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A NEW PINCHING THEOREM FOR CLOSED HYPERSURFACES

WITH CONSTANT MEAN CURVATURE IN Sn+1∗

HONG-WEI XU† AND LING TIAN†

Abstract. We investigate the generalized Chern conjecture, and prove that if M is a closed
hypersurface in Sn+1 with constant scalar curvature and constant mean curvature, then there exists
an explicit positive constant C(n) depending only on n such that if |H| < C(n) and S > β(n,H),

then S > β(n,H) + 3n
7
, where β(n,H) = n+ n

3
H

2

2(n−1)
+

n(n−2)
2(n−1)

√

n2H4 + 4(n− 1)H2.
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1. Introduction. Let Mn be an n-dimensional closed hypersurface in the unit
sphere Sn+1 with constant scalar curvature and constant mean curvature. Denote by
H and S the mean curvature and the squared norm of the second fundamental form
of M , respectively. It follows from the Gauss equation that the scalar curvature of M
is given by R = n(n− 1) + n2H2 − S.

A famous rigidity theorem due to Simons [15], Lawson [10] and Chern-do Carmo-
Kobayashi [8] says that if M is a closed minimal hypersurface in Sn+1 satisfying
S ≤ n, then S ≡ 0 and M is the great sphere Sn, or S ≡ n and M is the Clif-

ford torus Sk
(

√

k
n

)

×Sn−k
(

√

n−k
n

)

. Afterward, Li-Li [11] improved Simons’ pinching

constant for n-dimensional closed minimal submanifolds in Sn+p to max{ n
2−1/p ,

2
3n}.

Peng-Terng [13] proved that there exists a positive constant δ(n) depending only on
n such that if n ≤ S ≤ n + δ(n), then S = n. Later Yang-Cheng [25] improved
the pinching constant δ(n) to n

3 . In 1993, S. P. Chang [2, 7] solved Chern’s conjec-
ture in dimension 3. For closed minimal hypersurfaces in Sn+1, the scalar curvature
pinching phenomenon without the assumption of constant scalar curvature was also
investigated by several authors [5, 9, 14, 17, 23] etc.

More generally, we would like to propose the following

The Generalized Chern Conjecture. For closed hypersurfaces in the unit
sphere Sn+1 with constant scalar curvature and constant mean curvature, the values
S of the squared norm of the second fundamental forms must be discrete.

Set α(n,H) = n+ n3

2(n−1)H
2− n(n−2)

2(n−1)

√

n2H4 + 4(n− 1)H2. In 1990, the first au-

thor [18] proved the generalized Simons-Lawson-Chern-do Carmo-Kobayashi theorem
for compact submanifolds with parallel mean curvature in a sphere.

Theorem A. Let M be an n-dimensional oriented compact submanifold with par-
allel mean curvature in an (n+ p)-dimensional unit sphere Sn+p. If S ≤ C1(n, p,H),
then M is either a totally umbilic sphere Sn( 1√

1+H2
), a Clifford hypersurface in an
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(n+1)-sphere, or the Veronese surface in S4( 1√
1+H2

). Here the constant C1(n, p,H)

is defined by

C1(n, p,H) =















α(n,H), p = 1, or p = 2 and H 6= 0,
n

2− 1

p

, p ≥ 2 and H = 0,

min
{

α(n,H), n+nH2

2− 1

p−1

+ nH2
}

, p ≥ 3 and H 6= 0.

Consequently, we have the following

Corollary A (also see [1, 6]). Let M be an n-dimensional closed hypersurface
with constant mean curvature (H 6= 0) in Sn+1. If S ≤ α(n,H), then M is either
a totally umbilical sphere Sn

(

1√
1+H2

)

, or a Clifford hypersurface Sn−1
(

1√
1+λ2

)

×
S1
(

λ√
1+λ2

)

. Here λ = 1
2(n−1) [n|H |+

√

n2H2 + 4(n− 1)].

In [19], H. W. Xu improved the pinching constant C1(n, p,H) in Theorem A to

C2(n, p,H) =

{

α(n,H), p = 1, or p = 2 and H 6= 0,

min
{

α(n,H), 1
3 (2n+ 5nH2)

}

, otherwise.

In [3], S. P. Chang showed that any closed hypersurface in S4 with constant
scalar curvature and constant mean curvature must be an isoparametric hypersurface.
Recently, Suh and Yang [16] improved Yang and Cheng’s pinching theorem for closed
minimal hypersurfaces, and proved the following

Theorem B. Let Mn (n ≥ 4) be an n-dimensional closed minimal hypersurface
with constant scalar curvature in Sn+1. If S > n, then S > n+ 3

7n.

In this paper, we extend the result of Suh and Yang to the case where M is a
closed hypersurface with constant scalar curvature and small constant mean curvature.

Putting β(n,H) = n+ n3H2

2(n−1) +
n(n−2)
2(n−1)

√

n2H4 + 4(n− 1)H2, we prove the following

Main Theorem. Let Mn (n ≥ 4) be an n-dimensional closed hypersurface in
Sn+1 with constant scalar curvature and constant mean curvature. Then there exists
an explicit positive constant C(n) depending only on n, such that if |H | < C(n) and
S > β(n,H), then S > β(n,H) + 3n

7 .

We have the following corollary immediately.

Corollary. Let Mn (n ≥ 4) be an n-dimensional closed hypersurface in Sn+1

with constant scalar curvature and constant mean curvature (H 6= 0). If |H | < C(n)
and β(n,H) ≤ S ≤ β(n,H) + 3n

7 , then S = β(n,H) and M is an isoparametric

hypersurface S1
(

1√
1+µ2

)

× Sn−1
(

µ√
1+µ2

)

, where µ = 1
2 [n|H |+

√

n2H2 + 4(n− 1)].

The following problem seems very interesting.

Open Problem. For an n-dimensional closed hypersurface M in Sn+1 with
constant scalar curvature R and constant mean curvature H (H 6= 0), set µk =
n|H|+

√
n2H2+4k(n−k)

2k . Suppose that α(n,H) ≤ S ≤ β(n,H). Can one prove that M
must be the isoparametric hypersurface Sk

(

1√
1+µ2

k

)

×Sn−k
(

µk√
1+µ2

k

)

, k = 1, 2, · · · , n−
1?

It should be mentioned that the scalar curvature pinching phenomenon for closed
constant mean curvature hypersurfaces in Sn+1 has been investigated in [4, 21, 22]
etc.
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2. Fundamental formulas. Throughout this paper letMn be an n-dimensional
closed hypersurface in Sn+1 with constant scalar curvature and constant mean cur-
vature. We shall make use of the following convention on the range of indices:

1 ≤ A,B,C, · · · ≤ n+ 1, 1 ≤ i, j, k, · · · ≤ n.

Choose a local orthonormal frame field {eA} in Sn+1 such that, restricted to
M , {ei} are tangent to M . Let {ωA} and {ωAB} be the dual frame field and the
connection 1-forms of Sn+1, respectively. Restricting these forms to M , we have

ωn+1 = 0, ωn+1i =

n
∑

j=1

hijωj , hij = hji.

The second fundamental form ofM can be written as h =
∑n

i,j=1 hijωi⊗ωj⊗en+1.
Denote by H and S the mean curvature of M and the squared norm of h, respectively.
Then

S =

n
∑

i,j=1

h2
ij , H =

1

n

n
∑

i=1

hii.

For an arbitrary fixed point p ∈ M , choose {eA} such that

H ≥ 0, hij = λiδij , S =

n
∑

i=1

λ2
i .

Set

fk :=
∑

i

λk
i ,

hijk := ∇khij , hijkl := ∇l∇khij , hijkls := ∇s∇l∇khij .

The Gauss equation, Codazzi equation and Ricci formula can be written as

Rijkl = δikδjl − δilδjk + hikhjl − hilhjk,

hijk = hikj ,

hijkl − hijlk =
∑

m

(hmjRmikl + himRmjkl),

hijkls − hijksl =
∑

m

(hmjkRmils + himkRmjls + hijmRmkls),

where Rijkl is the curvature tensor of M . So the scalar curvature of M is given by
R = n(n− 1) + n2H2 − S.

When H and S are constants, by a similar computation as in [13], we get

(2.1)
∑

i,j,k

h2
ijk = S(S − n) + n2H2 − nHf3,
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(2.2)
∑

k

hijkk = (n− S)hij + (
∑

m

himhmj − δij)nH,

(2.3) hijij − hjiji = (λi − λj)(1 + λiλj).

Following [20], we have

(2.4)
1

3
△f3 = (n− S)f3 + nH(f4 − S) + 2

∑

i,j,k

λih
2
ijk,

(2.5)
1

4
△f4 = (n− S)f4 + nH(f5 − f3) + (2A+B),

1

6
△f2

3 =(n− S)f2
3 + nHf3(f4 − S) + 2f3

∑

i,j,k

λih
2
ijk

+ 3
∑

j

(
∑

i

λ2
i hiij)

2,(2.6)

where

A =
∑

i,j,k

λ2
i h

2
ijk, B =

∑

i,j,k

λiλjh
2
ijk.

By (2.1), (2.4) and the Laplacian of
∑

h2
ijk, we obtain the following

∑

i,j,k,l

h2
ijkl =(S − 2n− 3)(S2 − nS + n2H2 − nHf3)

− 3nH

2

[

(n− S)f3 − nSH + nHf4
]

+ 3(A− 2B)− 6nH
∑

i,j,k

λih
2
ijk.(2.7)

On the other hand, it follows from (2.3) that

∑

i,j,k,l

h2
ijkl ≥

∑

i,j,k,l

u2
ijkl +

3

4

∑

i6=j

(hijij − hjiji)
2

=
∑

i,j,k,l

u2
ijkl +

3

2
(Sf4 − f2

3 − 2S2 + nS − n2H2 + 2nHf3),(2.8)

where

uijkl :=
1

4
(hijkl + hjkli + hklij + hlijk).
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3. Several lemmas. To prove our main result, we need several lemmas. From
now on, we take S̃ = S − nH2,

∑

i,j,k h
2
ijk = tS̃2. Because of (2.1), it is easy to see

that

(3.1) t =
S̃ − n

S̃
+

nH [HS̃ − (f3 −HS)]

S̃2
.

Put

f =
∑

i

(

λ2
i −

f3 −HS

S̃
λi −

S2 − nHf3

nS̃

)2

=f4 −
(f3 −HS)2

S̃
− S2

n
,(3.2)

and λ̃i = λi−H , i = 1, · · · , n. At any point p ∈ M , let λ1 = maxi{λi}, λ2 = mini{λi}.
Lemma 1. Let Mn be an n-dimensional closed hypersurface in Sn+1 with constant

scalar curvature and constant mean curvature. Then at any point p ∈ M , we have

(3.3) f ≥ (λ̃1 − λ̃2)
2

λ̃2
1 + λ̃2

2

(

λ̃1λ̃2 +
S̃

n

)2

,

(3.4) A−B ≤ 1− α

3
(λ̃1 − λ̃2)

2tS̃2,

(3.5)
∑

j

(
∑

i

λ2
i hiij)

2 ≤ 1 + 2α

3
tS̃2f,

(3.6)





∑

i,j,k

λih
2
ijk





2

≤
{

1

3
(A+ 2B)− 4

3

∑

k

(n+ 2)(
∑

i λ
2
ihiik)

2

(n+ 2)S̃ + 2nλ̃2
k

}

tS̃2,

where α
∑

i,j,k h
2
ijk =

∑

i h
2
iii and α satisfies 0 ≤ α ≤ 1.

Proof. (3.3), (3.4) and (3.5) can be proved by using the same method as in [24].
We only need to prove (3.6). Consider equations

{ ∑

i,j Pijkhij = 0
∑

i,j Pijkδij = 0,

where Pijk := (λi + λj + λk)hijk − (hijy
k + hiky

j + hjky
i)− (δijx

k + δikx
j + δjkx

i).
This together with the fact that H and S are constants implies

{

2
∑

i λ
2
ihiik − (2λ2

k + S)yk − (2λk + nH)xk = 0
(2λk + nH)yk + (2 + n)xk = 0.

We then have the following solution.

xk = − 2(2λk + nH)
∑

i λ
2
i hiik

2n(λk −H)2 + (n+ 2)S̃
, yk =

2(n+ 2)
∑

i λ
2
ihiik

2n(λk −H)2 + (n+ 2)S̃
, k = 1, · · · , n.
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By a similar argument as in [24], we get

(
∑

i,j,k

λih
2
ijk)

2 =
1

9
(
∑

i,j,k

Pijkhijk)
2

≤1

9

∑

i,j,k

P 2
ijk

∑

i,j,k

h2
ijk

=

{

1

3
(A+ 2B)− 4

3

∑

k

(n+ 2)(
∑

i λ
2
i hiik)

2

(n+ 2)S̃ + 2nλ̃2
k

}

tS̃2.

Lemma 2. Let Mn be an n-dimensional closed hypersurface in Sn+1 with constant
scalar curvature and constant mean curvature. Then

(3.7) f ≤
(

λ̃1 − λ̃2

)2

4
S̃ − S̃2

n
.

Proof. Put f̃3 =
∑

i λ̃
3
i , f̃4 =

∑

i λ̃
4
i . It follows from (3.2) that

f =
∑

i

(

λ̃2
i −

f̃3

S̃
λ̃i −

S̃

n

)2

= f̃4 −
f̃2
3

S̃
− S̃2

n
.

By the definitions of λ1 and λ2, we have

∑

i

λ̃2
i

(

λ̃i − λ̃1

)(

λ̃i − λ̃2

)

≤ 0.

Then

f̃4 ≤
(

λ̃1 + λ̃2

)

f̃3 − λ̃1λ̃2S̃.

Thus

f ≤
(

λ̃1 + λ̃2

)

f̃3 −
f̃2
3

S̃
− λ̃1λ̃2S̃ − S̃2

n

≤
(

λ̃1 + λ̃2

)2

4
S̃ − λ̃1λ̃2S̃ − S̃2

n
=

(

λ̃1 − λ̃2

)2

4
S̃ − S̃2

n
.

Lemma 3. Let Mn be an n-dimensional closed hypersurface in Sn+1 with constant
scalar curvature and constant mean curvature. Then

(3.8)

∫

Mn

(A− 2B)dv =

∫

Mn

(

S̃f +
tS̃3

n
+ g1

)

dv,

where g1 = H2(nf + tS̃2)−HtS̃(f3 −HS).
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Proof. Note that

∑

i,j,k,l,m

hlmikhijhjmhlk

=
∑

i,j,k,l,m

(hlmihijhjmhlk)k −
∑

i,j,k,l,m

hlmihijkhjmhlk

−
∑

i,j,k,l,m

hlmihijhjmkhlk

=
1

3

∑

k,l

((f3)lhlk)k − 2B.(3.9)

Since H and S are constants, we have

∑

i,j,k,l,m

hlmikhijhjmhlk

=
∑

i,j,k,l,m

(hlmki +
∑

r

hrmRrlik +
∑

r

hlrRrmik)hijhjmhlk

=
∑

i,j,k,l,m

(hlmkhijhjmhlk)i −
∑

i,j,k,l,m

hlmkhijihjmhlk

−
∑

i,j,k,l,m

hlmkhijhjmihlk −
∑

i,j,k,l,m

hlmkhijhjmhlki

+ nHf3 + Sf4 − S2 − f2
3

=−A+ nHf3 + Sf4 − S2 − f2
3 .(3.10)

Putting X =
∑

k

(
∑

l(f3)lhlk

)

ek, we get div(X) =
∑

k,l((f3)lhlk)k. By (3.9), (3.10)
and the divergence theorem, we obtain

∫

Mn

(A− 2B)dv =

∫

Mn

(Sf4 − f2
3 + nHf3 − S2)dv.

This together with (3.1) and the definitions of f and S̃ implies (3.8).

4. Curvature estimates. The crucial point of the proof of Main Theorem is to
give a proper estimate of the RHS of (2.8).

We begin with an estimate of
∑

i,j,k,l u
2
ijkl. Define

(4.1) fij =
∑

k

hikhkj −
f3 −HS

S̃
hij −

S2 − nHf3

nS̃
δij , i, j = 1, · · · , n,

which satisfy

∑

i,j

hijfij = 0,
∑

i,j

δijfij = 0,
∑

i,j

f2
ij = f.

Putting

F := −A+
1

2
Sf +

f3 −HS

S̃
(
∑

i,j,k

λih
2
ijk − tS̃2H) +

tS̃2S

n
,
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we have

(4.2)
∑

i,j,k,l

uijklhijfkl = F,

(4.3)
∑

i,j,k

uijklhijk = −3

2

∑

i

λ2
i hiilλl −

3nH

2

∑

i

λ2
i hiil = −1

2
(f3)l(λl + nH),

(4.4)
∑

i,j,k,l

uijklhijδkl = −1

2
tS̃2,

∑

i,j,k

hijkfijhkl =
∑

i

λ2
i hiilλl =

1

3
(f3)lλl.

Set

Uijkl :=uijkl − α1(hijfkl + fijhkl) + (βihjkl + βjhikl + βkhlij + βlhijk)

+ γhijhkl + δ(hijδkl + δijhkl) + ζδijδkl.(4.5)

For any α1, βi, γ, δ, ζ ∈ R,
∑

i,j,k,l U
2
ijkl ≥ 0. Choose

α1 =
1

Sf − 1
18tS̃2

∑

j(f3)
2
jλ

2
j

[

F +
1

12tS̃2

∑

j

(f3)
2
j(λ

2
j + nHλj)

]

,

βi =
1

8tS̃2
(f3)i

(

2α1 + 3

3
λi + nH

)

,

γ =− tH +

∑

i,j,k λih
2
ijk

S̃2
,

δ =−
∑

i,j,k λih
2
ijk

S̃2
H +

t(S + nH2)

2n
,

ζ =

∑

i,j,k λih
2
ijk

S̃2
H2 − tS

n
H,

respectively. By the symmetry of Uijkl = Uklij , Uijkl = Ujikl and (4.2)-(4.5), substi-
tuting these values into the inequality

∑

i,j,k,l U
2
ijkl ≥ 0, we obtain

∑

i,j,k,l

u2
ijkl ≥

1

2Sf − 1
9tS̃2

∑

j(f3)
2
jλ

2
j

[

2F +
1

6tS̃2

∑

j

(f3)
2
j(λ

2
j + nHλj)

]2

+
1

4tS̃2

∑

j

(f3)
2
j (λj + nH)2

+
1

S̃2
(
∑

i,j,k

λih
2
ijk − tHS̃2)2 +

t2S̃3

2n
.
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Noting the definition of F , we have

∑

i,j,k,l

u2
ijkl ≥

1

2
[

Sf − 1
18tS̃2

∑

j(f3)
2
jλ

2
j

]

{[

Sf − 1

18tS̃2

∑

j

(f3)
2
jλ

2
j

]

+

[

− 2A+
2(f3 −HS)

S̃
(
∑

i,j,k

λih
2
ijk − tHS̃2) +

2tS̃2S

n

+
2

9tS̃2

∑

j

(f3)
2
jλ

2
j +

nH

6tS̃2

∑

j

(f3)
2
jλj

]}2

+
1

4tS̃2

∑

j

(f3)
2
j(λj + nH)2

+
1

S̃2
(
∑

i,j,k

λih
2
ijk − tHS̃2)2 +

t2S̃3

2n

≥− 2A+
1

2
Sf +

1

S̃2
(
∑

i,j,k

λih
2
ijk − tHS̃2)2

+
2(f3 −HS)

S̃
(
∑

i,j,k

λih
2
ijk − tHS̃2) +

tS̃2

n
(2S +

tS̃

2
)

+
1

36tS̃2

∑

j

(f3)
2
j

[

7λ2
j + 9(λj + nH)2 + 6nHλj

]

=− 2A+
1

2
Sf +

1

S̃2
(
∑

i,j,k

λih
2
ijk − tHS̃2)2

+
2(f3 −HS)

S̃
(
∑

i,j,k

λih
2
ijk − tHS̃2) +

tS̃2

n
(2S +

tS̃

2
)

+
1

36tS̃2

∑

j

(f3)
2
j (4λj + 3nH)2.(4.6)

It follows from (2.7), (2.8), (4.6) and S = S̃ + nH2 that

tS̃2

2

{

5S̃ − 7n− 6− (4 + 3n)tS̃

n
− 4S̃

n

}

+ (5A− 6B)

≥2S̃f +
1

S̃2
(
∑

i,j,k

λih
2
ijk)

2 +
2(f3 −HS)

S̃

∑

i,j,k

λih
2
ijk

+
1

36tS̃2

∑

j

(f3)
2
j(4λj + 3nH)2 + g̃2,(4.7)

where

g̃2 =

(

(6n− 2t)
∑

i,j,k

λih
2
ijk − 2tS̃(f3 −HS)

)

H

+

(

2nf +
3n2f

2
+ t2S̃2 − 5n− 4

2
tS̃2

)

H2.
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From (3.1) and (4.7), we have

−6 = −6n

n
= − 6

n

{

(1− t)S̃ +
nH(HS̃ − (f3 −HS))

S̃

}

and

tS̃2

{

S̃ − 2n− (5− t)
S̃

n

}

+ (5A− 6B)− 2S̃f

≥ 1

S̃2
(
∑

i,j,k

λih
2
ijk)

2 +
2(f3 −HS)

S̃

∑

i,j,k

λih
2
ijk

+
1

36tS̃2

∑

j

(f3)
2
j(4λj + 3nH)2 + g2,(4.8)

where

g2 =

(

2(3n− t)
∑

i,j,k

λih
2
ijk − 10 + 3n

2
tS̃(f3 −HS)

)

H

+

(

4 + 3n

2
nf + (5− n+ t)tS̃2

)

H2.

Now we estimate the right hand side of (4.8). We first consider the following
integral equality.

0 =

∫

Mn

{

1

4
△f4 −

1 + c0

6S̃
△f2

3 +
(1 + c0)(1 + c2)H

3
△f3

}

−
∫

Mn

c1

{

(A− 2B)−
(

S̃f +
tS̃3

n
+ g1

)}

.

Using (2.4), (2.5), (2.6) and (3.8), we see that there is a point p0 ∈ M such that at
p0, for any c0 ≥ 0 and u > 0,

(1 − c1)u
tS̃3

n
− (2− c1)uA− (1 + 2c1)uB + (t− c1)uS̃f

=− 2u(c0 + 1)

S̃
(f3 −HS)

∑

i,j,k

λih
2
ijk + c0ut(f3 −HS)2

− u(c0 + 1)

3S̃

∑

j

(f3)
2
j + g3,(4.9)

where

g3 =− uH

S̃2

{

S̃2H
[

(S̃ + nH2)2 − tS̃2(c1 − 1)
]

+ nHS̃fξ

+ S̃
[

− S̃[−2(S̃ + nH2) + t(S̃ + ξ)] + (2 + c0)nf
]

(f3 −HS)

− nHS̃(f3 −HS)2 + 2S̃(1 + c0)(nH
2 − c2S̃)

∑

i,j,k

λih
2
ijk

− n
(

S̃2f5 − (f3 −HS)3
)

}

,

ξ =nH2(1 + c0)− S̃(c1 + (1 + c0)c2).
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Adding (4.9) to (4.8), we obtain

tS̃2

{

S̃ − 2n− [5− t− (1− c1)u]
S̃

n

}

+ [5− (2− c1)u]A

− [6 + (1 + 2c1)u]B − [2− (t− c1)u]S̃f

≥ 1

S̃2
(
∑

i,j,k

λih
2
ijk)

2 +
2(f3 −HS)

S̃

∑

i,j,k

λih
2
ijk[1− (c0 + 1)u] + c0ut(f3 −HS)2

+
∑

j

(f3)
2
j

{

(4λj + 3nH)2

36tS̃2
− u(c0 + 1)

3S̃

}

+ g2 + g3

=
1

S̃2
(
∑

i,j,k

λih
2
ijk)

2

{

1− [1− (c0 + 1)u]2

c0ut

}

+ c0ut

{

(f3 −HS) +
1− (c0 + 1)u

c0utS̃

∑

i,j,k

λih
2
ijk

}2

+
∑

j

(f3)
2
j

{

(4λj + 3nH)2

36tS̃2
− u(c0 + 1)

3S̃

}

+ g2 + g3

≥ 1

S̃2
(
∑

i,j,k

λih
2
ijk)

2

{

1− [u(c0 + 1)− 1]2

c0ut

}

+
∑

j

(f3)
2
j

{

(4λj + 3nH)2

36tS̃2
− u(c0 + 1)

3S̃

}

+ g2 + g3.

Setting β = {(c0+1)u−1}2

c0u
− t, we choose c0, u such that β ≥ 0. By (3.6), the inequality

above becomes

tS̃2

{

S̃ − 2n− [5− t− (1− c1)u]
S̃

n

}

+ [5− (2− c1)u]A

− [6 + (1 + 2c1)u]B − [2− (t− c1)u]S̃f

≥− β

tS̃2
(
∑

i,j,k

λih
2
ijk)

2 +
∑

j

(f3)
2
j

{

(4λj + 3nH)2

36tS̃2
− u(c0 + 1)

3S̃

}

+ g2 + g3

≥− β

{

1

3
(A+ 2B)− 4

27

∑

j

(n+ 2)(f3)
2
j

(n+ 2)S̃ + 2nλ̃2
j

}

+
∑

j

(f3)
2
j

{

(4λj + 3nH)2

36tS̃2
− u(c0 + 1)

3S̃

}

+ g2 + g3.
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Hence we have

tS̃2

{

S̃ − 2n− [5− t− (1− c1)u]
S̃

n

}

+

{

5− (2− c1)u +
β

3

}

A

−
{

6 + (1 + 2c1)u− 2β

3

}

B − [2− (t− c1)u]S̃f

≥
∑

j

(f3)
2
j

{

4

27
· (n+ 2)β

(n+ 2)S̃ + 2nλ̃2
j

+
(4λj + 3nH)2

36tS̃2
− u(c0 + 1)

3S̃

}

+ g2 + g3

=
∑

j

(f3)
2
j

{

4

27
· (n+ 2)β

(n+ 2)S̃ + 2nλ̃2
j

+
4λ̃2

j

9tS̃2
− u(c0 + 1)

3S̃

}

+ g2 + g4(4.10)

≥ 1

9S̃

∑

j

(f3)
2
j

{

4

√

2(n+ 2)β

3nt
− 2(n+ 2)

nt
− 3u(c0 + 1)

}

+ g2 + g4,(4.11)

where

g4 = g3 +
4 + 3n

9tS̃2

∑

j

(f3)
2
j

(

2λj + (
3

4
n− 1)H

)

H.

5. Proof of the main theorem. Making use of the lemmas and estimates
above, we shall prove our main theorem. We first show t ≥ 1

4 . Suppose that t ∈ [ 19 ,
1
4 ).

From (4.10) and (n+2)β

(n+2)S̃+2nλ̃2

j

≥ β

S̃+2λ̃2

j

, we obtain

tS̃2

{

S̃ − 2n− [5− t− (1 − c1)u]
S̃

n

}

+

{

5− (2 − c1)u+
β

3

}

A

−
{

6 + (1 + 2c1)u − 2β

3

}

B − [2− (t− c1)u]S̃f

≥
∑

j

(f3)
2
j

{

4

27
· β

S̃ + 2λ̃2
j

+
4λ̃2

j

9tS̃2
− u(c0 + 1)

3S̃

}

+ g2 + g4

≥ 1

9S̃

∑

j

(f3)
2
j

{

8

√

β

6t
− 2

t
− 3u(c0 + 1)

}

+ g2 + g4.

Taking u = 13
3 and β = 14 in the inequality above, we get 14 =

{ 13

3
(c0+1)−1}2

13

3
c0

− t and

tS̃2

{

S̃ − 2n− [5− t− 13

3
(1− c1)]

S̃

n

}

+

{

5− 13

3
(2 − c1) +

14

3

}

A

−
{

6 +
13

3
(1 + 2c1)−

28

3

}

B −
{

2− 13

3
(t− c1)

}

S̃f

≥ 1

S̃

∑

j

(
∑

i

λ2
i hiij)

2

{

8

√

7

3t
− 2

t
− 13(c0 + 1)

}

+ g2 + g4.

Set

13

3
θ1(t) = 8

√

7

3t
− 2

t
− 13(c0 + 1).
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Because dθ1(t)
dt < 0 for 1

9 < t < 1
4 , θ1(t) ≥ θ1(

1
4 ) ≥ − 3

5 . It follows from (3.5) and t < 1
4

that

tS̃2

{

S̃ − 2n+
(

t− 13

3
c1 −

2

3

) S̃

n

}

≥−
(

1 +
13

3
c1
)

A+
(

1 +
26

3
c1
)

B +
(

2 +
13

3
c1 − 4t

13

10
(1 +

α

3
)
)

S̃f + g2 + g4

≥−
(

1 +
13

3
c1
)

A+
(

1 +
26

3
c1
)

B +
(

2 +
13

3
c1 −

13

10
(1 +

α

3
)
)

S̃f + g2 + g4

=−
(

1 +
13

3
c1
)

A+
(

1 +
26

3
c1
)

B +
( 7

10
+

13

3
(c1 −

α

10
)
)

S̃f + g2 + g4.

Taking c1 = α
10 in above inequality, we see c1 ∈ [0, 1

10 ] from the definition of α. By
(3.3), (3.4) and A+ 2B = 1

3

∑

i,j,k(λi + λj + λk)
2h2

ijk ≥ 0, we have

tS̃2

{

S̃ − 2n+
(

t− 2

3
− 13

30
α
) S̃

n

}

≥−
(

1 +
13

30
α
)

A+
(

1 +
26

30
α
)

B +
7

10
S̃f + g2 + g4

=−
(

1 +
13

30
α · 4

3

)

(A−B) +
13

30
α · 1

3
(A+ 2B) +

7

10
S̃f + g2 + g4

≥−
(

1 +
26

45
α
)

(A−B) +
7

10
S̃f + g2 + g4

≥−
(

1 +
26

45
α
)1− α

3
(λ̃1 − λ̃2)

2tS̃2 +
7

10
S̃
(λ̃1 − λ̃2)

2

λ̃2
1 + λ̃2

2

(

λ̃1λ̃2 +
S̃

n

)2
+ g2 + g4.

By
∑

i λ̃i = 0 and
∑

i λ̃
2
i = S̃, we get λ̃1λ̃2 ≤ 0 and (λ̃1−λ̃2)

2

λ̃2
1
+λ̃2

2

≥ 1. Since −
(

1 +
26
45α
)

(1− α) = 26
45 (α − 1)

(

α+ 45
26

)

≥ −1 (0 ≤ α ≤ 1), we have

tS̃2

{

S̃ − 2n+
(

t− 2

3
− 13

30
α
) S̃

n

}

≥− 1

3
(λ̃2

1 + λ̃2
2 − 2λ̃1λ̃2)tS̃

2 +
7

10
S̃
(

λ̃1λ̃2 +
S̃

n

)2
+ g2 + g4

≥− 1

3

(

S̃ + 2xS̃
)

tS̃2 +
2

3
S̃3
( 1

n
− x
)2

+ g2 + g4
(

x := − λ̃1λ̃2

S̃

)

=− 1

3
tS̃3
(

1 +
2

n

)

+
2

3
S̃3

[

(

x− 1

n

)2 −
(

x− 1

n

)

t

]

+ g2 + g4

≥− 1

3
tS̃3
(

1 +
2

n

)

− 1

6
t2S̃3 + g2 + g4.(5.1)

On the other hand,

tS̃2

{

S̃ − 2n+
(

t− 2

3
− 13

30
α
) S̃

n

}

≤ tS̃2

{

S̃ − 2n+
(

t− 2

3

) S̃

n

}

.

This implies

tS̃2

{

S̃ − 2n+
(

t− 2

3

) S̃

n
+

1

3

(

1 +
2

n

)

S̃ +
1

6
tS̃

}

≥ g2 + g4.
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It follows from (3.1) that

(5.2) n = S̃(1− t) +
nH [HS̃ − (f3 −HS)]

S̃
.

Hence

tS̃2

{

S̃
[

1− 2(1− t) + (t− 2

3
)
1

n
+

1

3
(1 +

2

n
) +

1

6
t
]

− 2
nH [HS̃ − (f3 −HS)]

S̃

}

=tS̃2

{

S̃
[(13

6
+

1

n

)

t− 2

3

]

− 2
nH [HS̃ − (f3 −HS)]

S̃

}

≥ g2 + g4,

i.e.,

(13

6
+

1

n

)

t− 2

3
≥ g2 + g4

tS̃3
+ 2

nH [HS̃ − (f3 −HS)]

S̃2
.

Using
(

13
6 + 1

n

)

t− 2
3 ≤

(

13
6 + 1

4

)

t− 2
3 = 29

12

(

t− 8
29

)

, we obtain

t ≥ 8

29
+

12

29

{

g2 + g4

tS̃3
+ 2

nH [HS̃ − (f3 −HS)]

S̃2

}

.

Therefore, there exists a positive constant C1(n) depending only on n such that
if |H | < C1(n), then

∣

∣

∣

∣

∣

g2 + g4

tS̃3
+ 2

nH [HS̃ − (f3 −HS)]

S̃2

∣

∣

∣

∣

∣

≤ 1

16

and t ≥ 1
4 . This contradicts with t ∈ [ 19 ,

1
4 ). So we have t ≥ 1

4 when |H | < C1(n).
Secondly we prove that t ≥ 3

10 + ε(n), where

ε(n) =















0.0026, n>6;
0.0008, n=6;
0.0016, n=5;
0.0023, n=4.

Suppose that t ∈ [ 14 ,
3
10 + ε(n)]. In (4.11), take u = 17

5 , c0 = 6
17 and let

5− 2u+ c1u+
β

3
= 6 + u+ 2c1u− 2β

3
.

This together with the definition of β gives β = 54
5 − t and c1 = − 2

17 − 5
17 t.

Thus (4.11) can be written as

tS̃2

{

S̃ − 2n−
(6

5
− 2t

) S̃

n

}

≥−
(7

5
− 4t

3

)

(A−B) +
(8

5
− 22t

5

)

S̃f +
θ2(t)

S̃

∑

j

(
∑

i

λ2
i hiij)

2 + g2 + g4,
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where

θ2(t) = 4

√

2(n+ 2)

3nt

(54

5
− t
)

− 2(n+ 2)

nt
− 69

5
.

It is easy to see that dθ2(t)
dt < 0, for 1

4 ≤ t ≤ 0.3026. Hence θ2(t) is decreasing for
t ∈ [ 14 , 0.3026]. We consider the following cases.

Case(a) n > 6. Since θ2(t) ≤ θ2(
1
4 ) < 0 holds for n > 6, by (3.5), we have

tS̃2

{

S̃ − 2n−
(6

5
− 2t

) S̃

n

}

≥−
(7

5
− 4t

3

)

(A−B) +
(

a2(t)− b2(t)α
)

tS̃f + g2 + g4,

where

a2(t) =
8− 22t

5t
+

1

3
θ2(t), b2(t) = −2

3
θ2(t).

When a2(0.3026) − b2(0.3026)α > 0, from the monotonicity of θ2(t) for t ∈
[ 14 , 0.3026], we see that a2(t) − b2(t)α ≥ a2(0.3026) − b2(0.3026)α > 0. Using (3.3),

(3.4) and x = − λ̃1λ̃2

S̃
∈ [0, 1

2 ] as in (5.1), we have

S̃ − 2n−
(6

5
− 2t

) S̃

n

≥−
(7

5
− 4t

3

)1− α

3
(λ̃1 − λ̃2)

2 +
(

a2(t)− b2(t)α
) (λ̃1 − λ̃2)

2

λ̃2
1 + λ̃2

2

(

λ̃1λ̃2

S̃
+

1

n

)2

S̃

+
g2 + g4

tS̃2

≥−
( 7

15
− 4t

9

)

(1− α)(1 + 2x)S̃ +
(

a2(t)− b2(t)α
)

(1 + 2x)
( 1

n
− x
)2
S̃

+
g2 + g4

tS̃2

=
(

ρ(x, n) + δ(x, n)α
)

S̃ +
g2 + g4

tS̃2
,

where

ρ(x, n) = −
( 7

15
− 4t

9

)

(1 + 2x) + a2(t)(1 + 2x)
( 1

n
− x
)2
,

δ(x, n) =
( 7

15
− 4t

9

)

(1 + 2x)− b2(t)(1 + 2x)
( 1

n
− x
)2
.

By the monotonicity of ρ(x, n) and δ(x, n) (see [16]), we get

δ(x, n) ≥ min
{

δ(0, n), δ(
1

2
, n)
}

> 0,

ρ(x, n) +
(6

5
− 2t

) 1

n
≥ min

{

ρ(x, n) +
(6

5
− 2t

) 1

n

}∣

∣

∣

∣

t=0.3026

= −0.3943.
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So

S̃ − 2n ≥ −0.3943S̃ +
g2 + g4

tS̃2
.

It follows from (5.2) that

t ≥ 0.3028 +
g2 + g4

2tS̃3
+

nH [HS̃ − (f3 −HS)]

S̃2
.(5.3)

When a2(0.3026)− b2(0.3026)α ≤ 0, i.e., a2(0.3026)
b2(0.3026)

≤ α ≤ 1, it follows from (3.4),

(3.7) and a2(t)− b2(t)α ≥ a2(0.3026)− b2(0.3026)α that

tS̃2

{

S̃ − 2n−
(6

5
− 2t

) S̃

n

}

≥−
( 7

15
− 4t

9

)

(1− α)(λ̃1 − λ̃2)
2tS̃2

+
(

a2(0.3026)− b2(0.3026)α
)[ (λ̃1 − λ̃2)

2

4
− S̃

n

]

tS̃2 + g2 + g4.

Noting that (λ̃1 − λ̃2)
2 ≤ 2S̃, we get

S̃ − 2n−
(6

5
− 2t

) S̃

n

≥
{

− 2
( 7

15
− 4t

9

)

+
n− 2

2n
a2(0.3026) +

[

2
( 7

15
− 4t

9

)

− n− 2

2n
b2(0.3026)

]

α

}

S̃

+
g2 + g4

tS̃2
.

Since b2(0.3026) < 0.7821 and the assumption of t < 0.3026, we have 2
(

7
15 − 4t

9

)

−
n−2
2n b2(0.3026) > 0. Using α ≥ a2(0.3026)

b2(0.3026)
, we obtain

S̃ − 2n−
(6

5
− 2t

) S̃

n
≥ −2

( 7

15
− 4t

9

)[

1− a2(0.3026)

b2(0.3026)

]

S̃ +
g2 + g4

tS̃2
.

By a direct computation, one see that a2(0.3026)
b2(0.3026)

≥ 0.6348. Then

S̃ − 2n−
(6

5
− 2t

) S̃

n
≥− 2

( 7

15
− 4t

9

)

0.3652S̃ +
g2 + g4

tS̃2

=− 0.7303

45
S̃ − 2.9215

9
n+ g5,(5.4)

where

g5 =
g2 + g4

tS̃2
+

2.9215nH [HS̃ − (f3 −HS)]

9S̃
.

For t ∈ [ 14 , 0.3026], we have
(

6
5 − 2t

)

S̃
n > 0. It is seen from (5.4) that

S̃ − 2n > −0.7303

45
S̃ − 2.9215

9
n+ g5.
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Therefore, using (5.2), we get

t > 0.3934 +
nH [HS̃ − (f3 −HS)]

S̃2
+

0.5968g5

S̃
.(5.5)

From (5.3) and (5.5), we see that there is a positive constant C2(n) (n > 6) such
that if |H | < C2(n), then

∣

∣

∣

∣

∣

g2 + g4

2tS̃3
+

nH [HS̃ − (f3 −HS)]

S̃2

∣

∣

∣

∣

∣

< 0.0002,

and
∣

∣

∣

∣

∣

nH [HS̃ − (f3 −HS)]

S̃2
+

0.5968g5

S̃

∣

∣

∣

∣

∣

< 0.0908,

which imply t > 0.3026. This makes a contradiction. Hence we have t > 0.3026 when
|H | < C2(n) (n > 6).

Case(b) 4 ≤ n ≤ 6. We take u = 7
2 , c0 = 61−

√
1221

70 in (4.11), and get

tS̃2

{

S̃ − 2n−
(11

10
− 2t

) S̃

n

}

≥−
(13

10
− 4t

3

)

(A−B) +
(8

5
− 9t

2

)

S̃f +
θ3(t)

S̃

∑

j

(
∑

i

λ2
i hiij)

2 + g2 + g4,

where

θ3(t) = 4

√

2(n+ 2)

3nt

(111

10
− t
)

− 2(n+ 2)

nt
− 393− 3

√
1221

20
.

One can see that θ3(t) is decreasing for t ∈ [ 14 , 0.3023] and θ3(t) ≤ θ3(
1
4 ) < 0 holds

for 4 ≤ n ≤ 6. It follows from (3.5) that

tS̃2

{

S̃ − 2n−
(11

10
− 2t

) S̃

n

}

≥−
(13

10
− 4t

3

)

(A−B) +
(

a3(t)− b3(t)α
)

tS̃f + g2 + g4,

where

a3(t) =
8

5t
− 9

2
+

1

3
θ3(t), b3(t) = −2

3
θ3(t).

For 4 ≤ n ≤ 6 and 1
4 ≤ t ≤ 0.3061, we have a3(t) > b3(t) > 0. Thus a3(t)− b3(t)α ≥

a3(t) − b3(t) > 0. By (3.3) and (3.4), we repeat the computational procedure in
Case(a) for n ∈ {4, 5, 6}, respectively. From the assumption of t ≤ 3

10 + ε(n), we
obtain

S̃ − 2n > −
( 4

10
− 2ε′(n)

)

S̃ +
g2 + g4

tS̃2
,
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where

ε′(n) =







0.0009, n=6;
0.0017, n=5;
0.0025, n=4.

It follows from (5.2) that

t >
3

10
+ ε′(n) +

g2 + g4

2tS̃3
+

nH [HS̃ − (f3 −HS)]

S̃2
.

Then there exists a positive constant C2(n) (n=4,5,6) such that t > 3
10 + ε(n) when

|H | < C2(n). This is a contradiction. Hence we have t > 3
10 + ε(n) for n = 4, 5, 6.

It is known in [12] that

S̃ +
n(n− 2)H
√

n(n− 1)

√

S̃ − n− nH2 ≥ tS̃.

So

S̃ ≥nσ +
nH2

2(n− 1)
σ
(

(n− 2)2σ + 2(n− 1)
)

− n(n− 2)H

2(n− 1)
σ2

√

(n− 2)2H2 +
4(H2 + 1)(n− 1)

σ

≥nσ + nH2

(

n2

2(n− 1)
− 1

)

− n(n− 2)H

n− 1

√

n2H2 + 4(n− 1),

where σ = 1
1−t , and 1 < σ < 2 for 0 < t < 1

2 . Then

S − β(n,H) >nH2 − β(n,H) + nσ + nH2

(

n2

2(n− 1)
− 1

)

− n(n− 2)H

n− 1

√

n2H2 + 4(n− 1)

=nH2 − n− n3H2

2(n− 1)
+ nσ + nH2

(

n2

2(n− 1)
− 1

)

− 3n(n− 2)H

2(n− 1)

√

n2H2 + 4(n− 1)

=n(σ − 1)− 3n(n− 2)H

2(n− 1)

√

n2H2 + 4(n− 1).

If H ≤ 2
n and t > 3

10 + ε(n), we have

S − β(n,H) >
nt

1− t
− 3(n− 2)n

3

2

n− 1
H >

3n

7
+

100n

49
ε(n)− 3(n− 2)n

3

2

n− 1
H.

Set C(n) = min
{

C1(n), C2(n),
2
n ,

100(n−1)
147(n−2)

√
n
ε(n)

}

and assume |H | < C(n). We

conclude that if S > β(n,H), then S > β(n,H) + 3
7n. This completes the proof

of our main theorem.
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