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MATRICIAL MODEL FOR THE FREE
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BY GUILLAUME CEBRON!
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This paper investigates homomorphisms a la Bercovici—Pata between ad-
ditive and multiplicative convolutions. We also consider their matricial ver-
sions which are associated with measures on the space of Hermitian matrices
and on the unitary group. The previous results combined with a matricial
model of Benaych—Georges and Cabanal-Duvillard allow us to define and
study the large N limit of a new matricial model on the unitary group for free
multiplicative Lévy processes.

1. Introduction. The classical convolution * on R and the classical multi-
plicative convolution & on the unit circle U = {z € C : |z| = 1}, which correspond,
respectively, to the addition and to the product of independent random variables,
have analogues in free probability. Indeed, replacing the concept of classical inde-
pendence by the concept of freeness, Voiculescu defined the free additive convo-
lution B on R, and the free multiplicative convolution X on U (we refer the reader
to [36] for an introduction to free convolutions). A probability measure i on R
is said to be x-infinitely divisible if, for all n € N*, there exists a probability mea-
sure w, such that u}" = . The set of *-infinitely divisible probability measures
endowed with the operation * is a semigroup which we will denote by ZD(R, ),
and we consider analogously the sets ZD(U, ®), ZD(R, H) and ZD(U, X).

In [5], Bercovici and Pata identified an isomorphism of semigroups A between
ID(R, x) and ZD(R, H) which has a good behavior with respect to limit theorems:
for all © € ZD(R, %) and all sequence (u,),eN of probability measures on R,

W I e G :mA(M),

where the convergence is the weak convergence of measures. Unfortunately, the
situation is not as symmetric in the multiplicative case. Let M, denote the set of
probability measures © on U such that f;;¢ du(¢) # 0. In [14], Chistyakov and
Gotze proved that, given a sequence (i,),eN of probability measures on U, the
weak convergence of ,u,?” to any measure of M, implies the weak convergence
of u®"; but they also proved that the converse is false. It is thus only possible to
define a homomorphism of semigroups I between ZD(U, X) and ZD(U, ®) (see
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Definition 3.3) such that, for all © € ZD (U, K) N M, and all sequence (i4y),eN Of
probability measures on U,
&n (w) ®n (w)
Fn n—+00 n—>_+)oo P
Finally, the homomorphism e : x +— e from (R, +) to (U, x) induces a homo-
morphism of semigroups e, between ZD(R, %) and ZD(U, ®), given by the push-
forward of measures, which enjoys a similar property: for all © € ZD(R, *) and
all sequence (i,),en Of probability measures on R,
(w) (w)
Wt B = e > e().
n——+0o

n—-+0o

The first aim of this work is to complete the picture which we just sketched. In Def-
inition 3.2, we shall introduce a new homomorphism of semigroups em between
IDR, H) and ZD(U, K), and which is linked to the previous homomorphisms in
the following way.

THEOREM 1 (see Proposition 3.4 and Theorem 3.9). The map em : ID(R,
H) — ZD(U, K) is such that:

1. For all uw € TD(R, H) and all sequence (u,)neN of probability measures
on R,
(w)
M’Hlﬂn — o = ex(un

n——+0o

(w)
P em().
n——+00

2. The following diagram commutes:

A
ID(R, ) —— ID(R,H)

(1.1) e l l em

IDU, ®) <— IDU, KX).
r

Another contribution to the question of going from H to X is given by the map
EXP of Friedrich and McKay in [21-23]. Their approach differs from ours in that
they consider general normalized linear functionals on the set of polynomials. We
consider only linear functionals which come from concrete probability measures.
There is a question of positivity which prevents one to consider the restriction
of EXP on ZD(R, H) because EXP does not map a priori a measure on R to a
measure on U. The question of finding a nontrivial homomorphism from the set
of probability measures on R to the set of probability measures on U (e.g., as a
restriction of EXP or as an extension of eg) still remains unsolved.



MATRICIAL MODEL FOR THE FREE MULTIPLICATIVE CONVOLUTION 2429

In the highly noncommutative theory of Lie groups, there is a well-known pro-
cess which connects additive infinitely divisible laws with multiplicative ones. It
consists in passing to the limit the product of multiplicative little increments which
are built from additive increments using the exponential map (see [20]). A natural
question is whether there exists a matrix approximation of em which arises from
this procedure.

Our starting point is a matricial model for ZD(R, H) which has been con-
structed simultaneously by Benaych—Georges and Cabanal-Duvillard in [4, 12].
For all N € N, let us consider the classical convolution * on the set of Hermitian
matrices H y, and denote by ZD;ipy (H v, *) the set of infinitely divisible probability
measures on H y which are invariant under conjugation by unitary matrices. For all
u € ID(R, H), Benaych—Georges and Cabanal-Duvillard proved that there exists
an element of ZD;in, (Hy, *), which we shall denote by Iy (1) (see Section 7.1),
such that:

1. For all u € TD(R, H), the spectral measure of a random matrix with distri-
bution Iy (1) converges weakly almost surely to o as N tends to infinity.
2. Iy : IDR, B) — IDjny(Hn, *) is a homomorphism of semigroups.

On the other hand, the map e : H > ¢!/ from Hy to the unitary group U (N)
induces, with some care, a homomorphism of semigroups from ZDj,, (Hy, *)
to the set ZDjny (U (N), ®) of infinitely divisible measures on U(N) which are
invariant under conjugation. Indeed, for all u € ZDjw(Hnw, *), the sequence
(ex(u*1/mM)®ny, = converges weakly to a measure Ex () € ZDjny (U (N), ®) (see
Proposition—Definition 6.2). The situation can be summed up in the following di-
agram:

Iy
ID(R, B) IDiny(Hn, *)
(1.2)
em l l En
ID(U, K) IDiny(U(N), ®).

When N = 1, we have I1; = A1, £ =e,, and consequently the diagram (1.2) is
exactly the top part of the diagram (1.1). The second main result of this work is the
definition of a homomorphism of semigroups I'y : ZD(U, X) — ZDj (U(N), ®)
which completes the picture as follows (see Section 7.2).

THEOREM 2 (see Proposition 7.5 and Theorem 7.8). The map 'y is such
that:

1. For all n € ID(U, R), the spectral measure of a random matrix UN) with
distribution I y (1) converges weakly almost surely to (., in the sense that, for each
continuous function f on U, one has the almost sure convergence

i L My —
Jim - Te(F(U ))_/deu.
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2. The following diagram commutes:

Iy
IDR, B) IDinw(Hn, *)
(1.3) em J/ J/ En
ID(U, ) — IDiny(U(N), ®).
I'n

This result can be expressed by saying that the map eg is the limit of the map Ey
as N tends to infinity. The first assertion of the theorem above is a generalisation
of a result of Biane: in [9], he proved that the spectral measure of a Brownian
motion on U (N) with adequately chosen speed converges to the distribution of a
free unitary Brownian motion at each fixed time. This convergence can be viewed
as a particular case of Theorem 2.

The proof itself of Theorem 2 is interesting at least for two reasons. It is the
first time that the free log-cumulants, originated in [30], are used for proving an
asymptotic result of random matrices. Second, the proof relies upon a key object,
the symmetric group G,,, which is linked to both the combinatorics of free proba-
bility theory, and the computation of conjugate-invariant measures on U (N). More
precisely, in [25], Lévy established that the asymptotic distribution of a Brownian
motion on the unitary group is closely related to the counting of paths in the Ca-
ley graph of G,,. Similarly, for all © € ZD(U, ), the asymptotic distribution of a
random matrix with law I"y (i) involves the counting of paths in G,,, each step of
which is given by the following generator (see Lemma 7.9):

T(o)=nLki(w) -0+ ), Likm(w)-co,
2<m<n
¢ m-cycle of &,
co <o
where (Lky,(14))nen+ are the free log-cumulants of .

In fact, the full Brownian motion on U (N) converges to the free unitary Brow-
nian motion in noncommutative distribution (see [9]). In our framework, as a
"y (n)-distributed matrix is invariant by conjugation by unitary matrices, the clas-
sical result of asymptotic freeness of Voiculescu induces immediately a similar
convergence, which is stated in Theorem 3 (see Section 7.4 for details).

THEOREM 3.  Let (U;):er, be a free unitary multiplicative Lévy process with
marginal distributions (ji;);er. in My. For all N € N*, let (U,(N)),E]R+ be a Lévy

process with marginal distributions (I y(ut));eRr, . Then (U,(N))teR+ converges
to (Up)ier, in noncommutative x-distribution. In other words, for each integer
n > 1, for each noncommutative polynomial P in n variables, each choice of n
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nonnegative reals ti, ..., t,, and each choice of €1, ..., e, € {1, *}, one has the
almost sure convergence

1
lim — Tr(P((UM), . (UN)™) = o (P(US, ..., U™).

IS
N—o0 1

Moreover, independent copies of (U t(N)) 1eR, converge to freely independent copies
of (Up)ter, -

The rest of the paper is organized as follows. In Section 2, we give an overview
of the theory of infinitely divisible measures. In Section 3, we define e and I’
and we prove Theorem 1. Section 4 is devoted to the notion of free log-cumulants,
which is an important tool for the proof of the asymptotic results of this paper. Sec-
tion 5 presents a description of convolution semigroups on the unitary group, and
studies more precisely those which are invariant by conjugation. Section 6 links
together the measures on the Hermitian matrices with the measures on the unitary
matrices through the stochastic exponentiation £y . Finally, Section 7 provides the
definition of the random matrix models I1y and I' i, and the proof of Theorems 2
and 3.

2. Infinite divisibility for uni-dimensional convolutions. In this section, we
give the necessary background concerning ZD(R, %), ZD(U, ®), ZD(R, H) and
ID(U, ). In particular, we give a description of the characteristic pair and the
characteristic triplet of an infinitely divisible measure in each case.

We say that a sequence of finite measures ((,)en on C converges weakly to a
measure u if for all continuous and bounded complex function f,

Jim [ = [ fau.

2.1. Classical infinite divisibility on R. Let u € ZD(R, ). There exists a se-
quence (i, )nen+ of probability measures such that, for all n € N*, u*"* = u. The
important fact is that the measures

2

do,(x) =n o (dx)

X
x2+1

converge weakly to a measure o and the reals

X
Vn :némﬂn(dﬂ

converge to a constant y € R. The pair (y, o) is known as the x-characteristic pair
for u and it is uniquely determined by w. More generally, we have the following
characterization.
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THEOREM 2.1 ([5], Theorem 3.3). Let u € ITD(R, %) with x-characteristic
pair (y,o). Let ki < ky < - - be natural numbers and (u,)neN+ be a sequence of
probability measures on R. The following assertions are equivalent:

1. The measures [iy * - - - * L, converge weakly to (L.
—_—
ky times
2. The measures

X2
do, (x) =k, ——u, (dx
o () =k ()

converge weakly to o and

) X
Jim &y i mun(dw =v.

In addition to [5], we refer the reader to the very complete lecture notes [3]. We
present now two additional properties of the x-characteristic pairs. First, there is
a one-to-one correspondence between x-infinitely divisible probability measures
and pairs (y, o). Indeed, for all finite measure o on R, and all constant y € R,
there exists a unique x-infinitely divisible probability measure such that (y, o)
is the x-characteristic pair for p. Second, the x-characteristic pairs linearize the
convolution: let w; and o be two x-infinitely divisible measures with respective
s-characteristic pairs (y1, o1) and ()2, 02). The measure @ * > is a *-infinitely
divisible measure with x-characteristic pair (y; + y2, o1 + 02).

Let us review another, perhaps more classical, characterization of infinitely di-
visible measures. Let i be *-infinitely divisible and (y, o) be its x-characteristic
pair. We set

1+ x2
a=o({0}), o(dx) = 2 Ir\(0}(x)o(dx) and

1
77=V+/Rx(1[—1,1](x)— 1+x2)’0(dx)'

The triplet (n, a, p) is called the x-characteristic triplet for n. Observe that p
is such that the function x — min(1, x?) is p-integrable and p({0}) = 0. Such a
measure is called a Lévy measure on R. Conversely, for all (5, a, p) with n € R,
a >0 and p a Lévy measure on R, there exists a unique *-infinitely divisible
probability measure such that (1, a, p) is the x-characteristic triplet for u.

2.1

EXAMPLE 2.2. Here are three important classes of *-infinitely divisible mea-
sures:

1. For any constant 1 in R, the Dirac distribution §, is in ZD(R, %), and its
s-characteristic triplet is (n, 0, 0).
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2. For any constant a > 0, the Gaussian distribution of variance a is

1 2
Ny(dx) = ——e*/CD 4x e TD(R, %)
¢ V2ma
whose *-characteristic triplet is (0, a, 0).
3. For any constant A > 0 and any probability measure p € P(R), the com-
pound Poisson distribution with rate A and jump distribution p is

)\n
Poissi’p =e Z W,o*” € ID(R, %)

neN "7

whose *-characteristic triplet is (A f[_l’l 1%0 (dx), 0, Apjr\{0})- One important par-
ticular case is when p = §;: the Poisson distribution Poiss} of mean A is

)\‘n
Poiss} (dx) = Poiss} 5 (dx)=¢ ™ ) — 80 €ID(R, %).

neN "7

2.2. The Bercovici—Pata bijection. In [5], Bercovici and Pata proved that all
results of the previous section stay true if one replaces the classical convolu-
tion *x by the free additive convolution H. This leads to the Bercovici—Pata bi-
jection A from ZD(R, *) to ZD(R, HH) which maps a *-infinitely divisible mea-
sure with sx-characteristic pair (y, o) to the H-infinitely divisible measure with
H-characteristic pair (y, o). Its importance is due to the following theorem.

THEOREM 2.3 ([5]). The Bercovici—Pata bijection A has the following prop-
erties:

1. Forall u,v e IDR, %), A(u*xv) = A(un) HAW).

2. For all natural numbers k; < ky < ---, all sequence (lu,)neN* of probability
measures on R and all x-infinitely divisible measure [, the measures |1 "
verge weakly to w if and only if the measures ,u,EEk" converge weakly to A(1L).

con-

EXAMPLE 2.4. Here are the free analogues of the measures presented in Ex-
ample 2.2:

1. For any constant n in R, we have A(§,) = 6, € ZD(R,H), and its B-
characteristic triplet is (1, 0, 0).
2. For any constant a > 0, the semi-circular distribution of variance a is

1
Sa(dx) = % 4q — .x2 . 1[72\/512\/51()6) d.x GID(R, Bﬂ)

whose characteristic triplet is (0, a, 0). We have A(N,) = S,,.
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3. For any constant A > 0, the free Poisson distribution with mean A, also called
the Margenko—Pastur distribution, is

1
(I =280+ m—V(x —a)(b —x)lg<x<pdx, if0<i<l,
| 2 x -
—V(x—a)(b—x)14<x<pdx, ifA>1,
2w x =

where a = (1 — v/A)? and b = (1 + +/1)2. Its B-characteristic triplet is (A, 0, A81).
More generally, for any constant A > 0 and probability measure p € P(R), the free
compound Poisson distribution with rate A and jump distribution p is the measure
Poiss% o € ID(R, H) whose H-characteristic triplet is (A f[—l,]] xp(dx), 0, Ap).

We have A(Poiss}t’p) = Poiss%p.

Poiss} 5 (dx) =

We finish this section with a technical lemma, which is a straightforward refor-
mulation of Theorem 2.1, using the relation given by (2.1).

LEMMA 2.5. Let u € ZD(R,H) and (n, a, p) be its B-characteristic triplet.
Let ki < ko < -+ be natural numbers and ((u,)neN+ a sequence of probability

measures on R such that the measures ,u;',a converge weakly to (. Then, for all
f : R — C continuous, bounded, and such that f(x) ~y_o fox>, we have

Jim ko [ fan= [ fdprafy and tim ko [ 100 dn e =

2.3. Classical infinite divisibility on U. As we will now see, the particularity
of ZD(U, ®) is the existence of idempotent measures, an infinite class which has
no equivalent in ZD(R, x), ZD(R, H) or ZD(U, X). Our references in this section
are [14, 31, 33].

A probability measure p on U is said to be idempotent if u ® w = w. Each
compact subgroup of U leads to an idempotent measure given by its Haar mea-
sure. More concretely, let m € N. The mth roots of unity form a subgroup of U,
whose Haar measure is denoted by A,,. We have A, ® A,,, = A, and consequently
Am € ID(U, ®). We denote by A, or Ay, the Haar measure on U, which is also
®-infinitely divisible. Fortunately, the measures (A,;)neNU{co) are the unique mea-
sures on U which are idempotent.

How can we identify measures of ZD (U, ®) which are not idempotent? Recall
that M, is the set of probability measures p on U such that f;;¢du(¢) # 0. It
is easy to see that measures in M, are not idempotent, with the exception of §;.
In fact, every measure in ZD(U, ®) factorizes into the product of an idempotent
measure with a measure in ZD(U, ®) N M. For the study of ZD(U, ®) N M.,
it is useful to introduce the characteristic function: for all probability measure ©
on U, it is the function fi : Z — C defined for all k € Z by

k) = /U cFdu (o).
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It is multiplicative for the convolution ® in the sense that, for all , v probability
measures on U, and all kK € Z, we have

(2.2) w®vk) = k) - (k).

For all m € N* and k € Z, we obviously have )f,\n (k) = 1 if k is divisible by m and 0
if not. Using the characteristic function, we can now characterize the measures in
ID(U, ®) N M,. Let u € ZD(U, ®) N M,. There exists a finite measure v on U
and a real o € R such that, for all k € Z,

4 k1 — ik
(k) = ¢k exp(/{U ¢ = ml@;({) dv(g)).

=—k2if r=1

Unfortunately, the pair (€'®, v) is not unique (see the end of the current section).
We say that (e/*, v) is a ®-characteristic pair for jv. Conversely, for all pair (w, v)
such that w € U and v is a finite measure on U, there exists a unique ®-infinitely
divisible measure p which admits (w, v) as a ®-characteristic pair.

Similar to the additive case, we introduce now the characteristic triplet. Let
uw €ZIDU, ®) N M, and let (w, v) be a ®-characteristic pair for ©. We set

(2.3) b=2v({l}) and wv(d¢)=

oz o @vo.

We have, for all k € Z,
SNk LY k1 i )
k) =w exp< 2bk —I—/U(C 1 —ik3(2))dv() ).

We say that (w, b, v) is a ®-characteristic triplet for u. Let us remark that
v({1}) =0 and (1 + NR(¢))dv(¢) < +o0. Such a measure is called a Lévy
measure on U. As expected, for all (w, b, v) with w € U, b > 0 and v a Lévy
measure on U, there exists a unique ®-infinitely divisible probability measure
such that (w, b, v) is a ®-characteristic triplet for ©. Moreover, for all ;) and
W2 ®-infinitely divisible measures with ®-characteristic triplets (wy, b1, v1) and
(w3, by, vy), we see thanks to (2.2) that u; ® ur, € ZD(U, ®) N M, with ®-
characteristic triplet (wjw2, by + bz, v1 + v2).

To sum up the previous discussion, for all u € ZD(U, ®), there exist m € N U
{oo}, w € U and v a finite measure on U such that, for all k£ € 7Z,

—1— k()
1 =9()
=—k2if r=1

R0 =Tt o exp( | ¢! a(©)).

EXAMPLE 2.6. Here again, we can distinguish three classes of ®-infinitely
divisible measures:
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1. For any constant w € U, (w, 0,0) is a ®-characteristic triplet of the Dirac
distribution 6, € ZD(U, ®).

2. For any constant b > 0, the wrapped Gaussian distribution of parameter b is
e.(Np) € ID(U, ®) whose one ®-characteristic triplet is (1, b, 0).

3. For any constant A > 0 and any probability measure v on U, the compound
Poisson distribution with rate A and jump distribution v is

)\‘n
Poissy, =e™* ) —‘U®” €eID(U, ®)
’ n:
neN

whose one ®-characteristic triplet is (exp(iA f; Sdv), 0, Avj(1))-

We give now a case of ®-infinitely divisible measure which admits two different
®-characteristic pairs. Set
_{cosh(m)+1 cosh(m) — 1 sinh(mr sinh(m
L= ﬂ< () 5+ () 5o+ ( )8,~+ ( )3—1‘)-
2 2 2 2
Foralln € Z, wehave i(4n) =1, i(dn+1) =u(dn+3) =e¢ " and i(4n+2) =
e~27 Tt is immediate that, for v = 78; or v = 78_;, we have

pon =exp( [ (¢ = 1= in3(©) do(c) ).

Thus, the measure p admits (1,0,76;) and (1,0,76_;) as ®-characteristic
triplets. One can also see [14] for others examples.

2.4. The convolution X and the S-transform. The free multiplicative convolu-
tion X can be described succinctly in terms of the S-transform. Let us explain how
it works.

Let u be a finite measure on U. For all k € N, we set my (1) = [¢ ckdu(),
which is finite, and we call (my(w))ren the moments of . We consider the formal
power series

My(z) =) mp()z*.
k=0

Let us assume that u € M,. We define S, the S-transform of n, to be the
formal power series such that zS,,(z)/(1 + z) is the inverse under composition
of M, (z) — 1. The S-transform is a X-homomorphism (see [6]): for all x and
S M*,

Sy =Sy - Sv.

For all u € M, the series S, (z) is convergent in a neighborhood of 0, and we can
therefore identify S, with a function which is analytic in a neighborhood of zero.
Sometimes it will be convenient to use the function

2u(@) = Su(z/(1 - 2)
which is also analytic in a neighborhood of 0.
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2.5. Free infinite divisibility on U. For the free multiplicative convolution, the
existence of different proper subgroups of U does not imply the existence of dif-
ferent idempotent measures. Indeed, the Haar measure A and §; are the unique
probability measures on U which are idempotent. Moreover, A is an absorbing el-
ement for X and it is the unique X-infinitely divisible measure in ZD(U, X)) \ M,
according to [6]. Consequently, we will focus our study on ZD(U, X) N M.,

Let u € M, be a K-infinitely divisible measure. From Theorem 6.7. of [6],
there exists a unique finite measure v € My and areal o € R such that

1
2.0 = exp(—ia +./1U 1 i_ gi dv({)).

The pair (€', v) is called the X-characteristic pair for w, and, on the contrary to
the classical case, it is uniquely determined by . We have

; < 14+z+4+1¢z2

2.4 Su(z) =e"“exp B p—— dv(g“)).

We observe that, for ¢ # 1, we have
1+z+ 1 1—
(o),
I+z—-¢z 1-N¢ 14+z(1-29)

which implies that, defining = €'“, b = 2v({1}) and v(d¢) = =57 x
loy13(§)v(dg), we have

b 1-¢
2.5 S,(2) = lex (—+bz+fits 4+
25 5, p(3 O+
We will call (w, b, v) the X-characteristic triplet for . Conversely, for all triplet
(w, b, v) such that w € U, b € RT and v is a Lévy measure on U, there exists a
unique X-infinitely divisible measure ;& whose X-characteristic triplet is (w, b, v).
Indeed, according to Theorem 6.7 of [6], if we define

Q).

b= d
1+z(1-29)
using the principal value Log, then the function S(z) = exp(v(z)) is the S-
transform of a unique X-infinitely measure u € M,.

Let p1, up € M, be two X-infinitely divisible measures with respective X-
characteristic triplets (w1, b1, v1) and (w2, bz, v2). The measure p; X puy € M,
is a X-infinitely divisible measure with X-characteristic triplet (wjwz, b1 + b,
vl + v2).

v(z>=—Log<w)+9+bz+/ i3 + v(0)
2 U

EXAMPLE 2.7. The three classes of X-infinitely divisible measures are:

1. For any constant w € U, (w, 0, 0) is a X-characteristic triplet of the Dirac
distribution §,, € ZD(U, ).
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2. For any constant b > 0, the measure on U analogous to the Gaussian distribu-
tion law is the measure B, € ZD(U, X) whose X-characteristic triplet is (1, b, 0);
it is the law of a free unitary Brownian motion at time b.

3. For any constant A > 0 and any probability measure v on U, the free
compound Poisson distribution with rate A and jump distribution v is the mea-
sure Poiss%u € ID(U, X) whose X-characteristic triplet is (exp(iA f; Sdv), 0,
AU\(1})-

3. Homomorphisms between ZD(R,=x), ZDU,®), ITDR,H) and
ID(U,KX). In this section, we define eg and I" and prove Theorem 1. The def-
initions and the commutativity of (1.1) is a routine program. The very difficulty
consists in proving the first item of Theorem 1, or equivalently Theorem 3.9. We
shall do it in Section 3.2.

3.1. Definitions of em and I'. In order to motivate the definition of em, we
start by indicating how a x-characteristic triplet is transformed by the homomor-
phism e,.

Let us recall that, for all measure © on R, e, (1) denotes the push-forward mea-
sure of u by themap e : x — ¢, Let us denote by e, (1) v\ (1) the measure induced
by e, () on U\ {1}.

PROPOSITION 3.1. For all u € ITD(R, %) with x-characteristic triplet (n,
a, p),

(w,b,v) = (exp(in +i /R(sin(x) — 1[_1,|](x)x),0(dx)>, a, e*(p)U\{1}>

is a ®-characteristic triplet of e, ().

PROOF. First of all, the Fourier transform of a x-infinitely divisible measure
is well known (see [5, 32]): for all 6 € R, we have

/Re’ex du(x) = exp(in@ — EaQZ + /R(elgx —1—ifx1_1 () d,o(x)).
Let n € N. We have
() (n) = /U ¢ d(e-() @) = [ ¢ duix)

= exp(inn — %an2 + /R(e"”x —1—inx1j_; 1)) dp(x))
= exp(inn + in[l;(sin(x) — 1j—1,11(x)x) p(dx) — %an2
+/R(e""x —1—in sin(x))d,o(x))

=" exp(—%bn2 + /U({” —1-in3(?)) dU({)),

which proves that (w, b, v) is a ®-characteristic triplet of e, (u). U
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We define em : ZD(R, H) — ZD(U, X) by analogy with the previous proposi-
tion.

DEFINITION 3.2. Forall u € ZD(R, H) with HH-characteristic triplet (n, a, p),
we define em(1) to be the X-infinitely divisible measure on U with X-characteris-
tic triplet

3.1) (w,b,v)= (exp(in +1i '/];%(sin(x) — 1[_1,1](x)x),0(dx)), a, e*(,O)HU\{l})-

The definition of I : ZD(U, X) — ZD(U, ®) is even simpler.

DEFINITION 3.3. For all u € ZD(U, X) N M, with characteristic triplet
(w, b, v), we define I'(u) to be the ®-infinitely divisible measure on U with char-
acteristic triplet (w, b, v). Moreover, for A being the Haar measure of U, we set
ra) =Aa.

PROPOSITION 3.4. The maps em and I" have the following properties:

1. Forall i and v € TD(R, H), we have em(u Hv) = em(n) Xeg(v).
2. Forall uand v € ITD(U, X), we have I'(u X v) =T (u) ® I'(v).
3. WehaveT'oegmo A =e,.

PROOF. The results follow from the comparison of the different characteristic
triplets. [

We summarize here the successive action of A, em, I" and e, on, respectively,
a Dirac measure §, (n € R), a Gaussian measure Np (b > 0), and a compound
Poisson distribution with rate A > 0 and jump distribution p (Example 2.2). As
expected, their images are, respectively, their free analogues on R (Example 2.4),
their free analogues on U (Example 2.7) and their multiplicative analogues on U
(Example 2.6):

A eqn r
oy +—> & = 8in — 8in
./\/ b > Sb > Bb > €y (N b)
Poissy , —> Poiss?ap —> Poiss%e*(p) —> Poissi@,e*(p).
3.2. A limit theorem. The definition of I is justified, if needed, by the follow-
ing result of Chistyakov and Gotze.

THEOREM 3.5 [14]. For all u € DU, X) N M., all natural numbers ki <
ko < --- and all sequence (,)nen+ of probability measures in M, such that the

measures [L, "' converge weakly to |, the measures u;,a i converge weakly to T'(j1).
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The rest of this section is devoted to proving an analogous theorem for eg.
This goal is achieved in Theorem 3.9. Let us start by a key result, interesting in its
own, about the convergence toward a X-infinitely divisible measure. The following
proposition is the analogue of Theorem 2.1 for the convolution X. We refer the
reader to Theorem 4.3 of [7] and Theorem 2.3 of [14] for other similar criterions.
The major difference between these results and ours is the shift of y,, considered:
in Proposition 3.6, we consider the angular part w, = m(u,)/|m1(u,)| of the
mean of ;.

For all measure wu, on U, all w, € U and all k, € N, we denote by k,(1 —
N(¢)) duy (w,¢) the measure such that, for all bounded Borel functions f on U,

/U F(©Oky(1 = R(©)) dtn(@n) = kn /U ') (1 = R(w, '¢)) dun (©).

PROPOSITION 3.6. Let u € ZD(U, X) with W-characteristic pair (w, v). Let
ki <ky < --- be a sequence of natural numbers. Let (ii,)neN be a sequence of
measures in M, and (w,)neN a sequence of elements of U such that, for alln € N,
wn =my1(wy)/|my(n)|. The following assertions are equivalent:

1. The measures i, X --- X w, converge weakly to .

ky times
2. The measures

dv, (x) = kn(l - m({)) din(wn )

converge weakly to v and

lim o = w.
n—oo
In concrete cases, the second item is often easier to verify. For example, it allows
us to infer that, for any constant A > 0 and any probability measure v on U, the
measure Poiss?ﬂU is the weak limit of ((1 — A/n)é1 + ()\/n)v)&” as n tends to oo.
We would point out the recent work [1] which proves that the convergence of

Proposition 3.6 above implies local convergences of the probability densities.

PROOF OF PROPOSITION 3.6. Let n € N. We set r,, = |m1(u,)|, so that
mi(n) = rpw,. We define also u; € M, such that du;, (¢) = du,(w,¢). The
measure u, will be the link between w, and v,. Observe that M. (z) =
M, (o, 17), which implies that Sus (z) = wy Sy, (z). The first step of the proof
is to write M,, with the help of M. For all ¢ € U and z € C sufficiently small,
we have

¢
1-¢z

1 —%¢
2 —(z—l)[(l—z)

= —1|+1-c.
1-¢z :|+ £
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Integrating with respect to u,, and remarking that

[ @) = [ ¢ dun /o =r=n,

U U

we deduce that

(3.2) 2 :(z—l)[l_Z<Mo—1— £ >]+(1—r)
. kn " Z Ko 1—-z "

Let us recall the useful information about the S-transform: it is a X-homo-
morphism and zS5(z)/(1 + z) is the inverse under composition of M(z) — 1 (see
Section 2.4). Moreover, we need also the following general result.

PROPOSITION 3.7 ([6]). Let (n)neN be a sequence of measures in M, and
w € M. Then the weak convergence of (i4n)neN t0 W is equivalent to the uniform
convergence of S, in some neighborhood of 0.
Let us suppose that the measures M?k" converge weakly to w. Then the series
Suxk,, = (Sﬂn)k" converges uniformly to S, in some neighborhood of 0. There-

fore, we have lim, oo m1(1tn) ™ = lim, .o S (0) = S,(0). Thanks to (2.4),
we know that S,(0) = o 1e’@  which implies that lim,,_,oowﬁ" = w and
limy— 0o 7" = e, Of course, it implies that limy_ o0 kn(rn — 1) = —v(U).
It remains now to prove that v,, converges weakly to v. Let us denote by u(z) the
series

1+z4¢z
=) ———d .
w@= | T, PO

Thanks to (2.4), we have wS),(z) = exp(u(z)), and consequently, S, (2)fn =

w,]i” Sun (z)kn converges uniformly to S, (z) = exp(u(z)) in a neighborhood of 0.
Thus, in some neighborhood of 0, the only possible limit of the sequence S. (z) is
1, the S-transform of 41. From the compactness of the set of probability measures
on U with respect to the weak convergence and Proposition 3.7, we deduce that
the measures u, converge weakly to this unique cluster point 81, and that Sy, (z)
converges uniformly to 1 in a neighborhood of 0. For sufficiently large n, the prin-
cipal branch log(S,,; (z)) is defined for z in a neighborhood of 0, and k;, 10g(S.c (2))
converges uniformly to #(z). Since log(w) ~,—1 w — 1, we conclude that

(3.3) nlglgo k(S5 (2) — 1) = u(2)

uniformly in a neighborhood of 0. At this stage of the proof, we need to inverse
formal series, at least asymptotically, in order to have the relation (3.3) in terms of
Mo (z). Letus set x,(z) =28, /(z + 1) and ¥, (z) = M2 (z) — 1, in such a way
that, in a neighborhood of 0, we have z = x, (¥, (2)) = ¥, (x,(2)). Observe that
limy,— 00 Xn(2) = 2/(1 + 2), lim,— o0 x,(z) = 1/(1 + z)? in a neighborhood of 0,
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while lim,, o ¥, (2) = z/(1 — z) (this follows from the weak convergence of p,
to 1). We denote, respectively, by xoo(2), x5 (2) and Yoo (z) those three limits.
One hand, using the mean value theorem for the real part and the imaginary

part of £ > x, (1 Yn(2) + (1 — ) Yoo(2))/ (¥ (2) — Yo (2)), We observe that A, (z)
defined as

Xn(Un(2) — xn(Woo(2))
Y (2) — Yoo (2)

converges to x., (Yoo(z)) = (1 — 2)2, as n tends to oo, for z in some neighborhood
of 0 (at this stage of the proof, the uniform convergence is no longer necessary). On
the other hand, we can rewrite (3.3) as limy,— o0 ki (X1 (Vo0 (2)) — Xoo (Voo (2))) =
zu (Yoo (2)). Now,

0= lim ky(z —2)
= lim_ky (0 (¥ (2) = Xoo (¥ (2)))
= Hm An(@)  kn(¥n(2) = Yoo(2) + 1M kn (xn (¥00(2)) = Yoo (Vo (2)))

= X0 (Voo (@) - M k(¥ (2) — Yoo (2)) + 21 (Vo0 (2)

An(2) = 1y, )£V @) + 1 () =00 () X (Y0 (2))

from which we deduce that lim,,_, o0 k(¥ (2) — Yoo (2)) = —zu (Yoo (2)) /(1 — 2)2,
or equivalently, that

z -z z
lim k,| Myo(z) —1— =
n00 n( u (@) 1—z> (l—z)zu(l—z)
pointwise in some neighborhood of 0. This limit and the limit —v(U) = lim,,_, 0 k;, (r, —
1) put together in (3.2) yields

lim 2M,, = u( < ) +u(U).
n—oo 1—z

But we have u(z/(1 — 2)) + v(U) = [ %gzdv(g) = 2M,, which implies that
lim,,_, o M,, = M, pointwise in some neighborhood of 0. Consequently, v is the
unique cluster point of {v,},eN. Because sup, .y v, (U) = sup, .y M,, (0) < 00,
the set {v,},en is compact for the weak convergence, and finally, the measures v,
converge weakly to v.

Conversely, let us suppose the weak convergence of v, to v and lim,,_, a)ﬁ" =
w. We can basically retrace our steps in order to arrive at lim,_, Sﬂgk,, =Sy
pointwise in some neighborhood of 0. Proposition 3.7 and the compactn::ss of the
set of probability measures on U with respect to the weak convergence allow us to

conclude that the sequence u? " converges weakly to its unique cluster point .

g
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COROLLARY 3.8. Let u € ID(U, X) with K-characteristic triplet (w, b, v).
Let ki < ky < --- be a sequence of natural numbers. Let ([1;)eN be a sequence of
measures in M, and (wp)neN be such that, for alln e N, w, =m(un)/|m1(un)|.
The following assertions are equivalent:

1. The measures (i, X --- X u, converge weakly to (.
—

ky times
2. limy, 00 a)fln = w and the measures dv, (x) =k, (1 — R(¢)) dpy (s &) con-
verge weakly to (1 —R(¢))dv(¢) + %51-

We are now ready to prove the first main theorem of this paper.

THEOREM 3.9. Forall u € ID(R, B), all natural numbers ki < ky < --- and
all sequence (uy)nen+ of probability measures on R such that the measures ,u;l,ﬂk"
converge weakly to |1, the measures e (Mn)ﬁk,, converge weakly to em(iL).

Let us derive right now some consequences of this theorem. It allows us to trans-
fer limit theorems about H into limit theorem about X. For example, for all b > 0,
the semi-circular measure is such that S,E% = S;. We deduce that B, = ex(Sp),
which is the law of a free unitary Brownian motion at time b, is the weak limit
of the measures e*(Sb/,,)&”. Using Theorem 2.3, we know also that the mea-
sures ./\/'5’; converge weakly to Sp. By consequence, Bj is also the weak limit

of e, (Np/n)®" as n tends to co.

PROOF OF THEOREM 3.9. Let (n,a, p) be the H-characteristic triplet of p,
and (w, b, v) be the X-characteristic triplet of em(u) given by (3.1). In order to
use Corollary 3.8, we first prove that e, (u,) € M, for n sufficiently large.

Because ¢/* — 1 = ixli—1(x) + (e —1— ix1—117(x)), we have

( [ e"*dunm—l)
R
=z‘/ﬂ;x1[—1,1](x)dun(x)+/R(eix — I —ix1—1,1(x)) din (x).

We use Lemma 2.5, and the fact that ¢! — 1 —ix I—1,11(x) ~x=0 —%xz, to deduce
that

Gy fim k([ e dunn = 1) =in =G+ [ 1= 1o,

Consequently, m(e.(i1n)) = Jg e du,(x) tends to 1 as n tends to oo, and
e, (un) € M, for n sufficiently large. Without loss of generality, we assume that
e, (uy) is in M, for all n € N. We set (r,, w,)nen the sequence of [0, 1] x U
such that, for all n € N, we have m(e.(u,)) = ryw,. Thanks to Corollary 3.8,
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it suffices to prove that lim,_, » a)ﬁ" = w and to prove that the measure k,(1 —

N(¢))d(e(un)) (@, &) converge weakly to (1 — 9(¢))dv + %81 to conclude.
From (3.4), we deduce that

kn
lim rk"a)k" = lim (/ e dﬂn(x)>
n— 00 n—=>\JR

a .
:exp(in ~3 + /(e’x —1- 1[_171](x)ix),0(dx)),
and this result can be split into
kn a
nli)m rn —exp(—i + /(COS(X) - l)p(dx))
and

lim a)k” = exp(zn +1 /(sin(x) — l[_l,l](x)x)p(dx)> =

n—oo

Using the real logarithm, we deduce that, as n tends to oo,

1 1
(3.5) rn_1 =1+ E(% — /(cos(x) — 1),0(dx)> + 0<E>.
Using w,, = rn_1 Ir e dun, (x), (3.4) and (3.5), it follows that, as n tends to oo,
i 1
(3.6) w, =1+ —(n + [(sin(x) — 1[_171](x)x),0(dx)) —i—o(—).
ky, kn
In order to prove that the measures k, (1 — 9 (¢)) de,u, (w, &) converge weakly to

(1 —NE))dv + gé 1, we shall use the method of moments and prove that, for all
meN,

lim k, /z () dlex () (wm—fg 1—%@))dv(;>+—

n—oo

Let n € N. We have

ko f £ (1= R()) d(es () @nl)
— & / R(wy 1)) dles () (©)
=k,,wnm/Re”"X(1—9t(w;1 ™)) dpn (x)

=kyw, " A;eimx(l — R(wp) cos(x) — J(wp) sin(x)) duuy (x).
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Let us decompose the integral under study into four terms:

b [ €7(1=90)) (e () @10)
= Ky, ") [ (1 = c03() dyin (1)
ka1 =)o [ e a0
+ kS (@) 0, ™ /R (x1{—1.17(x) — ™ sin(x)) dpu, (x)

~ @, [ 11000 duaa ().

Thanks to Lemma 2.5, and because lim,,_, oo w;, = 1, we know the limit of the first
term:

nli)ngokna);mﬂi(w,,) /IReimx(l —cos(x)) du, (x) = /I;{e"”“‘(l — cos(x))dp(x) + g

=f ;"(1—%(0)(1v<¢)+é
U ' 2

The three others terms tend to 0. Indeed, (3.6) implies that k,(1 — R(w,)) =
o(1/ky) _and S(w,) = O(1/k,) when n tends to oo. We know that w, ™ = O (1)
and [p e dp,(x) = O(1) when n tends to oo. Finally, Lemma 2.5 tells us that
JrO =1 (x) — ™ sin(x)) dun(x) = O(1/ky) and [p x1{—1,17(x) dpn(x) =
O(1/ky) as n tends to co. Thus,

o1 =@, ™ [ ™ a0,

B @0, [ (11,000 = € sin (o) i ()
R
and
3@, [ K1) dpn ()

are o(1) as n tends to oo, and the result follows. [

4. Free log-cumulants. We are at the beginning of the second part of the
paper, the aim of which is to prove Theorems 2 and 3. This goal is achieved in
Section 7. While Sections 5 and 6 investigates the distributions of certain classes of
random matrices, the current section is devoted to establish Proposition 4.1 which
is the result of free probability needed for the asymptotic theorems proved in the
last section of the paper. As a consequence, Section 4 can be read independently
of Sections 5 and 6.
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Mastnak and Nica explain in [30] that, in order to treat the multi-dimensional
free multiplicative convolution, it is preferable to work with a logarithmic version
of the S-transform. This leads to a sequence of coefficients which in [13] are called
the free log-cumulants. In this section, we use the theory of free log-cumulants
to establish Proposition 4.1 which links in an explicit formula the moments of a
X-infinitely divisible measure to its X-characteristic triplet. We start by stating
Proposition 4.1, after which we introduce the free log-cumulants, which will be
used only in the proof of Proposition 4.1.

4.1. Moments of a W-infinitely divisible measure. Proposition 4.1 involves
combinatorics on the symmetric group &,. We first present the poset structure
of G&,,.

Let n € N*. Let &, be the group of permutations of {1,...,n}. For all per-
mutation o € G,, we denote by £(o) the numbers of cycles of o and we set
|o| =n — (o). The minimal number of transpositions required to write o is |0 |
and we have |o| =0 if and only if o is the identity 1g,. We define a distance on
S, by d(o1,02) = o, 1c72|. The set G, can be endowed with a partial order by
the relation o1 < 02 if d(lg,, 01) +d(01,02) =d(lgs, ., 02), or similarly if o7 is on
a geodesic between 1g, and o>. The minimal element of G,, is thus 1g, .

For all o € &,,, we denote by [lg,, o] the segment between 1g, and the o,
that is, the set {w € &, : mw < o}. It is a lattice with respect to the partial order.
A (I + 1)-tuple I' = (09, ..., 07) of [1g,, o] such that

op<01<---<01X0

is called a simple chain if and only if, for all 1 <i </, 0;11 o; is a nontrivial cycle.
The length k of a k-cycle ¢ will be denoted by fic. We are now ready to state the
main result of this section.

PROPOSITION 4.1. Let u € ID(U, X) with X-characteristic triplet (w, b, v).
Foralln e N* and all 0 € &,,, we have

IT'|
1
[T mecu) =" 1. > — | | Lka(or,oi-+1(10),

|
c cycle of o " simple chain in [1g,,0] |F| i=1
I'=(oy,...,or),or|=0

where:

1. Liy(p) =Log(@) — b/2 + [y(R(&) — 1) dv(2),
2. Lio(p) = —b + [y(¢ — 1> du(¢)
3. and Lkn (1) = (¢ — )" dv(¢) forall n > 3.

The proof of Proposition 4.1 requires the notion of free log-cumulants and we
postpone it until Section 4.4. In the mean time, we review the properties of the free
log-cumulants that we shall use.
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4.2. The noncrossing partitions. The definition of the free log-cumulants in-
volves combinatorial formulae which are related to noncrossing partitions. We de-
scribe here the poset structure of the set of noncrossing partitions N C (n), and we
shall see that it is intimately linked to the poset structure of &,,.

A partition of the set {1, ..., n} is said to have a crossing if there exist 1 <i <
Jj <k <1 <n, such that i and k belong to some block of the partition and j and
[ belong to another block. If a partition has no crossings, it is called noncrossing.
The set of all noncrossing partitions of {1,...,n} is denoted by NC(n). It is a
lattice with respect to the relation of fineness defined as follows: for all 7y and
my € NC(n), we declare that 1 < 75 if every block of 7y is contained in a block
of m,. We denote, respectively, by 0,, and 1,, the minimal element {{1}, ..., {n}} of
NC(n), and the maximal element {{1,...,n}} of NC(n).

In [10], Biane describes an isomorphism between the posets NC(n) and
[lg,.(1---n)] C &,. It consists simply in defining, from every partition 7 €
NC(n), the permutation o, which is the product, over all blocks {i] < --- < iy}
of m, of the k-cycle (i1 ---ir). In other words, take the cycles of o, to be the
blocks of m with the cyclic order induced by the natural order of {1, ..., n}. Note
that 0g, = 1g, and o1, = (1---n).

LEMMA 4.2.  The function & — oy is a poset isomorphism between N C (n)
and [lg,, (1---n)].

Let m € NC(n). It is immediate that the map o +—> o 1o, is an order-
reversing bijection of [lg,, 0;]. The corresponding decreasing bijection K, of
{n’ € NC(n) : ' < m} is called the Kreweras complementation map with respect
tor.If m =1,, weset K(o) = Kj,(0).

Let n € N. A chain in the lattice NC(n) is a (I + 1)-tuple of the form ' =
(7o, ..., m) with mg, ...,m; € NC(n) such that my < 7 < --- < 77 (notice that
we do not impose mg = 0,, nor 7; = 1,,, unlike in [30]). The positive integer / ap-
pearing is called the length of the chain, and is denoted by |I'|. If, for all 1 <i </,
Ky, (i—1) has exactly one block which has more than two elements, we say that
I" is a simple chain in NC(n). This way, we have a one-to-one correspondence
between simple chains in NC(n) and simple chains in [1g,, (1---n)] via the iso-
morphism of Lemma 4.2.

4.3. Free log-cumulants. Let u € M,. We denote by W, (z) the inverse un-
der composition of zM,(z), and we denote by C,(z) the formal power series
M, (W, (2)). The coefficients (ki (u))ren of

Cu@ =1+ k(w7
k=1
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are known as the free cumulants of . Let 1 € NC(n). We set

k[m](n) = 1_[ KB (1L).

B block of w

For all n > 2, we set

(— 1)1+l Tl
— HK[Km(ﬂifl)](M)'

i=1

Lia(w)=mi(w)™" Y
I" chain in NC(n)
I'=(mo,...,mr|)
70=0p,71|=1p

We shall call the coefficients (Lxy(w)),<2 the free log-cumulants of (1. We define
also the LS-transform of u by

LS, (z) =) Lin(w)Z".

n=2

Let us define also Lkj(u), or Lk (u), the free log-cumulant of order 1 of u, by
Log(m1(w)), where Log is the principal logarithm.

REMARK 4.3.  From Proposition 4.5 of [30], we see that this definition of LS,
extends the definition of the L S-transform of p given by Definition 1.4 of [30]
in the case m(u) # 1. The definition of the free log-cumulants (Lk;, (1)), en*
follows [13], but we observe that Lk, (1) would be denoted by Lk, (A) in [13],
where A would be a random variable whose law is .

As the free cumulants linearize B, the free log-cumulants linearize .

PROPOSITION 4.4 (Corollary 1.5 of [30], Proposition 2.11 of [13]). For all
w,v € My, we have Lx1(u X v) = Li1(u) + Lei(v) (mod 2im) and, for all
n>2,

Licy (n W v) = Ly (1) + Licy (v).

For concrete calculations, one would prefer to have an analytical description of
the free log-cumulants. We have S, (0) = 1/m () and by consequence, we can
define the formal logarithm of m(u) - S, as the formal series log(m(w) - S,) =

— X LA = mi(w) S @)
PROPOSITION 4.5 (Corollary 6.12 of [30]). Let u € M,. We have

LS, (z) = —zlog(m(n) - $,.(2)).
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REMARK 4.6. Technically, Corollary 6.12 of [30] only deals with measures,
or more precisely linear functionals on C[X], such that m () = 1. One can adapt
the proof presented in [30]. Alternatively, argue as follows. From a measure p €
M., we can define ¢, : C[X] — C such that (pﬂ(Xk) =m1 () ¥my (). Then we
observe that S,, =mi(n) - S, (z) and LSy, = LS. As a consequence, LS, (z) =

LSy, = —zlog(Sy,) = —zlog(mi () - S,.(2)).

Let m € NC(n) be such that 7 has exactly one block which has at least two
elements. Let {j, ..., jn} be this block of 7, with j; < --- < jy. Let us denote
by Lk[m](w) the free log-cumulant Lxy (1).

PROPOSITION 4.7 (Corollary 2.9 of [13]). Let u € M, and n € N*. We have

IT'|
1
@.1) my(p) ="t > oy L L L[ Koy (i D] ().
I' simple chain in NC(n) | | i=1
I'=(mo,...,7r)),70=0p

4.4. Proof of Proposition 4.1. Let us formulate a more general formula
than (4.1) with the help of the symmetric group.

LEMMA 4.8. Let ue My andn e N*. Forall o € G,,, we have

1_[ Mge (1)

c cycle of o
4.2)
LI

_ ki) > — [ Lkaor.oi_n)+1 (1)

|
I' simple chain in [1g,,,0] |F| i=1
I'=(oy,...,o|r)),0r|=0

PROOF. The analogue formula of (4.1) for simple chains in [1g,, (1---n)] is
obtained via the isomorphism of Lemma 4.2, remarking that, for a [-cycle o oy
of [1g,, (1---n)],wehavel =n —E(al_lag) +1=d(oy1, 02)+ 1. By consequence,
we have

1 Il

my () = e”LKl(M) ’ Z F 1_[ LKd(oi,Ui—1)+1(M)-
I' simple chain in [1g,,,(1---n)] | | i=1

I'=(00,...,or)),00=1
Applying the Kreweras complementation o +— o ~!(1---n) which is an isomor-
phism and preserves simple chains, we obtain
IT|

1
my () = "1 > Tl [ Lacos.or_y+1G).-
" simple chain in [1g,,(1--:n)] | | i=1

I'=(oy,...,or)),or|=(1---n)
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We now use the fact that for a cycle ¢ of length fic, the segment [lg,,c] C G,
is isomorphic as a lattice to [1g,,, (1---fc)] C Sy, and by consequence, (4.2) is
true if o is a cycle.

For an arbitrary permutation o', we decompose it into cycles cy, ..., ¢y (). Con-
structing a simple chain of length k ending at o is equivalent to constructing £(o)
simple chains ending, respectively, at c1,..., c¢o), whose lengths Iy, ..., [y )
add up to k, and shuffling the steps of these paths, that is choosing a sequence
(C1, ..., Cyo)) of subsets of {1, ..., k} which partition {1, ..., k} and whose car-
dinals are [y, ..., ly(s), respectively. Using the formula (4.2) for cycles, this remark
leads to (4.2) for an arbitrary 0 € G,,. [

In order to complete the proof of Proposition 4.1, it suffices to compute explic-
itly the free log-cumulants of a X-infinitely divisible measure.

PROPOSITION 4.9. Let u € ZD(U, X) with X-characteristic triplet (w, b, v).
We have:

1. Lii(p) =Log(w) — b/2 + [y(R(Z) — 1) dv(?),
2. Lio(w) = =b+ [y — D*dv(©)
3. and Lkn (1) = (¢ — D" dv(¢) forall n > 3.

PROOF. The data of S, (z) is given by (2.5). We first remark that
mi(p) = §,(0) " = we™ AR EOH-Odu@)

from which we deduce that Lk (u) =Log(m1(u)) = Log(w) —b/2 + [;(R(¢) —
1)dv(7). We also have m(1)S,(2) = 5,.(2)/8,(0) = exp(bz + fyy Tra=gy —
(1 —¢)dvu(¢)). Therefore,

2 -1 2
LS, = ~zloglm(u) - 5,0) = b2 + [ TP duee)

We identify (Lk,(1))n>2 as the coefficients of LS, (z) = > 02, Lk, (n)z". O

5. Convolution semigroups on U(N). In this section, we define and study
the convolution semigroups on the unitary group U (N). More precisely, we are
interested in computing |, UN) 2®"du(g) for p arising from a convolution semi-
group. In Propositions 5.2 and 5.8, we shall express this quantity in two different
ways. The technique of proof is in the spirit of [25]. It relies on a detailed compre-
hension of the generator of a convolution semigroup on U (N) (see [29]), and on
the Schur—Weyl duality (see Section 5.4, and [15, 16]).

Let N € N and let My (C) be the space of matrices of dimension N. If M €
My (C), we denote by M* the adjoint of M. Let us denote by Tr: My (C) — C
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the unnormalized trace. The identity matrix is denoted by Iy. We consider the
unitary group

U(N)={U € My(C): U*U = Iy}

The ®-convolution of two probability measures p and v on U (N) is defined to
be the unique probability measure u ® v on U(N) such that |, vy fdu®v) =
/; U f(gh)u(dg)v(dh) for all bounded Borel function f on U (N). Let us denote
by ZD(U (N), ®) the space of infinitely divisible probability measures on U (N)
and by ZDjny (U (N), ®) the subspace of measures pu in ZD(U (N), ®) which are
invariant by unitary conjugation, that is, such that for all bounded Borel function
fonU(N)andall g e U(N), we have

fU(N)fdu=/U(N)f(ghg )du(h).

5.1. Generators of semigroups. Let u = (4;);cr+ be a weakly continuous
convolution semigroup on U (N) starting at ;o = §.. We define the transition semi-
group (P;);cr+ as follows: for all € RT, all bounded Borel function f on U(N)
and all h € U(N), we set P; f(h) = fU(N) f(hg)u:(dg). The generator of u, is
defined to be the linear operator L on C(U(N)) suchas Lf =lim;_,o(P; f — f)/t
whenever this limit exists.

In order to describe the generator of a semigroup, we shall successively intro-
duce in the three next paragraphs the Lie algebra u(N) of U (N), a scalar product
on u(N) and the notion of Lévy measure on U (N).

The unitary group U(N) is a compact real Lie group of dimension N2,
whose Lie algebra u(N) is the real vector space of skew-Hermitian matrices:
u(N) ={M € My(C) : M* + M = 0}. We consider also the special unitary group
SU(N)={U € U(N) : detU = 1}, whose Lie algebra is su(N) = {M € u(N) :
Tr(U) = 0}. We remark that u(N) = su(N) ® (iR/Iy). Any Y € u(N) induces a left
invariant vector field Y! on U(N) defined for all g€ U(N) by Yl(g) =DL¢(Y)
where DL, is the differential map of & +— gh.

We consider the following inner product on u(N):

(X, Y) > (X, Y)yny) = Tr(X*Y) = — Tr(XY).

It is a real scalar product on u(N) which is invariant under the adjoint action of
U(N), and its restriction to su(N) is also a real scalar product which is invari-
ant by unitary conjugation on both argument. Let us fix an orthonormal basis
{Y1,...,Yy2_;} of su(N) and set Y2 = ﬁIN. This way, {Y1,..., Yy2} is an
orthonormal basis of u(N).

It is convenient now to introduce an arbitrary auxiliary set of local coordi-
nates around Iy. Let N, 3 : U(N) — My (C) be such that for all U € U(N),
we have R(U) = (U + U*)/2 and I(U) = (U — U*)/2i. Note that i3I takes
its values in u(N). A Lévy measure Tl on U(N) is a measure on U(N) such
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that I[T({/y}) = 0, for all neighborhood V of Iy, we have I1(V¢) < 400 and
Juowy lES@) 15 v, T (dx) < oo.

The following theorem gives us a characterization of the generator of such semi-
groups.

THEOREM 5.1 ([2, 29]). Let = (i4s);cr+ be a weakly continuous convolu-
tion semigroup on U(N) starting at Lo = 8.. There exist an element Yo € uw(N),
a symmetric positive semidefinite matrix (yi j)i<; j<n2 and a Lévy measure I1 on
U(N) such that the generator L of w is the left-invariant differential operator
given, for all f € C*(U(N)) and all h € U(N), by

1 »
Lf () =Yof () +5 > yij¥i¥if(h)
i,j=1

(5.1
+ / Flhg) = Fn) — (i5(2)) FTI(d).
U(N)

Conversely, given such a triplet (Yo, (yi,j)1<; j<n2, I1), it exists a unique weakly
continuous convolution semigroup on U (N) starting at 8, whose generator is given

by (5.1).

The triplet (Yo, (yi, ;) 1<i, j<N2> IT) is called the characteristic triplet of ((s),cr+,
orof L. Let u € ZD(U(N), ®) be such that it exists a weakly continuous convo-
lution semigroup (u,);er+ With w1 = p and o = &y, . In this case, we say that the
characteristic triplet of (u;);cr+ 1S a characteristic triplet of (. It is not unique but
it completely characterizes the measure . Conversely, every triplet of this form is
a characteristic triplet of a unique measure in ZD(U (N), ®).

5.2. Expected values of polynomials of the entries. Let n € N*. In this sec-
tion, we give a formula for [y, ¢®" duu(g) when pu arises from a convolution
semigroup. Consider the representation p{’]( N) of the Lie group U (N) on the vec-

tor space (CV)®" given by
Pl (@) =88 ®ge U(N)®" C End((CM)®").
n times
Set d,ol’}(N)(L) = L(,o{’,(N))(IN) € End((CN)®"), where pZ(N) is seen as an ele-
ment of C2(U (N)) ® End((CN)®m).

PROPOSITION 5.2. Let (ius);er+ be a weakly continuous convolution semi-
group on U(N) starting at ng = 8, with generator L and characteristic triplet
(Yo, Vi, j)1<i, j<n2, ID. For all t € Ry, we have the equality in End((CN)®n)

®nd =exp(tdp} L
/U(N)g e () p(tdpfvy(L))
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with
k—1 ko 1 ¥
dppy(L)= ) W7 @ Yo®1dy"~ +3 D Vij
1<k<n i,j=1
x > (WY ey e[ ) o (Y ey, @)

1<k,l<n

+ f <g®” — 1Y —
U(N)

PROOF. Let denote by U : U(N) — My (C) the identity function of U (N).
We compute

Y W eidg e Id%"—")n(dg).

1<k<n

2
1 N
i Iyl
L(ogn) = Yo (U®") + 5 > il Yj(U®n)
i,j=1
[ W - Ut~ i3() (U Tdg)
U(N)
and using that, for all Y € u(N), we have Y/(U®") = U®" . D 1<k<n Id?}k_1 RY®
Id®n—k T
N 9
L(pgn)

1
=U%®. 3 W' e uy Tt + U
1<k=n 2

N2
x >y Y (WEF'eY; e ) (WY T ey @ 1d$" )
i,j=1 1<k,l<n

+Ue". /U (N)<g®" 1yt — Y 1! ®i%(g)®1d%"—k>n(dg).

1<k<n

Hence, d,ol”j(N)(L) = L(,ol”](N).)(e) leads to the expression of d,o{’](N)(L) given
above. We conclude by remarking that

t_’/ g®"duz(g)=/ pZ(N)(g)d,ut(g)
U(N) U(N)
and t — exp(tdpy, N) (L)) are both the unique solution to the differential equation

y(0) =13",
Y =y -dpfny(L). O
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We now give an alternative expression of d,og( N)(L). Letm > 0. Forall 1 <

Qn
ki <--- < ky <n, let us denote by L%N((i)m : My (C)®" — My (C)®" (or more

simply t, ...k, ) the mapping defined by

that is to say in words that ¢, 4, (X1 ® --- ® X;,) is the tensor product of
X1, ..., Xy, atthe places ki, ..., k;,, and Iy at the other places.

PROPOSITION 5.3. Let L be a generator with characteristic triplet (Yy,
(yi,j)lfi,jSNL H) We have

d,ol”](N)(L) = Z tk(Yo +/U(N)(§R(g) - IN)H(dg))

1<k<n
e

+§ Z Viij - Z t(Yi)ouy(Yj)
i,j=1 1<k,l<n

Y e[ (N)<g—1N>®'"n(dg)).

2<m<n
1<k|<-<kp<n

PROOF.  Our starting point is the expression of doy; v (L) given by Proposi-
tion 5.8. Let us remark that
¥ =(g—In+In)®"
=IY" + > Uk ((8 = IN)®™),

1<m<n
1<ki<--<kp<n

from which we deduce that
/ (g®" —1dY - > WY eis(e) ® Id%”"‘)ﬂ(dg)
Uw) 1<k=<n

- (Z (g — Iy —i3(9))

U@) 1<k<n

+ Z Uepokn (8 — IN)®m))H(dg)

2<m<n
1<k|<--<kp<n

= Z tk(/U(N)(m(g) — IN)H(d8)>

1<k<n

Y e (N)<g—1N>®mn<dg>)

2<m<n
1<ki<--<kp<n
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because all the integrand are equivalent to ||iJ(g) ||121( N) in a neighborhood of Iy,
and hence integrable with respect to I1. Replacing the last term by this new ex-
pression in Proposition 5.2 yields to the result. [

5.3. Conjugate invariant semigroups on U(N). A weakly continuous convo-
lution semigroup ((s),er+ on U (V) starting at ;g = d, is said conjugate invariant
if all u; belong to ZDjn, (U (N), ®).

PROPOSITION 5.4. Let (is);er+ be a weakly continuous convolution semi-
group starting at j1o = 8, which is conjugate invariant. Let (Yo, (i, j)1<i,j<n, IT)
2
be its characteristic triplet. The differential operator %va j=1Yi.j Yil YJl- and the
measure Tl are both conjugate invariant. Moreover, there exists three constants
vo, « and B € R such that Yo = iyoly and

o 0
Vi, j<ij<N2 =
0 B

PROOF. Thanks to [29], if we denote by (Yo, (i, j)<;, J<N2s IT) the character-

istic triplet of u, the differential operator % Zﬁ’;:l Vi,j Yil Y Jl and the measure IT are
both conjugate invariant. The map i< is equivariant by a unitary conjugation and
following the proof of Proposition 4.2.2 of [26], we deduce that Y is in the center
of u(N): there exists yg € R such that Yo = iypldy.

Because {Y1,...,Yy2_;} is a basis of the conjugate invariant Lie sub-algebra
su(N), {yin,yni: 1 <i < N2} = {0}, and because su(N) is simple, there exists
o € Rsuch that (yi ;)< j<v—1)2 =aln—1. Weset B=yy n. U

Thus, the invariance by conjugation of y implies that its generator L is a bi-
invariant pseudo-differential operator. In this particular case, the expression of
dpy; vy (L) can be described with the help of the symmetric group. It is the ob-
ject of the next section to use the Schur—Weyl duality in order to formulate a new
expression of d,o["](N) (L).

5.4. Schur—Weyl duality. The Schur—Weyl duality is a deep relation between
the actions of U(N) and &,, on (CV)®" which allows one to transfer some ele-
ments relative to U (N) to elements relative to G,, (see [15-17, 25]). Let us spell
out this fruitful duality.

Let n € N. Define the action pS” of &, on (CV)®" as follows: for all o € &,
and x1, ..., x, € CV, we set

(/Osn (U))(xl R - Qxy) = Xo—1(1) K- ®x0—1(n).
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Let us denote by C[&,,] the group algebra of &,,. The action pS" determines a ho-
momorphism of associative algebra d,oS” : C[6,] — End((CY)®"). The Schur—
Weyl duality asserts that the sub-algebras of End((C")®") generated by the ac-
tion of U(N) and &,, are each other’s commutant. In particular, any element of
End((CN)®") which commutes with ,OZ( N) (g) for all g € U(N) is an element of

the algebra generated by ,OS” (&,), that is to say an element of dpsn (C[S,D.
For all A € End((CV)®"), we define

EA:/ ®1 5 A o (%)% dg € End((CN)®"),
(A) v § O o (g*)*" dg € End((C")™")

where the integration is taken with respect to the Haar measure of U (N). Obvi-
ously, E(A) commutes with pf, ( N)(g) for all g € U(N), and due to the Schur—
Weyl duality, £ (A) has to lie in d,of,’" (C[S,]). In Proposition 2.4 of [16], Collins

and Sniady answered the question of determining an element of C[&,] which is
mapped on E(A), as follows. Set

DA)= > Tr(Aopy'(c7")) o €C[&,]
cel,
and define Wg =} .5, Wg(o) - 0 € C[&,] such that dpS"(CD(Id%”) -Wg) =
1d§". If n < N, the element ®(1d%") is invertible and Wg must be ®Id§")~!.
If N < n, one can choose any pseudo-inverse of the symmetric element CD(Id%” )

to be Wg. Let us insist on the fact that Wg depends on both n and N, even if for
convenience, this dependence is not explicit in the notation.

PROPOSITION 5.5 ([16]). For all A € End((CM)®"), we have E(A) =
dpy" (D(A)Wg).

Very succinctly, the argument is as follows:

px" (@A) = py" (R(E(A))) = oy (P(E(A) - 1dF")) = E(A) - py" (@(1dF")).

It allows us to write explicitly elements of the commutant of the algebra generated

by pf; (N) a8 elements of dpS" (C[6&,]. Indeed, if A commutes with p{’]( N) (g) for
all g € U(N), we have

A=EA) =dpy" (P(A)Wg).
Moreover, they give an asymptotic of the Weingarten function.
PROPOSITION 5.6 ([16]). For all o € &, we have Wg(c) = O(N~"~1ol)

when N tends to 0o. We have also Wg(lg,) = N™" + O(N~""2) when N tends
to oQ.
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EXAMPLE 5.7. 1. For n = 1: we have Wg = 1g,/N and therefore, for all
A € End(CV),

1
E(A)= N Tr(A)In.

2. For n = 2: we have Wg = 3 —(lg, — 3(1,2)), and thus, for all A, B €
End(CV),

E(A® B)= 13— ((Tr(4) TH(B) ~ Te(AB)/N) - I
+ (Tr(AB) — Te(A) Te(B)/N) - dpS" ((1,2))).

The generator L of a conjugate invariant convolution semigroup is a pseudo-
differential operator which is bi-invariant, and by consequence the element
a’p{’,(N)(L) commutes with :OZ(N) (g) for all g € U(N). Thus, it is an element of

a’pS” (C[6,]). Let T, be the subset of &, consisting of all the transpositions. For

n

all 1 <k <---<ky fn,letusdenotebyt,(?]
lk,,...k,,) the mapping defined by

Ky G, — G, (or more simply

.....

ki = ko iy,
i, fori ¢ {ky,..., kn}.

. . ®n
This map is such that ,01(3 o ‘kgln... ky = LIQ/IIN ((Ck)m o ,01(\?’”. We are now ready to state

the main result of this section.

n

PROPOSITION 5.8.  Let yg, o, B € R and I1 be a Lévy measure on U (N) which
is conjugate invariant. Let u € TD(U (N), ®) with characteristic triplet

o 0
iyoln, 1
a
0 B
We have fU(N) g®du(g) = d,oS" (ei), where
2 2
Z:(niyo—"——+<"——n1v>g+3 Tr(SR(g)—l)l'[(dg))lG
N 2 N 2 U(N) "
-« Z T+ Z Z We(o 1)
T€Ty 2<m<n o,meS,

1<ki<--<ku<n

_ e '
X/U(N) [T Tr((g = D*)de) - thy.... 1, (-

c cycle of o
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PROOF. Let (;);cp+ be the weakly continuous convolution semigroup whose
characteristic triplet is

o 0
(lyOIN7( ),H),
a 0 B

and let L be its generator. By definition, u = (1, and thanks to Proposition 5.2, we
know that

®nd =exp(dpp; vy (L)).
/U(N)g n(g) p( Pu ) ( )

To conclude, it suffices to prove that dpy; N) (L) = d,oS" (Z). We start from Propo-
sition 5.3. We have

ol L) = Y lk<i”)’0+ /U (N)(m(g)—IN)n(dg))

1<k<n
aNz—l B
+= > Y uou+= DY u¥y2)ou(Yy2)
2 4 2
i=1 1<k,<n 1<k,l<n
T km< [ (g—1N>®'"n(dg>).
2<m<n UN)

1<k <--<kp<n

Thanks to the invariance under conjugation of IT and ZlN:z . 'Y; ® Yi, we know
from Example 5.7 that

/U 1) = )T = fU o EOU®) = 1))

1
= oo N Tr(N(g) — 1)T(dg)

and

N2-1 N2-1 1 o
Y Yi®Y = E( Y Yi® Yi) = le\?z —pN"((1,2)).
i=1 i=1

We also deduce from Proposition 5.5 that

f (g — Iy)®"T1(dg)
U(N)

= E((g — In)®™)T(dg)
UN)

:/um > Welo™'n) [T (g~ D¥)-doy" (0)TI(dg).

o,meS,, ¢ cycle of o
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Thus, we have

dPZ(N)(L)
2 2
n- B n o n
= (nivo— —Z 4+ (= —unN )= _f Tr(R —11‘[d>1®"
<my0 N2+<N " )2+N U(N) r(l(g) ) (dg) Iy
NZ—1

—a X Y waopyi((1,2)

i=1 1<k<I<n

+ > > Wg(a_ln)-/ [] Tr(g—D*)I1(dg)

2<m<n o,meS,, UN) ¢ cycle of o
1<ki<--<kn<n

&
X Uey,k © PN (T,

from which we deduce that d,o,”](N)(L) = d,oS" (i). |

6. The stochastic exponential £y. In this section, we shall describe Ey,
a map which connects the infinitely divisible measures on the space of Hermitian
matrices H y and the infinitely divisible measures on U (N). We start by presenting
&y in Proposition—Definition 6.2, and the rest of the section is devoted to the proof
of Proposition—Definition 6.2.

We consider the Hilbert space of Hermitian matrices

Hy ={x € My(C): x* =x}.

We denote by = the classical convolution on the vector space H y: given two proba-
bility measures ¢ and v on H y, the convolution w * v is such that fHN fd(uxv) =
fHN fHN f(x+ y)u(dx)v(dy) for all bounded Borel function f on Hy. Let us de-
note by ZD(Hy, *) the space of infinitely divisible probability measures on Hy
and by ZDjn, (H n, *) the subspace of measures p in ZD(H y, *) which are invari-
ant by unitary conjugation, that is, such that for all bounded Borel function f on
Hy and all g € U(N), we have

/HN Jdu= /HN f(gxg") du(x).

6.1. Infinite divisibility on Hy. The advantage of ZD(Hy, *) is that each in-
finitely divisible measure arises from a unique convolution semigroup, and by con-
sequence, is characterized by a unique generator. In order to describe this genera-
tor, we introduce now an inner product on Hy and we define the notion of Lévy
measure.

We endow H with the following inner product:

(x,y) > (x, y)3y = Tr(x*y) = Tr(xy).
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It is a real scalar product on Hx which is invariant by unitary conjugation. We
remark that iHy = u(N). Thus, the family {X1, ..., X2} ={=iY1,..., —iYp2}
is an orthonormal basis of H y such that X > = ﬁl ~ . It is now useful to fix one
compact neighborhood B of 0: we choose to set B = B(0, 1), the closed unit ball
of Hy. A Lévy measure Tl on Hy is a measure on Hy such that both TT1({0}) =0
and such that [, ||x||f2HNl'I(dx) and IT(BC) are finite.

Let Cg(’HN) be the space of function f € C 2(H ) with bounded first- and
second-order partial derivatives.

THEOREM 6.1 [29, 32]. Let u € ID(Hp, *). There exists a unique weakly
continuous semigroup (*"),ep+ such that 1*° = 8y and pu*' = . There exist an
element Xo € Hy, a symmetric positive semidefinite matrix (yi,j)1<; j<n2 and a

Lévy measure T1 on Hy such that the generator L of (u*");cgr+ is given for all
feCi(Hy) and all y € Hy by

1
LE() =8x,f0) +3 2 viujdx, 0x; F (V)
ij=1

6.1
+ fHN FO+x)— f(y) —1p(x) 9 f(y)IT(dx).

The triplet (Xo, (yi,j)<;, j<N?> IT) is called the characteristic triplet of w, and
its associated generator L is called the generator of u. Conversely, given such a
triplet (Xo, (yi,j)1<;, j<N2s [T), there exists a unique infinitely divisible measure p
whose generator is given by (6.1).

Let us remark that the functions e and sin make sense on H . For all x € Hy,
we have

e(x) =exp(ix) e UN) and sin(x)=Joce= (" —e ™)/2i € Hy.

As previously, for all measure I1T on Hpy, the measure e,(I1) denotes the
push-forward IT on Hy by the mapping e : Hy — U(N), and the measure
e, (I |y v\ {1y} 1s the measure on U(N) \ {Iy} induced by e, (IT). We are now
able to formulate the main result of this section.

PROPOSITION-DEFINITION 6.2. For all i € TD(Hy, *) with characteristic
triplet

(Xo, (i) 1<i,j<n2s 1),
we define En () to be the measure of ZD(U (N), ®) with characteristic triplet

(iX() +i A (sin(x) — lg(x)x)n(dx), (yi,j)lsi,jsNz’ e*(n)|U(N)\{1N}>.

The map En : ID(Hn, %) = ID(U(N), ®) is called the stochastic exponential
and has the following properties:
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1. For all u € ITD(Hn, %), the measures (ex(u*'/™)®" converge weakly to
En(p).

2. The stochastic exponential maps I Diny(Hn , *) to IDjny(U (N), ®), and for
all ., v measures of TDiny(Hp, *), we have

En(u*v)=En(n) ®EN(V).

The tool used to prove this proposition is the Fourier transform of a measure on
U (N). Before proving Proposition 6.2 in Section 6.3, let us introduce this notion.

6.2. Fourier transform on U(N). The set U/(IV) of isomorphism classes of ir-
reducible representations of U (N) is in bijection with the set Ziv of nonincreasing

sequences of integers ¢ = (o1 > --- > ). For all o € Ziv, let 7% € U/(F) be a
unitary representation in the corresponding class, acting on a vector space E,, and
let x, be its character, that is to say the function Tr o 7. We will also consider the
normalized character ¥4 () = xo () / Xa (IN)-

Let i be a probability measure on U(N). The Fourier transform & of w is
defined for all o € Ziv by i(a) = fU(N) 7% (g)u(dg) € End(E,). Here are three
properties of the Fourier transform (see [24, 34]).

1. For all probability measures p and v, and for all o« € Zi\’ we have u/@(a) =
R(e)v(a).

2. A sequence of probability measures (u,),eN converges weakly to a measure
w if and only if for all & € Zi\’ , the sequence (i, ())nen converges to (o).

3. A probability measure p is central, or conjugate invariant, if and only
if for all o € Zﬁ’ , i(a) is a homogeneous dilation, and in this case (o) =

Ju vy Ya(8)n(dg)dg, .

The following proposition gives the Fourier transform of a measure arising from a
convolution semigroup.

PROPOSITION 6.3. Let (is);er+ be a weakly continuous convolution semi-
group on U(N) starting at ug = 8, with generator L. For all t > 0, and all
o € ZV, we have [i;(a) = 'L UN) - Moreover, if u is conjugate invariant, we
have [ty (o) = e'TVeUN1dE .

PROOF. For all @ € Z¥, we have [7;(«) = fU(N) 7%(g)u:(dg) =Idg, + ¢ -
Lr®(Iy) + 0;-0(t), which implies that 17; () = limg_, Z5 (@0)"/s = 'L7*UN) 1f
W is conjugate invariant, then, for all # € R™, u, is conjugate invariant, and we can
replace 7% by ¥, in the previous computation. [
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COROLLARY 6.4. Let (iur);cr+ and (vi);cr+ be two weakly continuous con-
Jjugate invariant convolution semigroups on U (N) starting at g = 8, with respec-
tive characteristic triplets

(Yo, Gi,)1<ij=n2, ) and (Yo, (v ;)1 <; j<p2 IT)-

Then (L ® Vi) ,er+ IS a weakly continuous convolution semigroup on U (N) start-
ing at po = b, with characteristic triplet

(Yo + Yo, (vi,j + 37 ) 1<i ey T+ TT).

PROOF. Remark that (y; ; + y{’ )1<i,j<n? 1s a symmetric positive semidefi-
nite matrix and that IT + IT’ is a Lévy measure. Let L and L’ be the respective
generators of (i4;);cr+ and (v;);cr+ given by (5.1). Thanks to Proposition 6.3 and
to the conjugation invariance, for all o € ZN  we have

i (@) = (@) - 5 (a) = elLll’a(lN)etL/%(lN)IdEa — et(L"'L/)%UN)IdEa.

To conclude, observe that, for each time ¢ € Ry, the measure at time ¢ of the
weakly continuous semigroup whose characteristic triplet is (Yo + Y5, (vi,; +
i =i j<nz. 1T+ IT") has the same Fourier transform as u; ® v;. 0O

LEMMA 6.5. Let i and v € IDj(U(N), ®) with characteristic triplet
(Yo, ()’i,j)1§,',j§1v2a ) and (Y, (yi,,j)lgi,jgNz’ IT'). Then, (Yo + Yé, ()’i,j +
yl{,j)lfi,jSNz’ 1 + IT') is a characteristic triplet of u ® v. In particular, for all
kelZ, Yo+ 2ikmly, (yi,j)lsi,jsNz’ 1) is also a characteristic triplet of |4.

PROOF. The first assertion follows from Corollary 6.4. For the second asser-
tion, we remark that (8,2, );cr+ 1s @ weakly continuous convolution semi-
group with characteristic triplet (2ikm,0,0). By consequence, (Yo + 2ikm Iy,
(¥i,j)1<i, j<n?» I 1s a characteristic triplet of pt ® 8,2ikr f,, = . U

We are now ready to prove Proposition—Definition 6.2.

6.3. Proof of Proposition—Definition 6.2. First of all, we remark that the sine
function is bounded and sin(x) — x ~,_,¢ x> /6, which implies that fH N (sin(x) —
1p5(x)x)IT(dx) exists.

We start by proving the first item. Let u € ZD(Hy, *). Let us denote by L, the
generator of v and by Lg, . the generator of Ex (). Let o € Ziv . We have

—

e (W) (@) = fH 7% (e(x)) /" (dx)

=Idg, + L, (7% 0e)(0)/n + op—oo(1/n),
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— —

which implies that lim,_ oo (€x(*1/"))®(a) = lim,_ oo (s (*/7) ()" =

eLun(moe)(0) T et us compute
1
L, (7% 0 €)(0) = dx, (7 oe)(0)+ > yi.jox; 0x, (7% 0 €)(0)
lj 1

+ | 7% YY) — 7%(0) — 15(x) 8, (7* 0 €)(0)TT(dx).
Hy
Recall that, for all Y € u(N), Y is the left invariant vector field on U (]\_] ) in-
duced by Y. Using the fact that, for all x € Hy, 0 (7% o €)(0) = %lt:on“(e”x) =
(i x) 7 (Iy), we infer

Ly (7* 0 €)(0) = (iXo) ( <1N)+ Zyl, “)In)
z] 1

+ /. 7%(e'™) —1dg, — 15(x)(ix) 7*(Iy)T1(dx)

= (i Xo)' () In) + /H (i sin(x) — ilg(x)x)ln“(IN)H(dx)

2
1 N
+5 2 YY) Uy

i,j=1

+/, 7% (e(x)) —Idg, — (i3(e(x))) 7w (Iy)TI(dx)
= Leyum* (IN)-

Finally, for all « € ZY, the sequence (e,(u*!/"))* () converges to

elenw™ UN) — g0 () and consequently the sequence (e,(u*!'/"))®" con-

verges to En ().
For the proof of the second item, we use the Fourier transform of a measure in
ID(Hp, *), which is given by the following proposition.

PROPOSITION 6.6 ([32]). Let n € ZD(Hn,*) with characteristic triplet
(X0, Vi, j)1<i, j<n2s T1). We have fHN e TrOY) # (dx) = exp(t@, (y)) with

2
1 N
ou(y) =i Tr(Xoy) — = Z vi,j Tr(Xiy) Tr(X ;y)
lj 1

n ’ S TOY) 1 —ilp(x) Tr(xy)IT(dx).
N
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Let i € ZDiny(Hy, ). We claim that, for all £ > 0, u* € ZDjny(Hy, *). As-
suming for a moment that this claim is proved, let us explain how it leads to the
result: in this case, each measure (e, (1*'/))®" is conjugate invariant and so is the
limit Ey(w). In addition, for all u, v € ZDjn (Hy, *), the characteristic triplets
of Eny(u xv) and of Ex () ® En(v) coincide thanks to Corollary 6.4, and thus
En(u*v)=En(n) ®EN().

Thus, it remains to prove that, for all ¢ > 0, u* € ZDjn(Hy, *). For this, we
prove that the Fourier transform of * is conjugate invariant. First, ¢, is conjugate
invariant. Indeed, for all g € U (N), we have

¢! Tr8Ye™) 4y () = / ¢! TrE™58Y) 4, (x)

HN

expop,(gyg™) = /H

N

=/ eiTr(xy) d/_L(x) :CXpO(p[L(y)‘
HN

We deduce that ¢, is conjugate invariant since it is continuous and exp og,, is con-
jugate invariant. Consequently, [, N T 8™ g (x) = exp(t@,(-)) is conjugate
invariant, which is sufficient to conclude.

7. Random matrices. In this last section, we shall define the mappings I1y
and I'y. Then we prove Theorem 2, and in particular our main result, the con-
vergence of the empirical spectral measures of random matrices distributed over
'y (n) for some p € ZD(U, K) (see Theorem 7.8). We finish the section by the
proof of Theorem 3.

7.1. The matrix model T1y. Recall that the covariance matrix, which corre-
sponds to the diffuse part of an infinitely divisible measure, depends on the choice
of a basis of Hy (see Section 6.1). In this article, we fixed an orthonormal basis

{X1,..., Xy2} of Hy such that X2 = \/LWIN.

DEFINITION 7.1. Let u € ZD(R, H) and let (1, a, p) be its H-characteristic
triplet. The distribution [Ty () € ZDiny (Hy, *) is defined to be the infinitely di-
visible measure with characteristic triplet (nly, ay, py), where ay is the N 2 x
NZ-matrix

N +1
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and py is the Lévy measure on Hy which is the push-forward measure of Np ®
Haar by the mapping from R x U(N) to H y defined by

0 0 .o
oel g".
0 -~ 0 0

The application Iy : ZD(R,H) — ZDjny(Hy, *) is obviously a homomor-
phism of semigroups and we have IT; = A~!. Moreover, Ty is a matricial model
for ZD(IR, H) in the sense of the following theorem.

THEOREM 7.2 ([4,12]). Let u € ZD(R, B). For all N € N*, let Hy be a ran-
dom matrix whose law is T1y (), and let py, be its empirical spectral measure,
that is to say

1

MHN:N Z 8&-

eigenvalue A of Hy
(with multiplicity)

Then the measures |1y, converge weakly almost surely to ;n when N tends to 00.

In [4, 12], the model is in fact defined starting from a measure y € ZD(R, ).
More precisely, for all u € ZD(R, *) with x-characteristic triplet (7, a, p) and
Lévy exponent

1 .
@u(0) = (in@ — Eaez + fR(e’“ —1- iexl[_l,l](x))dp(x)),

Benaych—Georges and Cabanal-Duvillard defined Ax (1) € ZDiny(Hay, *) by its
Fourier transform: for x, y € Hy, we have

ﬁt eiTr(xy)AN(M)(dx) = exp(gDAN(M) (y)),

where @A ) (v) = NE[g, ((u, yu))], with u uniformly distributed on the unit
sphere of CV. More explicitly,

Payw () =inTr(y) — (Tr(y) Tr(y) + Tr(y?))

4
2(N+1)

n P Try) g _ il1p(x) Tr(xy)IT(dx).
Hy

Using Proposition 6.6, we see that it is exactly the Fourier transform of the in-
finitely divisible measure of ZD;, (Hy, *) with characteristic triplet (nly, ay,
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pn). Consequently, we have Ay =TIy o A, or [Iy = Ay o A~! which can be
expressed as the commutativity of the following diagram:
AN Iy
IDR,*) — IDiny(Hn,*) <— IDR,H).

\—/’

A

Nevertheless, we prefer to use 1y which turns out to be more suitable for our
present purposes (see Theorem 2). One can consult also [18, 19] for further infor-
mation about this model.

7.2. The matrix model I'y. Here again, observe that the data of a covariance
matrix of u(N) depends on the basis chosen, and recall that we fixed an orthonor-
mal basis {Y7, ..., Y2} of u(N) such that Y2 = ﬁIN (see Section 5.1).

DEFINITION 7.3. Let u € ZD(U, X) and let (w, b, v) be its X-characteristic
triplet. The distribution I'y () € ZDiny(U(N), ®) is defined to be the infinitely
divisible measure with characteristic triplet (Log(w) Iy, by, vn), where Log is the

. . . . 2 2 .
principal logarithm, by is the N x N“-matrix

b
_— 0
N+1
by = b ,
N+1
0 b

and vy is the Lévy measure on U (N) which is the push-forward measure of Nv ®
Haar by the mapping from U x U (N) to U (N) defined by

c 0 - 0
1o

€. 9~ ¢g (.) o g
: . . 0

If A is the Haar measure on U, then we agree to define I'y(A) to be the Haar
measure of U(N).

From this definition, we deduce right now the second half of Theorem 2, as a
consequence of the following propositions.

PROPOSITION 7.4. For all uw and v € ITD(U,X), we have I'y(u X v) =
Cn(n) ® Ty (v).
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PROOF. Let yuand v € ZD(U,X). If i or v is equal to A, we have u X v = A.
In this case, I'y(u) or 'y (v) is the Haar measure on U (N) and consequently,
Haar=Tn(uXv)=Tyn(u) ® Cy(v).

If u,v e ID(U, X) N M., with respective X-characteristic triplets (w1, b1, v1)
and (w2, by, vp), the measure u X v € M, is a K-infinitely divisible measure with
X-characteristic triplet (wj w3, b1 + b3, v1 +v2). We denote by (Y, (Yi,j)lgi,jgNZ»
IT) and (Y}, (yi/,j)lfi,ijz’ IT") the respective characteristic triplets of I'(u X v)
and I'(u) ® ['(v). It is straightforward to verify that ((J’i,j)lsi,jgsz I =
(¥ D)1= j<n2» T1), and it remains to compare Yo and Y;. We have Yy =
Log(wiwy) Iy and Yo = (Log(w;)+Log(wy))In. As a consequence, Yy and Yé dif-
fer by a multiple of 2i7 Iy. Using Lemma 6.5, we deduce that (Y, ()’i,j)lsi,jsNZ»
1) and (Y}, (yi/, D1<i, j<N?s IT’) are characteristic triplets of the same measure. In
other words, '(u Xv) =T'(n)®'(v). 0O

PROPOSITION 7.5. For all uw € ITD(R, H), we have I'y o em() = En o
Iy ().

PROOF. Let (n,a, p) be the H-characteristic triplet of . We denote by
(Yo, i, j)1<i, j<n2. I1) and Yy, (yl{,j)lfl.,jSNz’ I[T') the respective characteristic
triplets of I'y o em(w) and Ex o MMy (). We remark first that, following the defi-
nitions,

/
Oisjh=i,j=n? = Vi j)1<ij<n?

a 0
N+1
= a
N+1
0 a

and T[T =11 = M, \U(N)\ {1y} Where M is the push-forward measure of Np ® Haar
by the mapping from R x U (N) to U (N) given by

edx 0 - 0
0 1 .
S g".

To conclude, it remains to compare Yo and Yé. We have

Yo =Logoexp<in +i A‘%(sin(x) — 1[_1,1](x)x)p(dx)>IN
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and
Yo=inly +i /H (sin(x) — 1y (x)x) dpn (x)
N
(sin(x) — 1j—1,17(x)x) 0
0
:in1N+iN// g : g*dgp(dx)
RJU(N) "
0 0

. . L.
=lnIN+1N/[;§N(sm(x)—1[,1,1](x)x)p(dx)

= (in —i—ifR(sin(x) — 1[_1,1](x)x),o(dx)>IN,

where we have used that E(A) = % Tr(A) Iy (see Example 5.7) for the integration
with respect to the Haar measure of U (N). The difference between Yy and Yé isa
multiple of 2i7 Iy. Using Lemma 6.5, we deduce that (Yo, (yi,j)1<; j<n2, I1) and
Yy, (ylf, =i j<N?> I[1") are characteristic triplets of the same measure. In other
words, 'y oem(w) =En o My (). O

7.3. The large-N limit. We are now ready to prove the first half of Theorem 2,
and we begin with a concentration result, very similar to [12], Theorem III.4. For
all f:U— R, themaptrf:U — tr(f(U)) is defined on U (N) by spectral cal-
culus.

THEOREM 7.6. Let u € ZD(U, X)NM,. Forall N € N*, let Uy be a random
matrix whose law is Uy (w). Let us consider f : U — R a Lipschitz continuous
function. Then, for all ¢ > 0, there exists K > 0 such that, for all N € N*,

P[|tr f (Uy) — E[tr f(Un)]| > 6] < 2¢7VK.
PROOF. We adapt the proof of [12], Theorem III.4, in our multiplicative case.

First of all, f is almost everywhere differentiable. The derivative f’ of f and the
Lipschitz norm || f||Lip of f are defined as follows:

|/ (ze") = f(2)] o | (€)= f(e)]
and | fllLip=sup :
h x#yeR |)C - yl

@)= lim

Let (w, b, v) be the X-characteristic triplet of p. The distribution 'y (1) is
the infinitely divisible measure with characteristic triplet (Log(w)Iy, by, Un)
where by and vy are obtained from b and v as in Definition 7.3. We consider
a weakly continuous convolution semigroup (i);cgr+ With characteristic triplet
(Log(w)In, by, vn), in such a way that u; ="'y () and po = 6y, . We consider
the transition semigroup (P;);cp+ of (47);ep+: for all ¢ € R™, all bounded Borel
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function f on U(N), and all h € U(N), P, f(h) = fU(N) f(hg)u:(dg). The gen-
erator L of (P;),;cr+ is explicitly given by (5.1).

We can assume without loss of generality that E[tr f(Uy)] = 0. Let us set, for
any L € Rand ¢ € [0, 1],

¢ (1) = Pr(exp(A P (tr £)))(In).

We have in particular ¢, (0) = 1 and ¢, (1) = E[exp(A tr f(Up))]. Using the com-
mutativity of L and P;, we write

¢ (1) = Py o L(e*P= I (Iy) — AP (L(Py—(tr £)) - P11 D) ().

We replace L by its definition (5.1). Denoting Py_;(tr f) by F; and V = F;(VU)
by F;(-U), it leads to the noncancelable terms

2

‘y=p (2P Nz_lYle M) (p
¢x()—tm;(,~z) e (In)

Wby 2 aF
a4 n (S (R ) )

+ P (fU(N)(e“T’(‘U)‘“”r — 1 —AF;(-U) — AF;) duy(U) - esz)(,N).

Let us examine the first two terms. In [28], Proof of the second assertion of Propo-
sition 3.1, Lévy and Maida proved that the quantity vajl(Yil F;)? is less than
I f ||%ip /N. We retrace briefly the structure of their proof, and refer to [28] for
the detailed steps (note that the norm on u(N) we choose differs from the norm
in [28] by a 1/N factor). We have almost everywhere on U (N)

N2 N2 N2

X:(Y,!Ft)2 => (P10 vl ) < > (Y ))%)

i=1 i=1 i=1

N2

2 1 1

=P (Z(tr(f’Yi)) ) = P () = SIS i
i=1

They used the nonobvious facts that Yl.l (tr ) = tr(f'Y;) and that ZZN: (X Yi))%=

tr(X?)/N. The same argument with Yo=—ily/ V/N shows that, almost every-
where,

N2
(Yl F) = (P o Yoy ) <Y P (Vi 1))
i=1
1
£ 1Eip-

= P ) = o
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Finally, by continuity, we infer that

2
22 NI 22b
7.2 (Y'F) + =—(Y',F,
( ) 2(N+1) g t + 2 ( N2 t) = 2N ”f”Llp

For the third term, we will need the following result. The nuclear norm, or
Schatten 1-norm, is defined, for all A € My(C), as ||All;} = Tr(vV/A*A) =

Za singular value of A lo].

LEMMA 7.7. For all Lipschitz continuous function f : U — R,andallU,V €
U(N), we have

1 2
a(f(U)) — t(F (V)] < ﬁ(%) 1 lpllU = Viis.

PROOF. Let us state the Hoffman—Wiedlandt inequality for unitary matrices
(see [8], Theorem 5.2, for a proof): there exists a way of ordering the eigen-
values A1 (U), ..., 1, (U) of U and the eigenvalues A;(V), ..., A,(V) such that

11 (U) = 1) < @/DIU = V.

For all 1,8 € U, we have |f(51) — f(&2)] = I fllLipd (&1, 82) < (/2) x
I flILipl¢1 — &2|. Therefore,

(£ (@) = te(f (V)]

N N
= % Y @) = fFr(V))] < %ZU(/\,-(U)) %))
i=1 i=1

T 1 /m\2
5|f||L1pZM ) - Ai(vMsN(E) 1Ll U = VI

Set K1 = (m/ 2)2| fllLip = 0. Because P;_; does not increase the uniform norm,
the lemma above implies that |F;(-U) — Fy| < K{||U — In||1/N. Since | — 1 —

ul < “;e'“‘ for all u € R, we get
U)- A2 _
MDA A (U) = AF| < 2N2K12||U — Iy |fM K= NI/,
Let us integrate with respect to duy (U) thanks to Definition 7.3. Remark first that,
for all (¢, g) €e U x U(N), we have
c 0 - 0

0o 1 .
gl 0 g —In| =lc—1]=2.

0O --- 0 1 |
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Consequently,
fU(N)|e”r<'U“Fr 1 —AF,(U) — AF,| duy (@)
(7.3) X
AT o 2 2K /N
<—K —1/°d 174
< oukE [ e = 1P due

Finally, denoting K> = b| f|lLip/2 > 0 and K3 = K12 fU & — 1|2dv(§)/2 >0, we
deduce from (7.1), (7.2) and (7.3) that

)\42
¢ = 4 (K2 + K32 K1/N) g, (1).

Integrating this inequality leads to

)\,2
Efexp(rtr f(Un))] = p1(1) < exP<N(K2 + K3e2“<1/N)),
We deduce that, for all ¢ > 0,
Pltr f(Un) > ¢] < E[exp(rtr f(Un) — A¢)]

- A )‘_2 24K1/N
<exp(—N Ne—Nz(Kz—i—ng )) )

Notice that sup; g (e — A2(Ko + K3e2*K1)) > 0, so if we define K > 0 to be this
supremum, we have

P[tr f (Uy) > e] <e VK.

To complete the proof, we apply this inequality to — f, and the result follows. []

THEOREM 7.8. Let u € ID(U,X). For all N € N*, let Uy be a random ma-
trix whose law is Ty (1), and whose empirical spectral measure is

1
MUN:N Z 81-

eigenvalue A of UN
(with multiplicity)

Then the measures |1y, converge weakly almost surely to u when N tends to oo.

PROOF. If u is the Haar measure A of U, then I"y (w) is the Haar measure on
U (N) for which the result is well known. Let us assume that © € ZD(U, X) N M,
and let (w, b, v) be its X-characteristic triplet. Due to the concentration result of
Theorem 7.6, it remains to establish the convergence of the deterministic measure
E[nyy] to . We verify the convergence of moments. As in Section 2, for all n €
N, my () is the nth moment of p. Let n € N. We want to prove that m, (E[uy, 1) =
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E[Tr((Un)")]/N tends to m, () as N tends to co. We will prove the result under
the following stronger form: for all o € &,,,

lim E[N—“‘” I1 Tr(Uf;)] = [ mew.
N—oo
c cycle of o ¢ cycle of o

Thanks to Definition 7.3, we know that a characteristic triplet of I"y (1) is given
by
o 0

ivoly, - I,

0 B
where yo = —i Log(w), « = b/(N +1), 8 = b and I1 is the Lévy measure obtained
from v as in Definition 7.3.
Fix o0 € G,,. Using the notation of Section 5, we observe that, for all U € U(N)
and o € 6,,, we have

(7.4) [T Te(U*) =Trcnen (U 0 py" (0)).

ccycle of o

In order to use Proposition 5.8, we define L v € C[&,,] by

i ( np +( N)“ + 2 [ m(ee) - i >)1
e nl —_—_— — —n o -
N Yo N2 N 2 "N o 8 8 GH
—aZr—i— Z Z Wg”/_ln)
T€Tn 2<m<n ', meSy

1<k|<--<kp<n

X /I.J(N) l_[ Tr((g — l)nc)l'[(dg) ke (TT)

c cycle of o
—(L ()_n_2b+<n_2_ N) b +n /%()—1) (d))l
= |nLog) — v ") N D ¢ v(dg) )le,
BN < O
N+lre77,
Y Y we ! N/(g—l)'"u(do Uk ).
2<m<n /', me6,,

1<ki<--<kn<n

Using Proposition 5.8, we have

EI:N—Z(U) 1_[ Tr(U]r\L;):| = N_E(U) Tr(((:N)@)n (E[U]%n] o ,01%” (0))
c cycle of o

= Nﬁe(g) Tr(cN)®n (pS" (eLNo*)) .
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From (7.4), we deduce also that, for all o € G,,, we have

Trcvyey, (,OS" (0)) = N,
We denote by N (resp., N*) the linear operator on C[&,] defined by N¢(0) =
N*@g [resp., N"(0) = N~%“)o] and by ¢ the linear functional defined by
¢ (o) = 1. This way, we have Trcnyen o pS" = ¢ o N*. Let us also denote by Ty

the linear operator on C[S,;] of multiplication by L N, defined by Ty (o) = L NO.
We can rewrite

E[N—W) 1 Tr(u,ﬁ;)]=Tr(cmn(pSn(eiNN—‘f(%))

¢ cycle of o
=¢p(N™WN~(0))

= ¢ (V' ™V ().
We take the limit with the help of the following lemma. Recall that (L« (1t))nen+
are the free log-cumulants of x (see Section 4), which are given by:

l. Lki(n) = Log(w) — b/2+fru(%(§)— Dydv(¢),
2. Licay(w) = —b + (¢ — DZdv(?)
3. and Lk, (n) = fy(¢ — D" du(¢) forall n > 2.

LEMMA 7.9. When N tends to oo, the operator N*Ty N ¢ converges to an
operator T which is such that, for all 0 € &,

T(o) =nLki(n) -0 + > Lkn(w) - co.
2<m=<n
¢ m-cycle of G,
co <o

PROOF. We shall prove that, for a fixed o0 € G,,, limy_, NTyN— o) =
T (o). Let us compute

N'TyN~ (o) = NN (Lo).
Replacing L by its value gives us N*(©) N* (Lo) = (I + 1 + Il)o, with

2 2 b
I= <nL0g(w) _ %b n <”ﬁ - nN>2(N—+1) + n/U(m(;) — 1)v(d§))16n,

b

II: Z NE(T(T) f(o’)
N+ 1 €T,

and

m= Y % e (T wer ')

2<m=<n 1eG,, e,
1<ki<--<kp<n

X Nl-‘rl(Lk] ..... km (m)o)—t(0) . Lkl ..... km (JT)'
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The first limit is immediate:

lim [ = (n Log(w) — gb +n/U(EH(§) — l)v(dg))lgn =nLki(n)lg,.

N—oo

For the second and the third term, we recall that for all 7 € S,,, we have
d(1,0) <d(1,7m0) +d(mwo,0)

with equality if and only if 7o < o (see Section 4.1).

Let us focus on IT. We fix T € 7,,. We know that d(1,0) <d(1,7t0) +d(70,0).
In term of numbers of cycles, it means that n — £(0) <n — £(to) +n — (7).
Because £(t) =n — 1, we have {(to) — £(0) < 1 with equality if and only if
t0 < 0. By consequence,

ngnooll_ b T% To.
To0=<0
A similar reasoning can be made for //l. Letus fix 2 <m <n,1 <k <--- <
km <n and 7w € G,,. We denote by ¢ the permutation ¢, , (7r). On one hand,
Proposition 5.6 gives us Wg(n/_lrr) =OWN"Yifr #x" and Wg(rt/_lrr) =
N+ O(N"""1)if 7 =/, and by consequence,
Y We(r' 'r) =N+ O(NT).
n'eS,,

On the other hand, we know that d(1,0) <d(l,co)+d(co,o). In terms of
numbers of cycles, it means that n — €(o) < n — £(co) + n — £(c). Because
(c) =L(tky,... k() =n—m~+L(r), we have 1 +£(co) —€(o) < 1 +m —£(m).
Thus, we have

1+4(co)—L(o) <m

with equality if and only if we have both co < ¢ and £(;r) = 1. Consequently, the
term

Z Wg(]‘[/_lj'[)NH—E(Lkl’“"k’"(n)o)_e(a)

n'eS,y,

isequal to 1 + O(N~") if we have both co <o and £(r) = 1, butitis O(N~) if
not. Finally,

lim Il = — D™u(d?) -
Jim_ ) > €= w1
2<m=<n 7w m-cycle of &,
I1<ki<--<kp=<n Uy ook (T)O 20

= > > /IU(; — D™u(d?) - co.

2<m<n c m-cycle of &,
co <o
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Thus, we have

lim I+ +1H=nLki(n) o+ > Ly () - co =T (0).
N—o0
2<m=<n
¢ m-cycle of &,
co <0

As a consequence, we have

lim E[N“") I1 Tr(U,Q,C)}

N—o00
c cycle of o

— d)(eT(G)) — d)(enLKl (M)eT—"LKl(M) (0))

LI
=¢ (e”L"l(“‘) > T LKd(o;,01_1)+1(1) - 00
I' simple chain in [1,0] | | i=1
I'=(oo,..., O‘|r‘),0‘[‘|=(f
) LI
=e" 1) Z — l_[LKd(Gi,U,'_l)-l-] (M)

1L

I' simple chain in [1,0] i=1

I'=(00,...,0|1)),0|r|=0

Using (4.1) on the right-hand side, we conclude that

Nli_)mooE[N—ﬁ(U) 1_[ Tr(U}E,C)i| = 1_[ Mye ().

c cycle of o c cycle of o

REMARK 7.10. In fact, the proof can be easily extended to a more general
situation. Let u© € ZD(U, X) and let (w, b, v) be its X-characteristic triplet. For all
N e N*, let y(()N), a®™ BN e R and TI™Y) be a Lévy measure on U (N) which is
conjugate invariant. We suppose that:

.. (N)
1. limy_oce? =w,a™ ~y_ 0o b/N and &) = O(1) as N tends to 0o.

2. Forall k > 2,

i T doy — [ (s — 11
Jim 5 Tl = i ag = | ¢ = nfvo.

3. Forall ky,...,k, € N* such that ky + --- + k, > 2, we have, as N tends to
infinity,
1

N Sy, & )M« Tr((g — In)*) TN (dg) = O (D).
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Then the conclusion of Theorem 7.8 is still true whenever Uy is a random matrix
whose law is an infinitely divisible measure which admits
a™) 0

. (N .
ivg" Iy, o™

0 BN

,H(N)

as a characteristic triplet.

7.4. Proof of Theorem 3. We refer the reader to [36] for the main definitions
of free probability spaces. We call free unitary multiplicative Lévy process a family
(Up)ter, of unitary elements of a noncommutative probability space (A, 7) such
that:

1. Up=14.

2. For all 0 <s < ¢, the distribution of U, U, s_l depends only on ¢ — s.

3. Forall 0 <# <--- <ty,, the elements Uy, U,ZU,I_I, LU, Ut;l are freely
independent.

4. The distribution of U; converge weakly to §; as ¢ tends to 0.

Notice that this definition differs from the definition in [11] by the first and the
fourth items.

Let (U;)er, be a free unitary multiplicative Lévy process with marginal dis-
tributions (u;);er, in M. Then, (1;);er, is a weakly continuous semigroup of
measures for the convolution X on U. Moreover, there exists « € R and b > 0 and
v a Lévy measure on U such that, for all ¢ > 0, (€', th, tv) is a X-characteristic
triplet of U, (see [6]). Using Lemma 6.5, it is straightforward to verify that the
weakly continuous semigroup whose characteristic triplet is (ialy, by, vy) co-
incides with (I'y (11))ser . Therefore, there exists a Lévy process (U,(N))IGR . in
U(N) such that Ty () is the distribution of U for each € R, (see [29]).
We already know that, for each fixed ¢ € R, the element U,(N) converges almost
surely to U; in noncommutative x-distribution, in the sense that, for each noncom-
mutative polynomial P in two variables, one has the almost sure convergence

1
lim —Tr(P(U™, U™NM")) = o (P(U,, UY)).

N0

Since the increments of (U;),cr, are freely independent, to prove the convergence
of the whole process, it suffices to prove that the increments of (Ut(N)),ER , are
asymptotically free. This is a well-known consequence of the fact that the incre-
ments of (U,(N)),eR . are independent and invariant under conjugation by unitary
matrices (see, e.g., [15, 35-37], or the Appendix of [27] for a concise treatment).



MATRICIAL MODEL FOR THE FREE MULTIPLICATIVE CONVOLUTION 2477

Acknowledgments. The author would like to gratefully thank Thierry
Cabanal-Duvillard, Antoine Dahlqvist and Franck Gabriel for useful discussions,
and his PhD advisor Thierry Lévy for his helpful comments which led to improve-
ment in this manuscript.

(1]
(2]
(3]

(4]
(5]

(6]
(7]
(8]
(9]

[10]

(11]
(12]

[13]
(14]

[15]

[16]
(17]

(18]

[19]

REFERENCES

ANSHELEVICH, M., WANG, J.-C. and ZHONG, P. (2013). Local limit theorems for multiplica-
tive free convolutions. Available at arXiv:1312.2487.

APPLEBAUM, D. and KUNITA, H. (1993). Lévy flows on manifolds and Lévy processes on
Lie groups. J. Math. Kyoto Univ. 33 1103-1123. MR1251218

BARNDORFE-NIELSEN, O. E. and THORBI@RNSEN, S. (2006). Classical and free infi-
nite divisibility and Lévy processes. In Quantum Independent Increment Processes. 11
(M. Schiiermann and U. Franz, eds.). Lecture Notes in Math. 1866 33-159. Springer,
Berlin. MR2213448

BENAYCH-GEORGES, F. (2005). Classical and free infinitely divisible distributions and ran-
dom matrices. Ann. Probab. 33 1134-1170. MR2135315

BERcCOVICI, H. and PATA, V. (1999). Stable laws and domains of attraction in free proba-
bility theory. Ann. of Math. (2) 149 1023-1060. With an appendix by Philippe Biane.
MR1709310

BERcoOVICI, H. and VOICULESCU, D. (1992). Lévy—Hincin type theorems for multiplicative
and additive free convolution. Pacific J. Math. 153 217-248. MR1151559

BERcCOVICI, H. and WANG, J.-C. (2008). Limit theorems for free multiplicative convolutions.
Trans. Amer. Math. Soc. 360 6089-6102. MR2425704

BHATIA, R., DAvVIS, C. and MCINTOSH, A. (1983). Perturbation of spectral subspaces and
solution of linear operator equations. Linear Algebra Appl. 52/53 45-67. MR0709344

BIANE, P. (1997). Free Brownian motion, free stochastic calculus and random matrices. In Free
Probability Theory (Waterloo, ON, 1995). Fields Inst. Commun. 12 1-19. Amer. Math.
Soc., Providence, RI. MR 1426833

BIANE, P. (1997). Some properties of crossings and partitions. Discrete Math. 175 41-53.
MR 1475837

BIANE, P. (1998). Processes with free increments. Math. Z. 227 143-174. MR1605393

CABANAL-DUVILLARD, T. (2005). A matrix representation of the Bercovici—Pata bijection.
Electron. J. Probab. 10 632-661 (electronic). MR2147320

CEBRON, G. (2013). Free convolution operators and free Hall transform. J. Funct. Anal. 265
2645-2708. MR3096986

CHISTYAKOV, G. P. and GOTZE, F. (2008). Limit theorems in free probability theory. II. Cent.
Eur. J. Math. 6 87-117. MR2379953

COLLINS, B. (2003). Moments and cumulants of polynomial random variables on unitary
groups, the Itzykson—Zuber integral, and free probability. Int. Math. Res. Not. 17 953—
982. MR1959915

COLLINS, B. and SNIADY, P. (2006). Integration with respect to the Haar measure on unitary,
orthogonal and symplectic group. Comm. Math. Phys. 264 773-795. MR2217291

DAHLQVIST, A. (2012). Integration formula for Brownian motion on classical compact Lie
groups. Available at arXiv:1212.5107.

DOMINGUEZ-MOLINA, J. A., PEREZ-ABREU, V. and ROCHA-ARTEAGA, A. (2013). Covari-
ation representations for Hermitian Lévy process ensembles of free infinitely divisible
distributions. Electron. Commun. Probab. 18 1-14. MR3019669

DOMINGUEZ-MOLINA, J. A. and ROCHA-ARTEAGA, A. (2012). Random matrix models of
stochastic integral type for free infinitely divisible distributions. Period. Math. Hungar. 64
145-160. MR2925165


http://arxiv.org/abs/arXiv:1312.2487
http://www.ams.org/mathscinet-getitem?mr=1251218
http://www.ams.org/mathscinet-getitem?mr=2213448
http://www.ams.org/mathscinet-getitem?mr=2135315
http://www.ams.org/mathscinet-getitem?mr=1709310
http://www.ams.org/mathscinet-getitem?mr=1151559
http://www.ams.org/mathscinet-getitem?mr=2425704
http://www.ams.org/mathscinet-getitem?mr=0709344
http://www.ams.org/mathscinet-getitem?mr=1426833
http://www.ams.org/mathscinet-getitem?mr=1475837
http://www.ams.org/mathscinet-getitem?mr=1605393
http://www.ams.org/mathscinet-getitem?mr=2147320
http://www.ams.org/mathscinet-getitem?mr=3096986
http://www.ams.org/mathscinet-getitem?mr=2379953
http://www.ams.org/mathscinet-getitem?mr=1959915
http://www.ams.org/mathscinet-getitem?mr=2217291
http://arxiv.org/abs/arXiv:1212.5107
http://www.ams.org/mathscinet-getitem?mr=3019669
http://www.ams.org/mathscinet-getitem?mr=2925165

2478
(20]
(21]
(22]
(23]
(24]
(25]
[26]

(27]
(28]

[29]
(30]
(31]
(32]
(33]
[34]
(35]
[36]

(37]

G. CEBRON

ESTRADE, A. (1992). Exponentielle stochastique et intégrale multiplicative discontinues. Ann.
Inst. Henri Poincaré Probab. Stat. 28 107-129. MR1158740

FRIEDRICH, R. and MCKAY, J. (2012). Formal groups, Witt vectors and free probability.
Available at arXiv:1204.6522.

FRIEDRICH, R. and MCKAY, J. (2013). The S-transform in arbitrary dimensions. Available at
arXiv:1308.0733.

FRIEDRICH, R. and MCKAY, J. (2013). Almost commutative probability theory. Available at
arXiv:1309.6194.

HEYER, H. (1968). L’analyse de Fourier non-commutative et applications a la théorie des prob-
abilités. Ann. Inst. H. Poincaré Sect. B (N.S.) 4 143-164. MR024024 1

LEVY, T. (2008). Schur—Weyl duality and the heat kernel measure on the unitary group. Adv.
Math. 218 537-575. MR2407946

LEvy, T. (2010). Two-dimensional Markovian holonomy fields. Astérisque 329 172 pp.
MR2667871

LEVY, T. (2011). The master field on the plane. Available at arXiv:1112.2452.

LEVY, T. and MAIDA, M. (2010). Central limit theorem for the heat kernel measure on the
unitary group. J. Funct. Anal. 259 3163-3204. MR2727643

L1AO, M. (2004). Lévy Processes in Lie Groups. Cambridge Tracts in Mathematics 162. Cam-
bridge Univ. Press, Cambridge. MR2060091

MASTNAK, M. and NICA, A. (2010). Hopf algebras and the logarithm of the S-transform in
free probability. Trans. Amer. Math. Soc. 362 3705-3743. MR2601606

PARTHASARATHY, K. R. (1967). Probability Measures on Metric Spaces. Academic Press,
New York. MR0226684

SATO, K.-1. (1999). Lévy Processes and Infinitely Divisible Distributions. Cambridge Studies
in Advanced Mathematics 68. Cambridge Univ. Press, Cambridge. MR1739520

SCHATTE, P. (1983). On sums modulo 27 of independent random variables. Math. Nachr. 110
243-262. MR0721278

SIEBERT, E. (1981). Fourier analysis and limit theorems for convolution semigroups on a lo-
cally compact group. Adv. Math. 39 111-154. MR0609202

VOICULESCU, D. (1991). Limit laws for random matrices and free products. Invent. Math. 104
201-220. MR1094052

VOICULESCU, D. V., DYKEMA, K. J. and NICA, A. (1992). Free Random Variables. CRM
Monograph Series 1. Amer. Math. Soc., Providence, RI. MR1217253

XU, F. (1997). A random matrix model from two-dimensional Yang—Mills theory. Comm.
Math. Phys. 190 287-307. MR1489573

FACHRICHTUNG MATHEMATIK
UNIVERSITAT DES SAARLANDES
CAMPUS GEBAUDE E 24

66123 SAARBRUCKEN
GERMANY

E-MAIL: cebron@math.uni-sb.de


http://www.ams.org/mathscinet-getitem?mr=1158740
http://arxiv.org/abs/arXiv:1204.6522
http://arxiv.org/abs/arXiv:1308.0733
http://arxiv.org/abs/arXiv:1309.6194
http://www.ams.org/mathscinet-getitem?mr=0240241
http://www.ams.org/mathscinet-getitem?mr=2407946
http://www.ams.org/mathscinet-getitem?mr=2667871
http://arxiv.org/abs/arXiv:1112.2452
http://www.ams.org/mathscinet-getitem?mr=2727643
http://www.ams.org/mathscinet-getitem?mr=2060091
http://www.ams.org/mathscinet-getitem?mr=2601606
http://www.ams.org/mathscinet-getitem?mr=0226684
http://www.ams.org/mathscinet-getitem?mr=1739520
http://www.ams.org/mathscinet-getitem?mr=0721278
http://www.ams.org/mathscinet-getitem?mr=0609202
http://www.ams.org/mathscinet-getitem?mr=1094052
http://www.ams.org/mathscinet-getitem?mr=1217253
http://www.ams.org/mathscinet-getitem?mr=1489573
mailto:cebron@math.uni-sb.de

	Introduction
	Inﬁnite divisibility for uni-dimensional convolutions
	Classical inﬁnite divisibility on R
	The Bercovici-Pata bijection
	Classical inﬁnite divisibility on U
	The convolution  and the S-transform
	Free inﬁnite divisibility on U

	Homomorphisms between ID(R,*), ID(U ,*), ID(R,) and ID(U,)
	Deﬁnitions of e and Gamma
	A limit theorem

	Free log-cumulants
	Moments of a -inﬁnitely divisible measure
	The noncrossing partitions
	Free log-cumulants
	Proof of Proposition 4.1

	Convolution semigroups on U(N)
	Generators of semigroups
	Expected values of polynomials of the entries
	Conjugate invariant semigroups on U(N)
	Schur-Weyl duality

	The stochastic exponential EN
	Inﬁnite divisibility on HN
	Fourier transform on U(N)
	Proof of Proposition-Deﬁnition 6.2

	Random matrices
	The matrix model PiN
	The matrix model GammaN
	The large-N limit
	Proof of Theorem 3

	Acknowledgments
	References
	Author's Addresses

