Banach J. Math. Anal. 11 (2017), no. 3, 636-660
http://dx.doi.org/10.1215/17358787-2017-0009

BANGED ISSN: 1735-8787 (electronic)
JOURNAL of i . )
MATHEMATICAL  DttD://projecteuclid.org/bjma
ANALYSIS

NORMED ORLICZ FUNCTION SPACES WHICH CAN BE
QUASI-RENORMED WITH EASILY CALCULABLE
QUASINORMS

PAWEL FORALEWSKI,! HENRYK HUDZIK,'" RADOSLAW KACZMAREK,' and
MIROSLAV KRBEC?

Communicated by S. Astashkin

ABSTRACT. We are interested in the widest possible class of Orlicz functions
® such that the easily calculable quasinorm [f]s, = ||f||E{I¢,(Hf%)}1/P if

f # 0and [fls, = 0 if f =0, on the Orlicz space L*(§2, %, i) generated by
®, is equivalent to the Luxemburg norm || - ||¢. To do this, we use a suitable
Ag-condition, lower and upper Simonenko indices p%(®) and ¢%(®) for the
generating function ®, numbers p € [1, p%(®)] satistying ¢%(®) —p < 1, and an
embedding of L®(£2, ¥, 1) into a suitable Kéthe function space E = E (2, %, ).
We take as E the Lebesgue spaces L"(), %X, u) with r € [1,pk(®)], when
the measure p is nonatomic and finite, and the weighted Lebesgue spaces
L7(Q,%3, 1), with r € [1,p%(®)] and a suitable weight function w, when the
measure g is nonatomic infinite but o-finite. We also use condition V3 if
p%(®) = 1 and condition V? if p&(®) > 1, proving their necessity in most
of the considered cases. Our results seem important for applications of Orlicz
function spaces.

1. INTRODUCTION AND PRELIMINARIES

This article is organized as follows. We start with notation and definitions.
First, we recall the definitions of the Orlicz function, the Orlicz space, the Lux-
emburg norm, and the conditions Ay, As, and A2, at infinity, at zero, and on the
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whole of R, concerning the growth of the generating Orlicz function. Next, we
recall the definitions of Simonenko indices of the Orlicz functions, at infinity and
on the whole of R, as well as of Matuszewska—Orlicz indices. We also present
some auxiliary results concerning the conditions A, Az, Vi3, A2 and V? for
the generating Orlicz functions on suitable subintervals of R, . Finally, we prove
crucial auxiliary results concerning the embedding of the Orlicz function spaces
into some suitable Lebesgue or weighted Lebesgue function spaces, according to
whether the underlying nonatomic measure space is finite or infinite. Thanks to
these embedding theorems it was possible to define, on certain Orlicz spaces,
some easily calculable quasinorms equivalent to the Luxemburg norm. The con-
struction of the quasinorms and the proofs of their equivalence to the Luxemburg
norm are presented in the final part of the article.

We were inspired by an example of easily calculable quasinorm equivalent to
the Luxemburg norm in the Orlicz space L*(2,%, ) generated by the Orlicz
function ®(u) = |ulPlog(e + |u|), p > 1, which was presented by Iwaniec and
Verde in [19], as well as by a similar example by Krbec and Schmeisser in [21] for
the Orlicz space generated by the Orlicz function ®(u) = |ul?log®(e + |u|), with
p>1and a > 0.

Let N, R, and R, be the sets of natural numbers, real numbers, and non-
negative reals, respectively. Denote by (€2, ¥, i) a positive, complete, and o-finite
nonatomic measure space, and denote by LY = L°(€Q, X, ;1) the space of all (equiv-
alence classes of) real-valued and Y-measurable functions on €. A nonnegative,
even, and convex function ® : R — R, such that (0) = 0 and ® is not identi-
cally equal to zero is called an Orlicz function. We say that an Orlicz function ®
satisfies the Ag-condition for all u € R (at infinity) [at zero] if there is K > 0 such
that the inequality ®(2u) < K®(u) holds for all u € R (for all u € R satisfying
|u| > uy with some ug > 0) [for all u € R satisfying |u| < ug with some uy > 0
such that ®(ug) > 0]. Since @ is even, we then write & € Ay(R,) (P € Ay(0))
[ € Az(0)].

Note that in the case of a finite nonatomic measure space, we can assume
without loss of generality that theAOrlicz function ® vanishes only at zero because
otherwise we can find a function ® vanishing only at zero and equivalent to ® at
infinity that generates the same Orlicz space with an equivalent norm. In the case
of an infinite nonatomic measure space, the condition Ay(R ) guarantees that the
Orlicz function ® vanishes only at zero while for a finite nonatomic measure space,
we need to assume that the function ® vanishes only at zero, because an Orlicz
function ® can satisfy condition Ay(c0) even if ® vanishes outside zero.

For any Orlicz function ®, we define its function complementary to ® in the
sense of Young by the formula

®*(u) = sup{|ulv — ®(v)}

v>0

for all ©w € R.
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Given an Orlicz function @, we define on L° a convex semimodular (see [3],
120], 23], [26], [28], [29])

Ip(x) = /ﬂ@(x(t)) dp.

The Orlicz space L* = L*(Q, %, i) generated by an Orlicz function @ is defined
as

L® ={z € L°: Is(Az) < 400 for some A > 0}.

We will consider Orlicz spaces L*® equipped with the Luxemburg norm
z|le = inf{)\ >0 ]¢(§> < 1}.

We mention that in [8] Orlicz spaces were considered with a family of norms,
called the p-Amemiya norms (1 < p < co). These norms are equivalent to both
the Orlicz norm and the Luxemburg norm. (For more information on Orlicz spaces
endowed with p-Amemiya norms and some results about the geometry of these
norms, see [4]-[12], [22], [15], and [16].) It is of interest that in some cases the
geometry of Orlicz spaces equipped with p-Amemiya norms (1 < p < 00) is better
than when they are equipped with the Luxemburg norm or the Orlicz norm.

We say that an Orlicz function ® satisfies the As-condition at infinity (at zero)
lon R] if ® is equivalent to the function |u|®(u) at infinity (at zero) [on R]; that
is, there exist constants K, L > 0, and ug > 0 such that

(Ku) < Jul®(u) < D(Lu)

for all v € R with |u| > wug (for all u € R with |u| < ug) [for all u € R,]. We then
write ® € Az(co) (P € A3(0)) [P € As(R,)].

Since |u|®(u) is greater than ®(u) when |u| > 1 = ®(1), the As-condition at
infinity just means that, whenever |u| > 1, we have

|ul®(u) < B(lu),

where [ > 0 is an absolute constant independent of u. Note that we can demand
that [ > 1.

Since |u|®(u) is smaller than ®(u) when |u| < 1 = ®(1), the Az-condition at
zero just means that there exists £ > 0 such that, for all u € R with |u| < 1, we
have

O(ku) < |u|P(u).
Note that we can demand that & < 1. If an Orlicz function & satisfies the
As-condition, then all Orlicz functions equivalent to ® also enjoy this condition.

We say that an Orlicz function ® satisfies the A%-condition for all u € R, (at
infinity) [at zero] if ® ~ &% for all u € R, (at infinity) [at zero], that is, there
exist constants K, L > 0 (there exist constants K, L > 0 and u; > 0) [there exist
constants K, L > 0 and u; > 0] such that the inequalities

O(Ku) < &*(u) < ®(Lu) (1.1)

hold for all w > 0 (for any u > w;) [for any 0 < u < u;]. We denote these
conditions by A%(R,), A?(co), and A%*(0), respectively. Let us note that in the
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above conditions it is enough to demand the existence of 0 < K < 1 and
L>1.

Note also that when v > 1 and ®(1) = 1, in order to show that ® € A?(o0),
we need only check the second inequality in (1.1), because the first inequality is
always satisfied with K = 1. Similarly, when 0 < u < 1 and ®(1) = 1, in order to
show that ® € A%(0), we need only to check the first inequality in (1.1), because
the second inequality is always satisfied with L = 1. (For more information on
conditions Az and A2, we refer readers to [20].)

Throughout this article, we assume without loss of generality that ®(1) = 1.
Indeed, if ®(1) # 1, then we may consider a new Orlicz function ¥ defined by
U(u) = ®(au) for all u € R, with a € (0, +00) satisfying ®(a) = 1. Then the
Orlicz spaces L®(Q, %, 1) and LY(Q, %, u) are isomorphically isometric, namely,
I [le = all - [|e-

Let ® be an Orlicz function vanishing only at zero with the right-hand-side
derivative denoted by @', and let ®(1) = 1. The lower and upper Simonenko
indices of the Orlicz function ® (see [25], [30]) are defined by

ps(®) = inf t;g) o ds(®) =sup t;g) :
£/ (¢) £/ (¢)
Ps(®) =inf Zos ds(®) = sup e

Observe that if an Orlicz function ® satisfies the condition Ay (R ) (resp., As(00)),
then 1 < p%(®) < ¢4(®) < +o0o (resp., 1 < pl(P) < ¢h(P) < +00).

Note that in general (i.e., without the assumption that (1) = 1) we can define
the lower and upper Simonenko indices for the Orlicz function ® in the following
way:

R (1)
Ps(®) =inf Ty Os(®)=sup ey

where ¢ > 0 is such that ®(c) = 1. Then, defining another (but equivalent) Orlicz
function ® by the formula ®(u) = ®(cu), by putting £ = s we get
' Lo (ot &)/
infw = inf CC—(fC) = 'nf8~—(8),
e (t) iz P(cg) 521 B(s)

s0 pls(®) = p(P) (similarly, ¢ (®) = ¢5(®)). Let ® be an Orlicz function satis-
fying the Ag(R, )-condition, and let us define

The numbers
logha(A) su log ha(N)

20y log A gexer log A

and
logho(N) _ . Togho())
Avoo  log A | hcos log \
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where log is the natural logarithm, are called the Matuszewska—Orlicz indices
(see [27]; see also [26]). The existence of the limits follows from the theory of
submultiplicative functions (see [1], [2], [14], [24], [27] for details). We always
have 1 < i(®) < I(®) and i(P) > 1 if and only if the complementary function ®*
satisfies the As-condition.

Theorem 1.1 (see [13, Theorem 1.1]). Let ® be an Orlicz function. Then
i(®) = suppi(A)  and  I(®) = inf g&(A),
A~® A~P

where pL(A) and q&(A) are the Simonenko indices of the Orlicz function A van-
ishing only at zero and satisfying A(1) = 1, and the supremum and infimum are
taken over all the functions A equivalent to ®.

The Matuszewska—Orlicz indices enable us to estimate the growth of the func-
tion & € Ay(R,) by means of the power functions. Namely, given € > 0, there is
a constant C' > 0 such that

H(At) < Cmax(N B~ N@F\D(1), N\t >0, (1.2)

and
H(At) > Cmin( XD N @+p(1), At >0, (1.3)
where C' depends on ® and ¢, but is independent of A and t. Obviously, ® €
Ay(Ry) if and only if I(P) < oo. Let us also note incidentally that (1.2) and
(1.3) can be derived from the proof of Lemma 2.7.
l a
We will write f1 < fo (f1 < fo) for functions fi, fo : [0,00) — [0, +00) if there
exist positive constants ¢y, b, and ¢ such that fi(t) < bfa(ct) for t > ty (resp.,

f1(t) < bfa(ct) for t > 0). If f1 and fo are convex, then in the above inequalities
we can put b = 1. Functions f; and f, are said to be equivalent for large ¢t > 0

(for all t > 0) if f; L f2 and f5 L fi (fr < f2 and fy < f1). We then write f; ~ fo
at infinity (resp., fi ~ fo for all £ > 0). Note also that, in this article, a function
f: Ry — R, is said to be quasi-nondecreasing (resp., quasi-nonincreasing) if
there exists a constant L > 0 such that, for any ¢1,%, € R, the inequality t; < ¢,

implies that f(t1) < Lf(t2) (vesp., f(t1) > Lf(12)).

2. AUXILIARY RESULTS

Denote by P the set of all continuous functions f : [0, 00) — [0, 400) positive
on (0, 00) and such that

f(s) < max{l, %}f(t) (2.1)
for all s, > 0.

Remark 2.1. Tt is easy to see that (2.1) is equivalent to the conjunction of the
following two simple conditions.

(1) If s < t, then f(s) < f(t); that is, the function f is nondecreasing.

(2) If 0 < t < s, then 1) < @; that is, the function @ is nonincreasing.

S
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Let us denote by P the subset of the concave functions in P. We will need the
following lemma.

Lemma 2.2 ([26, Lemma 14.1, p. 130]). For every f € P there exist a concave

function f € P and constants K, L > 0 such that

Kf(t) < f(t) < Lf(t)
for any t > 0.

Lemma 2.3. Let ® be an Orlicz function vanishing only at zero such that
O(1) = 1 and & € Ay(Ry), and let p € [1,00). Let us denote f,(t) = %.
Then

(i) the function f, is nondecreasing on Ry if and only if p < p&(P);

(ii) the function f, is nonincreasing on Ry if and only if p > q&(®).

Proof. Note that f, is nondecreasing (resp., nonincreasing) if and only if log f,,
is nondecreasing (resp., nonincreasing). Since log f,(t) = log ®(¢) — plogt, then

we have (log f,)'(t) = % — 2 and (log f,)'(t) > 0 if and only if p < ti;g) for

any t > 0. The last condition is equivalent to p < p%(®). (Statement (ii) can be
proved similarly.) O

Remark 2.4. In the definitions of the Simonenko indices, without loss of generality
we could use the standard derivative ®'(¢) instead of @, (¢) or ®_ (), because the
one-sided derivatives of ® exist and are equal to each other except for at most a
countable subset of R, (which is of zero Lebesgue measure).

Corollary 2.5. Let 1 < p < oo and € > 0. Then the function f, (see Lemma 2.3)

is nondecreasing and the function f,i. is nonincreasing if and only if p < p&(P)

and q&(P) < p+¢; that is, p < p&(P) < q&(P) < p + . Therefore,
e=(p+e)—p>qs(®) - ps(®).

In particular, if f, is nondecreasing and f,41 is nonincreasing, then ¢&(®) —

p%&(®) < 1. Note that if ¢4(®) — p < e, where p < p&(®P), then f, is nonde-

creasing, fy+e is nonincreasing, and we have q&4(®) — p&(®) < ¢¢(®) —p < e.

In particular, we get that when p = p&(P), the function f, is nondecreasing, and
that the function f,+1 is nonincreasing if and only if ¢¢(®) — p&(P) < 1.

Lemma 2.6. Let ® be an Orlicz function vanishing only at zero, let (1) = 1, and
let ® € Ay(Ry). Let x € L® and p > 1. The function )\(Lp(f))% is nonincreasing

with respect to A € (0,00) if and only if p < p&(®P), and the function )\(Iq)(f))%
is nondecreasing with respect to A € (0,00) if and only if p > q&(®).

Proof. Let ® be an Orlicz function satisfying the assumptions of the lemma, and
let p > 1. We will only show that for any x € L® the function )\(Lp(f))% is
nonincreasing with respect to A € (0,00) if and only if p < p%(®P), because the
proof of the second statement is similar. By Lemma 2.3, we know that the function

% is nondecreasing on R, if and only if p < p%(®). Therefore, the function

1
ANPD(1) = % is nonincreasing with respect to A > 0 if and only if p < p&(®).

AP
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Hence, assuming that p < p%(®) and taking a > 0 and 0 < A\ < Ay < 00, we
obtain

)

Ap@(&) - pﬁ@(

< ap)\ltb(
aP

— @|3’|}—t @|l\>;|

()

that is, A’®($) is nonincreasing with respect to A. Consequently, for r € L%,

0 < A < Ay < o0, and prae. t € Q, we have ApCI)(gC(t)) < )\pCD( ), and by
integrating both sides of the last inequality, we get that )J’Lp( ) is nonmcreasmg

with respect to A > 0 whenever p € [1, p%(®)]. This means that )\(Lp(f))% is also
nonincreasing with respect to A > 0 for any z € L? whenever p < p%(®).

Assume now that the function )\(I¢(§))% is nonincreasing with respect to A €
(0,00) for all z € L®. Let us define z = x4, where A € ¥ with u(A) € (0, u(2)).
Then M®(3)u(A) is a nonincreasing function of A, so A’®(5) is nonincreasing
with respect to A € (0,00). Consequently, the function % is nondecreasing
with respect to u € (0,00), which, by virtue of Lemma 2.3, means that p €
[1,p5(®)]- O
Lemma 2.7. Let ® be an Orlicz function, let x € L*, and let ® € Ay(R,).
Then the function N(Ip(%))"7 is quasi-nonincreasing with respect to A € (0, 00)
if 0 < g < i(P) and quasi-nondecreasing with respect to X € (0,00) if ¢ > I(P).

)

1

Proof. We will only present the proof of the fact that the function A(Is(5))9 is
quasi-nonincreasing with respect to A € (0,00) for all z € L? if 0 < ¢ < (D),
because the proof of the second statement is similar. By virtue of Theorem 1.1,
there exists an Orlicz function ¥ such that p&(V) > i(®) — d =: ¢ for any
d € (0,i(®)) and ¥ is equivalent to ® on R, , that is, there exist positive constants
Ly and L, such that L; < L, and

V(L) < B(u) < U(Lou) (2.2)

for all u € Ry. Since & € Ay(R,), by (2.2), we also have ¥ € Ay(R, ), whence it
follows by (2.2) that there exist positive constants K and K5 such that K; < K,
and

K1U(u) < P(u) < KoU(u) (2.3)

for any v € R,. From inf,y \1/(()) > q, we get % 4 for all ¢ > 0. Therefore,

for all A > 1 and u > 0, we have

)\U\I’/(t) )\udt
dt —
/u 0 >q/u 0

log W(t)[2* > log t9]2*,
U(Au) )\‘1 9

log ———= >1
0g U (u) > log
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so W(Au) > AW (u) for all u > 0 and A > 1. Next we have
K
d(Au) > KU (\u) > K 0 (u) > #X’@(u). (2.4)
2

In consequence, assuming that 0 < A\; < /\2 < oo, we get 0 < 1/h < 1/A; < o0,
so by applying inequality (2.4) with A\ = —"1’ and u = -, we obtain

Pyl
o (3) = ge(s)

which means that the function X@(%) is quasi-nonincreasing. Let us now take

@

- LXJ@()\I)

Consequently, there is L > 0 such that )\gq)()\—z) < L)\q@( ) for all x € L?,
0 <A <Ay < oo, and p-ae. t € . By integrating both 31des of this 1nequa11ty
over ), we obtaln Nlo(55) < LA Is(5) for all z € L?, which means that the

function \[g(5) is qua51 nomncreasmg with respect to A > 0. Therefore, for

any © € L®, the function A(Is(%£))"/4 is also quasi-nonincreasing with respect to
A> 0. O

Lemma 2.8. For any Orlicz function @ : [0,00) — [0,00) satisfying the Ay(cc)-
condition, there exists an Orlicz function ® equivalent to ® at infinity such that
® € Ay(Ry), p§(®) = p < p(®), and g&(D) = gs(®).

Proof. Without loss of generality, we can assume that ®(1) = 1. Let p € [1, p4(®)],

and define
~ P if 1
IO S
O(t) ift>1.

The functions ® and ® are equal (hence equ1valent) at infinity, and ® is an

Orlicz function (note that ® is convex because @ (1) = p < p(®) < % =

@'(1) = @'(1)). Moreover, it is clear that ® € Ay(R,). Since info<; ti(i)) =

() _
SUPg<r<1 5y = P> W get

s L 1P(1)

P5(®) = min{p.ps(®)} = p < p5(®) = inf 75

and
45(®) = max{p, d4(®)} = g4(®) = p%

which finishes our proof. O
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Lemma 2.9. If an Orlicz function ® satisfies the A*(0)-condition, then ® €
A3(0). If ® € A%(R,), then ® € A3(R,).

Proof. We can assume without loss of generality that ®(1) = 1. Let ® be an
Orlicz function such that ® € A?(0). Then u®(u) < ®(u) for all 0 < u < 1. Since
® € A?(0), we can find a constant S > 0 such that ®(Su) < ®*(u) for 0 < u < 1.
Moreover, since ® is convex, we have ®(u) < u for 0 < u < 1, whence

O(Su) < ®*(u) = ®(u) - P(u) < ud(u)

for 0 < w < 1, which shows that ® € A3(0). Since it is known (see [20]) that
® € A?(0o) implies that ® € Az(o0), we conclude that ® € Az(Ry). O

Lemma 2.10 ([20, Theorem 6.1, p. 36]). Assume that the Orlicz function ®
satisfies the Ag(oo)-condition. Then the function ¥ complementary to ® in the
sense of Young satisfies the inequality

kio® (ko) < U(v) < kyv® (ko)

for large values of v, where ®~1 is the inverse function of ® and ki, ky (k1 < ko)
are positive constants independent of v.

Definition 2.11. A function f : [0,00) — [0,00) is said to satisfy the V3(00)-
condition (the V3(R,)-condition) if there exist constants K, L > 0 such that, for
v > 1 (for v > 0), the inequalities K f(v) < f(f(v)v) < Lf(v) hold, respectively.
We then write f € Vz(oo) (f € V3(Ry)).

Remark 2.12. Note that when & is an Orlicz function such that ®(1) = 1, we
always have ®~1(v) < ®~1(d~(v)v) for v > 1, so the condition &~ € V3(0)
reduces only to the right inequality in Definition 2.11 for ®~! in place of f.

Lemma 2.13. Let ® be an Orlicz function such that (1) = 1. Then the following
conditions are equivalent:

(1) @ € Az(c0), that is, there exists K > 1 such that for uw > 1 the inequality
ud(u) < ®(Ku) holds;
(2) ot e V3(OO>

Proof. Assume that condition (1) holds, and set « = ®~!(v). Then v > 1 and by
virtue of (1) we have @ 1(v)v < ®(KP1(v)), so @1 (® 1 (v)v) < K&~ 1(v) for
v > 1, that is, 7' € V3(oc0). Now assume that (2) holds. Setting v = ®(u), we
get u > 1, and by condition (2) applied to v = ®(u) there exists K > 1 such that
O (ud(u)) < Ku, so u®(u) < ®(Ku) for u > 1, which ends the proof. O

Lemma 2.14. Let ® be an Orlicz function such that ®(1) = 1. Then the following
conditions are equivalent:

(1) @ € A3(Ry), that is, there exist K <1 and L > 1 such that for u > 0 the
inequality ®(Ku) < u®(u) < ®(Lu) holds;
(2) @' € V5(Ry).
Proof. Assume that (1) holds, and set « = ®~!(v). Then v > 0 and by virtue of (1)
we have (K1 (v)) < d~H(v)v < ®(LP1(v)), so KO~ L(v) < & D (v)v) <
Lo~ (v) for v > 0, that is, @~ € V3(R,). Now assume that (2) holds. Setting
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v = ®(u), we get u > 0, and by (2) there exist X < 1 and L > 1 such that
Ku < & Hu®(u)) < Lu, so ®(Ku) < ud®(u) < ®(Lu) for u > 0, which ends the
proof. O

Definition 2.15. Let p € (1,00). A function f : [0,00) — [0, 00) is said to satisfy
the condition AP(0) (AP(c0)) [AP(R.)] if there exist K, L > 0 such that f(Ku) <
fP(u) < f(Lu) for 0 < u <1 (for u > 1) [for u € R;]. We then write f € AP(0)

(f € AP(o0)) [f € AP(Ry)].

Lemma 2.16. Let ® be an Orlicz function such that ®(1) = 1. The following
conditions are equivalent:

(1) @ € A*(00);

(2) there exists p € (1,00) such that ® € AP(c0);

(3) for any p € (1,00), we have & € AP(c0).

Proof. 1t is obvious that (3) implies (2).

We show that (1) implies (3). Let ® € A?(c0), and let p € (1,00) be arbitrary.
Note that if w > 1, then ®(u) > 1 and the inequality ®(u) < ®P(u) is obvious
for any p € (1, 00). Therefore, we only need to show that the second inequality in
the condition AP(oco) holds true. Assume that 1 < p < 2. Then, since ®(u) > 1
and ® € A?(00), there exists a constant K > 1 such that

PP (u) < ®*(u) < ®(Ku)

for w > 1. If p > 2, then there exists the smallest n € N such that p < 27,
Moreover, if u > 1, then K'u > 1 for any 1 < i < n — 1. Consequently,

P () < %' (u) = [B2(u)]”
< [o(Ku)]”
= [0%(Kw)]” < [o(K%))"T < < @(K(w)),

which ends the proof of our implication. In a similar way we can prove that (2)
implies (1), so the proof is finished. O

Lemma 2.17. Let ® be an Orlicz function such that ®(1) = 1. The following
conditions are equivalent:

(1) @ € A%(0),

(2) there exists p € (1,00) such that ® € AP(0),

(3) for any p € (1,00), we have € AP(0).

The proof is similar to that of Lemma 2.16.

Lemma 2.18. Let ® be an Orlicz function such that ®(1) = 1. The following
conditions are equivalent:

(1) @ € A2(R,),

(2) there erists p € (1,00) such that ® € A?(R,),

(3) for any p € (1,00), we have ® € AP(R,).
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Proof. The proof is a consequence of Lemmas 2.17, 2.16, and the fact that every
function & satisfying conditions AP(0) and AP(co) also satisfies condition

AP(R,). O
Definition 2.19. Let p € (1,00). A function f : [0,00) — [0,00) is said to satisfy
the condition VP(R ) (VP(00)) if there exist K, L > 0 such that K f(v) < f(vP) <
Lf(v) for v € Ry (resp., for v > 1). We then write f € VP(R,) (resp., f €
VP(00)).

Remark 2.20. Note that the first inequality in the condition V?(00) for the inverse
function ®~! to an Orlicz function ® such that ®(1) = 1 always holds because
d~(v) < &7 1(vP) for v > 1. Therefore, in order to check that ®~! € V?(c0), it
is enough to check only that the inequality ®!(vP) < L®~!(v) holds for v > 1
with some L > 0 independent of v.

Lemma 2.21. Let ® be an Orlicz function such that (1) = 1, and let p € (1, 00).
Then the following conditions are equivalent:

(1) € AR,

(2) 7' € VP(R,).
Proof. Let p € (1,00) be arbitrary. Assume first that condition (1) holds. Then
putting « = @ !(v) in (1), we obtain

P(KP '(v)) < (2(2'(v))" =v* < (LD (v))
for some constants K < 1, L > 1 independent of v and for all v € R,. After
composing these inequalities with ®~!, we obtain
Ko '(v) <® ' (vP) < Ld 7 (v)
for all v € R, so condition (2) holds.
Now assume that (2) holds. Putting v = ®(u) in (2), we get
Ku < & (®(u)) < Lu

for some constants K < 1, L > 1 independent of u and for all u € R, which is
equivalent to

O(Ku) < OP(u) < O(Lu)
for all u € R, so condition (1) is satisfied. O

Corollary 2.22. If ® is an Orlicz function, then conditions ® € A%*(R,) and
o~ € VE(R,) are equivalent.

A result similar to that of Lemma 2.21 is true in the case when ® € AP(c0),
p € (1,00), which is presented below without proof.

Lemma 2.23. Let ® be an Orlicz function such that (1) =1, and let p € (1, 00).
Then the following conditions are equivalent:

(1) ¢ € AP(c0);

(2) 7! € VP(0).
Corollary 2.24. For any Orlicz function ®, conditions ® € A%*(c0) and ®~! €
V?(c0) are equivalent.
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Remark 2.25. Since we always have ®?(u) < ®(u) for u < 1 and an Orlicz function
® such that ®(1) = 1, then assuming that ® € A?(oco), we get ?(u) < ®(Ku)
for u > 0 and some constant K > 0 independent of w.

Lemma 2.26. If ¢ is an Orlicz function satisfying the Az(oo)-condition, then
there is a constant | € (0,00) such that ®*(lv) < v®~(v) for v > 0, where ®*
denotes the function complementary to ® in the sense of Younyg.

Proof. By condition Ag(oo) for @, there exists k € (1,00) such that
ud(u) < ¢(ku) (2.5)
for u > 1. Since u®(u) < ®(u) < ®(ku) for u € [0, 1], we get by (2.5) that
ud(u) < d(ku) (2.6)

for u > 0. Let us define the function

Then, by (2.6), we have
Oy (u) = / O(t)dt < ud(u) < d(ku)
0

for u > 0, whence we deduce that there exists [ € (0,1) such that
O*(lv) < dj(v) (2.7)

for v > 0, where ®* and ] are the functions complementary to ® and @,
respectively. Of course,

P () = /O o) dt < w0 (v)

for v > 0, which together with (2.7) gives ®*(lv) < v®~!(v) for v > 0, finishing
the proof. O

Corollary 2.27. Assuming that M is an Orlicz function of the form M(t) =
to(t), where o=t is an Orlicz function satisfying the Az(oo)-condition, then from
Lemma 2.26 we conclude that there is a constant | € (0,1) such that (o=1)*(lv) <
vo(v) for all v > 0. In consequence, taking into account that [(o0~')*]* = o7 1,

there exists a constant B € [1,00) such that M*(v) < o~ '(Bv) for all v > 0.

Remark 2.28. Note that for an Orlicz function ® such that ®(1) = 1 we have
P?(u) < ®(u) < P(ku) for all w € [0,1] and any k > 1, which means that
O~ (v?) < k®~!(v) for all v € [0,1] and any k > 1. Therefore, in the case
of a nonatomic infinite measure space, assuming that ®~' € V?(00), we even
have ®~!(v?) < k®~!(v) for all v > 0 and some k& > 1. In a similar way, in
the case of a nonatomic infinite measure space, assuming ®~1 € V3(o0), we get
O vd (v)) < LO ! (v) for all v > 0 and some L > 1.
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We will also use the following lemma and corollary to prove our main results.

Lemma 2.29. Let ® be an Orlicz function, let (2,5, 1) be a nonatomic infinite
but o-finite measure space, and let w(t) = > 7 [2"(1 + w(T,))] 'xr, (), where
{T,,}52, is a sequence of X-measurable sets of positive and finite measure such
that \J>", T, = Q. Then for any r € [1, ps(®)] we have L*(Q, 3, ) C L7, (2,3, p)
and there exists a constant K > 0 such that

el = ([ ool ) dn(v) " < Kl

for any x € L*(Q,3, ).

Proof. We can assume without loss of generality that ®(1) = 1. By the proof of
Lemma 2.7, we know that, given any r € [1, p5(®)], there exists a constant L, > 0
such that for all u € [1,00), we have

" < L®(u). (2.8)

Let us define the Musielak—Orlicz function (for the definition of such functions,
see [17], [28], and the last section of [3])

U(t,u) = |ul"w(t), YueR,teQ.

Then for any 2 € LY(Q,%,u) (the Musielak-Orlicz space generated by the
Musielak—Orlicz function W over the measure space (£2, %, 1)), we have

lolle = inf{x >0 /Q)@
_ inf{)\ >0 /Q}x(t)\’“w(t) dp(t) < X”}
= inf{A> 0 (/Q\x(t)\’"w(t) du(t)>1/r <}
= ([t au)” = el

Let us note that condition (2.8) for u € [1,00) implies that, for p-a.e. t € Q and
all u € R, the inequality

"o(t) du(t) < 1}

U(t,u) < L®(u)w(t) + w(t)
holds. Therefore, for arbitrary x € L*(Q, %, 1) we have

14@) gLr/§2¢)<%>w(t) du(t)+/ﬂw(t) dp(t)

=L ) [ (D) o + [ e

< Lri[Q”(l + ()] A< Lo+ L

n=1
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Hence, by convexity of Iy, we get I@(m) < 1, whence

[zllzy, = llzlle < (14 L)zl
which finishes the proof. O

Corollary 2.30. If () < oo, then by (2.8) we get L*(Q, 3, 1) C L™(Q, 3, p) =
L (9,%, ). So, setting w(t) = xa(t) in the last lemma, we obtain

|zl < Kllalle, Vo€ L*(QE,p)
where K = L, + p(QY), with L, satisfying condition (2.8).

3. MAIN RESULTS

We now give one of the most important results of this article.

Theorem 3.1. Assume that (2, %, 1) is a nonatomic finite measure space and
that ® is an Orlicz function. Let p € [1, pls(®)], and let q(®) := ¢5(®) satisfy the
inequality q(®) — p < 1. Define o(t) := 28 Then the following assertions hold.

v
(1) If @ € Ay(00), then there exist positive constants K and L such that for
any f € L®, we have

K{flz, < Iflle < L(fl5, (3.1)

where [f]a)p is a quasinorm in L® equal to zero if f = 0 and for f €

L2\{0} defined by the formula

13 ( L) if p=1 and o € V3(0),

[flz. = If lf1ler
e Ta ()7 ifp>1 and 0 € V2(o0),

where r € [1,p5(®)] and ® is the function from Lemma 2.8 with p“S(EIv)) =

D < p5(D), 4§(P) = ¢(®), and & € Ay(Ry).
(2) If ® € Ay(R,), then there exist positive constants K and L such that for
any f € L®, we have

Klflop < flle < Llflap (3.2)

with the quasinorm [-]e, defined as in statement (1) with r € [1, pls(®)]

and with ® instead of ®.

B =

Proof. The proof proceeds in the following way. First, using Lemma 2.6 and Corol-

lary 2.30 we get the lower estimate of [-]5 by || - ||z for an Orlicz function ®
from Lemma 2.8 with p%(®) = p < pk(®), ¢4(®) = ¢(®), ® € Ay(R,) equivalent
to ®@. In order to prove the upper estimate of Hi,p by || - |ls, we apply Lemmas

2.2 and 2.3, Corollary 2.5, and Lemma 2.8 (which is possible by the assumption

that g4(®) —p < 1), as well as the condition ¢ € V3(oc0) if p = 1 or the condition
0 € V2(00) if p > 1, along with Lemmas 2.10 and 2.13 and Corollary 2.24.
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Let p € [1, p4(®)], and let @ be the function from Lemma 2.8 with p%(®) = p.
By Lemma 2.6 and the fact that ® € Ay(R,) (note that ®(1) = 1), we get for all
f € Lz\{0} and for the constant K > 1 from Corollary 2.30 that

1715 = 1515 (5 (1))
< k1 (1))

< Nl (13 (1))’
= Nfls,

for some absolute constant N > 0 independent of f. Hence, by equivalence of the
norms || - || and || - ||z, we get || flle < M[f]z,, for any f € L*\{0} and for some
absolute constant M > 0 independent of f, which ends the proof of the upper
estimate of the Luxemburg norm || f[|¢ by the quasinorm [f]z .

Now we will find the lower estimate in (3.1). Obviously, we can write the Orlicz
function ® in the form

O(t) =17 - o(t), (3-3)

where o(t) := In the remainder of the proof we assume that ¢ € V?(c0)
or, equivalently, that 0t € A%(o0) (see Corollary 2.24). Note that by virtue of
Lemmas 2.2-2.3 and Remark 2.1, the assumption

ga(®) — pl(®) = ¢(®) —p < 1 (3.4)

guarantees the existence of a concave function equivalent at infinity to the func-

tion o, so that o~! is equivalent at infinity to a convex function. Indeed, by
@)

<I>(t)

Lemma 2.3 applied to the function o(t) := Z5=, where Pi(D) = p < ph(®), we
conclude that p is nondecreasing and that @ = ;I;sz is nonincreasing because of

(3.4), that is, qg(cf) <p+1l= p%(EI;) + 1. Therefore, by virtue of Remark 2.1, we
can apply Lemma 2.2, obtaining the existence of a concave function ¢ equivalent
to o. Since ® ~ & at infinity, we get o ~ p at infinity, and since g ~ g, so ¢ is
equivalent to the concave function p at infinity.

We will show that [f]s, < C for f € S(L?) and some absolute constant C' > 0
independent of f. Since ®(¢) = t?- p(t), by the definition of the quasinorm |- |g ,,
where p € [1, pl(®)], it is enough to show that

e (f (i) (i) )" = ([lrore(ig) o) < 7

where F' > 0 is some absolute constant independent of f or, equivalently, that

Jrerei) wo=p

where D > 0 is some absolute constant independent of f. Below in both cases
p=1and p > 1 we will use the V3(00)-condition for the function ¢ (equivalently,
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by Lemma 2.13, the As(oc)-condition for the function ¢~'), which is possible
because the A?(c0)-condition for the function o~! (equivalently, condition V?(oo)
for the function g) implies the Az(co)-condition for the function ¢! (see [20];
equivalently, the V3(oo)-condition for p). By virtue of Theorem 6.1 from [20] (see
also Lemma 2.10 in this article), we get that the function (9~!)* complementary to
o~ ! in the sense of Young is equivalent to M(t) := to(t) at infinity. Consequently,
the function M* complementary to M is equivalent to o~! at infinity; that is,
there exist constants A, B > 0 such that

o 1 (At) < M*(t) < o1 (Bt) (3.5)

for large values of ¢t > 0, so also for ¢ > 1. Then, by Young’s inequality, for any
f € S(L?) we get

Jsore(fn) ane)
/ﬂf‘) Q%N)W@
< B /M £ (t) /M( (”ém))dg(t)}, (3.6)

where B > 0 is the constant from the second inequality in (3.5). Defining the set

_ C1f(@)]
E— {t € Q-2 1},
a(1)

noting that o(1) = == = 1, and applying Corollary 2.30, we can continue the
upper estimate in (3.6) as

Jsobe(izp) o

<ol [a(rop ae -+ [ (o)) auo
- fp ool )]
B[ [ (sl aner+ [ o (45 ancy
+ IFIZH 1

< B [ (1501 2(50])) dut) + B (5 )u(e)
BN fl (k> 0)
§C+CL@Ww%GWMVWMm (3.7)

with C' > 0 being some absolute constant independent of f. We consider two
cases.
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Case 1. Let p = 1. Since ||f|ls = 1 and ® € Ay(c0), we obtain that Is(f) =1
and consequently

/‘f ”f”L ) dult) < C+C/Q}f(’f)!@(|f(t)\) du(t) = C + Clo(f) = 2C,

which ends the proof of the theorem in this case.
Case 2. Assume that p > 1. Then [,(|f(0)])Po(|f(t)]) du(t) = Is(f) = 1, so
defining the set

F={teQ:|f(t)]>1}

and using the fact that ¢ € V?(00) (equivalently, o € V?(0)), we continue the
upper estimate of (3.7) as

Jobe(ip) ano

<c+c [ (o e((lrw)”) dutt)

<+ [ () el duty
(LF @D (| £ @) dpatt)

Q\F

C+C C d
<Cy Aﬂﬂ\ (1£®)]) dua(t) + mewu@
<Ot CuQ) + /ﬂf )7 o[ £®)]) duutt)

< Ca [ (@) (L)) dute) = €

with some absolute constant C5 > 0 independent of f. Hence if || f||¢ = 1, then

[flop < Cs.

Thus [m]q,,p < Cg”ﬁ”q:. for f € L*\{0}, so [fla, < Cs||f]|e for all f € L2.

Finally, since the functional [ -], is positively homogeneous, by virtue of (3.1),
it is evident that [-]3  is a quasinorm on the space L®.

In the proof of the upper estimate in (3.2) under the assumption that ® €
As(R,), we work with the original function ®, obtaining directly that || f|le <
M]|f]s, for all f € L®. The proof of the lower estimate in (3.2) runs in the same
way as that of (3.1). O]

Remark 3.2. Note that if ply(®) = 1 and ¢4(®) < ph(®) + 1 = 2 or if p(P®) > 1
and ¢5(®) = p5(®) + 1, the power p generating the quasinorm |[-]g, is unique
and equals pl(®).

Remark 3.3. Note that by virtue of Lemma 2.23, the assumption ¢ € V(o) in
Theorem 3.1 may be replaced by ¢~ € A%(c0).



EASILY CALCULABLE QUASINORMS IN ORLICZ FUNCTION SPACES 653

Remark 3.4. If for an Orlicz function ® we have p%(®) = ¢4(®P), then denoting
this common value by p the function ® turns out to be equal to |u|P. Hence for
f € L?\{0}, we get directly

1

a0 =101 (5(—))”
= £l (/Q %du(w?
_ (/Q(f(t))pdu(t)>p = || £llzrs

meaning that in this case our quasinorm is actually the LP-norm.

Now we will show the necessity of condition V3(co0) or V?(00) on the generating
Orlicz function ® in Theorem 3.1.

Theorem 3.5. If j1 is nonatomic and finite, ps(®) = 1 = ®(1), and o ¢ V3(c0),
where ® and o are the functions defined in Theorem 5.1, then there is no absolute
constant C' > 0 independent of f such that the estimate

11127 (=) = flon < Clfl (38)

holds for f € L®\{0}, which means that when pk(®) = 1, the condition o €
V3(00) is necessary for the upper estimate of the quasinorm in Theorem 3.1.

Proof. Let ps(®) = 1. If o ¢ V3(00), then (see Definition 2.11) for any sequence
{bx} of positive numbers with b, " oo one can find a nondecreasing sequence
{tx} of positive numbers such that o(t;) min{1, u(2)} > 1 and

o(o(tr)ty) > bro(ty). (3.9)
Define fi(t) = tyxa,(t) for Ay € ¥ such that

Io(fr) = | fe®)o(fr(t)) du(t) = teo(ti)u(Ax) = 1, (3.10)
Ay
which implies that || fx|le = 1 for all & € N. Applying (3.10), we obtain

o = WAdlosa (=)

fr(t)

-/, mm(m) du(t)

B /Ak th(fkﬂt(sz At

= th(@) 1(Ag)

= tro(teo(te)) u(Ar),
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whence, by (3.9), we have for all k € N
[fi]oa = teo(tro(ty)) w(Ak) > trbro(ty) w(Ax) = by.
Since b, " 0o, the proof is finished. O

Theorem 3.6. If i is nonatomic and finite, ®(1) = 1, and o ¢ V*(c0), where
® and o are the functions defined in Theorem 5.1, then for any r and p with
1 <7 <p<ph(®), there is no absolute constant C > 0 independent of f such
that the estimate

11 (18 (1)) = e < sl (3.11)

holds for f € L*\{0}, which means that when 1 < r < p < pk(®), the condition
0 € V2(00) is necessary for the upper estimate of the quasinorm in Theorem 3.1.

Proof. Take r and p such that 1 <r < p < pk(®), and assume that ¢ & V?(c0).
Then ¢ ¢ V7 (c0), and hence for any sequence {b;} of positive numbers with

b /* oo one can find a nondecreasing sequence {t;} of positive numbers such
that o(t;) min{1, u(2)} > 1 and

o(ty;) > bro(ty). (3.12)
Define fi(t) = trxa,(t) for Ay € ¥ such that

Io(fi) = / (Fe0) 0(f(0) dut) = Boltu(A) =1, (3.13)

which implies that || fx|le = 1 for all £ € N. On the other hand, applying (3.12)
and (3.13), we obtain

[felh, = (Ilf =I5l

= [ o) anty
N /Ak tzg<tk(ﬂ(f§k))l/r> ault)

» 1
= e, >>1/T)“<A’f)
— 20(t] (o(t)) " u(Ar)
> ot (A

whence by t, > 1 for any k € N, we have

[fils, > thbko(tr) p(Ax) = by
for all £ € N. Now the assumption that b, * oo finishes the proof. O

N T3S
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Ezxample 3.7. Let (2,3, 1) be a nonatomic finite measure space. Consider the
function ®(t) = lmg‘t—LHloga(a + |t]), where a € [e — 1,00) and p € (1,00). We
will show what the quasinorm |[-]s, defined in Theorem 3.1 and equivalent to

the Luxemburg norm || - ||¢ looks like in this case. Note that ®(1) = 1, & €

Aq(Ry) (because lim sup,_, . (I;)((zt)) < 00, and limsup,_,q q;((t)) < 00) and tg(ti) =

p+ m for any ¢t > 0, where log(a+1) is the natural logarithm of a+¢. We

will find the upper estimate of ¢4 (®) and calculate p(®). Note that the function
g(t) == p+ th can have its local extremum only at t € R satisfying

log(a +t) = L. Let ty > 0 be a positive solution of this equation. Then for
a > e — 1, we have

(to) =p + o

) = P ) Tog(a + to)
L
—P (a—i-to)zo_p a+t0 P

We know from L’Hopital’s rule that lim; . m = 0. Therefore

tP'(t)
!
d) :=su
Qs( ) tzli) (I)(t)
S <+ ! >
= su
o1 T (@t b log(a + 1)
{p+ ! +—}
= max D,
b (1+a)10g(1+a)pp a+to
a
< max{ » }
= e p+(1—|—a)log(1—|—a)p+a+1
< {+1 + =t <pt1
max - — = —
- prop a+1 b a+1 P
because —1 > % > % Moreover,
,ft<1>/(t) { N N a }
in = min I G
t>1 O(t) P (l—i-a)log(l—i-a)’p’p a+to b

so pls(®) = p. Consequently, ¢5(®) —p < p+1—p =1 and we can apply Theo-
rem 3.1, by which we obtain that the norm ||f||¢ is equivalent to the quasinorm

Flow =11 (o (7))
= Il 1l (/Q 10g(a1+ 1) (’ ||];(|:|EL)T )810’9;(“ =|];“(|TL)|> d’“”) !
|f(z)]° | f(2)[\\/*
= </Q Tog(a+1) ° g(“* HfHU))

with 7 € [1, p(®)] and s € [1, py(®)] satisfying ¢k (®) — s < 1.
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Theorem 3.8. Let (2,3, 1) be an infinite o-finite nonatomic measure space,
and let ® be an Orlicz function satisfying the Ay(Ry)-condition and such that

®(1) = 1. Let p € [1,p%(P)] satisfy ¢¢(®) —p < 1. Define o(t) := 28 Then there

o
exist positive constants K and L such that for all f € L® we have

K(flep < [Iflle < L[flop, (3.14)
where [fla, is a quasinorm equal to zero if f =0 and for f € L*\{0} defined by

Wl te(zfs)  ifp=1 and ¢ € Vs(c0),
flay = ))% if p>1 and o € V*(0),

[

=
=
€3
~
(S}
i

[fllzr,

where || - ||zr, 7 € [1,p&(P)], is the norm on the weighted space L],(2,3, ) con-
sidered in Lemma 2.29.

Proof. The proof of Theorem 3.8 is similar to the proof of Theorem 3.1. The
upper estimate for the Luxemburg norm is obtained by using Lemmas 2.6 and
2.29, as well as the assumption ® € Ay(R, ). Indeed, assuming p € [1, p&(P)], for
all f € Ls\{0} and a constant K > 1 from Lemma 2.29, which is also true for
r € [1, p%(®)], because p%(®) < pk(®), we get

1£lle = ||f||¢<1¢(ﬁ>)’1’
Lr(fcp(%))i

1
< NIl (5 (1)) = Mflos
[paive

where N > 0 is an absolute constant independent of f, and this is the upper
estimate of || f||o.

On the other hand, by applying Corollary 2.27 and taking into account
Remark 2.28, the lower estimate of the Luxemburg norm can be obtained in
a similar (and even easier) way as in the proof of Theorem 3.1. O

<K|f

Remark 3.9. Note that if p&(®) = 1 and ¢&(P) < p%(®) +1 =2 or if p&(P) > 1
and ¢&(®) = p%&(®) + 1, the power p generating our quasinorm [-]e, is unique
and equals p&(®P).

Theorem 3.10. If u is nonatomic and infinite, p&(®) = 1 = &(1), and o ¢
V3(00), where ® and o are the functions defined in Theorem 5.8, then for w
defined as in Lemma 2.29, there is no absolute constant C' > 0 independent of f
such that the estimate

fllco Lo (ﬁ) =: [floa < C||flle (3.15)

holds for all f € L*\{0}, which means that when p%(®) = 1, the condition
0 € V3(00) is necessary for the upper estimate of the quasinorm in Theorem 3.8.
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Proof. Take p%(®) = 1. Assume that ¢ ¢ V3(0c0). Then for any sequence {b} of
positive numbers with b, * 0o, one can find a nondecreasing sequence {t} of
positive numbers such that o(t;) > 1 and

o(o(te)tr) > bro(ty). (3.16)
Define fi(t) = tpxa,(t) for Ay € ¥ such that

Lo(fr) = two(ti)u(Ax) = 1,
which gives that || fx||¢ = 1 for all £ € N. Since

e}

w(t) =3 [2"(1+ u(T0)] x, (1) < 1

n=1

for p-a.e. t € Q, where {T,,}°°, is a sequence of 3-measurable sets of positive and
finite measure such that (J,~, 7,, = €, then

13(fr) = A Fr(®)e(fe(®))w(t) dp(t)

= tro(tr)lIxallzy < teo(tr)n(Ar) = Ia(fr) = 1.
Hence

1

Xaplley < —
H kHLW th(tk>

for all £ € N. Applying (3.16) and (3.17), as well as the fact that ¢ is nondecreas-
ing, we obtain

(3.17)

[feloa = [l fullzy Lo <||f,f#>

= [ (it ant = [ o) aued

= tw( ol ),U(Ak) > tro(teo(te)) n(Ax)

> trbro(te) p(Ax) = by /00,
which ends the proof. 0

Theorem 3.11. If ® and o are the functions defined in Theorem 3.8, o ¢ V*(0),
and (o 1s a nonatomic and infinite measure, then for any r and p with 1 < r <
p < p&(P) and w defined as in Lemma 2.29, there is no absolute constant C' > 0
independent of f such that

f

170z (1o (-

holds for all f € L®\{0}, which means that when 1 < r < p < p%(®), the
condition o € V?*(c0) is necessary for the upper estimate of the quasinorm in
Theorem 5.85.

)); =t [flop < Cllflle (3.18)
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Proof. Let the assumptions about ®, p, r, and p be satisfied, and assume that
0 ¢ V?(c0). Then o ¢ V7 (00), and so for any sequence {b;} of positive numbers
with by ,* oo one can find a nondecreasing sequence {t;} of positive numbers
such that

o(ty) > 1 and o(t;) > bro(ty). (3.19)
Define fi(t) = tgxa, (t) for Ax € ¥ such that

Is(fr) = tho(tr)u(Ax) = 1.

Hence || fx|le = 1 for all & € N. Since w(t) < 1 p-a.e. t € Q, where w is as in
Lemma 2.29, we obtain

1300 = | () o(fi)et duth
= tro(te)|lwxa i < o(te)n(Ar) = Io(fi) = 1;
that is,
o= |lw 1 ;
Ixalzy = lwxallz: < Toln) (3.20)

Applying (3.20), the fact that g is nondecreasing on R, when p < p%(®), and
(3.19), we obtain

il , = [1fell7, To <ﬁ>

/ ((®)” (Hf}’jh)z)dmw
- / tpé’(tknxin; ) dutt)

1
= tro{ ) u(A
g (HxAkrm) (4s)

> tho (tk( (tx) " ) (Ax)
> tho(ty ) (Ax) > tbro(tr) p(Ag) = by, /7 o0,
which ends the proof. |
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