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On sections of hyperelliptic Lefschetz fibrations

SHUNSUKE TANAKA

We construct a relation among right-handed Dehn twists in the mapping class group
of a compact oriented surface of genus g with 4g 4 4 boundary components. This
relation gives an explicit topological description of 4g + 4 disjoint (—1)—sections of
a hyperelliptic Lefschetz fibration of genus g on the manifold CP? # (4g + 5)CP2.

57N13; 20F34

1 Introduction

Lefschetz fibrations relate the topology of symplectic 4—manifolds to the combinatorics
on relations in Dehn twist generators of mapping class groups of surfaces. It is well-
known that a Lefschetz fibration of genus 1 on the manifold E(1) = CP?#9CP?
constructed by blowing up nine intersections of two generic cubics in CP? has twelve
singular fibers and nine disjoint (—1)-sections. Korkmaz and Ozbagci [7] constructed
a relation among right-handed Dehn twists in the mapping class group of a torus with
nine boundary components to locate a set of nine disjoint (—1)—sections in a Kirby
diagram of E(1). Itis also known to algebraic geometers that a hyperelliptic Lefschetz
fibration of genus g on the manifold Xy = CP?#(4g + 5)CP? has 8g + 4 singular
fibers and 4g + 4 disjoint (—1)—sections for g > 2 (see Saitd and Sakakibara [10,
Section 3] and Kitagawa and Konno [6, Remark 1.1]).

In this paper we construct a relation among right-handed Dehn twists in the mapping
class group of a compact oriented surface of genus g with 4g 44 boundary components
to locate a set of 4g + 4 disjoint (—1)—sections in a Kirby diagram of Xg. In the
case g = 2, our relation can be considered as an improvement of Onaran’s relations
[9] in mapping class groups of surfaces of genus two with at most eight boundary
components.

In Section 2 we review basic relations in mapping class groups and produce two
relations on a torus with eight boundary components. Combining these relations, we
construct a new relation on a surface of genus g with 4g 4 4 boundary components in
Section 3. In Section 4 we apply the relation to visualize 4g + 4 disjoint (—1)—sections
in a Kirby diagram of a hyperelliptic Lefschetz fibration of genus g.
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2 Building blocks

In this section we review basic relations in mapping class groups and produce two
relations on a torus with boundary both used in the next section.

2.1 Basic relations in mapping class groups

Let ¥; , be a compact oriented surface of genus g with r boundary components
and Diff; X, , the group of orientation-preserving diffeomorphisms of X, , fix-
ing the boundary 0¥ , pointwise equipped with the C°°—topology. The group
mo(Diff 4 X4 ) of path-components of Diff | X , is called the mapping class group
of X4, and we denote it by Mg ,. We denote by Fg , the free group generated by
all isotopy classes Sg,» of simple closed curves in the interior of X, ,. There is a
natural epimorphism @ : Fg , — M, , which sends (the isotopy class of) a simple
closed curve a in the interior of X , to the right-handed Dehn twist 7, along a. We
set Rg,r :=Kerw.

A word in the generators Sg , is called positive if it includes no negative exponents. We
put p(c) :=15" - 151 (c) € Sg.r for c € Sy and W =" ---ai‘ € Fgr (ay,...,ar
in Sgr, €1,...,& in {£1}). We often denote a”! by a for an element a of Sg ;. For
two words Wy, W € Fy -, we denote W) = W, if w(W;) = w(W,). If the relation
W1 = W, holds for Wy, W, € Fg ,, we obtain another relation V W Vii=vw,v1,
which is called a conjugate of Wi = W,, forevery V € Fg ;.

We recall definitions of basic relations in mapping class groups.

Definition 2.1 [3] (1) For disjoint simple closed curves a,b in the interior of
Yg,r, we have a relation ab = ba in Fg , called a commutativity relation. A regular
neighborhood of @ U b is the disjoint union of two annuli.

(2) For simple closed curves a, b in the interior of X , which intersect transversely
at one point, we have a relation aba = bab in Fg , called a braid relation. A regular
neighborhood of @ U b is a torus with one boundary component.

(3) For simple closed curves «, 0, ), 81,82, 83,04 in the interior of X4, shown in
Figure 1, we have a relation §,8,0384 = yoa in Fg , called a lantern relation. The
union of 81,62, 83,084 bounds a sphere with four boundary components in Xg ;.

(4) An ordered n—tuple (cy,...,cy) of simple closed curves in the interior of X4 ,
is called a chain of length n if ¢; and c;4 intersect transversely at one point (i =
1,...,n—1) and other ¢; and c; never intersect. For a chain (cy, ..., ¢g41) of length
2g +1 on X4 o, we have a relation (¢y -+ Cog41C2g41 ceep)?=1in Fg,o0 called a
hyperelliptic relation (see Figure 2).
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Figure 2: Hyperelliptic relation

Remark 2.2 Let a and b be simple closed curves in the interior of Xg , and ¢ the
simple closed curve f;(a) = p(a). Then we have the relation ¢ = bab in For. If
a and b intersect transversely at one point, we have another relation b = aca. This
relation together with the relation ¢ = bab yields a braid relation aba = bab.

2.2 Two relations on a torus with boundary

In this subsection we construct two relations on a torus with eight boundary components.
The first relation is the following.

Proposition 2.3 Relation (A) For simple closed curves in the interior of X g shown
in Figure 3, we have the relation

a10a2816203848586 = asasbrdsoi04ai0a3bra302asa3a3bragazo30say ;.

We make use of the five-holed torus relation found by Korkmaz and Ozbagci [7] in
order to prove Proposition 2.3.

Lemma 2.4 (Korkmaz—Ozbagci [7]) For simple closed curves in the interior of X1 5
shown on the right in Figure 4, we have the relation

5251612]/53 = a5b2a3a4a5b201a6a3b202a8.
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Figure 3: Relation (A)

Remark 2.5 The relation in Lemma 2.4 is deduced from the original five-holed torus
relation

8281a2y683 = asazasbyo1asazbyozagasby

(see [7, Section 3.5]) by using commutativity relations and conjugations.

Figure 4: Five-holed torus relation
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Proof of Proposition 2.3 Applying commutativity relations and conjugations to the
five-holed torus relation in Lemma 2.4, we obtain

a816283y = asbyazagasbyorasazbyorag = agbyagagazasasbyorasazbrozas

= a8a3a4a5b201a6a3b202a5a8b2678.
Multiplying both sides of this relation by Y, we have
02515253 = aga3a4a5b201a6a3b202a5agbzc_lg7.

We embed X 5 into X ¢ and take simple closed curves a, a9, 84, 03 in the interior
of ¥ ¢ shown in Figure 4. Then we have a lantern relation

S4a1azag = yo3dy.
Combining these relations and applying commutativity relations, we obtain

agasza1a81828384 = agazasasbrorasazbyorasagbragyyosag

= agazasasb,oiagasbyorasagbrdgosiag.
Multiplying both sides of this relation by asag, we have a relation
(A1) 10261628384 = asasbroragazbrorasagbsragosag
on X;.

We change the name §, of a curve in relation (Al) into y (shown on the right in
Figure 5) and apply commutativity relations and conjugations to it to obtain

a1a2515354y = a4a5b201a6a3b202a5a8b25803a9
= a5a4b254a401a6a3b202a5a8b2&803a9

= auagazbrorasagbragoyagasashbrdsoy.
Multiplying both sides of this relation by ), we have
a1a2816304 = agagasbyorasagb,dgozagasasbrasory.
We embed X ¢ into X 7 and take simple closed curves ay¢, d2, 5, 04 in the interior
of Xy 7 shown in Figure 5. Then we have a lantern relation
828s5a4a¢ = yosayo.
Combining these relations and applying commutativity relations, we obtain

a4a601028182838405 = asagazbyorasaghbrdgozagasasbrdsoyyosang

= a4a6a3b202a5a8b25803a9a5a4b25401(74a10.
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Figure 5: Embedding of X ¢ into X; 7 (I)

Multiplying both sides of this relation by ag¢a4, we have a relation
(A2) a1a268162038485 = asbyorasaghrdgozagasasbrdsoi04aig
on 21’7 .

We change the name a; of a curve in relation (A2) into y (shown on the right in
Figure 6) and apply commutativity relations and conjugations to it to obtain

438102836405y = azbyorasagbydgozagasashbrasoyo4ayg
= a3b2c7302a5a3a8b25303a9a5a4b2&40104a10
= a3b25302a5a3a8b2585303a3a9a5a4b2§40104a10
= a3a9a5a4b2540104a10a3b2d302a5a3a8b2585303.
Multiplying both sides of this relation by ), we have
a25182538485 = a3a9a5a4b2540104a10a3b25302a5a3a8b25853037.
We embed X, ;7 into X g and take simple closed curves a;, a1, 8¢, 05 in the interior
of X g shown in Figure 6. Then we have a lantern relation
Searazag = yosai.
Combining these relations and applying commutativity relations, we obtain
a3a9a1a81826308405866 =azagasasbrdsoi04ai0a3brazorasazagbragazozyyosay

= a3a9a5a4b25401 o4a10a3b25302a5a3a8b258530305a11 .
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Figure 6: Embedding of X 7 into X g (I)

Multiplying both sides of this relation by agas, we finally obtain relation (A). This
completes the proof of Proposition 2.3. O

The second relation constructed in this subsection is the following.

Proposition 2.6 Relation (B) For simple closed curves in the interior of X1 g shown
in Figure 7, we have the relation

61161261761851525354 = a4a’5’676b2a6a3b2673 r'r”'a5aﬁ{d3b2a3a6b2ﬁ6tr”.

We make use of the four-holed torus relation found by Korkmaz and Ozbagci [7] in
order to prove Proposition 2.6.

Lemma 2.7 (Korkmaz—Ozbagci [7]) For simple closed curves in the interior of X1 4
shown on the left in Figure 8, we have the relation

_ 2
aaiary = (azagbrasasby)”.

Remark 2.8 The relation in Lemma 2.7 is not the exact four-holed torus relation but
the relation written in a more symmetric form (see [7, Section 3.4, Remark]).

Proof of Proposition 2.6 We consider the four-holed torus relation reviewed in
Lemma 2.7. We then embed X 4 into X 5 and take simple closed curves a’5, ag,01, T
in the interior of ¥; 5 shown in Figure 8. Then we have a lantern relation

_ /
51a8a6a5 =Yytds.
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Figure 7: Relation (B)

Combining this relations with the four-holed torus relation, and applying commutativity
relations and conjugations, we obtain a relation

- = = /
(Bl) a1a2a7a881 = a5a4a5b2a3a6b2a4a5b2a3a6b2y *deyTdg
= a4b2a3a6b2a4a5b2a6a3b2&6w/5

= a4a5b2a6a3b2ﬁ6w’5a4b2a3a6b2

Figure 8: Four-holed torus relation
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on 21’5.

Figure 9: Embedding of X 5 into X; ¢

We change the name a; of a curve in relation (B1) into y (shown on the right in
Figure 9) to obtain

ya2a7a851 = a4a5b2a6a3b256ra/5a4b2a3a6b2.

We embed X 5 into X ¢ and take simple closed curves aq, ag, 85, T’ in the interior
of X ¢ shown in Figure 9. Then we have a lantern relation

asaza by = yr’ag.

Combining these relations and applying commutativity relations and conjugations, we
obtain a relation

(B2) a1a2a7a88182 = 54a4a5b2a6a3b256ra/5a4b2a3a6b27-Emyt’aﬁ‘
= a5b2a6a3bzc_z6ta/5a4b2a6a3b2073 r/a;

= b2616613b2673 r/a;a5b2a6a3bzﬁ6raga4.
on 21,6 .

We change the name ag of a curve in relation (B2) into y (shown on the left in
Figure 10) to obtain

a1a2a7y5152 = b2616613b2673 r'aga5b2a6a3b255raga4.
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Figure 10: Embedding of X¥; ¢ into X, 7 (I)

We embed X ¢ into X ; and take simple closed curves a%,ag, d3, " in the interior
of Xy 7 shown in Figure 10. Then we have a lantern relation

/A "1
dzagasas =yt ds.

Combining these relations and applying commutativity relations and conjugations, we
obtain a relation

(B3) a1a2a7a8818283 = 576b2a6a3b2673r’a;a5b2a6a3b2d6m’5a47-5’5yr”a/5'
— = = 1/ — " "
= a6b2a6a3b2a3f a4a5b2a6a3b2asrr dydsg

= bza3a6b2c76rr"a4a'5'676b2a6a3b253 r’agaS .

We change the name a; of a curve in relation (B3) into y (shown on the right in
Figure 11) to obtain

)/0261761381 8283 = b2a3a6b2c76rr”a4a;’56b2a6a3b253 r’aﬁ‘a5.

We embed X; 7 into X; g and take simple closed curves ay,a, 84, 7" in the interior
of X g shown in Figure 11. Then we have a lantern relation

/o " _n
546!1613614 =YT dy.
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Figure 11: Embedding of ;7 into X5 (II)

Combining these relations and applying commutativity relations and conjugations, we
finally obtain relation (B):
a1a2a7a881828384 = &3b2a3a6b256tr”a4a'5’d6b2a6a3b2c'z3 ‘L'/CIQCZs?- 672)/1'///612
= &3b2a3a6b2c76tr”a4a'5’076b2a6a3b253 r/r”’a5a:{
= a4a'5’676b2a6a3b2673 r’f"'a5ag’d3b2a3a6b256rr".

This completes the proof of Proposition 2.6. O

Remark 2.9 Both of relations (A) and (B) are different from the eight-holed torus
relation of Korkmaz and Ozbagci [7] though the constructions are similar.

3 Constructions

In this section we construct a new relation on a compact oriented surface of genus
g with 4g 4 4 boundary components by combining copies of relations (A) and (B)
obtained in the previous section.

3.1 Higher genus

We assume g > 3. For integers m,n (0 <m < n) and words Wy, Wy, 41,..., Wy
in Fg r, we denote the product Wy, Wy, -+ Wy, (respectively Wy, -+ Wy, 1 Wy, ) by
[T/ Wi (respectively [T7L, W).
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Theorem 3.1 Relation (Hg) For simple closed curves in the interior of Xg 4614
shown in Figure 12, we have the relation

2
— 1 / 14 ! ! / / " __r __/
5152"'54g+354g+4 = l_[ ,31' ,31'77,‘_177,‘_1 'ﬁ10104a3g+3/3102a1,310305

i=g—1 g—1
<[] B/ Biti—17{_, - Bgo104a3¢Byo2a3g—1B40305
i=2
in Mg 4644, where
B1:= az,14(b1), 1:=as(b1), = azgysaz (01),
N /. ".__

IBg cTa3zg+1 (bg)’ ,Bg *T a3g-—3 (bg)’ :Bg *T A3g—3d3g42 (bg)’
Bi := as;_3 (bi), /3; 1= a3 (bi), ﬂz// 1= a3 3 (i), IB;H 1= ay, (bi),

andi =2,...,g—1.

Proof We combine two copies of relation (A) and g — 2 copies of relation (B) to
obtain the desired relation. We first consider two relations for simple closed curves
shown in Figure 13. One is a copy of relation (A):

a5a;818486525385

_— — !/ — / — — !/
= a1a3g+4b1d34140104a3¢43a3b1A30,a1a3a3¢45D103445030305a7
Applying commutativity relations and conjugations, we obtain a relation

0205518253548556

_ — ! /! — / — - ! !
= a10203544b1a3g 44010403 +3a3b1030,a1a3a35+5b10d344503030%

_ !/ ! ! /e
=a1a,$10,04a3443B10,a1810505.

Note that 8; = a3g+4b16_l3g+4, ﬂ/l = aszbjaz and ,3/1/ = a3g+5a3b16_l3d3g+5 by
Remark 2.2. The other is a copy of relation (B):

/ _ ! = — ! ! = — 1
a1a2a7a8878889810 = a4a5a6b2a6a3b2a3rlrl a5a4a3b2a3a6b2a6tlrl
Applying commutativity relations and conjugations, we obtain a relation
/85552 /—b b_ ! /—b b—//l/
a1dd,a8070809010 = ds5d,403020306D206T1 T Aad50eD2A6A30243T T

We embed two copies of X g in Figure 13 into X5 1, as shown in Figure 14.
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Figure 12: Relation (Hy ) for g > 3

Combining these relations and applying commutativity relations and conjugations, we
obtain a relation

/
(CZ) a7a8818253548586878389810
= 5552a5ag53b203616b2ﬁ6‘[1 r{'a4a’556b2a6a3b2ﬁ3 ‘L'i ‘Ei”ﬁldz
’ [ "1 1
'a102ﬁ10104a3g+3ﬁ102a1510305

ﬁ3b2a3a6b25611 r{/a4agﬁ6b2a6a3b253 ‘[i ‘[i”

! ! !/ n__r __/
B1010,a34+3P10,a1B10305

_ !/ = — ! ! __/ ! ! " __r__/
= agasaebracazbrazt vy - f1070,4a3g 1361050180505

. &3b2a3a6b2d611 ‘L'i/.
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Figure 14: Embeddings of two copies of X g into Xj 12 (I)

We next consider relation (C2) and another copy of relation (B) for simple closed
curves shown in Figure 15:

o — ! = — " /= = 1IN
a4a5a10a11511812513814 = a8a7a6b3a6a9b3a9r212 a7a8a9b3a9a6b3a6r212

We embed X, 1, in Figure 14 and X g in Figure 15 into X3 ;¢ as shown in Figure 16.
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Figure 15: Another relation (B)

7 7"

7"
T a

Figure 16: Embeddings of X, ;> and X; g into X3 ;6

Combining these relations and applying commutativity relations and conjugations, we
obtain a relation

/
(C3) ay¢a11810283848586878889810811812013814
= 67'753a8a’7676b3a6a9b3579t2rga7a%c_19b3a9a6b3c_l6téré”chdg
! = — ! _n ! ! / / n__r__/
agdsagbracazbraztity - B10,04a34+3B105a1 810505

. 53b2a3a5b25611 ‘L'i/
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= 6_161?3a6a9b36_19‘L'2‘[;61761%6_[9173a9616b3676‘[£‘[£” . 676[)26166131?26_13 ‘L’{ ‘L’{N
-ﬂ10102a3g+3ﬁ/10’£a1,3/1/0’§0’g -53b2a3a6b256t1r{'

= a7ag59b3a9a6b3ﬁ6r§t£" -56b206a3b26_l3‘17{ ‘L’{”
-ﬂ10{02a3g+3,8’10£a1,3’1’0§0; -53b2a3a6b25611f{'

. 56b3a6a9b359r2fg.

We repeat similar procedures by making use of g —4 copies of relation (B):

/
a3j—503;_4@3i+143;+204i—164i64i+184i+2
_ / - — 1
= a3j—103;_,d3i—3bjazi—3a3;biaziti—17;_;
/ — — ! "
“a3j_2d5;_yaz;biasziasz;_s3biasz;_3t;_T;_,
fori =4,...,g—1 to obtain relations (C4), (C5), ... and

(C(g—1) asg—ra3g—16182---84g—384g—2

2
_ / - - / 1
= d3g—s5d34_4 l_[ asibjazjazi—3biazi_3t;_;7;_,
i=g—1 g—1
! __/ / ! n__r__/ - - "
-Br10104a3¢+3B10,a1B7030% 1_[ aszi—sbiazi—zasibiasiti—17;_,
i=2

for simple closed curves on Xg_1 4, shown in Figure 17.

We finally consider the other copy of relation (A) for simple closed curves shown in
Figure 18:

/
A3g—5035_404g+104g+204g+404g04g+104g+3
= a3g-103g+1bgl3g 410104035435 3bgd34-307
'a3g—1a3g—3613g+2bg53g+253g—3030503g—2

Applying commutativity relations and conjugations, we obtain a relation

a3g—s5d3,_484g—184g84g+184g+284g+304g+4
= a3g203g—103g+1bgl34110104a34a343Dg
“A3g—30203g—1d3g—303g+2bgl3g 1203530307
= a3g—2a3g—1ﬁg0104a3gﬁéa2a3g—lﬂg0305-
Note that

— — A — N __ — —
Bg = asgy1bglzg1, Py =dasg—3bgdsg—3, By =a3g—3a3g42bgd3542035—3
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Figure 17: Relation (C(g — 1))

by Remark 2.2. We embed X1 45 in Figure 17 and X g in Figure 18 into Xg 4444
as shown in Figure 12.

Combining these relations and applying commutativity relations and conjugations, we
obtain relation (Hyg ). Note that 8; = as;_3b;azi—3, B; = as;ibias;, B; =asi—3biazi_3
and B = as;biaz; (i =2,...,g—1) by Remark 2.2. Thus we complete the proof of
Theorem 3.1. a

3.2 Genus two

In this subsection we construct a relation on X, ;5 similar to relations constructed in
the previous subsection.
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Figure 18: The other relation (A)

Theorem 3.2 Relation (H,) For simple closed curves in the interior of ¥, 1, shown
in Figure 19, we have the relation

_ ! __/ / / " __r ! / 1
818283848586878889610811812=PB10704a13B105a1B70505B20104a12B502a5B,0305
in M3 12, where

Bi:=ar(b1), B :=a;(1). BY:=azas(b1).
132 = a4(b2)’ 13/2 = a3(b2)’ 13,2/: a3a8(b2)-

Proof We first consider two copies of relation (A) for simple closed curves shown in
Figure 20:

_ - !/ - / - = ! !
as5a14878889810611812 = a1a2b1a20104a13a3b1a302a1a3a9b1a9a30305a15
a1a15816203848586 = asasbrdso104a12a3b2a302a5a3a3b203030305a14.

Applying commutativity relations and conjugations, we obtain relations

_ ! /! / / " __r !
as5a14670809810611812 = aysa1Bioy04a13p,0,a1 810505

— / "
a1a15816203048586 = 014615,3201046112/3202615/320305-

Note that 81 =a,b1a;, ,3/1 =asbids, ,3’1/5613619b16796_l3, Br=asbray, }3/2 =aszb,d;
and ,3/2/ = a3agb26_lga3 by Remark 2.2.

Combining these relations and applying commutativity relations and conjugations, we
obtain relation (H; ). Thus we complete the proof of Theorem 3.2. O
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Figure 20: Two copies of relation (A)

4 Sections of Lefschetz fibrations

In this section we show that the relation constructed in the previous section gives an
explicit topological description of 4g + 4 disjoint (—1)—sections of a hyperelliptic
Lefschetz fibration of genus g on the manifold CP? # (4g + 5)CP?2.

Algebraic & Geometric Topology, Volume 12 (2012)



2278 S Tanaka
We begin with a definition of Lefschetz fibrations (see [4; 8]).

Definition 4.1 Let M be a closed oriented smooth 4-manifold. A smooth map
f: M — S? is called a Lefschetz fibration of genus g if it satisfies the following
conditions:

(i) f has finitely many critical values by, ..., b, € S? and f is a smooth fiber bundle
over S% — b1, ... by} with fiber X4 o

(i) foreachi (i =1,...,n), there exists a unique critical point p; in the singular fiber
f~1(b;) such that f is locally written as f(zq,2;) = 212 + Z% with respect to some
local complex coordinates around p; and b; which are compatible with orientations of
M and S?

(iii) no fiber contains a (—1)—sphere.

Remark 4.2 We always assume that a Lefschetz fibration is relatively minimal, it has
at most one critical point on each fiber, and the genus of the base is equal to zero. A
more general definition can be found in [4, Chapter 8].

Suppose that g > 2. According to theorems of Kas and Matsumoto, there exists a
one-to-one correspondence between the isomorphism classes of Lefschetz fibrations
and the equivalence classes of positive relators modulo simultaneous conjugations

crescn~wilcr) - wicn),
and elementary transformations
CLove CivCigq e Cp~ Cl o Cig .c;l(ci)... Cn,
CLees CivCign e Cn~ €y (Cig1) " Civ e Cp,

where ¢q -+- ¢y € Rg o is a positive relator in the generators Sg o and W € Fg . This
correspondence is described by using the holonomy (or monodromy) homomorphism
induced by the classifying map of f restricted on S% —{by,...,b,} (see [4; 8]).

Definition 4.3 Let f : M — S? be a Lefschetz fibration of genus g. A smooth map
5 : 8% — M is called a section of f if it satisfies f os = idg>. A section s of f
is an embedding of S? into M . The self-intersection number of the homology class
s«([S?]) € Hy(M;Z) is called the self-intersection number of s. A section of f with
self-intersection number k is often called a k—section.
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For a positive integer r, we attach r disks to the boundary components of Xg , to
obtain a closed surface X4 o and an embedding X4 , < X o. This embedding induces
a natural commutative diagram

Il —— Rgr —— Jgr — Mgy —— 1

Lol !
I —— Rgo — F¢o —— Mo — 1,

where the two horizontal sequences are exact. If two words Wy and W, in Fg , satisfy
Wi = W,, then we have A(W;) = A(W>) in Fg . In this case we call the relation
W1 = W, a lift of the relation A(W7) = A(W5).

Lemma 4.4 [1;2; 11] Let f: M — S? be a Lefschetz fibration of genus g and
c1-+-¢n € Rg,0 a positive relator corresponding to f. Suppose that there exists a
relation ay---a, = 8]1“ ---85" (@i,....an € Sgr, k1,....ky > 0) in Fg , which is
a lift of the relation ¢y ---c, = 1 in Fg4 9, where §;, ..., 6, are simple closed curves
parallel to the boundary components of Xg ,. Then f admits disjoint r sections
S1,...,8-: S% — M with self-intersection number —ky, . .., —k;,, respectively.

For a chain (cy,...,c2g41) of length 2g +1 on X, o, we obtain a Lefschetz fibration
Xg— S 2 of genus g associated to the hyperelliptic relation
(C]"'ng+16’2g+1-"cl)25 1 in ]:g,O-

The total space X of this fibration is known to be diffeomorphic to C P2#(4g +5)CP?
(see [4; 5]).

We denote the positive word on the right-hand side of relation (Hg ) by U, for g > 2.
We consider the above embedding X, , < X, o and the commutative diagram for
r =4g +4. By Theorems 3.1 and 3.2, relation (Hg): Ug = 8185+ 84g4304g+4 in
Foag+4 is alift of the relation A(Ug) =1 in Fy o. This implies that the Lefschetz
fibration Yy — S 2 of genus g associated to the relation A(Ug) = 1 admits disjoint
4g + 4 sections with self-intersection number —1 by virtue of Lemma 4.4.

Theorem 4.5 The two Lefschetz fibrations Xg and Y, are isomorphic to each other.

Proof Suppose that g > 3. We set

c1:=May), Ci=Mbi) (=1,....9),
Cog+1:=Mazg—1), cy1:=Aay) (=1,....,g—1).
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Since (ay,b1,a3,bs,...,a3g_3,bg,azg_1) is a chain of length 2g +1 on X4 4444,
(c1,¢2,¢3,C4,...,C29-1,C2g,C2g+1) is a chain of length 2g + 1 on X, o. It is easily
seen from Figure 12 that
Mazg+3) = Mazgis) = Mazgys) = Moy) = A(oy) = 1.
AMaszg) = Maszg+1) = Mazg+2) = A(01) = A(04) = Cag+1,
Moz) = A(03) = Mog) = c3,
AMo2) = A(03) = A(0s5) = C2g—1,
)‘(Tz{—l) = )\(77,'/11) =C2i—1,

Aziz1) = AMT)) = c2it1,

fori =2,...,g—1. Hence we obtain
2
2 3 2
)V(Ug) = l_[ (C_’ZH-I (621')62,'_1 (CZi) : Czi—l) ‘c (62) *C{c3 (02) *C3C1 "cic3 (CZ) *C3
i=g—1 a—1
2 3
: 1_[ (L_’z,'_l (CZi)62i+1 (C2i) : (321'-}-1) ‘Cog+1 (CZg) : 62g+1 ‘C2g—1 (CZg)
i=2

2
C2g—1C2g+1 " cag_1¢20+1(C2¢) Crg—1-

We now prove that A(Ug) ~ (¢1 -~ Cag+1C2g 41" -¢1)? for g >3. Applying elementary
transformations (including cyclic permutations), we obtain the following sequence of
equivalences:

2
2
A(Ug) ~crg—1- l_[ (2141 (c2i) - Cai—102iC2i—1) - c1Ca¢iC3C2C1C3 ¢y (C2) - €3
i=g—1 g—1
N1 G (20 - cairrcaicain)
i=2 5
"C2g4+1C2gCo0 4 1C2g—1C2gC2g+1C2g—1 " C2g41 (c2g)
2
~ l_[ (c2i41 'cz,-+1(62i) “€2j—1€21) " €3C1€2C{C3C2€1C3 " ¢, (€2)
i=g—1 -1
JTait -y (i) - caivrcan)
i=2
2
1C2g—1C2g+1C2gC55 4 1C2g—1C2gC2g+1C2g—1 " Cag 41 (ng)
2
2
~C1Crg41" 1_[ C2iC2j4+1C2j—1C2j - C3C2C{C3C2C1C3 ¢y (c2)
i=g—1
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g—1
2
: 1_[ C2i€2i—1C2i+1€2i " C2g—-1C2gCr g4 1C2g—-1C2gC2g4+1C2g—1 " C2g41 (ng)
i=2
3
~ CiCi4+1°C3C20{C3C2C1C3 'cl(Cz)'Cl
i=2g—2
2g—2
2
. 1_[ Cit1Ci*C2g—1C2gChe 4 1C2g—1C2gC2g+1C2g—1 " cag41(C2g) *C2g+1
. 2, .2
~ CiCi41°C3C2C3C{C2C1C3C
i=2g-2 2¢-2
2
: l_[ Cit+1CiC2g—1C2gC2g—1Cg11C2gC2g41C2g—1C2g+1C2g
~ l_[ CiCi41-€203C201C2€102€1C3C2
i=2g-2 20-2
: l_[ Ci+1Ci " C2gCog—1C2gC2g+1C2gC2g+1C2gC2g+1C2g—1C2g
~ 1_[ CiCi41-C102€1€1€20
i=2g-2 261
: 1_[ Ci+1Ci " C2g+1C2gC2g+1C2g+1C2gC2g+1C2g—1C2g
i=2
2g
~C2gC2g+1C2g—1C2g " 1_[ CiCi+1 '0101'1_[01'+1Ci'02g+16’2g+1
i=2g-2 i=1
1 2g
~ l_[ CiCit+1-C1C1 nCi+1Ci'6’2g+162g+1
i=2g i=1
1 2 2g+1 2g
~ l_[ Ci 1_[ Ci-ciCy- 1_[01 ch C2g+1C2g+1
i=2g i=2g+1 i i=1

1 1 2g+1 2g+1
= HC,'- l_[ Ci- 1_[ Cj- HC,'-ng_H
i=2g i=2g+1 i=1 i=1
1 1 2g+1 2g+1
~ 1_[ Ci- 1_[ Ci- 1_[ Ci- 1_[ Ci
i=2g+1 i=2g+1 i=1 i=1
2g+1 2g+1

~ l—l Ci* 1_[ Ci l_[ Ci 1_[ ci = (cq- '02g+16’2g+1"'6’1)2-

i=1 i=2g+1 i=1 i=2g+1
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Suppose that g = 2. We set
c1:=May), c2:=Mb1), c3:=Aasz), cq4:=Aby), c5:=A(as).

Since (a1, by, a3, by, as) is achain of length 5 on X5 12, (c1,¢2,¢3,¢4,¢5) is a chain
of length 5 on X, o. It is easily seen from Figure 19 that

Maz) = Mao) = Mayz) = Moy) = A(oy) =y,
AMag) = Mag) = AMaiz) = A(o1) = A(04) = cs,
A(oy) = A(03) = A(05) = A(02) = A(03) = A(05) = c3.

Hence we obtain

3 2 3 2
A(U3) ==cl(02)'cl'C3(62)'C3CI'C301(C2)'C3'05(64)'65'63(C4)‘0305'C3cs(c4)'c3-

We now prove that A(U,) ~ (cjcaczcacsescacscacy)?. Applying elementary transfor-
mations (including cyclic permutations), we obtain the following sequence of equiva-
lences:

AMUz) ~ 6‘16'26‘126’36’2016‘3 er(c2) -3 'CSC4C§CSC4CSC3 “es(ca) - c3
~ 0502013020103 7 ¢, (C2) + €3 - C4C3C3C4C5C3 - ¢5(Ca) - €3C
~ €20703€201€3 ¢, (C2) - €13 - C4C5C3¢4C5C3 + 5 (Ca) - C3C5
~ 626120362616361026’3 ‘C4C§C3C4CSC3 “es(ca)-c503
N'CszC3CzCIC3ClCzC3C4C§C3C4C5C3CsC4C3
“4C]C3CzC3C1C1CzC3C4C3C§C465C3C5C4C3C2C1
AfC1C2C3CZCIClCzC4C3C4C§C4C5C3C5C4C3CzCl
~ C1C2C3C4C2C1C1C2C3C4C5C4C5C4C3C5C4C3C2Cq
~ C1C2C3C4C2C1C1CC3C5C4C5C5C4C3C5C4C3C2Cq
~ C1C2C3C4C5C2C1C1C2C3C4C5C5C4C3C5C4C3C2Cq
~ C1C2C3C4C5C5C4C3C5C4C3C2C1C1C2C3C4C5C2Cq
~ C1C2C3C4C5C5C4C3C2C1C1C2C3C4C5C5C4C3C2Cq
= (C1¢203€4C5€504C302C1) %

This completes the proof of Theorem 4.5. a

The next corollary immediately follows from the theorem.

Corollary 4.6 The Lefschetz fibration Xg — S 2 of genus g associated to the hyper-
elliptic relation admits disjoint 4g + 4 sections with self-intersection number —1.

Algebraic & Geometric Topology, Volume 12 (2012)



On sections of hyperelliptic Lefschetz fibrations 2283

By virtue of Theorem 3.2, we can even depict disjoint twelve sections of the Lefschetz
fibration Y, — S? in a Kirby diagram of Y, — vF, where vF is an open fibered
neighborhood of a regular fiber of Y, (see [7, Section 4]). We first construct a handle
decomposition of X o X D? with one 0-handle, four 1-handles, and one 2—handle
with framing 0 from a fixed handle decomposition of ¥, o. We then attach twenty
2-handles to X, o x D? along the simple closed curves f, o1, 0,4, a13, By, 05, ay,

1, 03, 05, B2, 01, 04, a1, B, 02, as, By, 03, 05 (see Figure 19) on different
fibers of X5 o x S! — S with framing one less than the product framing of Y5 0X S!
to obtain a handle decomposition of Y, — vF. Thus we have a Kirby diagram of
Y, —vF shown in Figure 21. The framing coefficient of every component of the link
but one with framing 0 is equal to —1. Twelve disjoint sections coming from the

simple closed curves 8, ..., 812 are represented by twelve unknots transverse to each
fiber of the fibration ¥ ¢ X S I — S! and meeting a fiber at twelve points indicated
by encircled numbers 1,...,12 in Figure 21. Attaching a 2—handle with framing —1

along any one of the twelve unknots together with four 3—handles and a 4-handle to
Y, —vF, we have a handle decomposition of the closed manifold Y>.

By virtue of Theorem 3.1, we can also depict disjoint 4g + 4 sections of the Lefschetz
fibration Yy — S 2 in a Kirby diagram of Yo —vF for g > 3 in a similar way.

The following proposition implies that the largest possible number of disjoint (—1)—
sections of Xg — § 2 is equal to 4g + 4 for most g.

Proposition 4.7 If g is not equal to k> + k — 1 for any positive integer k, then
the Lefschetz fibration Xg — S? cannot admit disjoint 4g + 5 sections with self-
intersection number —1.

Proof Suppose that the Lefschetz fibration Xz — S 2 admits disjoint 4g 4 5 sections
S1,...,54g+5 with self-intersection number —1. The orientation of S? induces that
of S; :=s;(S?) fori =1,...,4g + 5. We orient a regular fiber F of Xg so that
it satisfies [F]-[S;]= +1 fori =1,...,4g + 5. Blowing down the (—1)—spheres
Si,...,S4g+s5 in Xg, we obtain a 4—manifold X’ and the image F’ of F under the
projection Xz — X’. Since

[F1=[F']—[S1]—--—[Sag+s] in Ha(Xg;Z) = Hy(X'; Z)® (4g +5) H2(CP?; Z)

and [F]?> = 0, we have [F']*> = 4g + 5. On the other hand, [F’]?> must be the square
of an integer because [F'] is a multiple of a generator of H,(X';Z) = 7Z. It is easy to
see that 4g + 5 is the square of an integer if and only if g is equal to k2 +k — 1 for
some positive integer k. a
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Figure 21: A Kirby diagram of Y, —vF
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Remark 4.8 Two generic degree d curves in CIP? induce a Lefschetz pencil of genus
(d—1)(d —2)/2. Blowing up the base locus, we obtain a Lefschetz fibration M; — S?
of the same genus. This fibration has d? sections with self-intersection number —1
and the total space My is diffeomorphic to CP2 #d?CP?2. It is well-known that the
fibration M5 — S? is isomorphic to X1 — S 2 whereas the fibration My — S? for
d > 4 cannot be isomorphic to Xy — S 2 for any g.
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