications and computer performance, prob-
lems in high-dimensions have been explored in a number of statistical studies.
If no additional structure is assumed, high-dimensional data processing suffers
from some intrinsic difficulties such as the curse of dimensionality that results
in a loss in the efficiency of statistical procedures, and inconsistency of classi-
cal statistical procedures — even in the linear regression model — unless the
dimension of variables is less than the sample size.

In order to overcome the curse of dimensionality in a nonparametric frame-
work, where typical functional classes are Sobolev, Holder, or Besov balls, some
additional conditions, including additivity or tensor product structure, are as-
sumed, see, for instance, [20, 6, 18, 14, 15, 16] and references therein. Even if
one of these conditions is assumed, yet it is required that the sample size is
to be larger than the data dimension. One way to free oneself from the latter
condition is to impose an additional sparsity constraint.

In this paper we focus on the problem of detection of high-dimensional sig-
nal functions in the Gaussian white noise model. To avoid difficulties stemming
from high-dimensional settings, we suppose that a signal function satisfies an
additional structural condition. Specifically, it is assumed to be sparse additive.
This means that a high-dimensional function of interest is a sum of few uni-
variate functions. Formally, we consider an d-dimensional (d € N and d > 0)
Gaussian white noise model

dX (t) = f(t)dt + edW (1), t € [0,1]%, (1.1)

where W (t) is the Wiener process, ¢ > 0 is the noise level, and f, the quantity
of interest, is the signal function. The additive sparse structure means that f is
the sum of d univariate functions f;:

d
ft) = Zﬁjfj(tj)v t; €10,1], (1.2)

where the ¢;’s are unknown but deterministic taking their values in {0,1}:
‘0’ means that the jth component f; is non active whereas ‘1’ means that
f; is active. Denote by K the positive number of active components, that is,
K= Z;l:l &;, and assume that K = d'~°, where b € (0, 1) is the sparsity index.
If d'~? is not an integer then take K as its integer part. Denote by Fap the
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functional class of additive sparse signals f of the form (1.2) with K = d*~°
active components and d” non-active components. Model (1.1) with the sparse
additive structure (1.2) is a natural generalization of the sparse linear model: the
nonparametric nature of the problem suggests to consider more flexible models.

There is a huge statistical literature on estimation in sparse models, see, for
instance, [1, 2, 3] and references therein. In particular, there are many works
related to the well-known Lasso introduced by Tibshirani [21] in 1996. There are
also a number of papers that deal with nonparametric estimation in sparse ad-
ditive models. For a complete review of these topics, we refer to [19], where min-
imax estimation rates in sparse additive models are obtained, to [5], where the
Lasso-type estimate in sparse additive models is studied, and to [20], where
various structural assumptions on models in high dimensions are discussed.

Back to our study, the detection problem at hand can be expressed in terms
of a nonparametric hypothesis testing problem with the null hypothesis stat-
ing that ‘the signal is a constant’, and ‘there is no signal’ being a particular
case of the null hypothesis. In order to specify an alternative hypothesis, recall
that, within the minimax framework, it is impossible to detect signal functions
that are ‘too close’ to the null one, as well as to test the null and alternative
hypotheses for too large alternative classes. Therefore, we are interested in the
following nonparametric hypothesis testing problem:

Hy : f=consty versus Hy : f=const; + f', f' € Fy(r,re,b), (1.3)
where
constpy, const; are some constantsi,
Fa(r,re,b) ={f € Fap:Vj, fj € Sy and |[fjlla >re}, 7>0, 7 >0,
Sr={f € La((0,1]) : [y Syt =0, | f]57 <1}.

The Lo-norm || - ||2 is used to separate the nonparametric alternative from the
null hypothesis. The functional class S, is the Sobolev ball, expressed via the
Sobolev semi-norm ||- Hg), that contains T-smooth functions, which are assumed
1-periodic and orthogonal to a constant. Due to the periodic constraints, it is
possible to express || - ||§T) in terms of Fourier coefficients; this will be done in
Section 2. The quantity 7 is the smoothness parameter. Both the smoothness
condition and the separation condition between Hy and H; are expressed in
terms of the components f; that are linked to the whole signal f via (1.2): each
active component f; is smooth and is separated from the null hypothesis in the
Lo-norm by a positive value r.

In Section 6, we generalize the hypothesis testing problem (1.3) by considering
a more general class of alternatives that consists of signals f equal, up to a
constant, to a function f! € F,;, which is separated from the null hypothesis in
the Lo ([0, 1]%)-norm, and whose smoothness is expressed in terms of the whole
function f.

For these two hypothesis testing problems, the main questions are: what are
the separation rates in the problem, i.e., what are the asymptotics for the min-
imal re such that one can distinguish between Hy and Hy ¢ And, also, what are
the optimal test procedures that provide distinguishability?
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To answer these questions, we use asymptotically minimax approach that pro-
vides detection boundaries or distinguishability conditions, i.e., necessary and
sufficient conditions for the possibility of successful detection; these detection
boundaries yield asymptotics for the minimal r. separating the areas of distin-
guishability and non-distinguishability (between Hy and H;). The asymptotics
for the minimal values of r. are called either the (minimax) separation rates
or the minimax rates of testing; in the present paper, the separation rates are
denoted by 7.

In connection with the current study, a number of works on detection and
classification boundaries in Gaussian sequence models could be mentioned, see,
for example, [7, 8,9, 13, 12, 4, 15, 16, 11]. Also, in [17], rather than considering
a Gaussian sequence model, the authors generalize the problem of finding a
detection boundary in the linear regression model. Another paper [10] deals
with the signal detection problem in a multichannel model in the functional
framework. At the end of the next paragraph, we explain what are the differences
between the results in [10] and our study.

The main contribution of this paper consists of extending the results on de-
tection boundaries obtained for d-dimensional sparse Gaussian vectors, see, for
instance, [12], to the functional case. In particular, we obtain the same detec-
tion boundaries as in the vectorial case. However, in the case of high sparsity
when b > 1/2; an additional assumption on the growth of d as a function of
€ is required. Distinguishability is possible when the sum of the type I error
probability and the maximum over alternatives of the type II error probability
vanishes asymptotically, and distinguishability is not possible when this sum
tends to one. Boundary conditions depend on the quantity a(r.) = a(r.,d, 1),
which is a solution of a certain extremal problem stated in Section 4. In the
vectorial case, the quantity a(r.) corresponds to the energy of a signal (see [12]
and [10]). In the functional case, this quantity characterizes the distinguisha-
bility in a one-variable hypotheses testing problem. The minimax separation
rates obtained in this paper depend on the value of b: for large b they are worse
than for small b. Such a behaviour is expected because, with large b, only few
components are active, and hence the problem of distinguishing between the
alternative and null hypothesis becomes more difficult.

For the most difficult case of b € (1/2,1), not only separation rates, but
also sharp separation rates, that include both rates and constants, are obtained.
We also provide optimal test procedures for which minimax rates of testing are
achieved asymptotically. Depending on the value of b, we propose two types of
test procedures: one is of a x? type, the other one is related to a Higher-Criticism
statistic introduced in [4] and based on the Tukey’s ideas. In the case of b €
(1/2,1), our test procedure is adaptive in the sparsity index b, see Remark 5.3.

In the paper [10], which is focused on a similar problem of multichannel
signal detection, the optimal rates are obtained. In our study, we obtain sharp
separation rates for b € (1/2,1). The main difference between the study of [10]
and our work is in the quantity a(r.) that characterizes the distinguishability:
in our work, it is just a solution of a certain extremal problem, whereas in [10],
it is obtained directly from the use of the respective test procedures.
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The rest of the paper is organized as follows. Section 2 is concerned with the
problem of finding detection boundary in a sparse Gaussian d-vectors model. In
Section 3, we give a new formulation of the problem (1.3) in terms of sequence
spaces. Section 4 is devoted to the description of the extremal problem that gives
the distinguishability characteristics. The main results are stated in Section 5.
In Section 6, we generalize the hypothesis testing problem (1.3) by considering
more general alternatives. The proofs are given in Section 7.

2. Detection boundaries in a vectorial Gaussian model

Hypothesis testing problems for d-dimensional vectors, under the sparse con-
ditions similar to the ones we use, were studied in [7, 12, 4]. Namely, let
X = (X1,...,Xq) be a random vector of the form X; = v; + n;, where

n KUN(0,1), 5 =1,...,d, and
d
vj = gjav a> 07 gj € {07 1}5 K = Zgj = dl_bv be (Oa 1) (21)
j=1

Let Vy(a,b) € R? be the set of all vectors v = (vy,...,vq) of the form (2.1).
Then, the testing problem is stated as follows: it is required to test Hy : v =0
against the alternative Hy : v € Vy(a, b). Here the questions of interest are: what
are the asymptotics for a = ag as d — 400 for which the hypotheses Hy and
H, separate asymptotically? Also, what are the optimal test procedures that
provide the distinguishability (or separation) of Hy and H;?

The answer to each question depends essentially on the sparsity index b €
(0,1), see [7, 12, 4]. The detection boundaries are expressed in terms of a, d
and b: if b < 1/2 (moderate sparsity), then the distinguishability is impossible
when ad'/?=% = 0(1), and it is possible when ad'/>~® — +oc. This is achieved
by the test procedure based on a simple linear statistic ¢t = d~ /2 Zle X;. If
b > 1/2 (high sparsity), then the distinguishability conditions look as follows: the
distinguishability is impossible when lim sup a/Ty < ¢(b), and it is possible when
liminf a/Ty > ¢(b), where Tq = y/log(d) and the function ¢(b), b € (1/2,1) is
defined by

(b) = p1(b) =v2b—1, 1/2<b<3/4, (2.2)
4 oa(b) = V(1 —VI=D), 3/4<b<l. '
Observe that the function ¢ is positive, continuous, and increasing in b € (0, 1].

The test procedure that provides distinguishability in the high-sparsity case
is based on the Higher-Criticism statistics introduced in [4]. It is defined as
L4 = maxs~s, La(s), for any s > 0, with

La(s) = e 3 () — @), (2.3
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where, here and later, ® stands for the standard Gaussian cumulative distribu-
tion function. Note that it suffices to take the maximum of L, over a discrete
grid of the form s; = wTy, w = 640, | = 1,...,L, such that u;, < /2 and
04 = o(1) is small enough.

3. Transformation of the statistical testing problem

Consider the tensor structure of the space Ly([0,1]%), ie., Lo([0,1]%) =

L>([0,1]) ® - - - @ La([0, 1]). Then, the corresponding orthonormal basis (¢{);c7
of Lo([0,1]%) has the form

d
é?(t) = H¢llj(t])7 = (tlu' B 7td) € [0,1]d,l = (llu' . 7ld) € Zdu

j=1

where (¢} )kez is an orthonormal basis of La([0,1]). It is assumed that ¢{ = 1.

For any (j, k) € {1,...,d} x Z, let us define (bik as

$ k(1) = 9 (1) = di(t;), 1= (0,....k,0,...,0),

where k is the j-th component of [. Observe that gi_);-lﬁo = 1. Using the or-

thonormal system (é?,k)(j,k)e{l,...,d}xz, consider the statistics (z;)1<j<a =
{zjr;k € Z}1<j<a defined by

L.k

/ B4 (H)dX (1)
[0,1]¢

= ¢ /[ ] Or(t5) f3(t5)dt; + enx
0,1
= &0+ enjk, (3.1)

where the random variables 7; 1, = f[o 14 gi_);{k(t)dW(t) are i.i.d. real standard
Gaussian random variables and 6, ), = f[o 1 o1 (t5) fi(ty)dt;. Set 0; = (01 )kez
and 0 = (0;)1<j<a-

Thanks to the periodic constraints, we may consider (¢}, )rez as the standard
Fourier basis. Then the Sobolev semi-norm of f; can be expressed in terms of its

Fourier coefficients as follows: ||fj||g) = ((27)%7 ZkeZ|k|279J2',k)l/2' Therefore,

the functional class F4(7,7e,b) can be equivalently represented as the sequence
space O4(7,7,b):

d
Ou(T,7e,b) ={0=(01&1, ..., 0a8a) : Y _& =d" " Vie{l,...,d},0; €O(r,ro)},

j=1

where

O(r,r) = {0 € (Z) : (2m)" Y |k 67 <L) 67 = w2}

kEZ kEZ
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The testing problem of interest (1.3) can be rewritten in the form
Hy : =0 versus Hy @ 0€0y4(r,r,b).

Denote by Py and P4 the distributions under the null and alternative hy-
potheses, respectively. Also, denote by Eq, Varg, Eg, and Varg the expectations
and variances with respect to Py and Pg, respectively. The notation Py, , Ep, and
Varg, also will be used: they are related to the distribution of the observations
zj = (Tjk)kez:

For any test procedure v, that is, for any function measurable with respect to
the observations and taking its values on the interval [0, 1], let w(¢)) = Eg(¢)) be
the type I error probability and let 5(1), ©4(T, rc,b)) = SUDG o, (r.r..0) Eg(1—1)
be the maximal type II error probability over the set ©4(, 7, b). Also, consider
the total error probability (v, O4(T, ¢, b)) = w(¥) + B, O4(T, ¢, b)), and de-
note by v or v(04(7, rc,b)) the minimax total error probability over ©4(T, 7, b),
that is,

Y = V(Gd(TaTEab)):iﬁf'}/(waed(ﬂréab))v (32)

where the infimum is taken over all test procedures. One can not distinguish
between Hy and H; if v — 1, and distinguishability occurs if it exists 1 such
that either v(, ©4(7, ¢, b)) — 0 or 5(1), ©4(T,7c,b)) = 0(1) once v has a given
asymptotic level.

The aim of this paper is to provide separation rates for the alternatives
O4(7,7e,b) and to determine statistical procedures ¢ and/or ¢, asymptotically
of level o, i.e., w(1s) < a+ o(1), for which these separation rates are achieved.

By the separation rates we mean a family ¥ such that

if T_i_>() then, ~— 1,
/ré
, 7(¢7@d(776’b)) — 0,
if — — 400 then, and/or
Ty Y ac (()7 1) B(wa, @d(T, Te, b)) — 0.

By the sharp separation rates, we mean a family r* such that

if limsup—< <1 then, y— 1,
T

r 7(¢5®d(77 Tévb)) — 07
if liminf— >1 then, and/or
Te Vae(0,1) B(¥a,O4(t,re,b)) = 0.

Typically, asymptotics for models like model (1.1) are given as € — 0. How-
ever, we are mainly interested in high-dimensional settings when d — +oc.
Therefore, here and later, asymptotics and symbols o, O, ~ and =< are used
when € — 0 and d — 400, except for the cases when it is explicitly specified,

say, og is used when d — +o00. The notation A 2 B means that we use notation
A for quantity B.
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4. Extremal problem

In this section, we explain what is the quantity a(r.) that corresponds to the
energy of a signal in the vectorial case. Only in this section, we assume that the
observations have the form z; = 0y + eny for k € Z, where the n;’s are i.i.d. real
standard Gaussian random variables. The quantity a(r.) denotes the solution
of the extremal problem

(27)%7 3 pen KPP0 <1
Zkez 9% 2 7”3

and characterizes dlstlngu1s~hab1hty in the minimax detection problem for one-
variable functions lying in S; and separated from the null hypothesis in Ly by
positive values re, ie., for t € [0,1], f(t) = >, c; Ordp(t) with f € S and
1fll2 = re.

Namely, if a(r.) — 0 then the minimax total error probability v(O(r, 7)) — 1,
and if a(r.) — 400, then v(O(7,r:)) — 0.

Furthermore, let 6* 2 0*(r.) be a sequence in l3(Z) that provides solution to
the extremal problem (4.1). Set

(4.1)

2¢t 0€l2(2)

a*(r.) = L inf Z@k subject to {

_ L(0i(rd)?
wi(re) = 3 a(r)e ke Z. (4.2)
Suppose that
a(re) <1, supwg(re) = o(1). (4.3)
kEZ

Then, we get the sharp asymptotics
Y(O(7, 7)) = 2®(=a(re)/2) + o(1).

For the reader’s convenience, we give a sketch of the proofs of these results.
The proofs are based on the methods and results of Sections 3.1, 3.3, 4.3 in [13].
In the vectorial case in hand, we also describe the structure of asymptotically
minimax tests.

In order to obtain lower bounds, we consider the Bayesian hypothesis testing
problem with the product prior distribution on €, using the symmetric two-point
factors: m = [[cp Tk, ™ = 3(6_9, + dg,) for 6 € O(r,7.), and § is the Dirac
mass. Let Pr be the mixture of measures Py over m. Observe that

dP, P, ,
W (k) kez) H d]P’O Hexp —03 /2€*) cosh(z0 /€?).
kEZ keZ

For the sake of simplicity, set ‘;%g = %((xk)kez). Since ®(O(1,7)) = 1, we
have, see Proposition 2.12 in [13],

Y(O(r,re)) > 1- %Eo|de/d]P’o —1
1
> 1- 5(1E0(d1p>,r/dzp>0 —1)%)1/2
1-— %((Eo(dﬁbﬁ/d]}bo)z) -2
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This yields v(0(7,7.)) — 1 as soon as Eq(dP,/dPy)? — 1. Simple calculations
and the inequality cosh(z) < exp(2?/2) give

Eq (dpﬁ/dpo)z = H Eo (d]P)wk /d]P)O)2
kEZ
= [T cosh((@/e)?) < exp (% 29é> '
keZ keZ

Therefore, providing the “asymptotically least favorable prior” of the type under
consideration leads to the problem (4.1).

Under assumption (4.3), taking the prior based on the extremal sequence
in the problem (4.1), one can show that the Bayesian log-likelihood ratio is
asymptotically Gaussian:

— (92)2 * /.2 _ 2
log(dP,/dPy) = Z e + log(cosh(xrb;/e%)) | = —a*(re)/24+a(re)ne+ pe,
kEZ

where . — n ~ N(0,1) and p. — 0 in Py-probability. The proof is based on
Taylor’s expansion, see Section 4.3.1 of [13]. This yields the sharp lower bounds.

In order to obtain upper bounds, take a sequence q = (q)rez such that
qr >0, >, qf = 1/2, and consider #,, a centered and normalized (under Py)
statistic of a weighted y2-type:

ti=Y e (22 -1).

‘ k% -
Consider also the test procedures 1y, = 1; >pg. Observe that Eot, = 0,
Varpt, = 1, and t, are asymptotically standard Gaussian under Py. These obser-
vations imply w(y,4) = ®(—H)+0(1). Denote by (0, ¢) and k(q) the following
functions:

K(0,9) = > arbr,  r(q) = K(O(T,70),q) = peont )ﬁ(&q)- (4.4)
kEZ e

Then,
Egt, = ¢ 2k(0,q), Vargt, =1+ 4e? Zq%@i =1+ O((m;;ix ar)Eoty),
k

and hence, by Chebyshev’s inequality, 8(¢p.4, (7, 7)) — 0 when e 2k(q) —

+o00 and H < ce?k(q), ¢ € (0,1). Under assumption (4.3), one can check that
the statistic ¢, = t; — Egt, is asymptotically standard Gaussian under Py such
that Egty = O(1). Therefore

B(m,q,0(7,1)) < B(H — e 2k(q)) + o(1).

In order to determine ‘asymptotically the best sequence’ (qx)rez, it suffices to
find a solution of the following maximin problem:

a(re) = e 2 sup k(q). (4.5)
>k 47=1/2,qx20
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First, we change the variables for v = (vg)rez and (pg)gez, where vy = 9%/\/5,
pr = V2qi. Then, by convexity of the set

VT ={vel(Z): v >0; (2m)*" ZkQTvk <271/ ka > 271202y (4.6)
keZ keZ

and using the minimax theorem, we get

a(re) = e 2 sup inf+g prUk = € 2 sup inf+E DLV
e P2=1,p >0 VEVT Sk PE<1,p >0 vEV T o

1/2
—2 . -2 . 2
= € inf su V=€ inf v
b Y= nf, (z )

VeV S p2<1,pp>0
1 1/2
= —— inf ot = a(re).
T, () e

Thus, asymptotically the best sequence (qr)rez is the sequence w(r) 2
(wi(re))kez of the form (4.2), and the value of the problem (4.5) coincides with
the value of the problem (4.1). Setting H = a(r¢)/2, we get the upper bounds
and the structure of asymptotically minimax tests.

Note that the above evaluations entail (see also Proposition 4.1 in [13]) that

1
i — > . .
it SR(O(r) = ar) (47)

Moreover if (3", ., 07)'/? is larger than re, then (6, w(r.)) becomes rather
large. Namely, let us denote

K(re, B) = 96(—)1(rrljfBré) k(0,w(re)), B> 0.

Proposition 4.1. Let B > 1, then

—k(re,B) > BQCL(Te).

€

Proof. Set O(1, A,7) = {0 € I5(Z) : (2m)*" Y okez |k|?767 < A2 Y kez 07 > r?},

A > 0. Since O(7, Br¢) C O(r, B, Br¢), we have
>

i f 9 € i f 97 €
QEGI(E,BTG)K( yw(re)) 9e@(i?B,Bre) (6, w(re))
= B? inf 0,w(re)) > B*%a(r.),
ol R, 0() = Bea(r)
where the last inequality follows from (4.7). This completes the proof. O

The solution of the extremal problem (4.1) is obtained in Ingster & Suslina
[13], Section 4.3. Adapting the derivations on pages 146-147 of Section 4.3.2.
in [13] to our case, we set c3 = 1= B(a,b), c2 = 1= B(b,¢) and co = & B(a,d),
where B(-,-) is the Euler Beta function, a = ==, b=1+ 5=, c =2 and d = 3.
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Lemma 4.1. The solution of the extremal problem (4.1) is given by

a(re) ~ (er(7))V/2 r2H1/C) =2 a5 o =0, (4.8)
where ¢1(1) = cowc;2(0—2)(47+1)/2" is a positive constant.  (4.9)
cs

Remark 4.1. One must note that r. — 0 is the only condition we need to
obtain the asymptotic solution of (4.1). In particular, it is not required that
€ — 0 and Lemma 4.1 is valid whatever the value of € > 0 is.

Proof. Sketch of the proof of Lemma 4.1.

Following Chapter 4 in [13], observe that by setting v, = 62//2 for all k € Z,
one can transform the minimization problem under constraints (4.1) into the
following one:

Tl inf E v7,
(vr)kez€VT
kEZ

where V71 is defined by Eq. (4.6). The space ] (Z) contains non-negative se-
quences lying in I1(Z). Note that v? = e¢*a?(r.). The convexity of the set VT
assures the uniqueness of v2. In order to determine the solution, rewrite as
in Section 4.3 in [13] the sequence (vy)kez as follows: vy = vo((k/m), where
C(y) = (1 = |y[*")L(jy/<1) and m > 0. By using the Lagrange multipliers rule, it
is possible to obtain the following relations, as r. — 0 and m — +oo:

2

csvom ~ 27Y%2 0 02 ~ coudm, couom® T~ 271/2(27) 727, (4.10)

which entail the existence of v2 satisfying v2 ~ c1(7)re ™", and thus a(r¢) ~
—4 A4A41/T
c1(T)e *re .

If r. — 0, then the first and second relations in (4.10) entail that
vo = v2r72 =< 2T (4.11)

which implies that m — +oo since the third relation in (4.10) yields m =<
val/(27+1) - T;l/T. 0

Remark 4.2. The form of function ¢ and Relation (4.11) imply that
supy, vr < vg = o(1).

5. Main results

Depending on the values of b, we distinguish between two types of sparsity:
the moderate sparsity case with b € (0,1/2] and the high sparsity case with
b € (1/2,1). In each case, although being of different types, the ‘best’ test
procedures that achieve the separation rates are based on the y2-type statistics
(tj)1<j<a determined in the same way as the ‘best statistic’ ¢, of a weighted
X2-type in Section 4.
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Let us introduce a general version of the y2-type statistics of interest. For j
in {1,...,d}, put

o= > w ((@)2_1), (5.1)

€
keZ

where (wg)rez is the sequence of weights such that wy > 0 for all k in Z and
ez w,% = % Set also

T
tie = w ((%)2 - 1) : (5.2)
so that t; =3, otk

Recall that Ty = v/logd (see Section 2). Similarly to (2.3) and for any u €
(0,4/2], let us define the statistics L(u) on which the Higher-Criticism type test
procedure is built:

d
L(u) = Cy Z(Il<tj>ucrd> — By (uTy)), (5.3)
where
(i)()('r) = PO(tj > I)a
Cu = (dPo(uTy)(1 — ®o(uTy)))~ /2.

Taking into account the sparsity condition, we consider a particular sequence
of weights (wy, () kez defined by Eq. (4.2) with r* = 7 (b) being the separations
rates depending on b in (0,1). Then, for all j € {1,...,d}, we consider the
statistics ¢ as in (5.1) with the weight sequence (wg(7}))rez, that is,

o = > wi(r?) (2£)2 -1).

kEZ

Also, denote by t; the normalized empirical mean of the t;;’s:

d
1
ty = — tip. 5.6
b \/a ]; 7,b ( )

Similarly, replacing t; by ¢;, consider the statistics L(u,b), Cyp, and ‘i)o,b de-
fined by the equations (5.3), (5.5) and (5.4) respectively, that is,

d
L(u,b) = Cup Z(]]‘(tj,b>qu) — Dy p(uly)), (5.7)
=1
Cup = (dPop(uTa)(1 = ®op(uTa)) /2,

(i>07b($) = ]P)Q(tj)b>$).



Detection of sparse functional signals 1421
5.1. Moderate sparsity

In case of moderate sparsity, for any a € (0, 1), consider the x2-type test pro-
cedure:

2 A 42
vy =, = L1 (5.8)

where 15 is defined in (5.6) and Ty, is the (1 — a)-quantile of a real standard
Gaussian random variable.

Theorem 5.1. Assume that r. — 0 and let a(re) be given by (4.8). Then, the
following results hold true.

(i) Lower bound.
If a(re)d" /?=% = o(1), then v — 1.
If a(r.)dY/?>=% = O(1), then liminf~ > 0.
(ii) Upper bound. Let v = r*(b) be determined by the relation a(r?) =< d*=1/?
and 1/1(’1‘2 be defined by (5.8). Then,

Type I error: Yo € (0,1), w(®X’) = o + o(1).
Type II error: if a(rd)dY/2=% = 400, then B(YX",Ou(r,7¢,b)) = o(1).

Remark 5.1. Note that we obtain the same detection boundaries as
in the vectorial case (see Section 2): the areas of distinguishability and
non-distinguishability depend on the limit of d'/ 2=bq(r.). The condition
d'/?=ba(r.) < a(re)/a(rf) — 400 is equivalent to 7. /7% — 400 where by (4.8)

T: - (64d2b71)~r/(47+1)' (5'9)
In order to use Lemma 4.1, the condition r. — 0 is required. Note that the
requirement ¥ — 0 is always fulfilled for b € (0,1/2) whatever the value of
€ > 0 is as soon as d — +o0. For b = 1/2, the condition r} — 0 holds when
e— 0.

5.2. High sparsity

Let us define the Higher-Criticism type test procedure. Let r} = r7(b) be de-
termined by the relation a(r}) ~ (b)T4, where p(b) is given by (2.2). Set
u(b) = min(2p(b),v2), i.e., u(b) = 2p(b) for b € (1/2,3/4], and u(b) = v/2 for
b € (3/4,1]. Consider the test

L _ _
vro= ]l{ max L(ug,b) > H} "= u(by),
1<I<N-1

where the function L is defined in (5.7) and (b;)1<i<n consists of a regular grid
on (1/2,1], that is, by = 1/2 + 16, where 0 is a positive parameter that satisfies
§ = 04(1), Ty6 — +oo and N§ = 1/2. This entails that N = Oy4(6~1) and
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thus N = 04(Ty). Take a positive H such that H ~ (logd)“ for some positive
constant C satisfying C' > %.

For a constant D > \/5, consider also the test

1/}’”7,(11 — ]]_
{max max tjp > DTy}
1<j<d 1<I<N

Finally, combining 1 and ™%, we define the test procedure
1/}HC — 1/}L1/)mam, (510)

that rejects Hy if both ¥ and 9™ reject Hy.

For the high sparsity case, not only separation rates but also sharp asymp-
totics are obtained; two ranges of b should be distinguished: the range of b in
(1/2,3/4], called the intermediate sparsity case, and the range of b in (3/4,1),
called the highest sparsity case.

Theorem 5.2. Assume that r. — 0 and that logd = o(e=2/@7+V). Let a(r.)
be given by (4.8) and let ¢ be given by (2.2).

(i) Lower bound. If limsup a(re)/Tq < ¢(b), then liminfy — 1.
(ii) Upper bound: errors of ¢ defined by (5.10).

Type I error: w(yC) = o(1).
Type II error: if liminf a(r.) /Ty > (b), then B(YHY, O4(7, 7, b)) = o(1).
Remark 5.2.

e Set a(r}) = Typ(b). In our sparse functional framework, the distinguisha-
bility conditions are the same as for a d-dimensional sparse vector (see,
e.g., [12]), with the only difference that in our case the assumption logd =
o(e~2/7+1) is required. Under this assumption, the result of Theorem 5.2
means that distinguishability is impossible if limsup a(r¢)/a(r}) < 1 and
it is possible if lim inf a(re)/a(ry) > 1. Due to (4.8), these conditions pro-
vide sharp separation rates since they are equivalent to limsupr./rf < 1
and liminfr./rf > 1, respectively, where

ri o~ (T (e(m) TP ()T, (5.11)
and ¢1(7) is defined by (4.9). Note that the condition ¥ — 0 is fulfilled
under the assumption logd = o(e~2/(27+1)),

The values r* mark the border between the areas of distinguishability and
non-distinguishability. Indeed, for r. — 0 such that limsupr./r* < 1, the
alternatives separated from the null hypothesis by r. are not distinguish-
able and, on the other side, for 7. — 0 such that liminfr./rf > 1, the
alternatives separated from the null hypothesis by r. are distinguishable.
e Actually, the assumption logd = o(e~2/(?7+1)) is equivalent to

(rY T, = 0(1), (5.12)
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which is required when dealing with the asymptotic behavior of the tail
distribution of ¢, (see Lemma 7.1) since Ty supy wg(r?) < (r*)Y/C0T,.
Relation (5.12) follows from the relations in Eq. (4.10). Concerning the
lower bound, Condition (5.12) is necessary when we evaluate the second
moment of the Bayesian likelihood ratio under the null hypothesis.

e Note that the condition logd = o(e~%/(7+1) is essential for b € (1/2,1).
Namely, it follows from Theorem 2 in [10] that if lim inf(log d €2/(27+1)) > 0,
then the separation rates are of the form r} = ey/logd for any b € (1/2,1).
Observe that if log d > ce~2 for some ¢ > 0, then the separation rates are
bounded away from zero, i.e., it is impossible to detect functions lying in
O4(7, ¢, b) with small enough r. > 0.

Remark 5.3. ADAPTATION.

In the high sparsity case, a family of test procedures 1€ provides the dis-
tinguishability for all b € (1/2,1). Moreover, it follows from the proofs that our
result is uniform over b € (1/2+ p,1 — p) for any p € (0,1/4), i.e., the results
are adaptive over b € (1/2 4 p,1 — p) for any p € (0,1/4), without a loss in
separation rates.

For the moderate sparsity case, it is worth noting that the family of test

procedures 1/)X = 1/)X depends on b € (0,1/2] since the sequence of weights
w(rr (b)) does. It is shown in Theorem 3 of [10] that ‘adaptive’ separation rates
for unknown b € (0,1/2) are of the form r* < (e*d?*~! loglogd)™/47+1) i.e., the
adaptive case leads to an unavoidable loglog-loss in separation rates compared
to non-adaptive setting. Using the Bonferroni method, it is possible to prove

that the test procedures based on a grid of tests of the form z/JX 1, are adaptive
rate-optimal test procedures. Since this result is similar to the one stated in [10],
we omit it.

6. Extended problem

In this section, we generalize the hypothesis testing problem stated in (1.3) to
more general alternatives. The null hypothesis H is still characterized by some
constant constg and, as in (1.3), under the alternative, the signal function f is,
up to some constant, equal to f!, i.e., f = const; + f'. The additive sparse
structure on f1 is still assumed, i.e., f! € Fap, as well as every component f/ is

assumed 1-periodic and orthogonal to a constant (recall that for any ¢ € [0, 1]
FHt) = S0 & FH(ty) where & € {0,1} and t; € [0,1] for any j € {1,...,d}).
We then denote by ]:'d)b the set of signal functions in Fg;, whose components
are 1-periodic and orthogonal to a constant. Rather than imposing smoothness
constrains component-wise, we now study the alternative classes for which the
smoothness and separation conditions are expressed in terms of the whole signal
function f!. In other words, the main difference between the extended and initial
detection problems is that the distinguishability problem is studied with respect
to a global signal.
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Then, given the alternatives that include signal functions f as in (1.3), where
/! belongs to the functional class F5*(r, L, 7., b), the testing problem of interest
is stated as follows:

Hy : f=consty versus Hy : f=const; + f*, fle ]-'fl””t(T,L,re,b), (6.1)
where

Fit(rLireb) = {1 € Fap: |2 = v IS5 < 2},

in which (||f1||g))2 = Z‘;:l §j(||fj1||é7'))2. Due to the periodic constraint, we

consider the standard Fourier basis. This allows to express the semi-norm || - ng)
in terms of Fourier coefficients. As in Section 3, we then transform the functional
space ]-'j“ (1,7¢, L, b) to the sequence space 63’”(7, L,rc,b), which consists of

sequences 6 = (&;0; 1)1 such that

d
Y G =dt =K,
j=1

d
D&Y KT 65, < L7,
j=1

keZ
d
2 2
D&Y =l
j=1  k€Z

Note that if L? = K and 72 = K72, then we have
@311&(7_7 L, 7, b) D) Gd(Ta Te, b)

This implies that the results on the lower bound continue to hold for
04" (r, L, 7., b) with the separation rates (7%)? = K (r?)?, where r* is defined by
either (5.9) or (5.11) depending on the values of b. Here, the quantity of interest
is a(r.), the solution of the following extremal problem:

d
Y g =dt=K
j=1

d d
1
a2(r) = 5o aiglf D 6> 07, subject to{ Y &;(2m)° > |K[T03, < K
j=1

2j=1 kez keZ

d
Zgj Z 07, > Kr?

j=1 kez

(6.2)
As follows from Section 4.3 in [13], the solution of the extremal problem (6.2)
is given by

a(re) ~ (01(7‘))1/2KT‘62+1/(2T)6_2 as 1. — 0,
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where ¢;(7) is defined in (4.9). That is, a(r.) = Ka(re), where a(re) is the
solution (4.8) of the extremal problem (4.1).

Remark 6.1. Consider the function x defined by (4.4), for which the sequence
of weights w(re) = (wi(re))r is defined as in (4.2). Then we obtain from (4.7)
that

d
1
inf — k(0 w(re)) > a(re) = Kal(re), 6.3
Beost (r 02 K12 1) €2 gg (05, w(r0) > a(re) = Ka(r),  (63)
and similarly to Proposition 4.1 for any D > 1,
1A

- inf = > &R0, w(re) > D%(r) = D*Ka(re)  (6.4)

005" (1, K1/2, DK /2r. b) € T

Now, as in Section 3, with the use of the orthonormal system, instead of
considering the random process X (t) defined in model (1.1), we observe a family

of random sequences (1 )rez, je{1,....ay defined by (3.1). Finally, the remained
Q/JHC

.....

question is: do the families of test procedures 1/1352 given by (5.8) and
given by (5.10) provide distinguishability? The answer is affirmative and is given
below. Note that it is then sufficient to study the type II error probability of
these tests since their type I error probability has been already studied for the
hypothesis testing problem (1.3).

Theorem 6.1. Assume that r. — 0 and let a(r.) and ¢ be given by (4.8) and
(2.2), respectively. Then, the following results hold true.

(i) MODERATE SPARSITY —Type II error probability of 1/1352 defined by (5.8).
If a(ro)dY/270 — 400, then B(YX, O (1, K2, K1/?r, b)) = o(1).

(ii) HIGH SPARSITY — Type II error probability of Y€ defined by (5.10).
Assume that logd = o(e=2/C7+1),
If liminf a(re) /Ty > p(b), then B(HC, O (r, K1/2, K121, b)) = o(1).

Remark 6.2. One should note that the detection boundaries are the same for
the hypothesis testing problems (1.3) and (6.1), the initial one and its general-
ization.

7. Proofs

Proofs of our main results require some preliminary results that are stated
below both under the null and alternative hypotheses. Specifically, we establish
asymptotic tail distributions of the test statistics in hand and find their first
and second moments.

7.1. Properties of test statistics

In this section, we consider the statistics ¢; defined by (5.1) with any sequence
of weights w = (wy,)rez such that wy > 0,Vk € Z and >, w? = 1/2. Therefore
the quantities L(u), C(u), and ®( are those defined by (5.3), (5.5) and (5.4).
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Proposition 7.1. ASYMPTOTIC TAIL DISTRIBUTION OF ¢; DEFINED BY (5.1).
Assume T maxy wy, = o(1), then

T2
logPy(t; >T) ~ > a8 T — +o0,

2
logPy,(t; >T) ~ —w, as (T — Eg, (t;)) T25° 1o
Proof. We consider only the distribution Py, since Py is a particular case of
IPg,. The proof consists of bounding Py, (t; > T') from above and below. This
is done by using the cumulant-generating function of ¢; under Py, which is
defined by ¢y, (h) = log(IEg, (exp(ht;))) for any h. Let us consider only positive
h and let us introduce a new family of probability measures Py, ;, such that

di;zh = exp(ht;) exp(—¢e,(h)). This yields
Po,(t; >T) = Ko, nl[l,>7)exp(—(ht; — ¢y, (h)))]

= exp(—(hT = ¢o,(h))) Bo, n[L(t,>7) exp(=h(t; — T))]. (7.1)
Let us start with the upper bound.

Upper bound. The second term on the right-hand side of (7.1) is less than 1.
Hence there is a straightforward upper bound on Py, (t; > T'):

Po,(t; >T) < exp(—(hT — ¢g,(h))). (7.2)

To complete this part of the proof, it remains to determine the minimum value
of a positive value h on the right-hand side of (7.2). The minimum is attained
for positive h such that

Bo, n(t;) = T (7.3)

since

Eo; n(tj) =T,
Var9j7h(tj) >0,

{ (¢, (h) — hT)
(¢, (h) = hT)"

where ()/ and (-)N denote the first and second derivatives with respect to h, re-
spectively, and, Eq, , and Varg, 5 are the expectation and variance with respect
to ]P)9j7h'

In order to find A that solves Eq. (7.3), we need to determine ¢y, . For this, set
Vi = 9. Then for any positive h such that h — 400 and h maxy wg = o(1),

€
we obtain

¢o,(h) = log ][ Be,lexp(hwi((vjk + njx)* —1))]
k
hwiv? 1
= Z{—hwk + m -5 log(1 — 2hwk)}

k
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= Z{—hwk + hwyv} (1 + 2hawy, + o(hwy,))

(- )

Z{hwkuik(l +o(h max wr)) + PPwi (203, + 1) + o(h*wp) }
k

2

REq, (t;)(1 + o(h max wy)) + %(1 +0(1)) + o(h?), (7.4)

where the last equality sign in (7.4) follows from (1" — Ey,(t;)) — 400 and
T maxy, wy, = o(1) as T — +o00. Next, differentiating the right-hand side of (7.4)
with respect to h yields

(pg,(h) —=hT) =0=h~T —Eg,(t;), asT —Eg,(t;) goes to infinity.

As (T —Eg, (t;)) P24 4 oo, this leads to the following optimal equivalent

for right-hand side of (7.2):

exp (_ (T - E;j (%‘))2) '

Since by assumption T maxy wr = o(1), the condition hmaxy wy = o(1) with
(T' = Eyg, (t;)) in place of h is fulfilled.

By assumption T'maxy wg = o(1), hence the optimal upper bound under Py
is exp(—T;) as T goes to infinity. This completes the proof of the upper bound.

Lower Bound. We are interested in obtaining a lower bound for (7.1). This is
done by first considering a new family of probability distributions under which
the normalized statistics ¢; are proved to be asymptotically Gaussian.

For h > 0 satisfying Eq. (7.3), let us introduce the following probability
measures Py, p x:
dPo; .k
dPg

= exp(htjx) exp(—¢e,, (h)),

with #; 5, defined in (5.2), ¢g, , (h) = logEy, , (exp(ht;x)) and where Eg, , stands
for the expectation with respect to the observations (z; k)% of (3.1). Denote by
Eg, n and Varg, . the expectation and variance with respect to Py, p, k.

To establish the asymptotic normality of ¢;, we will check that the Lya-
punov condition is satisfied. To this end, set ng',h,k = Varg, nx(tjr) and
ng,h =2 ng,h,k'

Denote by (bé?k and (bé%)k the second and fourth derivatives of ¢y, , with re-

spect to h, respectively. lUsing well-known relations between moments of ¢;
under Py, 5 and the successive derivatives of ¢g, , (h) with respect to h, in

particular, 0%, = 37, gb((,?k, we get
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Ek Eej,h,k(tj,k — Eéj,h,k(tj,k))4 _ 3 Zk((béf)k (h))2 + Zk (b‘(;j)k (h)
(2 ng',h,k)2 O éf)k(h))Q
4max(wi) >, wi(1l+ o(1)) + o(1)
1
= o(1),

where the last relation follows from maxwy = o(1) and Relation (7.4), since
by (7.4) we get >, gbg:)k (h) = ((;;)(h) = o(1). The Lyapunov condition is then
, ti—Bo;.n(ty)

— is asymptotically a
Jh

satisfied. This implies that under Py, p, Z;n =
real standard Gaussian random variable.

Let us return to Relation (7.1), where h is chosen to have Ey, ,(t;) = T, and
observe that

Eo; n[Let;>1)exp(=h(t; — T))] = Eog; n[L(z, ,>0) exp(—hZ;nojn)]-

Due to the asymptotic normality of ¢;, for any 6 > 0,

Eg, n[L(z, ,>0)exp(=hZjnoin)l = Ko, nll(z,,ec0,) exXp(=hZ;jnojn)]
+Eo, w1z, ,>5) exp(—hZ;nojn)

> (Po, n(Zjn € (0,0)) +o(1)) exp(—hdojn).
(7.5)
By choosing 0 = o(h) in Relation (7.5) implies that
log(Py, (t; >T)) > ¢g,(h) — KT — o(h?). (7.6)
Up to o(h?), the right-hand side of (7.6) corresponds to the argument of the

exponential function on the right-hand side of (7.2). This entails that the right-

_ N2
hand side of (7.6) is equivalent to —w. This completes the proof of the

lower bound and Proposition 7.1 is proved. O

Lemma 7.1. (i) Expectation and variance of t; defined by (5.1).

Eej(tj) = §j572/§(9j,w), (77)
Varg, (t;) = 14 O((max wi) g, (t;)). (7.8)

(ii) Expectation and wvariance of L(u) defined by (5.8). Assume that
Timaxw, = o(l) and consider any 0 = (§161,...,8404) such that
Z?:l & = d'=". Moreover, assume that for all nonzero &;, Eg, (t;) > Ty,
with some positive ¢, and maxj.¢,—1Eg,(t;) = O(Ty). Then, for all
u € (0,v2],

1 2 ((u—c)y)?

2

Eg(L(w)) dzrE - Y1 4 0(1)),

Varg(L(u)) = o(d"Eg(L(u))) +o(1), n=o(1),

Y

where x4 = max(0, z).
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Remark 7.1. Under Py, the statistics ¢; and L(u) have zero mean and unit
variance. Moreover, under Py and the assumption maxy wy = o(1), the statistics
t; are asymptotically standard Gaussian. Under Py, , the statistics t; — Eq,t;
are asymptotically standard Gaussian if maxy, wiEg,t; = o(1), see Lemma 3.1
in [13].

Proof. (i) Recall that Y, w} = 1/2. For each index j satisfying ; = 1, the
random variable (¥£%)? is a P;-noncentral x*(1,67,¢~?). From this relation,
(7.7) is easily obtained. Relation (7.8) is deduced from the following calculations:

Varg, () = Y wi(2+4e %607 ,)
kEZ
= 14> wide 07,
kEZ

= 1+ O(maxwy e 2¢R(05,w))

= 1+ O(rl?ea%(wk Eo, (t;))-

(i) For any u € (0,+/2], as Ty — -+o0, Proposition 7.1 gives a control over C,,
defined by (5.5):

22 22

€2 = a7 exp(E (1 o)1 - exp( T (1 +0(1)

J-1+% (1+o(1)

Since u < v/2, the exponent of d in C,, is o(1).

Case 1: for the nonzero ¢;’s, assume that limsup(uTy — Eg,(t;)) < +oo. In
this case, the probability Py, (t; > uTy) = Pg,(t; — Eg,(t;) > uTq — Eo,(t;))
is bounded away from zero. This follows from the asymptotic normality of
tj — g, (t;) for Eg, (t;) = O(Tq) (see Remark 7.1)

Case 2: for the nonzero ¢;’s, assume that uTy — Eg, (t;) — +o00. Then, for any

nonzero ¢;, Proposition 7.1 implies that

Ty — cTy)?
log Py, (t; > uTy) > —w(l—l—o(l)).

Recall that the number of nonzero &; is equal to K = d'~® and that for all
nonzero &;, Eg,(t;) > Ty for some positive ¢ such that maxj.e,—1 Eg,(t;) =
O(Ty). To sum up, the cases 1 and 2 entail that

Eg(L(w) = Cu Y. (]P)gj(tj>qu)—<i>0(qu))
J:§i=1

cuK(d—WGwO» _ d—%(Ho(l)))

Y

_ d—%+%(1+o(1))+1—b(d—w(uo(l)) _ d-%(uo(l)))(l +o(1))

1 w2 (=) )?
= 2 bt 2 ) 0He) (1 4 (1)),
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Similarly, let us study the variance of L(u). Using Proposition 7.1, we obtain

Varg(L(u)) = Cp Y Py (t; > ula)Py,(t; < uly)
Ji§=1
+Cv§ Z (i)O(UTd)(l—(i)o(qu))
J:§;=0

= CZKPy,(t; > uTy)(1+0(1)) + (' +d ") (1+0(1))
= (CEg(L(u)) +d* (1 + 0(1))
o(d"Eg(L(u))) +o(1), n=o(1).

7.2. Upper bound

Remark 7.2. Note that the condition Tymaxy wi(rf) = o(1) follows from
assumption logd = 0(6_2/(2T+1)). Indeed, Remark 4.2 and the relations in Eq.
(4.10) imply that Ty maxwy(r?) < (r*)"/37T,, where the term on the right-
hand side goes to zero as soon as logd = o(e~%/(7+1)). Therefore, assumption
logd = o(e~2/27+1) allows us to apply Proposition 7.1 and Lemma, 7.1.

Proof. Theorem 5.1 (ii).

Type I error probability of 1/1352. It follows from the Central Limit Theorem
that, under the null hypothesis, t; is asymptotically a standard normal random
variable. Therefore

Po(ty > Tn) = ®(—Ta)+o0(1) =a+o(1).

Type II error probability of 1/1}1(2 uniformly over ©,4(r,7.,b) for re > Br,
B > 1. Thanks to Lemma 7.1, uniformly over 8 € O4(7,r.,b), we have

&I»—‘

d
Varg(ty) Z (14 O(Eq, (t;)))

Eg(tb) = d_1/2ZE9j(tj,b)
j=1

This implies that Varg(t,) = o((Eg(t»))?) provided that Eg(t,) — -+oo. Let
us study Eg(ty): from Proposition 4.1, Lemma 7.1, and Relation (4.7), we get
uniformly over ©4(7,r,b) with r. > Br¥, B > 1:

Eg(ty) > d'?7B2%a(r*) — 400 assoonas  B2dY?7Pa(r*) < B? — +o0,

ie, assoonas r./r; — +oo, (7.9)

where r¥ = (elg?b—1)7/(47+1),
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Due to (7.9), using Markov’s inequality and Lemma 7.1, for all @ in
Gd(Ta T€7b)7

Pgty <To) = Pglts — Eglty) < Tu — Eg(ts))
< Py(lte — Eglts)| = Eg(ts) — Ta)
S Varg(tb)

&yt — 1oy )

This entails that (X ’ ,04(T,7¢,b)) goes to zero as soon as d*/2~ta(r.) — 400,
i.e., as soon as (( *; — +o0o where a(r*) =< d*~1/2. 0

Proof. Theorem 5.2 (ii).

Type I error probability of . Observe that w(y)7¢) < w(y*)+w (™).
The assumption log(d) = o(e~%/G7+1D) implies that T, maxy wy(r¥) = o(1).
Therefore the application of Proposition 7.1 and the fact that D? > 2 and
N = o(Ty) yield

w(y™*®) = Po(max max t;p > DIy) §

N
1< <d 1<I<N ZPO b > DTa)

11=1

< Ndexp(—D?T2/2(1 + 04(1))) = Nd'~P*/2(+0a(D)) _, o,

M=

<.
Il

By Lemma 7.1 and applying Markov’s inequality,

N—-1
w(yt) = Po( max  L(w,by) > H) < ; Po(L(ut, br) > H)
N—-1
Varg(L(ug, b))
< ; —
o -1
—_ H2 b

which goes to zero as d — +o00 since H ~ (logd)?, with C' > + and N = 04(T).

Type II error probability of YHC uniformly over O4(7,r.,b). For any
6 € O4(1,7c,b), we obtain

Ep(1— ") < min(Eg(l— ¢™) Bp(1—¢Y),  (7.10)
Eg(l —y™*) < rénn1 12%111 Py, (tj,p, < DTy). (7.11)
J:8i=

First, let us consider the alternatives 6 € O4(7, 7, b) such that for a nonzero
&, there exists [ € {1,..., N} for which Egt;,, > DTy with Dy > D. From
Lemma 7.1 (i) and Markov’s inequality, we obtain

Po,(tjp, < DTa) < Po,(|tje, — Eo, (tjp,)| = o, (tj,) — DTa)
- Val“gj (tj,bl)
= (B, () — DTa)?

=o(1). (7.12)
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Second, in view of (7.10), (7.11), (7.12), it suffices to study the test procedures
YT under the alternatives @ € ©,4(r,r¢,b) such that max;.e;—1 maxi<i<n Eg; x
tjp, = O(Ty). Then we obtain

(1 -yt = P < < i — < H).
Eg(l —47) Pol(, max  L(w,bi) < H) < min  Po(L(u,b) < H)

For any l € {1,...,N — 1},

Pg(L(ui, b)) < H) Po(L(u, br) — Bg(L(wi, b)) < H — Eg(L(ui, br)))

Pg(—[L(u, br) — Eg(L(uy, b))| < H — Eg(L(ui, br)))

Po(IL(ur, br) — Eg(L(ur, b))l = —H + Eg(L(ui, br)))
Varg(L(ug, b))

(B (L(u, br)) — H)*

IAINCIA

IN

(7.13)

For any b, € (1/2,1), if we prove that infg.q (. ) Eg(L(ui, b)) goes to infin-
ity as a power of d (d — +00), then Lemma 7.1 and the choice of H (recall
H = 04((logd)®), with C > 1/4) yield the result since in this case the right-
hand side of Relation (7.13) goes to zero.

Third, for b € (1/2,1), take an index [ in {1,..., N — 1} such that b < b <
bi41. This, combined with the continuity of ¢, yields

bi=b+o(1), ri(b) <ri(b)~ri(b), a(ri(b)) <a(ri(b))~a(ri(b)).

Let @ € O4(7,7¢,b) with b € (1/2,1) and liminf(a(r.)/a(r*(b)) > 1. Then
re > (14 9)rr(by) for some § > 0. Proposition 4.1 entails that for j such that
& =1 we have

Eo,tj5 > (1+6)%a(r? (b)) ~ (1+6)%a(rf (b)) ~ (1 +6)*(0)Ta.
We then derive from Lemma 7.1 with ¢ = ¢(b) = (1 + §)?¢(b) that
_ ((ug—e®))?
2

u2
inf  Ep(L(u,b)) > dzta—?

- A+ (1 4 0(1)). (7.14)
0cO (1,7e,b)

Finally, denote the main term in the exponent of d in (7.14) by

M- % n u(i))2 _p (u(®) —2C(b))+)2'

To obtain the result, it is sufficient to prove that M is positive and bounded
away from zero for any 6 > 0.

Intermediate sparsity case. This case corresponds to b € (1/2,3/4]. Recall that
u(b) = 2p1(b), where ¢y is defined in (2.2). Then

(P2(0)/2)(1+8)?-1)B-(1+0)*) >0 for0<d<~2—1

M>°@{ Z(b)/2> 0 ford > V2 — 1

The latter inequalities are obviously satisfied. This leads to the result.
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Highest sparsity case. In this case b € (3/4,1) and u(b) = /2. Then

Moo ] (LH0)? = 1pa(b) >0 for (1+6)pa(b) < V2
1-b>0 for (14 6)%2¢a(b) > V2
Again, the latter inequalities are satisfied, and the result follows. O

Proof. Theorem 6.1 (i).

Similar to the proof of part (i7) of Theorem 5.1, due to (6.3) and (6.4), uniformly
over 8 € e5*(r, K2, K'/2r_ b), the type II error probability of wggz goes to
Z€ro as Soon as ¢ /Ty — +00. O

Proof. Theorem 6.1 (ii).

The proof of the fact that the type II error probability of 1/ goes to zero as
d — +o0o is similar to the one of Theorem 5.2. Recall that K = d'~? is the
number of nonzero §;’s and suppose without loss of generality that {; = 1,Vj €
{1,...,K}and § =0,Vj € {K + 1,...,d}. Note that the relations (7.10) and
(7.11) remain valid for any 8 € @5 (r, K/2 K'/?r_b).

First, similarly to (7.12), for any 8 € O (r, K'/2, K'/?r_b) such that
for the nonzero &;’s, there exists I € {1,...,N} for which Egt;, > DTy
with D; > D, the type II error probability of 7€ vanishes asymptotically.
Therefore, it suffices to study the test procedures 1’ under the alternatives
5 S ®§zt (7’, K1/2, K1/2T€, b) such that man:szl maxj)<i<nN Eej tj,bl = O(Td)
Therefore, let us take 6 > 0 and consider the alternatives that are as far away
from the null hypothesis as r. such that 7. > (1 4 9)r’(b), where 7%(b) is deter-
mined by a(r¥(b)) ~ Typ(b).

Second, for any [ € {1,..., N}, observe that the only difference between the
proofs of the extended and initial problems lies in the study of

K

§€@§xt(77[§rll/f21}(l/2réyb) J; ]P)ej (tj,bl — Eej (tj,bl) > ule — Eg]. (tj,bl))- (715)

Now it is no more possible to control (7.15) by using Lemma 7.1 (i) because
the condition Eg, (t;) > Ty is not necessarily satisfied for all nonzero §;’s. In
fact, the only condition we have is Zjil Eo, (t;) > cKTy with some constant
c> 1.

Let us now explain why the current proof is reduced to the study of (7.15).
As in (7.13), we get for any 8 in ©5 (1, K/2, K'/?r_b),

. Varg(L(u, b))
- < < 6 .
Polmax, Llunb) < H) < min (Ep(L (w1, b)) — H)?2

Due to Lemma 7.1 and the fact that H = O4((logd)®) with C > 1/4, in order
to obtain the result, it remains to prove that for any [ such that b; < b < b1

and for all @ € ©57 (7, KY/2, K121 b), Eg(L(w, b)) 9259° o0 as a positive
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power of d. Finally, recall that Eg(L(u, b)) is equal to

K
Curr Y, (Pej (i, — Eo, (tjp) > wla —Eg, (tjn,) — Pop, (ule)) , (7.16)
j=1
where Cy, 5, = (dq)O,bz (ule)(l — g, (ule)))1/2 and gy, (ac) = Po(tj,bl > .’L‘)
The term in (7.16) corresponds to the product of (7.15) and C,, 5. The quan-
tity Cly, ., is controlled by Lemma 7.1 and Proposition 7.1. Thus it remains to
study (7.15).
Third, the application of Proposition 7.1 gives the following approximation

of 3211 Po, (tj b — Bo, (tj,) > wTa — B, (tj5,)):

i exp(— ((wTq — By, (tj0,))+)* ) O(1).
j=1

2

Recall that a(r.) given by (4.8) is the solution of the extremal problem (4.1).
Set n; = Ko, (tjn), mo = (1+0)%a(ri(b)) ~ (1+0)%a(ri(br)) and fr(n) =
exp(—%) Vn € [0,R], where R = R(T) > 0 will be specified later on.
Consider also

K

K
A .
Fgr(n) = mfz fr(n;) subject toan > Knp.

Jj=1 Jj=1

Due to Relation (6.4), we have for the sequence w(r}(b;)) that

K K K

1 *
E 1 nj = E 1: Eo, (tjn,) = = E (05, wr) > K(L+6)%a(rf (b)) ~ K.
J1= 1=

j=1

Then, in order to obtain the same right-hand side as in (7.14), it is sufficient
to show that for any [ in {1,..., N} such that T' = w;T,, Relation (7.17) which
is stated below, holds:

Frr(no) = K fr(mo). (7.17)

This is handled by a technical result similar to the one stated in Lemma 7.4
and Lemma 7.5 in Ingster et al. [17]. The proof of Lemma 7.2 is postponed to
Section A.

Lemma 7.2. Set A= (T — no) fr(no).

fO<n<T—1andT < R<T+ /(T —no)% — 2log(1+ 2(T — 1)?)
(7.18)

then,

neing](fT(") — ) = fr(no) — Ao, (7.19)

which implies that
Frr(mo) = K fr(no). (7.20)
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Asd — +oo, forany ! € {1,..., N} such that T' = w;T,; with u; > (148)?¢(b)

and R = pT,; with u; < p < u; + %‘W, the conditions in (7.18) are then
satisfied. Therefore the application of Lemma 7.2 yields the results since for all
0 € 05 (1, K2, K1/%r)b), Eg(L(u;, b)) is larger than

Oul,blK<€XP(— ((ule -1+ 6;2(1(T: (bl)))+)2)0(1> — exp <_ulTT’d(1 + 0(1))>7

which corresponds to the right-hand side of (7.14). O

7.3. Lower Bound

Proof. The prior distribution we consider is a classical one for a functional
Gaussian model. In Section 4.3 of [13] it is referred to as the symmetric Three-
point Factors.

PRIOR. Before defining the prior II¢ formally, we shall start with an informal
discussion.

The prior 17 adds mass on (£;6;)1<;<a: the components are i.i.d. and &; and
; are supposed to be independent. A natural choice for &; is a Bernoulli with
a parameter pg € (0, 1) such that E(Z?Zl &) ~ K. The 6;’s are binary random
variables (with probability 1/2) such that 67 = (6*)* where the sequence 6*
is a solution of the extremal problem (3.1); this guarantees that 6; belongs to
O(7,7e).

Now, we define the prior distribution more precisely. Let pg be any sequence of

positive numbers such that pg 4240 0 and dl_bpfl dotpo +o00, Vb € (0,1), Vs >

0. Consider two sequences (&;); and (0;x);, of independent random variables
whose distributions are the following:

¢; ~ Bernoulli B(py) with pq=d="(1+ pa),j € {1,...,d},
6‘]‘71C = €4k € 2k, with P(EjJC = 1) = ]P’(Ej)k = —1) = %, j S {1, .. .,d}, ke Z.

The sequence (zx)rez is deterministic and is defined as follows: (e zx)r =
(05 )kez = 0* where 0* is the sequence that leads to the solution (4.8) of the
extremal problem (4.1). In particular, this entails that

% 2
Z 5 = @ (re), (7.21)
kEZ
@m)P Y IR () <1, (7.22)
kEZ
Z (e zx)? > 12 (7.23)
kEZ
The sequences (§;); and (0;x); are also taken mutually independent. For each
jin {1,...,d}, we define the prior distribution 7% on (&;,0;) as follows:
in {1 d define the prior distributi j 5, 0; foll
m = (1= pa)do + pa [ [ mjx = (1 = pa)do + par;, (7.24)

keZ



1436 G. Gayraud and Y. Ingster

where m; = [T,.cz Tjks Tjk = 5(8(—e 2) + O(c 2,,)) Puts mass on 6, and d is the
Dirac mass. Finally, we define the global prior II¢ by

e = HF?.

Jj=1

MINIMAX AND BAYESIAN RISKS. Denote by Prja the mixture of the measures Pg
over the prior T1%, and let v(Q) be the minimal total error probability for testing
a simple null hypothesis Hy : P = Py against a simple alternative H; : P = Q
regarding the measure P of our observations (i )kez,1<j<d-

Proposition 7.2.
v = 7(Pra) + o(1), (7.25)

where 7y is the minimazx total error probability over Oq4(7,r.,b) (see (3.2)).

Proof. Consider two sets Z(s) and 27 (s) defined by

[
©
Il

{C=¢€(&iler,p2t)ks & (Eak2r)k

H'M&
CIJ
o
A
»
N
a

s<i<d

First, due to the relations (7.22) and (7.23), 2(K) is included in ©4(7,7¢,b).
This entails that

v = v(E(K)). (7.26)
Second, let us introduce some additional priors: for any subset u C {1,...,d},
define m, = [[,c, 7 [1;¢, 00, where 7; is as in (7.24). Note that m, has a
support on the collections ¢ = € (§1(e1,628)k, - -, 8 (Eap2r)r) With § = 1 if
and only if j € w. For any integer s such that 0 < s < d, let G4, be the set
of all subsets u C {1,...,d} of cardinality s, and define 7,y as the uniform
distribution on Gg s:

o= 3

S u€Gq,s

Observe that the prior II% is of the form II¢ = Zj:o 7sT(s) Where 1y =
p5(1 —pa)?==. Clearly, m(x)(E(K)) = 1, which implies

V(EK)) = v(Pry,))- (7.27)

Third, consider the conditional prior of the form H‘i with respect to Z(K)™T,

ie., II7(A) = % which is of the form II? = ZZ:K qsT(s) With g5 =
df K < s <gq. Let us prove that

s=k T

V(Pry) = 7(Pria)- (7.28)
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Py
Denote by Xx = {(zj)jk : —gpo>((%jk)j%) < 1} the admissible set of the

optimal test for testing Hy : P = Py against H; : P =P Since

() "
V(Pre)) = 1=Po(Xk) +Prie, (Xx) and  y(Ppa) < 1—Po(Xk)+Ppa (Xk),
proving (7.28) is then reduced to checking that

]P)TF(K)(XK) > ]P)Hi (XK) (7.29)

In view of Proposition 2.5 in [13], X'k is a convex set. Also, the set Xp is
sign-invariant and invariant with respect to all permutations of the z; ’s; the
measures Pr . 0 <s < d have the same property of invariance with respect to
all permutations of the x; ’s. These observations imply

d

Pr o) (X ) = P (X ), Pra (X)) = > q:Pge (Xi),
s=K

where 8° = €(z,...,2,0,...0), 2 = (2x)rez. Since 0% > ka >0,V k s>K,

the application of Lemma 2.4 in [13] entails that Pyx (Xx) > Pgs (Xk), s > K.
This yields Relation (7.29) and hence Relation (7.28).
Finally, in view of Proposition 2.11 in [13], it remains to check that

V(P ) = 7(Pra) + o(L). (7.30)

Similarly to the proof of Proposition 2.9. in [13], it is easily seen that (7.30)
follows from the relation

me(=+(K)) “25° 1. (7.31)

Acting as in the proof of Proposition 3 in [12], we obtain by Chebyshev’s in-
equality,

1-TEN(K) = M ¢ <d™)
= M%(dpy— Y & >dpa—d'")
d' (1 + pa)(1 — d°(1 + pa))
(@ paP? |

where the ratio on the right-hand side tends to zero as d goes to infinity. Relation
(7.31) is then proved.

As the relations (7.26), (7.27), (7.28), and (7.30) imply (7.25), the proof of
Proposition 7.2 is completed. O

Due to Proposition 7.2. the proof of the lower bound is reduced to bounding

¥ 2 ~(Ppa) from below.
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Before studying v*, we introduce some useful notation and make some helpful
remarks. Denote by ||-||7v and ||-||2 the distance in variation and the Lo-distance
between any pair of probabilities (P, Q); the latter one is defined by

+00 if P does not dominate @,

2 _
1P = Qllz = { Ep(L —1)? if P dominates Q, (7.32)

where L = % is the Radon-Nikodym derivative of ) with respect to P.

Remark 7.3. Note that

e |- |lrv = |- |l1, where || - |1 is the L;-distance.
e If P dominates Q, then |[P — Q|3 = Ep(L?) — 1.
e As stated in Proposition 2.12 of [13],

If||P = Qll2 = o(1), then [P — Q|1 = o(1),
If | P — Q||2 is bounded, then limsup || P — Q|1 < 2.

Using Remark 7.3, one has
If |Pg—Ppall2 =o0(1) then, |[Py—Ppa||1 =o(1) and v* — 1. (7.33)
If |Py — Ppall2 = O(1) then,
limsup |Pp — Pall <2 and liminf~y* > 0. (7.34)

Therefore, if needed, the Ls-distance can be conveniently used instead of the
total variation distance.
Due to (7.33) and (7.34), it remains to study ||Pg — Ppal|2 which is expressed

in terms of the Bayesian likelihood ratio Ly« = dgﬁd (see Relation (7.32)).

LIKELIHOOD RATIOS. Here and below, when it is not absolutely necessary, we
omit the arguments of the likelihood ratios. Then, observe that Ly is defined
by:

~
=
&
\
—
— =
7N
o | &
5|
N——
L
=
U

d
11 = pa+ paLy),

where Lj; is the likelihood ratio between P, and Py. Denote also by L, . the
J
likelihood ratio between P« and Py, i.e., L a = (1 — pg + paL;). Then L; is
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such that
dPy, .
Lj(z;) = /H( (j.k >d7fj
kEZ
2 52
= H = (exp(—— + zkxj k)€ ) —l—exp(——’C — zkxj,k/e>>
2 2 2
kEZ
52
= H exp (—?k) cosh(zxx 1 /€), (7.35)
kEZ

where cosh is the hyperbolic cosine. Using routine calculations, in particular,
using twice the inequality 1 + = < exp(z), Vo € R, we obtain

Eo(Lig) = 1+ pi{Eo(L}) — 1}

= re{ 1 (1e2(m(3)) ) 1)
1+p3{exp<kez Gm(?))) }
< o(sif (X2 ((3)) ) -1})

where sinh denotes the hyperbolic sine. In view of Remark 7.3, in order to study
[P — Pra||2, it suffices to study Eo(Le — 1)2. The latter includes the quantity
Eo(Lf.) that satisfies

Eo(LEa) = f[l IEO(LfT?) < exp (dpg{ exp(§2<smh<§>)2) - 1}) (7.36)

I

IN

As d goes to infinity, the right-hand side of (7.36) goes to one provided that

2 2
dp? (exp(A) — 1) “25°0  with A_Zz(smh<%’f)) . (7.37)

keZ

Theorem 5.1 (i).
Recall that by assumption b € (0,1/2]. We shall distinguish between two cases
depending on the values of . with respect to r} defined in (5.9).

Case 1: r./rr = O(1). Since dp?(a(r}))? = O(1), it follows that dp3a®(r.) =
O(1). Since dp? is bounded away from zero, a*(r.) = O(1), and, due to Remark
4.2 and the relations in Eq. (4.10), we have sup, 27 = o(1). This entails that

sinhz(é) ~ %, which, due to (7.21), implies that A ~ Z% ~ a*(r.), and
hence A = O(1). It now follows that exp(A) — 1 < A. Finally, we get

dp? (exp(A) — 1) < dp3a®(r.) = O(1), (7.38)

and the second part of (i) in Theorem 5.1 is proved.
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Case 2: r./rf = o(1). Due to (7.38), we have dp? (exp(A) — 1) < dp3a®(r.),
and since Zi ((:i% = 0o(1), Relation (7.37) is trivially fulfilled.

Theorem 5.2 (i).

Now by assumption b € (1/2,1). Due to the condition log(d) = o(e~2/7+1),
Remark 4.2, and the relations in Eq. (4.10), supy 27 = o(1). As in the moderate
case, this yields A ~ a?(r.), and thus we obtain

d pj (exp(A) — 1) = dpj exp(a®(re)(1 + 0(1))). (7.39)
Again, we shall consider two cases depending on the values of 7. with respect
to r¥, where 77 is now defined by (5.11).

Case 1: Suppose that r./r? = o(1). Then a(r.) = o(T;). Due to Eq. (7.39), this
implies that Relation (7.37) is fulfilled.

Case 2: Suppose that r./r* = O(1) and let ¢(r¢) be a positive constant satis-
fying c2(r¢) log(d) = a®(r¢). Then the right-hand side of (7.39) can be rewritten
as follows:

d'"? (1 + pa)® exp(log(d)c? (re) (1 + o(1)))
d172b+62(ré)(1+0(1))(1+pd)2.

dp exp(a®(re))

Therefore, Relation (7.37) is fulfilled provided that c(r¢) < v2b—1 = ¢1(b),
where ¢ is defined in (2.2). This means that a successful detection is impossible
if ¢(re) < 1(b), which corresponds to the intermediate sparsity case; in fact, the
inequality c(re) < ¢1(b) is valid for any b € (1/2,1) but it could be improved for
b € (3/4,1). Indeed, for b € (3/4,1), one can show that a successful detection is
impossible if ¢(r) is such that c¢(re) < p2(b), where the function ¢, is defined
n (2.2), and for b € (3/4,1), p1(b) < ¢2(b). That is why the improvement is
possible and is achieved by dealing with a truncated version of the Bayesian

likelihood ratio Lp«. From now, let us consider a(r.) = ¢(r.)v/logd with \/iﬁ <

c(re) < v/2. The case c(r.) < % coincides with the intermediate sparsity case
when b € (1/2,3/4].

Thus, for some positive v, let us define f/Hd, the truncated likelihood ratio
of LHdZ

d d
Ly = H Lya = H(LW?)]l (f,<alro/Eo ond)’ (7.40)
where
~ 1

Also put

l; =log(L;), (7.42)
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where L; is defined by (7.35). Now we introduce two new probability measures
P,; and P, expressed in terms of Py as follows:

dP,, exp(l;)
L = , 7.43
P, Eo(L;) (743)
dP,, exp(2l;)
= . 44
dPg Eo(L3) (744)

In order to get a lower bound for the minimax total error probability, it is
sufficient to prove (see the proof of Theorem 4.1 in [11]) that

Eo((Lna = 1)%) = o(1),

where L is defined in (7.40) provided that

{I; <alrdV/(2 +v)logd}) — 1. (7.45)

=
=
1D-

In fact, it is enough to prove that
d
Z (I; > a(rd)\/ (2 + v) logd) — 0. (7.46)
Relation (7.46), and hence Relation (7.45), follows from Relation (7.47), which

is a part of the next lemma whose proof is postponed to Section A.

Lemma 7.3. Assume that . — 0 and logd = o(e=2/C7), If T > 0 is such
that T = O(a®(re)), then

Po(l; >T) < exp (—2(57@ + 0((12(7‘6))> . (7.47)

Moreover, if liminf(T/a?(r.)) > 1, then

~ _ a? r 2
P, 0> 1) < o (-0 Lo@ny), )

and if limsup(T/a?(re)) < 2, then

P <7) < o (-T2 vo@e)). a9

Next, it remains to prove that Eq(ilnd) — 1 and Eo((La)?) — 1. This will
entail the expected result that Eq((Lpa — 1)%) = o(1).
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First, consider the term Eq(Lya):
Eo(Lpa) = H?:lEO(iﬂ']‘?‘)
= I Bo(1 +pa(L; — 1) — 1, (pa(L; — 1) + 1))
= 1, (1= pa(Eo(Ly1p))) + (1 +pa)Po(D))
d
= exp(z log (1 = pa(Bo(L;15;)) + (-1 —l—pd)]P’o(’D_j)) , (7.50)
j=1

where D; = {I; < a(r.)\/(2+ v)logd} and D; denotes the complement of D;.
Relation (7.46) entails the convergence to zero of the second term in the log term
of the right-hand side of (7.50). Therefore, in order to obtain Eo(La) — 1, it
is sufficient to prove that

dpa(Eo(L;1p,)) = ofL). (7.51)

Note that Eo(L;15;) =Py, (D;). Since Y22 — 1 is positive (c(r.) < v/2) for any

C(Te)

positive v, we can applied Relation (7.48) of Lemma 7.3 to get

— 1
piFo (D)) < dpacxp (5 10(@)((VETF T clr))* +of1)
= A1+ pg) d72VEFITCr) (), (7.52)

where the right-hand side of (7.52) goes to zero as soon as ¢(r¢) < V2 +v —
v/2(1 — b). This yields Relation (7.51).

Second, we need to study Eg (ﬁ%d), which is equal to

d
exp | Y _log(1 = 2paEo((1 = L;)Lp,) + Eo(pa(1 — L;)*1p, — 1))

Jj=1

Since the relations dPo(D;) = o(1) and dpaEo((1 — L;)1p,) = o(1) have been
already proved, it is sufficient to show that dpZEq((1 — L;)?1p,) = o(1). To this
end, observe that

dEo(p5(1 — L;)*1p,) < 2(dpiPo(D;) + dpiEo(L31p,)).  (7.53)

The first term on the right-hand side of (7.53) tends to zero as d goes to infinity
since dp3 = dd=2"(1 + pq)? for b € (3/4,1).

To study of the second term on the right-hand side of (7.53), we take into
account the following two points:
(i) since supy 27 = o(1), we can apply Lemma A.l of Section A with h = 2,
X =z /¢, and z = z, and obtain

exp(2l;) = exp(2a3(re)). (7.54)
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(ii) since limsup(T/a®(r.)) < 2 is satisfied as soon as c(r¢) > ‘/75 with T' =

a(re)\/(2 4+ v)logd, we can applied Relation (7.49) of Lemma 7.3, which jointly
with Relation (7.54) leads to

dpTEo(L31p,) = dd‘%(l +pa)?
l < a(r)/logd /(2 + v)) exp(2l; — a*(r.))
<dd” 2’)(1 + pa)?

X exp( a(r)(v2 +2Ua2(1:§ ~ 2a(r9))” +a*(re) + o(az(re))>

= dd™*"(1+ pa)?
logd 2, 2
X exp —T((\/2 +v—2¢(re))” +c*(re) + 0o(1))
_ ddizb(l +pd)Qdfé(\/(2+v)72c(r€))2+c2(re)+o(l). (755)

The expression on the right-hand side of (7.55) goes to zero as soon as ¢(r¢) <
V2+v— \/ 2(1 — b). The last inequality is obtained by resolving the inequality
1-2b—1(vV2+v—22)%* + 2% < 0, where z is constrained to be larger than @
This implies that a successful detection is impossible as soon as ¢(re) < ¢2(b),
where 9 is defined by (2.2). O

Appendix A: Appendix
A.1. Lemma 7.2

Proof. If there exists A such that (7.19) is valid, then Eq. (7.20) is obtained in
adapting Lemma 7.4.’s proof of [17]. Indeed, due to (7.19) and using the fact
that Z _11mj = Kno, we obtain for all n; € [0,R], j € {1,...,K}:

K K
ZfT(ﬁj) > > inf{fr(n;) — M} 4+ AKno

=
> K(fr(no) — Amo) + AKno
K fr(no). (A.1)
On the other hand,
K
Frer(mo) =, nKme:m>Kno}Zf ()
< K fr(m). (A.2)

Relations (A.1) and (A.2) yield Relation (7.20).
Now, let us prove that (7.18) implies (7.19). For this, set gr(n) = fr(n) —

and denote by ¢4 and gg the first and second derivatives of gr, respectively.
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Note that ¢/-(n) = (T —n) fr(n) — A, and we choose A = (T'—nq) fr(no) to have
g7(mo) = 0.

The study of g(T2) yields that g(TQ) > 0 for [T —n| > 1 and g(T2) < 0 for
[n—T| < 1. Since 0 < 19 < T'—1, this implies that ¢/- < 0 on [0, 70[, ¢/ (170) = 0,
g > 0 on |ny, T — 1], g% is decreasing on |T'— 1,T + 1], and ¢}, is increasing
on |T + 1, 4+o0[. Moreover, ¢g4-(T' — 1) > 0 and ¢/-(T) = —A < 0, so that there
exists ¢ €]T — 1,T[ such that ¢g/.(¢) = 0. This yields that 7y is a local minimum
of gr. In order to prove that 7y is a global minimum of gr, it is sufficient to
show that gr(R) — gr(no) > 0. Let us set R = T + x, with a positive real x. We
already know that © < T'— g since gr(T+ (T —n0)) = fr(no) = NT+T —no) =
Jr(no) — Ano — 2A(T — no) < gr(no), where the last inequality is valid because
of the choice of A and T' — ng. For « < (T — 1), we obtain

or(B) = grm) = exp(=5) = (T = m) r(m)(T +2)

— fr(mo) + (T — o) fr(no)no

> ep(- 5 )~ e ) +1) > 0. (43)

where inequality (A.3) is valid as soon as

exp (—%2> > exp<—W) (2(T —mo)® +1)
=

z < ((T—mo)* —2log(2(T —mo)* + 1))/
Since (7.18) implies (7.19), this completes the proof of Lemma 7.2. O

A.2. Lemma 7.3

Proof. The proof of Lemma 7.3 requires an additional result stated as Lemma
A.1 below. For any j € {1,...,d}, recall that [; and [; are given by (7.42) and
4 2

2k Ak

(7.41), respectively. For any j € {1,...,d} and k € Z, set leyk =3 -2
log(cosh(zkxj i /€)) and [; 1, = —% +log(cosh(zz; 1 /€)). Denote by Aj, A;, and
Aj 1 the moment-generating functions of I, I;, and [;, under Py, respectively.
From the equations (7.35) and (7.41), it turns out that for any h,

Ay = T Ak, (A.4)
kEZ
Aj(h) = Aﬂh)exp(h#). (A.5)

Next, define the function g : (z,y) — % - é + log(cosh(zy)), and observe that
the following relations hold:

Lix = glzx,xjr/e),
Ajr(h) Eo(exp(hg(zx, ) 1/€)))- (A.6)
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Lemma A.1. Let X be a real standard Gaussian random variable. For any

z=o0(1) and any h = O(1),

4

log(E(exp(hj(z, X)))) = hQ% +o(zh).

Proof. Lemma A.1.
For some § > 0, consider the event & = {|zX| < d} and denote
by & its complement in R. We shall study the expectations Gi(h,d) =
E(exp(hlog(cosh(2X)))lg) and Ga(h,d) = E(exp(hlog(cosh(zX)))lg) sepa-
rately. At this point, we choose ¢ small enough (§ = o(1)) to satisfy 26~ = o(1).
First, let us study the term Gz (h, §). With the use of the inequality cosh(x) <
exp(|z]), Vz € R, and the fact that h = O(1), the routine calculations of
exponential moments of a real Gaussian random variable lead to

Ga2(h,8) < E(exp(h|eX|)L(.x|>5))
= 2E(exp(hzX)1l(x>5/))

2 1 1
= Nz /}R+ exp(—i(x— hz)2> ]l(wzg)dxexp<§h222)

2 1/6 2
< 2%~ - Z
2exp(h 2>exp< 2(z hz) )

< 2exp (—35—2 4 0(1)> , (A7)

2 22

where, with our choice of d, the right-hand side of (A.7) is small.
Now, we move on to the term Gy (h,d). If § is small enough, then |zX| is also
small and the following relation holds:

22

4
log(cosh(2X)) = 3X2 - %X4 +o(2*X1). (A.B)

Then the routine calculations of exponential moments as above lead to the
following:

4

Gi(h,8) = E <eXp <h<%2X2 - %X‘*a + 0(1)))) ng>
- sl (£)) s rgrta o))
= exp (—% log(1 — th)) exp <—%z4(1 + 0(1)))
_ exp(%zQ + %224(1 + 0(1))> exp (_%z‘*a 4 0(1)))

h h? h
= exp<522 + IZ4 - Zz4 + 0(24)). (A.9)
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Taking h = O(1), z = o(1), § = o(1) and z6~* = o(1) in the relations (A.7)
and (A.9) entails that G1(h,d) = O(1), Ga(h,8) = O(exp(—62/(22?)) = o(1),
and therefore G (h, §)(G1(h,0))~t = o(1).

Next, due to (A.7), (A.9) and using the fact that h = O(1), z = o(1), for
small § such that 206~ = o(1) and § = o(1), we obtain

log(E(exp(hg(z,X)))) = log(Gi(h,d)+ Go(h,d)) — g<z2 — %)

= (logGl(h,(S) - g(z2 - %)) + log(l + jEZ’g;)

_ 2 Ga(h, 9)

= h—+0( Y+ N 6)(1+0( )

_ ( )( Ga(h,6)(1 +o(1)) )

G1(h,8)(h2Z + o(24))

= h2z +o(z%), (A.10)

where Relation (A.10) holds provided that
G2(h,9) =o(1). (A.11)

G1(h,8)(h2Z + o(24))

It is then sufficient to prove (A.11) since (A.10) is the expected result of
Lemma A.1. Recall that h = O(1) and z = o(1) entail that G1(h,d) = O(1)
and Ga(h,d) = O(exp(—42/(22%))). Then, it is sufficient to establish that
exp(—lﬁ)z_4 = o(1). The latter holds if we choose & such that 61

2 22

o((zy/log(z~1)) 7).

Remark 4.2 and the relations in Eq. (4.10) imply that sup; 27 < 2¢ = o(1
as soon as log(d) = o(e~?/(?"+1)). Due to (A.6), for any h such that h = O(1),
Lemma A.1 can be applied to the moment-generating function A; x(h).

Here and later, we consider any j € {1,...,d} and any k € Z. Due to the
relations (A.4), (A.6), (7.21), (7.41), by applying Lemma A.1 and using the
exponential Chebyshev’s inequality, we obtain for any positive h such that h =
o(),

oo

\./

Po(l; >T) < A;(h)exp(—hT)

2
< exp(%cﬂ(re) —hT + o(a2(r6))>. (A.12)

The minimum on the right-hand side of (A.12) is attained for h = % which

re)
is positive and of order 1; this allows us to prove Relation (7.47).
Due to the relations (A.6), (A.4), (7.21), (7.41), (7.43), by applying again

Lemma A.1 and using the exponential Chebyshev’s inequality, we obtain for
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any positive h such that h = O(1),
P, (I; >T) < E,,(exp(ljh))exp(—hT)

= Aj(h+1) exp(—# — hT)

— exp (@az(m _ # ~hT + o(az(re))) . (A.13)

where the minimum in the right-hand side of (A.13) is attained for h = % -1

which is positive and of order 1; this yields Relation (7.48).

Recall that under the assumption of Lemma 7.3, the quantity 2a?(r.) — T is
positive. Therefore, from (A.6), (A.4), (7.21), (7.44), (7.41), and (A.5), applying
Lemma A.1 and using the exponential Chebyshev’s inequality, we get for any
positive h such that h = O(1),

P, (l; <T) = P (-l > -7)

E,.; (exp(—1;h)) exp(hT))
2l;

T)
= Eo(exp(- lh)exp( 7)) exp(—a®(re))(A;(2)) ™" exp(hT)
= /:\j(2—h)(A (2))"" exp(—a®(re) + Th)
= Aj(2 - h)(A;(2) 7" exp(a®(re)) exp(—a®(re) + Th)

— e <%(2 — R)2a2(r) — 2a2(r) + Th+ 0(&2(7“5))) ,

(A.14)

where the minimum in the right-hand side of (A.14) is achieved for h=— %4—2

which is positive and of order O(1); this yields Relation (7.49). The proof of
Lemma 7.3 is completed. Il
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