The Annals of Statistics

2009, Vol. 37, No. 6B, 3893-3928

DOI: 10.1214/09-A0S698

© Institute of Mathematical Statistics, 2009

SPECIFICATION TESTING IN NONLINEAR AND
NONSTATIONARY TIME SERIES AUTOREGRESSION'

By JiT1 GAO, MAXWELL KING, ZUDI LU AND DAG TIGSTHEIM?

University of Adelaide, Monash University, Curtin University of Technology and
The University of Adelaide and University of Bergen

This paper considers a class of nonparametric autoregressive models with
nonstationarity. We propose a nonparametric kernel test for the conditional
mean and then establish an asymptotic distribution of the proposed test. Both
the setting and the results differ from earlier work on nonparametric autore-
gression with stationarity. In addition, we develop a new bootstrap simula-
tion scheme for the selection of a suitable bandwidth parameter involved in
the kernel test as well as the choice of a simulated critical value. The finite-
sample performance of the proposed test is assessed using one simulated ex-
ample and one real data example.

1. Introduction. Time series regression analysis has a long history. There
have been many studies in using parametric linear autoregressive moving average
models [Brockwell and Davis (1990)], parametric nonlinear time series models
[see, e.g., Tong (1990), Granger and Terdsvirta (1993)], and nonparametric and
semiparametric time series models [Tong (1990), Fan and Yao (2003) and Gao
(2007)]. In many existing studies, particularly in the nonparametric situation, the
focus of attention has been on the case where the observed time series satisfies
a type of stationarity. Such a stationarity assumption is quite restrictive in many
cases.

In the parametric time series case, estimation and specification testing methods
have been developed to deal with nonstationarity. In recent years, attempts have
also been devoted to the estimation of nonlinear and nonstationary time series
models using nonparametric methods. Existing studies include Phillips and Park
(1998) and Karlsen and Tjgstheim (1998, 2001) on nonparametric autoregression,
Park and Phillips (2001) on parametric nonlinear regression, Bandi and Phillips
(2003) on nonparametric estimation of nonstationary diffusion models, Wang and
Phillips (2009) on nonparametric kernel estimation of random walk processes, and
Karlsen, Myklebust and Tjgstheim (2007) on nonparametric cointegration. In the
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original version of this paper, Gao et al. (2006) discuss specification testing prob-
lems for both autoregression and conintegration cases with nonstationarity.

In the field of model specification testing with nonstationarity, there is a huge
literature on various unit root tests in the parametric linear autoregressive case. To
the best of our knowledge, there seems to be very little work on specification test-
ing in the nonparametric nonlinear autoregressive case. This paper aims to discuss
such issues. Consider a class of nonlinear autoregressive models of the form

(1.1) X, =g(Xi—1) +u;, t=1,2,...,T,

where g(-) is an unknown function defined over R! = (—00, 00), {u;} is a se-
quence of independent and identically distributed i.i.d. errors with mean zero and
finite variance o*u2 =FE [u%], and T is the number of observations. The initial value
Xo of X; may be any O, (1) random variable. However, we set Xo = 0 to avoid
some unnecessary complications in exposition.

When g(X;—1) = X;—1 + g1(X;—1) with g1(-) being an identifiable nonlinear
function, model (1.1) becomes a nonlinear random walk model. Granger, Inoue
and Morin (1997) discuss some parametric cases for this model, and suggest sev-
eral estimation procedures. As g(-) usually represents some kind of nonlinear fluc-
tuation in the conditional mean, it would be both theoretically and practically use-
ful to test whether such a nonlinear term is significant before using model (1.1) in
practice. We therefore propose testing the following null hypothesis:

(1.2) Hy:P(g(X;—1)=X;—1)=1 forall r > 1.

The main difference between our approach and existing ones is that we need not
prespecify g(x) parametrically as g(x) = 6x and then test Hj:6 = 1 as has been
done in the literature. Our approach is that we test Hy nonparametrically. In doing
s0, we can avoid possibly misspecifying the true model before using a specification
testing procedure.

The main contributions of this paper are as follows:

(1) It proposes a nonparametric kernel test for nonlinear nonstationarity
against nonlinear stationarity in model (1.1). This test procedure corresponds to
the well-known test proposed by Dickey and Fuller (1979) for the parametric case.

(i) Itestablishes an asymptotically normal test for testing the conditional mean
in model (1.1) under the null hypothesis. Theoretical properties for the proposed
test procedure are established.

(iii) This paper is then concerned with discussing the power function of the
proposed test under a stationary alternative. Some asymptotic consistency results
under both the null and alternative hypotheses are established.

(iv) In order to implement the proposed test in practice, we develop a new
simulation procedure based on the assessment of both the size and power functions
of the proposed test.
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The rest of the paper is organized as follows. Section 2 establishes a simple
nonparametric test and an asymptotic distribution under the null hypothesis. Dis-
cussion about the power function of the proposed test is given in Section 3. Sec-
tion 4 shows how to implement the proposed test in practice. Section 5 concludes
the paper with some remarks on extensions. Mathematical details are relegated to
the Appendix. Some additional derivations are given in Appendices B—E of Gao et
al. (2008).

2. Nonparametric unit root test. Consider model (1.1) and a general testing
problem of the form

Ho:P(g(X;—1)=X;—1)=1 against
2.1
Hi:P(g(Xi—)=X—1 + Ar(Xi—1) =1,

where {A7(x)} is a sequence of unknown functions.
Before proposing our test statistic for (2.1), we consider the conventional
Nadaraya—Watson (NW) kernel estimate of the form

T T
~ Zg‘:l Kp(Xs—1 —x)X;
22) ()= Y Wrx X X, = =
B0 = 2 W Ko = S

where Wr(x, Xs_1) = % in which Kj,(-) = K(-/h), K(-) is a prob-
T .

ability kernel function and / is a bandwidth parameter. R
Let A(X/—1, Xs—1) = 7 X p—1 Wr(Xg—1, Xi—1)Wr (Xk—1, Xs—1) and X,_; =
Zstl Wr(X,—1, X5—1)X5—1. We then compare g(X,;_) with X;_| by

1 & ~
Nr(h)=Nr(Xi,..., Xrsh) = 2 3 [8(X) = Xia I

t=1

Il
M~

1
T kZI Wr (X1, Xe— ) Wr (Xi—1, Xs5—1) |usus

I
M= 1
M= 1M

A(Xl‘—la XS—])”I”Sv

I
-
-
I
-

N

where u; = X; — X;_1 under Hy. Similar forms have been used for the stationary
time series case [see, e.g., Hjellvik, Yao and Tjgstheim (1998)]. Other alternatives
to Nt (h), including the introduction of Mt (h) below, are discussed in Gao et al.
(2006).

In theory, we can derive a test statistic based on N7 (). As can be seen, Nt (h)
involves both a triple summation and a kind of random denominator problem,
which may cause more difficulty and technicality than those for the stationary
case. Compared with M7 (h) below, our experience with the stationary case also
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shows that a test statistic based on N7 (k) has less attractive properties than those
based on M7 (h) below [see, e.g., Li (1999), Gao and King (2004) and Chapter 3
of Gao (2007)].

We thus propose using a test statistic of the form

T T
(23) Mr=Mr)=3Y 3 @Ky(Xs1 = X, 1),
t=1s=1,s#t

where 7, = X; — 2(X;—1). We now introduce the following conditions.

ASSUMPTION 2.1. (i) Suppose that {u;} is a sequence of independent and
identically distributed i.i.d. errors with E[u1] =0 and E[u?] = 0, < 00. Let 0 <
pa = Eluf] < oco.

(ii) Suppose that {u;} has a symmetric density function f (). Let f’(u) be the
first derivative of f(u) and f’(u) be continuous at u € (—o0, 00). Let v/ (+) be the
characteristic function of {u,} satisfying ffooo [v||¥(v)| dv < o0.

(iii) Let K(-) be a symmetric probability density function. Suppose that there
are constants ¢; > 0 and 0 < ¢» < ¢3 < o0 such that cpI (Ju| <c¢1) < K(u) <
c3I(Ju] < c1). In addition, suppose that |K(x + y) — K(x)| < W(x)|y| for all
x € C(K) and any small y, where W(x) is nonnegative bounded function for all
x € C(K) and C(K) denotes the compact support of K (-).

(iv) Assume that & satisfies limr_ o T73/1% = 0 and limsup;_, o T'/>~%0h =

oofora110<eo<é.

REMARK 2.1. The i.i.d. assumption in Assumption 2.1(i) is needed to ensure
that the partial sum S, = >*_, u, has independent increments, although, {S, } itself
is nonstationary and dependent. Under this assumption, we are able to establish the
main results of this paper in Theorems 2.1, 2.2 and 3.1 below. Assumption 2.1(ii)
imposes some mild conditions on both the density function and the characteris-
tic function and it holds in many cases. The condition [fooo [v]|¥ (v)|dv < o0
is to ensure certain convergence results. Let ¢7(x) be the density function of
\/_T;Uu I, u;. Then under Assumption 2.1(ii),

2.4) sup |7 (x) —¢(x)| >0 and sup |97 (x) — ¢"(x)| = 0,

where ¢7(x) and ¢'(x) are first derivatives, and ¢ (x) = ﬁe‘xz/ 2

function of the standard normal random variable N (0, 1). The proof of (2.4) is
quite standard [Chapters 8 and 9 of Chow and Teicher (1988)].

is the density

Assumption 2.1(iii) also holds in many cases. For example, when K (x) =
%I[_l,l](x), Assumption 2.1(iii) holds automatically. In addition, Assump-
tion 2.1(iv) does not look unnatural in the nonstationary case, although it looks
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more restrictive than that required for the stationary case. In addition, the con-
ditions of Theorems 5.1 and 5.2 of Karlsen and Tjgstheim (2001) imposed on
h become simplified since we are interested in the special case of random walk
with a tail index of 8 = % involved in those conditions. Such conditions on the
bandwidth for nonparametric testing in the nonstationary case are equivalent to
the minimal conditions: im7_ o0 & = 0, im7_. oo Th = 00 and im7_. oo Th* =0
required in nonparametric kernel testing for the stationary time series cases [see,
e.g., Gao (2007)]

Let 62 =G2(h)y =21, ¥, St #2K2(Xs—1 — X,—1)@?. As can be seen
from the proof of Theorem 2.2 below, under Hp we have for the normalized test
statistic

M) X X UK (Xe—1 = X))/ Wy

S ory - hyT ST @K — X)) DA
S Y us K (X uj+us)/ hyu
LY TR g + ) o

In comparison with existing forms for the stationary case [e.g., (34) of Arapis
and Gao (2006)], establishing an asymptotic distribution for ZT(h) becomes non-
standard mainly due to the fact that {X,} is now nonstationary and {u,} is involved
in both the argument of K (-) and in a factor multiplying K ().

Let

+op(1).

T T X, i —X 2
O’%IE<Z Z MSK<%)M;) .

Before we study asymptotic properties of L7 (h), we need to evaluate the asymp-
totic order of O'% in Theorem 2.1 below. The proof is given in Lemma A.l in
Appendix below.

THEOREM 2.1. Consider model (1.1). Assume that Assumption 2.1 holds.
Then under Hy

o7 = Ci1oT>/?h(1 4+ o(1)),

160’; Jo2

N in which 03 = E[u%] and Joo = [ K*(x)dx.

where C1g =

Note that a% is proportional to T3/2h. When {X,} of model (1.1) is station-
ary, however, 0% is proportional to T2/ as has been given in the literature [Gao
(2007)]. Theorem 2.2 below shows that standard normality can still be the limiting

distribution of a test statistic under nonstationarity.
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THEOREM 2.2. Consider model (1.1). Suppose that Assumption 2.1 holds.
Then under Hy and as T — oo

Mrp(h) iy i s Kn(Xs—1 — X, 1)y

ori VX Y s WK (X — X

_ Y u Ky (X1 — X))
XL, S @K (X — XA

Lr(h) =

(2.6)

—p N(0,1).

PROOF. Observe that under Hy

T T
Mph)y=Y" Y asKpn(Xs—1 — X,

t=1s=1,s#t

T T
:Z Z MsKh(Xs—l_Xl—l)ut

t=1s=1,s#t
T T
(2.7) +> Z S Kn(Xs—1 — Xi—1);

t=1s=1,s7#t

T T
+2> 0 > ugKn(Xe1 — Xi-1)8;

t=1s=1,s#t
= M7+ Mry+ Mr3,

aT—zz Z UK (Xeo1 — X))y

t=1s=1,s#t

T T
(2.8) Z Z W Kjip(Xso1 — XiDuy
: :1

T
+2 > SIKF(Xe—1 — Xi—1)87 + Ry,

s=1,s#t

Ms

Il
—_

t

where 8, X1 —2(X;—1) and RT is the remainder term given by

T

T
—22 Z uZKFH(Xs—1 — Xe—1)u?

t=1s=1,s#t

T
22 5K (Xg1 — X1 1)8;.
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In view of (2.7) and (2.8), to prove Theorem 2.2, it suffices to show that as
T —> o0

M
2.9) L p N, 1),
or
M .
(2.10) T .0 fori=2,3,
or
~2  ~2
(2.11) I po,
lox
T

where 5% =2 Zszl ZST:LS#I u%Kg(Xs_l — Xt_l)utz.

The proof of (2.9) is given in Lemma A.3 of the Appendix below. In view
of (2.9), to complete the proof of Theorem 2.2, it suffices to prove (2.10) and
(2.11). We now give the proof of (2.10) and then an outline of the proof of (2.11).

It follows from (2.9) that

1 L2 X — X5y
— ZZMSK<f)ut =0p().

t=1s=1

2.12) _
or

In order to prove (2.10), we first need to show that

(2.13) @=0P(1).
or

Observe that under Hy: X; = X;—1 + u;

8 =Xi—1—8(X;—1)
T
=Xi—1— > Wr(Xi—1, Xs—1) X;

s=1
(2.14)
T T

=Xi1— ) Wr(Xi—1, Xe—DXso1 — Y Wr(Xo—1, Xo—1)ug

s=1 s=1
= gl‘—] - ﬁ[a
where X, 1 = X,_1 — X1 Wr(X,_1, Xs—1)Xs—1 and @, = Y 1_, Wr(X,_1,

Xs—1us.
Thus, in order to show (2.13), it suffices to show that

LS Xi—1—Xs—1\ 5
e Y Y Xek(FE )=o),

Xio1— Xs-1)
(2.16) >y ﬁJ((%)u,:oP(ar).
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The proof of (2.16) is quite technical and thus relegated to Lemma E.1 in Ap-
pendix E of Gao et al. (2008). Meanwhile, Assumption 2.1(iii) and a conventional
approach [see, e.g., the proof of Theorem 5.1 of Karlsen and Tjgstheim (2001)]
imply that uniformly in x,

T

) =g(x)— Y Wr(x, X;-Dg(Xs-1)
s=1

T UK ((x = Xs—1)/ ) (g(x) — g(X5-1))
I K ((x = Xi-1)/ )

= g/(x)h/uK(u)du(l +op(1))=op(h),

(2.17) =

when g(-) is differentiable and the first derivative, g’(x), is continuous.
Using (2.17) for the case of g(x) = x, in order to prove (2.15), it suffices to
show that

T
(2.18) Z

which follows from

T X1 — X,
Z (%) =op(or),

s=1,s

T T

(2.19) >y E[ (%)}:0(#/%)

t=1s=1,s#t

and Assumption 2.1(iv). The verification of (2.19) is similar to but simpler than
that of (A.3) below.
Hence, (2.13) and (A.50) in the Appendix below imply

M M
(2.20) 22 _ TR0 ).

or or or

This proves (2.10) for i = 2. Furthermore, the proof of (2.10) for i = 3 follows
from (2.12)—(2.20) and

T T 2
X1 — X X1 — X511\~
Z Z ity K( t—1 l) K( t—1 s 1)51
h h

t=1s=1,s#t
T T
X - X -~ X1 — X521\~
Z ( tlh s— 1)1/![2 Z (3SK< tlh K 1>8t
s=1,s R

= Op(cT)-0p(6T) = OP(&%),

||Mﬂ

where 8, = X,—1 — §(X;-1).
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In view of the definitions of 6%, 5%, (2.17) above, (A.50) in the Appendix and

~2 2 A2 ~2 2
Or —9r _9r—9r 91
~2 2 ~2°
or or or

in order to prove (2.11), it suffices to show that

Lz Xe—1— X1

J— S— — J—

(2.21) >y usz(T)hz:op(o%).
t=1s=1,s#t

The verification of (2.21) is similar to that of (2.16). This completes the proof
of Theorem 2.2. [

Existing studies of test statistics analogous to L7 (h) for the stationary time se-
ries case show that the size function of the test is not well approximated using
a normal limit distribution. The main reasons are as follows: (a) the rate of con-
vergence of each Lr(h) to asymptotic normality is quite slow even when {u;} is
a sequence of independent and identically distributed errors; and (b) the use of a
single bandwidth based on an optimal estimation criterion may not be optimal for
testing purposes.

In order to improve the finite sample performance of Lz (h), we propose using
a bootstrap simulation method. Such a method is known to work quite well in the
stationary case. For each given bandwidth satisfying certain theoretical conditions,
instead of using an asymptotic critical value of [y o5 = 1.645 at the 5% level for
example, we use a simulated critical value for computing the size function and
then the power function. An optimal bandwidth is chosen such that while the size
function is controlled by a significance level, the power function is maximized
at the optimal bandwidth. Our finite-sample studies show that there is little size
distortion when using such a simulated critical value. These issues are discussed
in Section 3 below.

3. Bootstrap simulation and asymptotic theory. In order to assess the per-
formance of both the size and power function, we need to discuss how to simulate
critical values for the implementation of L 7 (h) in each case. We then examine the
finite sample performance through using two examples in Section 4 below. Be-
fore we look at how to implement L7(h) in practice, we propose the following
simulation scheme.

Simulation scheme: the exact a-level critical value, [, (h) (0 < @ < 1), is the
1 — « quantile of the exact finite-sample distribution of L7 (h). Because there are
unknown quantities, such as unknown parameters and functions, we cannot evalu-
ate [, (h) in practice. We propose choosing an approximate «-level critical value,
[%(h), by using the following simulation procedure:
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e Let Xg=0. For each t =1,2,..., T, generate X; = X;_1 + 0,¢;, where
G2 is a consistent estimator of o2 = E[u?] based on the original sample
(X1, X2,...,Xr), and {&/} is constructed using either a parametric bootstrap

method or a nonparametric bootstrap method.

e Use the data set {X* t=1,2,...,T}tore-estimate g(-) by g*(x) = ZY 1 Wr x
(x, Xs—1) X} Letu; = X — g (X, 1). Compute the test statistic L* 7(h) that is
the correspondlng version of L (h) by replacing #; with u#} on the right-hand
side of LT (h).

e Repeat the above steps M times and produce M versions of L* (h) denoted by
L’}m (h)form=1,2,..., M. Usethe M values of L’}m (h) to construct their em-
pirical bootstrap dlstrlbutlon function. The bootstrap distribution of L% 7 (h) given
X1 ={X;:1<t <T}is defined by P*(L (h) <x)= P(L (h) <x|XT) Let
1% (h) satisty

P*(L3(h) > (b)) =

and then estimate [, (h) by [} (h).
e Define the size and power functions by

a(h)=P(Lr(h) = [;()|Ho) and (k)= P(Lr(h) = I;(h)| H).
Let # = {h:a(h) < a}. Choose an optimal bandwidth ﬁtest such that

}l\test = argmax B(h).
he#t

We then use [} (hiest) in the computation of both the size and power values of
LT (htegt) for each case.

To study the power function of Lr(h), we specify a sequence of alternatives of
the form:

(3.1 Hy:P(g(X—1) = Xi—1 + Ar(X;-1)) =1,

where Ar(x) is a sequence of nonparametrically unknown functions satisfying
certain conditions in Assumption 3.2 below.
Under H;, model (1.1) becomes

(3.2) X =g(Xi—1) +ur =Xi1 + Ar(Xe—1) +uy,

where A7 (x) can be consistently estimated by

Y K, (X1 =) (X, — X1)
Y Kpy, (X1 — x)

with ﬁcv being chosen by a conventional cross-validation selection method.
To establish Theorem 3.1 below, we need the following conditions.

(3.3) Ar(x) =

ASSUMPTION 3.1. (i) Assumption 2.1 holds.
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(i1) Suppose that g(x) is differentiable in x € R! = (—00, 00) and that the first
derivative g’(x) is continuous in x € R'. In addition, g(x) is chosen such that { X}
of (1.1) under H is strictly stationary.

ASSUMPTION 3.2. Let f(x) be the marginal density function of {X,} un-
der Hp. Suppose that {Ar(x)} is either an unknown function of the form A(x) or
a sequence of unknown functions satisfying

(34)  lim TY/*Vh8*(T) =00  where 8*(T) = / AZ(x) f2(x)dx.

Since g(x) is not necessarily identical to x under H;, Assumption 3.1(ii) re-
quires that the main interest of this paper is to test linear nonstationarity against
nonlinear stationarity. Some secondary conditions on the form of g(-) such that
{X;} is strictly stationary under H; are available from Masry and Tjgstheim (1995).

Assumption 3.2 basically requires that there is some “distance” between
g(X;_1) and X;_1 when Hj is not true. Obviously, there are many different ways
of choosing A7 (x) for Hj. For example, we may consider testing nonstationarity
against stationarity of the form

Hy:X;=X;—1+u; versus
(3.5)
Hy: Xy =g(Xe—1) tur = Xe—1 + AXi—1) +uy,
2

where {u,} is a sequence of i.i.d. errors with E{u;] =0 and E[ul] =0, <00, and
A(-) can be either a nonparametric or semiparametric function and is chosen such
that { X,} is stationary under H;. In this case, we have

X, | —X,_
(3.6) TthZE[gOfv D = XK (Z ) (g0 - X

t=1s=1

= (1+0(D) [ A2() () dx >0,
since { X} under H; is strictly stationary with f(-) being its marginal density func-
tion. This, along with Assumption 2.1(iv), implies that Assumption 3.2 holds when
Ar(x) = A(x).
We now state the following results and their proofs are given below.
THEOREM 3.1. (i) Assume that Assumption 3.1 holds. Then under Hy
lim P(Ly(h)>1})=
T—o0
(ii) Assume that Assumptions 3.1 and 3.2 hold. Then under H
lim P(Ly(h)>1})=
T—o0
Theorems 3.1(i) implies that each /; is an asymptotically correct a-level critical
value under Hy, while Theorem 3. 1(11) shows that LT(h) is asymptotically con-
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sistent against alternatives of the form (3.1) whenever §(T) > CT >/8p=1/4 for
some finite C > 0 in this kind of nonparametric testing of nonstationarity against
stationarity.

PROOF OF THEOREM 3.1. Recall g*(x) = Y0_; Wr(x, X,—1) X} and i} =
X —8"(X;—1).Let 8 = X;,—1 — g*(X;—~1). We now have

T T
My =Y > aiKn(Xe—1 — X))y
t=1s=1,s%#t

T
=D > Guei Kn(Xe—1 — Xi—D)0us]

t=1s=1,s#t
T . —~
(3.7) +Y Y SEKn(Xs—1 — Xi—1)8]
t=1s=1,s#t

T T
+2)° Y GuelKn(Xe—1 — Xi—1)8;
t=1s=1,s#t
= M7, + M7, + M73.

Using Assumptions 2.1 and 3.1, in view of the notation of IAj}(h) introduced in
the simulation scheme proposed just above Assumption 3.1 as well as the proof of
Theorem 2.2, we can show that as T — oo
(3.8) P*(L%(h) <x)— ®(x)  forall x € (—o0, 00)
holds in probability with respect to the distribution of the original sample
{X;_1:1<t<T}, where ®(-) is the distribution function of the standard normal
random variable N (0, 1). In order to prove (3.8), in view of the fact that {¢]} and
{X;} are independent for all s, > 1, we can show that the proofs of Lemmas A.1
and A.3—-A.6 below all remain true by successive conditioning arguments.

Let z, be the 1 — « quantile of ®(-) such that ®(z,) = 1 — «. Then it follows
from (3.8) that as T — oo
(3.9) PHL5(h) > z4) > 1 — ®(20) = .

This, together with the construction that P*(Z’} (h) > [3(h)) = «, implies that
as T — oo
(3.10) I3(h) —zaq — P O.

Using the conclusion of Theorem 2.2 and (3.8) again, we have that as T — oo
(3.11)  P*(Li(h)<x)—P(Ly(h)<x)—>p0  forall x € (—00, 00).

This, along with the construction that P*(Z*} (h) > I%(h)) = « again, implies
(3.12) lim P(Ly(h) > L(h)) =a.
T—o00
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Therefore, the conclusion of Theorem 3.1(i) is proved.

Recall w;, = X; — g(X;—1) and let A, = X,—1 — g(X,—1). To prove Theo-
rem 3.1(ii), we need to recall the decomposition of M7 (k) in (2.7). Recalling
8 =Xi—1—g(X;—1)and A, = X; | — g(X;_1), we have

S =X—1 —8Xe—1) = X1 — g(Xe—1) + g(Xi—1) — 8(Xi—1)
T
=Xio1 —g(Xi—D) + g(Xi—1) — Y Wr(Xi—1, Xs—1)g(Xs—1)

s=1

T
— > WXt Xs_Dug = A + 8(X;-1) — 1y,
s=1
where g(X,_1) = g(X,—1) — Zstl Wr(X:—1, X5-1)g(Xs—1). In view of the proof
of Theorem 2.2, (2.15)—(2.17) in particular as well as (3.10), in order to prove
Theorem 3.1(ii), it suffices to show that under H;
X MK (X1 = X )

(3.13) : — p O0.
or

Similarly to (3.6), we have under H;
| LT

- Y3 E[(g(Xs_D — XS—I)K<%>(8(XFI) — Xz—l)}

314 t=1s=1
(3.14) :

= 21+ o) [ 83002 @ dx = CTVVRS T (1 +o(D).
T

The verification of (3.13) follows from (3.14) and Assumption 3.2. This finishes
the proof of Theorem 3.1. [J

Section 4 below shows how to illustrate Theorem 3.1 through using a simulated
example and then a real data application.

4. Examples of implementation. This section studies some finite-sample
properties of both the size and power functions of the proposed test through using
two examples. Example 4.1 assesses the finite-sample performance using simu-
lated data. A real data application is given in Example 4.2. Throughout Examples
4.1 and 4.2 below, we use K (x) = %I[_Ll](x).

EXAMPLE 4.1. Consider a nonlinear time series model of the form

4.1) Xi=Xi1+AXi—1) + uy,

where Xo = 0, {u;} is a sequence of independent normal random errors with
Elu;]=0and E [u%] = Mz < 00, and A(x) is chosen as a known parametric func-
tion with some unknown parameters in the following data generating process.
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We then consider two different cases as follows:

Ho:X; =X;—1+u; versus

4.2)

Hy:Xi=Xi—1+BXi—1+u;
and

Hy:X; = X;—1+u; versus
4.3)

Hy: X=X 1 +BX—1+

L+ [ XY e
where 0 < y <00, —2 < 8 < 0and 0 < 0, < 0o are unknown parameters to be es-
timated using the conventional MLE method [see Granger and Terisvirta (1993)].

Since we are interested in assessing the performance of the proposed test for
a number of different values for 8, the fixed values of 62 = 0.05 and y = % are
used in generating the data. In addition to the case of auz = 0.05, we have also tried
some other values of ¢,,. As our preliminary results show that the resulting finite
sample results are very similar, we focus on the case of auz = 0.05 in this example.

Note that {X;} of (4.2) is nonstationary under Hp, while it strictly stationary
and o-mixing under H; with 0 < ¥y < 00, and —2 < 8 < 0 in both cases. With
the choice of the values for 8 and y, the time series {X;} of (4.3) is also strictly
stationary under H; [see, e.g., Masry and Tjgstheim (1995)]. In the simulation, we
consider various values of —2 < 8 < 0 when computing the power of L7 (h).

As pointed out in the literature for the i.i.d. and stationary time series cases
[Hjellvik, Yao and Tjgstheim (1998), Li and Wang (1998), Fan and Linton (2003),
Gao (2007) and Gao and Gijbels (2008)], the choice of a kernel bandwidth for
testing purposes is quite critical and difficult. In the nonstationary case, however,
how to choose an optimal bandwidth parameter is still an open problem.

Thus, in the finite-sample study, we apply the first part of the simulation scheme
proposed in Section 3 to simulate a bootstrap critical function [} (k) for each given
h in each individual case. We then choose an optimal value for 4 in each case
such that the power function is maximized at such an optimal Eest. For each case
of T'= 250, 500 or 750, the finite-sample assessment of the corresponding size
and power functions suggests choosing ﬁtest = 0.160 when T = 250, 0.117 for
T =500 and 0.097 when T = 750.

To assess the variability of both the size and power with respect to various band-
width values, we then consider a set of bandwidth values of the form

1 ~
hi = thest
onr 1 <i<5with Ls = ZT(ﬁtest). To simplify the notation, we introduce L; =
L7 (h;) for 1 <i <35. Since the alternative of model (4.2) is a linear form, we may
compare our test with a version of the Dickey—Fuller test of the form [Dickey and



TESTING IN AUTOREGRESSION WITH NONSTATIONARITY 3907

TABLE 1
Simulated sizes and power values at the 5% level

T =250 T =500 T =750
B Ly Ls Ly Ls Ly Ls
0.00 0.037 0.041 0.059 0.039 0.054 0.051
—0.05 0.718 0.464 1.000 0.679 1.000 0.804
—0.10 0.999 0.811 1.000 0.966 1.000 0.986
—-0.20 1.000 0.993 1.000 1.000 1.000 1.000

Fuller (1979)]
— Zthz(Xt - Xt—l)Xt—l
ory i X7

where 67 = %2?21 (X; — X1 — BrX,—1)* with Br = Z‘T:Zg}j;{l)xhl .

In the following tables, we consider cases where the numbeé of ;ei)lications of
each of the sample versions of the size and power functions was M = 1000, each
with B = 250 number of bootstrapping resamples {e;} (involved in the simulation
scheme in Section 3 above) from the standard normal distribution N (0, 1), and the
simulations were done for the cases of 7' = 250, 500 and 750.

Table 1 shows that while the sizes are comparable, the conventional test Lg is
more powerful than the proposed test L5 as expected when the alternative model is
a linear autoregressive model. However, the biggest power reduction is only about
36% in the case of T =250 and 8 = —0.05. This may suggest that we should
use the proposed test for nonstationarity in the conditional mean when there is no
priori information about the form of the conditional mean.

When the alternative is a nonlinear parametric form as in (4.3), our studies show
that L is basically inferior to our test in the sense that it is much less powerful than
the proposed test. We now give the corresponding simulated sizes and power values
with 1000 replications for model (4.3) for both of the tests in Tables 2—-5 below.

The finite-sample results given in Tables 2—5 show that the proposed test and
the simulation scheme work well numerically. Table 2 lists the sizes for L; for

(4.4) Lo

TABLE 2
Simulated sizes at the 5% level

T Ly L, Lj Ly Ls Ly
250 0.003 0.010 0.034 0.047 0.039 0.038
500 0.007 0.017 0.026 0.041 0.037 0.061

750 0.005 0.014 0.038 0.050 0.049 0.056
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TABLE 3
Power values for T =250 at the 5% level

B Ly L, L; Ly Ls Ly

—0.05 0.095 0.112 0.129 0.141 0.207 0.087
—0.10 0.206 0.268 0.350 0.438 0.647 0.127
—0.20 0.566 0.726 0.881 0.972 0.998 0.421
—0.40 0.984 0.999 1.000 1.000 1.000 0.678

1 <i <5 and Lo. While the sizes are relatively low for Ls in the cases of T =
250 and T = 500, the size function approaches 5% when T is as large as 750.
Most importantly, with such choices of the simulated critical values, Tables 3—5
show that the proposed test is powerful for nonstationarity versus stationarity. For
example, when the “distance” between nonstationarity and stationarity is as small
as for g = 0.05, the maximum of the power for 7' = 250 at the 5% level is already
over 20%. Comparing the power values of L with these values of L;, 1 <i <5,
our observation is that the Dickey—Fuller test is inferior for the case where the
alternative is nonlinear. This further supports proposing a test for dealing with
such nonparametric nonstationarity.

As Tables 2-5 show, the corresponding power value of L4 in each case is only
the second best among L; for 1 <i <5 if we choose an optimal bandwidth such
that the simulated size is the closest to 5%. Thus, our finite sample studies also
support the fact that there is a kind of trade-off between sizes and power values.

EXAMPLE 4.2. This example examines the three month Treasury Bill rate
data given in Figure 1 below sampled monthly over the period from January 1963
to December 1998, providing 432 observations.

Let{X,:t=1,2,...,432} be the set of treasury Bill rate data. As Figure 1 does
not suggest that there is any significant trend for the data set, it is not unreasonable
to assume that {X;} satisfies a nonlinear autoregressive model of the form

“4.5) Xi=gXi—1) +e

with the form of g(-) being unknown.

TABLE 4
Power values for T = 500 at the 5% level

B Ly L L; Ly Ls Ly

—0.05 0.160 0.202 0.249 0.323 0.477 0.097
—0.10 0.432 0.568 0.746 0.889 0.982 0.231
—0.20 0.923 0.993 1.000 1.000 1.000 0.519

—0.40 1.000 1.000 1.000 1.000 1.000 0.754
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TABLE 5
Power values for T =750 at the 5% level

B Ly L L3 Ly Ls Lo
—0.05 0.279 0.280 0.358 0.461 0.694 0.121
—0.10 0.663 0.753 0.905 0.977 0.999 0.398
—0.20 0.992 0.999 1.000 1.000 1.000 0.689
—-0.40 1.000 1.000 1.000 1.000 1.000 0.842

To apply the test ZT (ﬁtest) to determine whether {X;} follows a random walk

model of the form X,

for computing the p-value of L T (Nest):

e For the real data set, compute ﬁtest and L T (ﬁtest).

= X;—1 + u;, we need to propose the following procedure

o Let X¥ = X/. Generate a sequence of bootstrap resamples {¢} from N (0, 1)

and then X}

=X;—1+0,e for2 <t < 432
e Compute the corresponding version L* (htest) of LT based on {X}}.

e Repeat the above steps M times to ﬁnd the bootstrap dlStrlbuthIl of LT(htest)
and then compute the proportlon that LT(htest) < LT(htest) This proportion is
an approximate p-value of LT(htest)

Our simulation results return the simulated p-values of p; = 0.005 for Ly and
p> =0.011 for L T (}z\test). While both of the simulated p-values suggest that there
is not enough evidence to accept the unit-root structure at the 5% significance level,
there is some evidence of accepting the unit-root structure based on Zr(ﬁtest) at
the 1% significance level. When we also generated {¢;'} from a non-Gaussian dis-

Federal Funds Rate
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tribution, the simulated p-values were quite close. By comparison, Jiang (1998)
rejects the null hypothesis of nonstationarity on the Fed data based on an applica-
tion of an augmented Dickey—Fuller unit-root test for Hj:6 = 1 in a linear model
of the form X; =0X;_1| + ¢;.

5. Conclusion and extensions. We have proposed a nonparametric specifi-
cation test for testing whether there is a kind of unit root structure in a nonlinear
autoregressive mean function. An asymptotic normal distribution of the proposed
test has been established. In addition, we have also proposed a simulation scheme
to implement the proposed test in practice. The finite-sample results show that
both the proposed test and the simulation scheme are practically applicable and
implementable.

It is pointed out that we may also consider a generalized form of model (1.1)
with o, replaced by a stochastic volatility function o (X;_1). In this case, we
should be considering a test for

(5.1 Ho1: P(g(X;—1)=X;—1and o (X,—1) =0,) = 1.
In this case, we may use a kernel-based test of the form
T T
(520 Sy =) Y (UsKp,(Xs— X)U; + VsGpy(Xy — X)) Vi),
t=1s=1,s7#t

where Gp,(-) = G(-/h2) with G(-) being a probability kernel function, h =
(h1, hy) is a pair of bandwidth parameters, U, = Y, — g(X;—1) and V; = U,2 — EMZ
and &, is an estimator of ¢, under Hy. Similarly, to Theorems 2.2 and 3.1, we may
establish two corresponding theorems for S7(4). As the details for this case are
lengthy and technical, we leave this issue for future study.

Another possible extension will be on the multivariate case where a multivariate
autoregressive model is given as follows:

(5.3) Xi=g(Xi—1,..., Xi—p) +e.
In this case, we are interested in testing a null hypothesis of the form

P
(5.4) Hoz:P(g(Xt_l,...,X,_p):ZQjX,_J):1,
Jj=1

in which there is at least one unit root of the corresponding characteristic poly-
nomial. Detailed construction of such a test would involve some estimation proce-
dures for additive models as used in Gao, Lu and Tjgstheim (2006) in the stationary
spatial case and as proposed by Gao (2007) in the stationary time series case. Since
such an extension is not straightforward, we also leave it as a future topic.

APPENDIX

This appendix provides the proofs for some necessary technical lemmas that are
needed to complete the proofs of Theorems 2.1 and 2.2. Some additional details
are given in Appendices B-E of Gao et al. (2008).
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t—1
Letag, = Kh(Z;l u;) = K(#) and n; = 222;11 agrug for t > s. Note that
we assume without loss of generality that auz =E [u%] =1 in this appendix.

LEMMA A.1. Under the conditions of Theorem 2.1, we have under Hy
07 = C1oT*h(1 4 o(1))

for T large enough, where C19 = 31?/]20% with Joy = [ K2(x)dx.

PROOF. Recall ay = Kp(X/Z u;) = (Zl s and g, =2 Y7} agug. Tt
follows under Hy that

2
UT— |:thuz:|
T t—1
(A1) =433 Elauju;] +4Z Z Ela,asyitg g, u’]
t=2s=1 1=2s1#s50=1
T -1

=4>"Y " Ela}u;] + Rr,

t=2s=1

where Ry = 4Zz 22?1#?2 | Elag,1ag,ugug,].

Let uy; = Zf.:sl 4 Ui Assumption 2.1(i), (ii) already assumes that {u;} is a se-
quence of independent and identically distributed random variables and has a sym-
metric probability density function.

Let f(x) and f;(x) be the density functions of u; and ug;, respectively, and
gst(lx) be the density functions of Vi, = \/”L Clearly, f:(x) = gw(ﬁ) X
JVt—s—1’

t — s — oo under the conventional central limit theorem conditions, it follows
thatas t — s — o0, gst(x) — ¢(x) and gst(\/i) — Cp uniformly in x, where

¢ (x) = A—exp{—7 '}, and Co = ¢ (0) = J_

Thus, for t — s large enough, we have

E[az MZ / K}%(”st + “s)“ff(”s)fst (use) dusdug,

and by utilizing the usual normal approximation of Vy; —p N(0, 1) as

—h / / K205 £ () fur (hy — x) dx dy
=h(1+0(0) [ [ K200 £ () frr) dxdy
=h(1+o) [ [ Kt f )

X 1
A2 X g dxd
(A-2) g‘t(\/t—s—l)\/t—s—l Y
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[K*Wdy [, x
ITRTIL T P P, A
( ())m f()gst [—S—l
[ K*(y)dy
Vi—s—1
where the fact that [ x? f(x)dx = E[u%] =1 is used.
Choose some positive integer I'r > 1 such that I'r — oo and % — 0 as

=h(l+0(1))Co

T — oc. Observe that

T t—1
ZZE g U s]_z Z Ela?u?]= A1 + Aor,
t=2s=1 s=1 t=s+1

where A17 = Y1 ' Y- _g)<r, ElaZu}] = O(TT7) = o(T3/*h) using the fact
that E[aZ,u?] < k(%E [u?] = k(% due to the boundedness of the kernel K(-) by a

constant kg > 0.
And it follows from (A.2) that

T-1
AZT = Z Z E[ast s]

s=1 T'r+1<(t—s)<T—-1

41 K*(y)d
= wa)ﬁ/zh(l +o(1)).
It can then be seen that for 7' large enough
T t—1 2
4/ K“(y)dy 3/,
(A.3) Ela?u?] = —————"2T32p(1 + 0(1)).
g; St S 3\/E ( )

To deal with Ry, we need to introduce the following notation: for 1 <i <2,

s1—1

(A.4) Zi =uy, Zu= Y u, Zp= ) uj
i=s1+1 j=s2+1

ignoring the notational involvement of s, ¢ and others.

Let fii(x;;) and gj;(x;;) be the probability density functions of Z;; and %,
respectively, with 0121 =t—s1 —1and 0222 =51 —s52— 1.

Clearly, fi;i(x) is symmetric due to the symmetry of f(x). Note that f;;(x) =
8ii (G and f;(0) = g, G 77

By utilizing the normal approximation of Zi 55 N(0,1) as 0j; — 00 un-

der the usual central limit theorem condltlonsl it follows that g;;(x) — ¢ (x)
and g”(m_l_) — Cy, with Cy = JT?’ and xg”(x) — x¢ (x) = —¢(x) leading to

%gii(5-) = —¢(0) = —Co, as 0j; — 0.
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Similarly to (A.2), we can derive that as 0121 =t—s51 —1— 00 and 0222 =
s1—852—1— o0,

E[asltasztusl usz]

=E K,,(Z ul>Kh(Z uj>u31u52i|

=51 J=82

=E[Z1Z2Ky(Z1 + Z11)Kn(Z1 + Zo + Z11 + Z22)]

r 2 i
=E|[]zk, (Z(Zj + ij))}

Li=1 j=1

=/---fX1X2Kh(X1 +x2 + x11 + x22) Kp (x1 + x11)
x f(x1) f(x2) fii(x11) f22(x22) dxy dxz dxyy dxp

using y;; =

2 J
=[] [(f/ K(Z yit)xf'f(xf‘)fn(x/' —hyjj)dx; dyjj)}
j=1 i=1

(using Taylor expansions and /xjf(xj)fjj (xj)dx; =0

Xj + Xii

h

(A.5)

due to symmetry of f and g jj>

2 j
(1+o(1)) l_[|:f/yij(Z)’ii)xjf(xj)fj/j(xj)dxj dy./j]
i=1

Jj=1

2 J
(1+o(1)) H[f yij(Z)’ii> dyjj 'ijf(xj)f;j(xj)dxj:|
1 i—1

_ C11(K)§l4(1 ';0(1)) ﬁ[/xjf(xl)glf( ojj )dx’]

[Tj=10; j=1
C“(Kl_ihi(lzoa))g[/ e fx ])%g;j< ”)dXJ]

1

V 1 +GJJ)3
1

(VT =513 (s —Sz)3

_ Cii(K)r*(140(1))
o 2

||:|w

= 0"
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where the conventional notation ] defines ]_[f-‘zl Di =Pp1p2- - Pk, and

2 J
Cii(K)= l_[ (/ ijK<Zyii> d)’jj>
j=1 i=1
:// yiry2K (i) K (yn +y22)d)’11dy22=—/yzK(y)dy-

Choose I'r satisfying I'r — oo and fh — 0 as T — oo. Note that

Z Z Elag as,ius s, ] = Asr + Aqr + Ast + Aer,
t=2S17532=1

r r
where Asp = Y0 3> 20T St +T1E[am%tuvl ol = O(TT2) = o(T3h)

owing to Elag, asytts Us,] < k%EluslusZ| < ko by the assumption that K (-) is
bounded by ko:

T-2 s2+I'r

A4 = Z Z Z E[asltas2tuslusz]

sp=1s1=sp+1t=s1+T7+1
T-2 s2+I'r

<> 3 Z (Elag,ui )'"*(Elag,ul D'/?

sp=1s1=s+1t=s1+7+1
T-2 s2+I7r

=0 Y, > Z [h(t —s1 = D22

sy=1s1=so+1t=s1+7+1
Similarly to A47, we have

T-2 T t=s1+Ir

Asr=> Y > Elagagug us,] = o(T?h).

so=1s1=s0+7+1 t=s1+1
Finally, owing to (A.5),

t=T

T-2 T
A5T = Z Z Z E[asﬂasztuslusz]

sy=1s1=so+7+1t=s1+7+1

, T_2 T T—1 1 1
:0(]’1 )Z Z Z (\/t—sl)’}' (\/51_S2)3

sp=1s1=sp+7+1t=s1+T7+1
= O(T*h*) = o(T*?h).
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Thus, for T large enough
T-2 T-1 T

T t—1
Z Z E[asltasztuslusg]zzz Z Z E[asltasztuslusz]

t=2s51#sr=1 sp=1s1=sp+1t=s1+1
(A.6)
= o(T3h)

using Assumption 2.1.
Therefore, (A.3) and (A.6) show that as T — oo

16/ K%(y)dy
3V 2m
The proof of Lemma A.1 is therefore finished. [J

(A7) 07 = T32h(1 + o(1)).

LEMMA A.2. Assume that the probability space (2, ,,, P,) supports square
integrable random variables S, 1, Sp.2, . .., Su.k,, and that the S, ; are adapted to
o-algebras ¥, ;, 1 <t <k,, where

Tn,lcjfn,ZC“‘C‘Tn,knCJ‘t‘n.

Let Xpp = Sn:— Sn.t—1, Sn,0=0and U,%’z = ;Zl X,%’S. If Gy, is a sub-o -algebra
of Fn, let Gnt = Fnt V G (the o-algebra generated by ¥, ;U G,,) and let §,, o =
{2, @} denote the trivial o-algebra. Moreover, suppose that

n
(A.8) Y EXq I Xnil > 81(Gni—1) —>p O
t=1
for some § > 0, and there exists a G,-measurable random variable u%, such that
(A.9) Uy —uZ—p0,
n
(A.10) > EXpil§ni-1) —>pO,
t=1
n
(A.11) Y NEXnilGni—D)* —p 0.
=1
If
(A.12) lim lim inf P{U, x, > 6} =1,

5—>(Nn—>00
then as n — oo

Sn,k,,

—p N(,1).

n,ky

PROOF. The proof follows from Corollary 3.1 and Theorem 3.4 of Hall and
Heyde (1980). O
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LEMMA A.3. Under the conditions of Theorem 2.2, we have as T — 00

Mty
(A.13) — —p N(0,1).
or
PROOF. We apply Lemma A.2 to prove Lemma A.3. Let Y7; = , Qr =

o{Yr;:1 <t <s} be a o-field generated by {Y7,:1 <t <s}, G617 = Q; p(r) and

Gr s be defined by

Q , 1 <s<P(T),
(A14) gro={ g @

Q.55 P(T)+1=s=T,

P(T)

where P(T) > 1 is chosen such that P(T) — o0 and —0as T — oo. Let

UIZ’(T) = s=1,s5¢ ”% vzlut and ‘75 = Var[Zt o Nety ] for

all1 < § 5 T as defined before.
In view of Lemma A.2 above, in order to prove that as 7 — oo

Mn 1 &
(A15) :N—Z IM[ _>D N(Ov 1)7
T 123

it suffices to show that for all § > O,

T
(A.16) > E[YF, vy =51|Q7.0-1] = p O,

=2
~2
(o2
(A.17) L 02 —p0,
or
P(T)
ZE[Ymgn 11=> Y + Z E[Y7:|Q7,-1]
ALS t=2 t=2 t=P(T)+1
(A.18) .
=Y Yr—p0,
t=2
P(T)
Z|E[YT1|9T1 P = Z YZ, + Z |E[Y7:|Q7,-1]1
(A.19) t=P(T)+1
’ P(T)
= Z Y%t —>p 0,
t=2

(A20)  limlim inf P<G—T > 5) —1.
§—0 T—o0 or
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The proof of (A.18) is similar to that of (A.19), which follows from
P(T)

(A.21) g E[Y}]1= 0((@)”) —0

as T — oo, in which Lemma A.1 has been used.
In order to prove (A.16), it suffices to show that

1 T
(A.22) — > _Elj1—0.
T =2
The proof of (A.22) is given in Lemma A.4 below. The proof of (A.17) is given in
Lemma A.5 below.
The proof of (A.20) follows from
02
(A.23) —g —D %‘ >0
o
T

for some random variable £2. The proof is given in Lemma A.6 below. [

LEMMA A.4. Under the conditions ofTheorem 2.2, we have

(A.24) Jlim —ZE[ H=0.
T =2

PROOF. Observe that
t—1 t—1 t—=1 t—1
(A25)  EM1=16Y" 3" 3" 3 Elay 10yttt Usylis s,
s1=1sp=1s3=154=1
We mainly consider the cases of s; # s; for all i # j in the following proof.
Since the other terms involve at most triple summations, we may deal with such
terms similarly. Without loss of generality, we only look at the case of 1 < s4 <
§3 < 53 <1 <t — 1 in the following evaluation. Let

t—1 t—1
Zui=usl+ Z ui,

i=s] i=s1+1
s1—1 t—1
S it Lt 3w,
i=s) i=sr+1 j=s1+1
§2— 1 S1— 1
Zuz—uslﬂsﬁusﬁ D wkt Do wit Z uj,
i=s3 k=s3+1 i=sp+1 j=s1+1
s3—1 sp—1 s1—1

Zu,_usl—i—usz—i—u%—l—um—l— Z u;+ Z Ui + Z u; + Z Uj.

i=s4 [=s4+1 k=s3+1 i=sp+1 j=s1+1
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Similarly to (A.4), let again Z; = uy, for 1 <i <4,

t—1 s1—1
Zin= ) u, Zp= ) uj
i=s1+1 j=s+1
so—1 s3—1
Z33 = Z U, VAYES Z uj.
k=s3+1 [=s4+1

By the same arguments as in the proof of (A.5), we have

4 4 J
E|:l_[ asl.tusi] =E |:1_[ ZiKp (Z[Zi + Zii]>:|
i=1 j=1 i=1

J
=11 (/ K, (Z[xl' +xii]>xjf(xj)fjj(xjj)d‘xj dxjj)

j=1 i=1

using y;; = Xi + Xii
gYii = A
4 J
+h* ] [/ K(Z yii>xjf(xj)fjj(xj' — hyjj)dx; dyn}
j=1 i=1
using Taylor expansions and/x- x)fii(xi)dx; =0
(A26) g 4y P j S ) fij(xj)dx;
(1 +o(1)) H[/ Yji K jp)xj f(xj) f;(xj) dx; dm}
j=1

4
(1+o0(D)) ]_[[/yij(ujj)dyjj '/XJf(XJ)f}j<xj)dxj]
j=1
- I o * 1
using f;; (x) =gil~<—)—2
py

ii/ Oj;

- 2 o) ﬁ[ IE U’ e »lg;,(xﬁ)dxj]

HJ 19 j] Jj=l1
_ Cn(K)hB(1 +o(1)) li[ I
472 i a7’

where uj; = 7/, yi; is used to shorten some expressions, and

4 J
Cn(K) = 1_[ (/ Yi.iK(Zyl'i) dyjj) < 00.
j=1 i=1
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Hence, similarly to (A.3), we have

T
(A27) Z Z E[asltaszlaS3taS4l‘u51MSZMS3MS4] = 0(T3h2)

=2 1<sg<s3<sy<s;<t—1

using Assumption 2.1.
Analogously, we can deal with the other terms of (A.25) as follows:

(A.28) Yo Y Ela},auiul]=o(T h?),

=2 1<sp7#s1<t—1

T
(A.29) Y Y Ela agagu; ugis] = o(T°h?),
t=2 1<s3#sy#s1<t—1

T
(A.30) ' Y Elg]asm; us]=o(T h?).

=2 1<sr#s1<t—1

Thus, we have finished the proof of (A.24) using (A.25)—(A.30). U

LEMMA A.5. Let the conditions of Theorem 2.2 hold. Then as T — oo

(A.31)

P For 1 < S <T, recall 72 = %, where 52 =235, ¥ 2
ROOF. For 1 <8 <T,recall Ug = —5, where 65 =23 | 350 s X
au?. 5

To use simplified notation in the proof of this lemma, we introduce the following
lower-case notation: m =T, n = P(T), 0,% = a%, 0,% = U%(T), and for 1 <i <n,

l<j<i-1,
i—1

Zeij,
j=1

1
(A32) e = (u?— E[ui])K} Zu, u3  and Xmi = —
l=j m

i—1
(A33) v; —ZKh<Zu1>u —ZKh( Z ul—i-uj)u?.
Jj=1 j=1 I=j+1

Note that X,n; = —> (uf — E[ui])v} with E[Xni] =0
Observe that

52 ~2 m 1 m 1 n
n 2 2 2
o2 52 = Xmi = ZX"J + Elu ]<02 Vi T2 Uj)
m o % o =1 m =] noj=1

(A.34) .
L + E[”]]Jmn»
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Where]mn—zl 1Xml_Z;l 1 Xnj and Sy = 221 1 z_ 221 v J
In view of (A.33), in order to prove (A.31), it suffices to show that as m,n — oo
(A.35) Lyn—>p0 and Jy, —p0.

We now prove the first part of (A.35). In view of the fact that the independence
of {u;} impliesforn +1<i<mand1<j <n,

E[Xmi (ij - an)]

o2 _ g2 i=li-l ) )
= otor 2 &l — ElD)]

j—1
X E|:(u — E[u)K? (Z u,,)u,%Kﬁ(Z uq>uli| =0,

p=k q=l
we have
E[Ir%ln] = E|:Z Xmi — Xn]:| |: Z Xmi + Z(Xm] - an):|
i=1 j=1 i=n+1 j=1
m 2 n 2
=E{ Xml} +E[Z(Xm,- —Xn,«)]
i=n+1 j=1
(A.36) | om ( ) 2)2
oS — 0O
_— E(u2 _ E[uz]) E[v |+~ ns
o M io

n

x Y E@5 — E[ui)*E[]].
j=l1

We start by looking at 3 ;2 | E [v ] and Z”_ 1 ET 4] in order to complete the
proof of the first part of (A.35). Before we Compute the two terms, we have a look
at how to prove the second part of (A.35). Note that

m j=p4+1 man2 j=
(A.37)
1 m ) 2 (0.2 0.2)2 n ) 2
_ n m
siE| ]+ Oy ]
m i=n+1 m=n j=1
2 2 m n
0p — Opy 2.2
+2 ohg2 Z Efvivjl
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We first deal with (A.37) term by term. Recalling a;; = K, (Z ul) we have

(5 0) = 5 5 ]

i=n+1 i=n+1 j=n+1
(A.38)
m m m
= Y ERj1+ Y. Y ERv
i=n+1 i=n+1 j=n+1,j#i
Observe that
i—1j—1
Eivil=Y" " Elajulaj;uj]
c=1d=1
j—1j—1 i—1j—1
(A.39) =YY Elajuiajuil + > > Elajulajuj]
c=1d=1 c=jd=1
=Iij + Jij,
where
j—1j-1
2
1] —ZZE acz cadjud]
c=1d=1
—1lc—1
(A.40) _ZE[af, aZug] +2ZZE[aa uZagiug)
c=2d=1

=1;(D) + 1;;(2),
i—1j—1 i—1j—1
(A.41) l] —ZZE[GU Ladjud]_ZZE[aa uc E[ad]”a’]
c=jd=1 c=jd=1
using the fact that {uy:j <k <i — 1} and {u;:1 <[ < j — 1} are all mutually
independent.

Thus, we need only to evaluate 7 2 Z’ ! I;j. To do so we introduce another
set of simplified symbols: Zj; = Zk — a1 Uk 222 = Zk c+1 Ug, 233 = Zl —jul,
Z1 = ug and Z = u.. In this case, we have the following decompositions: for
l<d<c—-1,1<d=<j—-landl<j<i-—1,

Z”l—uc+ Z M1+Zul Zo+ Zy + Z33,
I=c+1
j—1 c—1 j—1

Zuk=”d+ Z ug +uc + Z ur=21+2r+ 721+ 7Zy.
k=d k=d+1 k=c+1
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By the same arguments as used in the proof of Lemma A.1, we have

Ela%u?au?) = E[K2(Zo + Z0) K (Zy + Zo + Z33) Z5]

ci*tc%cj%c
Z/---/K;%(xz+x22)K;%(X2+X22+x33)

X x5 f(x2) fa2(x22) f33(x33) dxa dxp dx33

X2+ x22 X33
A , V33 = ——

using y» = x2, y22 =
=h? / e / K*(y22)K*(y22 + y33)y3
X f(y2) f22(y2 — y22h) f33(hy33) dy2 dyx dy33

_ R+ 0(1))(/ KZ(u)du)z
X </X§f(x2)f22(X2)dxz)f33(0),

where f;; (-) denotes the marginal density of Z;; and f (-) denotes the density of Z;.
Similarly, we have

2
Elajuzajuy] = E[K;% (Z(zi + zﬁ))K;%(zz +Zn+ Z33)Z%Z%}
i=1

2
:f.../j(g<2(x,-+x,-,-)>l(,%(xz + x22 + x33)

i=1

2
X (l_[ xP O fri (i) dox; dXii> f33(x33) dx33

i=1
=nr3(1 +o(1))/---/K2(y11 + y2)K?(y22 + ¥33)¥7y3

x f(y) f(y2) fii(yr — yith)
X f22(y2 — y22h) f33(0)
x dyydyydyi1 dyx dyss

— 131+ 0(1))(f Kz(u)du>2f33(0)

x ( / x%f<x1>fn<x1)dx1)( / x§f<x2>fzz<x2>dx2).
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Using the same arguments as used in the calculations of (A.2), (A.3) and (A.7),

we have
32 i g L;(1) = Ciy(m — n)*h* (1 + o(1))
(A42) i=n+1 j=1
=op_,(1+o0(1)),
32 % f 1;j(2) = C(m — n)*h* (1 + o(1))
(A43) i=n+1j=1

4
= O(Um—n)?

where Cyg is as defined in Theorem 2.1 and C > 0 is a positive constant.

Similarly, by (A. 41) we have

m i—1li—1j—1
32 Z Zj,j(z)_32 > Y ElajullElag;uj]
i=n+l1 j=1 i=n+l j=lc=jd=1
(A.44) 4
=0(0,,_,)-

Hence, (A.39)—(A.44) imply for m and n large enough,

m m m m
E[Z 5 vaf]z S Y B
i=n+1 j=n+1,j#i i=n+1 j=n+1,j#i

(A.45)

=ot (1+0(1)),

where 0 is as defined above (A.32).
Analogously to (A.5), we can show that for m and n large enough,

m m i—1i—1
Z E[v 1= Z ZZE[azatzluf
i=n+1 i=n+1s=1¢t=1
DRSS
(A.46) =0(h") =
imntls=2i=1 VI —S~$§—1

= 0(h*m* —n?) =o(o_,).
Similarly to (A.45), we can show that for n large enough,

n i—1i—1

Z Ew!1=Y >3 Elajazu;

i=ls=1t=1

n i—ls—1

(A.47) =0 )Zzzm

i=1s=2t=1

= O0(h*n?*) =o(c}.
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Analogously to (A.45), we also have for m and n large enough,
m n m n
Yo Y Elivil= Y Y ICIG, )+ Cali, )]
i=n+1j=1 i=nt1j=1

=02 02(1 +o(1)).

—Ym—n-n

(A.48)

Therefore, (A.37)-(A.48) imply that as m, n — o0

[ L
2 _ - 2 - 2

Lm i=1 noj=1
- )
1 Z o2 —g%

=E|— > v+ om0
o2 . 02¢2 ~—~J
L™M j=n+1 m=n  j=1

O"i i=n+1 O—maj Lj=1
2 2 m n

Om — Oy 2.2

2 1.3 > > Eivj
m=n  j=p+1 j=1
<(m _ I’l)3 (m3/2 _ n3/2)2 (m3/2 _ n3/2)(m _ n)3/2
-2

m3 m3 m3

x (14 0(1))

> A=r)4+0=r2—20 =71 -r)??
= (1= =1 =r)?>0

: 2 _ 16Jw ,..3/2 2 _ 16Jp ,3/2 1 n
using 0, = —2=m 12p, Oy = 3" 2h and r = limy, 00 7 -

T 32n

Since r = 0 from the construction in the beginning of the proof of Lemma A.3
above, we have therefore shown the second part of (A.35). We now turn to the first

part of (A.35). Using the results that ) _""

completed the proof of Lemma A.5. [

Define a random variable N(7T') in the same way as 7T (n) that is defined in
Karlsen and Tjgstheim (2001) [see Appendix B of Gao et al. (2008) for more

details]. Recall

(A.49) Cio=

)

" Evfl=o(o_) and Y| E[v] =
0(0,;t ), the proof of the first part of (A.35) follows from (A.36). We therefore have
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LEMMA A.6. Let the conditions of Theorem 2.2 hold. Then as T — oo

(A.50) L 82

with 52 = 4M1/2(1), where My,»(-) is a special case of the Mittag—Leffer
process Mg (-) for B = % as described by Karlsen and Tjpstheim (2001), page 388.

PROOF. Observe that
T T T /T T
~ 2 2\ 2 2 2\ 2 2 4
O’T=22< Z aszus>ut =22<Zastus>ut —2Zanut.
t=1 \s=1,s#t t=1 \s=1 =1
Similarly to computations made between (A.5) and (A.6), it can be shown that
T T 2
(A51) E|:Z< > ag i — 1))%2} = 0(07)
t=1 \s=1,s#¢

using E[u%] =1.
Let Q(u) = % Then Q(-) is a probability kernel. Applying Lemma C.1 in
Appendix C of Gao et al. (2008), we may show thatas T — oo

1 r 1 X1 — X 2
?E(mm ZQ( h ))

_ 1L 1 X1 — X 2

(A.52) _?; N(T)h§Q<T)_1>MZ

where we have used the result that 77,(Q) = [ Q(u) du = 1 [see the discussion at
the end of Appendix B of Gao et al. (2008)].

Meanwhile, Theorem 3.2 of Karlsen and Tjgstheim (2001), page 389, is ap-
plicable to the current case of X; = X;_1 + u; under Hy to show that as T — oo

N(T)
LovT

(A.53) —p My)2(1),

when the slowly varying function L (T) in this case is Ly(T) = Lo = %ﬁ
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Thus, along with a strengthened version of Theorem 5.1 of Karlsen and Tjgs-
theim (2001), (A.51)-(A.53) imply as T — oo

22(2% )

OT =1 \s=1

C10T2hr_1 s=1
2N IS 1 L, 0N,
= Cio LovT TZ<N<T>hZ lts JH

=1

(A.54)

2Ly N(T) 1
C Cio LT T =

2LoJo N(T) 1 &

= iQ(ix”) ?
Cio LoVT T = N(T)hs ‘ !

—D ?Muz(l) =2,

N(T)h Z“”(“ - ”)”f

where we have used the facts that {u s} is a sequence of i.i.d. random errors with
E[ui]=0 and E[u 2] =1 and that {a u2 1 <s <t — 1} is independent of u;.
Therefore, (A.51)-(A.54) complete the proof of Lemma A.6. [J
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