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A generating set for the palindromic Torelli group

NEIL J FULLARTON

A palindrome in a free group Fj, is a word on some fixed free basis of Fj, that
reads the same backwards as forwards. The palindromic automorphism group T1A,
of the free group Fj, consists of automorphisms that take each member of some
fixed free basis of F}, to a palindrome; the group ITA, has close connections with
hyperelliptic mapping class groups, braid groups, congruence subgroups of GL(n, Z),
and symmetric automorphisms of free groups. We obtain a generating set for the
subgroup of ITA, consisting of those elements that act trivially on the abelianisation
of Fy, the palindromic Torelli group PZ, . The group PZ, is a free group analogue
of the hyperelliptic Torelli subgroup of the mapping class group of an oriented surface.
We obtain our generating set by constructing a simplicial complex on which PZ,
acts in a nice manner, adapting a proof of Day and Putman. The generating set leads
to a finite presentation of the principal level 2 congruence subgroup of GL(n,Z).

20F65, 57TM07, 5TMXX

1 Introduction

Let F, be the free group of rank n on some fixed free basis X . The palindromic
automorphism group of Fj, denoted I1A,, consists of automorphisms of F;, that take
each member of X to some palindrome, that is, a word on X that reads the same
backwards as forwards. Collins [8] introduced the group ITA;, and proved that it is
finitely presented, giving an explicit presentation. Glover and Jensen [15] obtained
further results about ITA,,, utilising a contractible subspace of the auter space of Fj,
on which ITA;, acts cocompactly, with finite stabilisers. For instance, they calculate
that the virtual cohomological dimension of ITA, is n —1. The group IIA, is a free
group analogue of the hyperelliptic mapping class group of an oriented surface; we
develop this analogy later in this introduction.

In this paper, we are primarily concerned with the intersection of TTA, with the Torelli
subgroup of Fy, that is, the subgroup of automorphisms of ITA, that act trivially on
the abelianisation of F,. We denote this intersection by PZ,, and refer to it as the
palindromic Torelli group of Fy. Little appears to be known about the group PZ,:
Collins [8] first observed that it is non-trivial, and Jensen, McCammond and Meier
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[17, Corollary 6.3] showed that PZ, is not of finite homological type for n > 3.
In Section 2, we introduce non-trivial members of PZ, (n > 3) known as doubled
commutator transvections and separating m—twists. The main theorem of this paper
establishes that these generate PZ;,.

Theorem A The group PZ, (n>3) is generated by doubled commutator transvections
and separating yw—twists.

In order to prove Theorem A, we establish finite generating sets for the subgroups of
ITA, consisting of automorphisms that fix each member of some specified subset of
the free basis X . These generating sets, which are given precisely in the statement of
Proposition 2.2, are obtained by utilising Stallings’ graph folding algorithm.

Let I'y[2] denote the principal level 2 congruence subgroup of GL(n, Z), that is, the
kernel of the surjection GL(n, Z) — GL(n, Z/2) that reduces matrix entries mod 2. In
Section 2, we discuss a short exact sequence with kernel the palindromic Torelli group
and quotient I'y[2]. For 1 <i # j <mn, let S;; € I'y[2] be the matrix that has 1s on
the diagonal and 2 in the (7, j) position, with Os elsewhere, and let O; € I',[2] differ
from the identity only in having —1 in the (i,7) position. The following corollary of
Theorem A provides a finite presentation of I',[2] for n > 4.

Corollary 1.1 The principal level 2 congruence group I'y[2] (n > 4) is generated by
{Sij, 0 |1 <i# j <nj},

subject to the defining relators

1) 0;?%, (6) [SkisSkjl,

) [0:, 0], (N [Sij, Skils

(3) (0;Si)?, ®) [Sjis Skil,

@) (0;8;)?, ) [Skj. SjilSki 2.

S [0i, Skl (10) (Sij ik~ " SkiS;jiSjx Sk; ™2,

where | <i, j,k,l <n are pairwise different.

We note that in the proof of Theorem A it becomes apparent that not every relator
of type 10 is needed. In fact, for each choice of three indices i, j and k, we need
only select one such word (and disregard the others, for which the indices have been
permuted).

We also derive the following similar presentation for I',[2] when n = 2 or 3; however,
these are acquired independently of Theorem A. Indeed, the presentation of I'3[2] is
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used to obtain a generating set for PZ3, which forms the base case of an inductive
proof of Theorem A.

Proposition 1.2 The principal level 2 congruence group I'y[2] (n=2, 3) is generated by
{Sij, Oi | 1<i#j<nj,
subject to the defining relators in the statement of Corollary 1.1 of types

e (1)-(4) forn=2,
e (1)—(6), (8)—(10) for n = 3.

A key tool in the proof of Proposition 1.2 is an “even” version of the division algorithm
for the integers. This is the observation that under certain circumstances, the quotient
q € 7 given when dividing a € Z by b € Z may be chosen to be even, if we sacrifice
control of the sign of the remainder r € Z. More details of this procedure are given in
the proofs of Lemma 2.4 and Theorem 5.1.

A similar presentation for I',[2] was recently found independently by Kobayashi [18],
and was also known to Margalit and Putman. As Margalit and Putman pointed out, this
is a natural presentation for I',[2], as relators of types (6)—(9) bear a strong resemblance
to the Steinberg relations that hold between the transvections generating SL(n, Z); see
Milnor [22, Section 5].

A comparison with mapping class groups While I1A, is defined entirely alge-
braically, it may viewed as a free group analogue of a subgroup of the mapping class
group of an oriented surface. Let Sg and S g} denote the compact, connected, oriented
surfaces of genus g with 0 and 1 boundary components, respectively. We shall use S
to denote such a surface, with or without boundary. Recall that the mapping class
group of the surface S, denoted Mod(S), consists of isotopy classes of orientation-
preserving self-homeomorphisms of .S, where isotopies are required to fix any boundary
component pointwise at all times. For a self-homeomorphism f of S, we denote its
isotopy class by [ f].

A hyperelliptic involution of the surface S is an order-2 homeomorphism of the surface
that acts as —/ on H;(S,Z); see Brendle and Margalit [4, Sections 2 & 4]. Let s
denote the homeomorphism of S é seen in Figure 1. By capping the boundary with a
disk, the map s induces a homeomorphism of Sy, which we also denote s, by an abuse
of notation. The map s is an example of a hyperelliptic involution of Sél (and Sg).
We note that the mapping class of any hyperelliptic involution in Mod(Sg) (g > 1) is
conjugate to [s]; see Farb and Margalit [12, Proposition 7.15].
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Figure 1: The involution s rotates the surface by m radians. Under the
Nielsen embedding, we may view the braid group B,g < SMod(Sé}) as a
subgroup of 1A, < Aut(fag).

Figure 2: The standard symmetric chain in S é}. The Dehn twists about
C1,...,Cag generate SMod(Sy) = Bagyi.

The hyperelliptic mapping class group of the surface Sg, denoted SMod(Sy), is the
centraliser of [s] in Mod(Sg). Although [s] & Mod(Sél), as s does not fix the boundary
of § ;, we define the hyperelliptic mapping class group of S!, denoted SMod(S gl), to
be the group of isotopy classes of the centraliser of s in Homeo™ (S gl) [12, Chapter 9].

An obvious analogue of a hyperelliptic involution in Aut(F;) is an order-2 member
of Aut(F,) that acts as —I on H;(F,,Z) = Z". An example of such an involution
in Aut(F}) is the automorphism ¢ that inverts each member of the free basis X'. An
analogy between s and ¢ is strengthened by two observations. Firstly, Glover and
Jensen [15, Proposition 2.4] showed that any hyperelliptic involution in Aut(F},) is
conjugate to ¢. Secondly, the action of s on 71 (S é) = F,g, with free basis as seen in
Figure 1, is to invert each member of the free basis, as ¢ does. It is easily verified that
ITA,, is the centraliser of ¢ in Aut(Fy) [15, Section 2], so we may think of ITA, as
being a free group analogue of the hyperelliptic mapping class groups SMod(Sg) and
SMod(Sy).

The comparison between I1A, and SMod(Sgl) is made more precise using the classical
Nielsen embedding Mod(S;) < Aut(Fyg). Take the 2g oriented loops seen in
Figure 1 as a free basis for (S&l). Observe that s acts on these loops by switching
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Figure 3: The Dehn twist about the symmetric, separating curve C maps to a
separating r—twist in PZ,, under the Nielsen embedding. Note that we only
depict a genus-one subsurface of S!, and that x, has a different orientation
than in Figure 1.

their orientations. In order to use Nielsen’s embedding into Aut(F»,), we must take
these loops to be based on the boundary; we surger using the arc A to achieve this.
The group SMod(Sé}) is isomorphic to the braid group B4 by the Birman-Hilden
theorem [3], and is generated by Dehn twists about the curves in the standard, symmetric
chain on Sé, seen in Figure 2. The Dehn twists about the 2g — 1 curves ¢, ..., ¢zg
generate the braid group B, . Taking the loops seen in Figure 1 as our free basis X', a
straightforward calculation shows that the images of these 2g — 1 twists in Aut(F5g)
lie in ITA,, . Specifically, the twist about ¢; 4 is taken to the automorphism Q; of
the form

-1
Xj > Xit1,  Xi41 P> Xi41Xi  Xip1,  XjE> X

for 1 <i <2g and j #i,i + 1. This shows that 1A, contains the braid group By
as a subgroup, when 7 is even. This embedding of Bj, is a restriction of one studied
by Perron and Vannier [24] and Crisp and Paris [9]. When 7 is odd, we also have
B, < I1A,, since discarding Q gives a generating set for Byg_ inside [TAyg_; <
Aut(Fzg).

Palindromic and hyperelliptic Torelli groups The main focus of our study in this
paper is the palindromic Torelli group PZ, . This group arises as a natural analogue of
a subgroup of SMod(S ;). The Torelli subgroup of Mod(S gl), denoted 7., consists
of mapping classes that act trivially on H; (S é, Z). There is non-trivial intersection
between Ié and SMod(Sél); we define ST i, = SMod(Sél) ﬂI; to be the hyperelliptic
Torelli group. Brendle, Margalit and Putman [5] recently proved a conjecture of
Hain [16], also stated by Morifuji [23], showing that SZ él, is generated by Dehn twists
about separating simple closed curves of genus one and two that are fixed by s.
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Our generating set for PZ, compares favourably with Brendle, Margalit and Putman’s
for ST }g , in the following way. We shall see in Section 2 that any Dehn twist about
a symmetric separating curve of genus one that lies in the pre-image of the Nielsen
embedding discussed above, maps to a separating —twist in PZ,. In fact, up to
conjugation by ITA;, this is the definition of a separating w—twist. The Dehn twist
about the curve C shown in Figure 3 is an example of such a mapping class. Note that
the Dehn twist about C is one of the generators of Brendle, Margalit and Putman. We
shall see in Proposition 3.7 that doubled commutator transvections do not suffice to
generate PZ,, so we observe that our generating set involves Brendle, Margalit and
Putman’s generators in a significant way. Thus, the similarity between ST i, and PZ,
is not just a superficial comparison of definitions: the Nielsen embedding gives rise to
a deeper connection between these two groups.

One way in which the analogy between PZ, and SZ él, breaks down, however, is their
behaviour when I1A, and SMod(Sé}) are abelianised, to (Z/2)3 and Z, respectively.
An immediate corollary of Theorem A is that PZ, vanishes in the abelianisation
of ITA;,. In contrast, the image of SI}g in the abelianisation of SMod(Sé) is 47,
which may be shown by calculating the images of Brendle, Margalit and Putman’s
generators in the abelianisation of SMod(S ;).

Palindromes in right-angled Artin groups In forthcoming work with Anne Thomas
[14], we extend Collins’ definition of palindromic automorphisms to the right-angled
Artin group setting. We obtain generating sets for the analogously defined palin-
dromic automorphism group and palindromic Torelli group of an arbitrary right-angled
Artin group.

Approach of the paper To prove Theorem A, we employ a standard, geometric
technique: we find a sufficiently connected complex on which PZ,, acts with sufficiently
connected quotient, and use a theorem of Armstrong [1] to conclude that PZ, is
generated by the action’s vertex stabilisers. This approach is modelled on a proof of
Day and Putman [11], which recovers Magnus’ finite generating set for the Torelli
subgroup of Aut(F).

Conventions We apply functions from right to left. For g, € G a group, we let
[g.h]=ghg 'h~!. In a graph, we denote an edge between vertices x and y by x — y.
In a group G, we will also conflate a relation P = Q with the relator PQ~! when
this is unambiguous.

Outline of the paper In Section 2, the definitions of the palindromic automorphism
group and palindromic Torelli group of a free group are given, along with some
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elementary properties of these groups. In Section 3, we introduce the complex of partial
m—bases of Fj, and use it to obtain a generating set for PZ,,. In Section 4, we prove
key results about the connectivity of the complexes involved in the proof of Theorem A.
In Section 5, we obtain a finite presentation for I'3[2] used in the base case of our
inductive proof of Theorem A.
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Margalit, Luis Paris, Andrew Putman, Richard Wade and Liam Watson for useful
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2 The palindromic automorphism group

Let F, be the free group of rank 7, on some fixed free basis X := {x1,...,x5}.
Fora word w = [y --- [} on X*! let w™ denote the reverse of w; that is, we have
w'™ = [ ---1;. Such a word w is said to be a palindrome on X if w™ = w. For

example, x1, x»2 and x,x; ' x, are all palindromes on X .
1

An automorphism o € Aut(Fy,) is said to be palindromic (with respect to the fixed free
basis X) if for each x; € X the word «(x;) may be written as a palindrome on X .
Such automorphisms form a subgroup of Aut(F,) which we call the palindromic
automorphism group of F, and denote by ITA,,. That ITA, is a group is easily shown
by verifying that TTA, is the centraliser in Aut(F,) of the automorphism ¢ which
inverts each member of X . The following proposition gives us information about the
form of the palindromes o/(x;).

Proposition 2.1 Let o € TIA, and x; € X . Then a(x;) = w0 (x;)%w, where w
is a word on X*!, o is a permutation of X and €; € {#1}.

Proof For a palindrome p = wrevxfiw € F, of odd length (w € F,, x; € X,
€ €{£1}),let c(p) = x;. The following argument is implicit in the work of Collins [8].

Let o € T1A,. Since a(X) is a free basis, its image under the natural surjection
F, — (Z/2)" must suffice to generate (Z/2)". If some «(x;) is of even length,
it will have zero image, and so the image of «(X) could not generate (Z/2)". If
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c(a(x;)) = c(a(xj)) for some i # j, then a(x;) and a(x;) will have the same image
in (Z/2)", and so again a(X) could not generate «(Z/2)". a

Finite generation of ITA, Collins first studied the group T1A,, giving a finite pre-
sentation for it. For i # j, let P;; € [TA, map x; to x;x;Xx; and fix x; with k #1i.
For each 1 < j <n, let ¢; € [TIA, map x; to xj_l and fix x; with k # j. We refer
to P;; as an elementary palindromic automorphism and to ¢; as an inversion. We let
QE1(X) denote the group generated by the inversions and the permutations of X . The
group generated by all elementary palindromic automorphisms and inversions is called
the pure palindromic automorphism group of F,, and is denoted PITA,,.

Collins showed that TIA, = ETTIA, x Q*!(X) for n > 2, where EITA, = (P;;). The
group Q*1(X) acts on EITA,, in the natural way, and a defining set of relations for
EITA, is given by

(1) [Pk, Pix] =1,
() [Pij. Pil=1,
(3) Pij Pjx Pix = P! Pj Pij,

where i, j, k, [ are pairwise different and the obviously undefined relators are omitted
in the n = 2 and n = 3 cases.

We remark that, as noted by Collins [8], this presentation of EITA;, is very similar to
one given for the pure symmetric automorphism group of F,, PXA,,, which consists
of automorphisms taking each x € X to a conjugate of itself. This similarity is not
entirely surprising, as we may think of a palindrome yxy as a conjugate yxy~!,
working “mod 2” (x, y € X). The embedding B, — I1A, discussed in Section 1
bears a striking resemblance to Artin’s faithful representation of B, into XA, the full
symmetric automorphism group, whose members take each x € X to some conjugate [2,
Corollary 1.8.3]; this similarity arises via the branched double cover map S ; — Dygyq

[12, Figure 9.13].

Using graph folding techniques of Stallings, we obtain a new proof of finite generation
of ITA,, as well as finding generating sets for certain fixed-point subgroups of TIA,.
We first introduce the notation and terminology of Wade [26] regarding graph folding.

Let R, denote the wedge of n copies of S' at a point 0. We canonically identify
71(Ry, 0) with F,, by selecting an orientation of each S!, and labelling the i™ copy
of S by x; € X. We shall let X; denote the edge obtained by reversing the orientation
of x;.
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fi 5

Figure 4: The two types of folding that may occur for our graph morphism ¢.
Wade [26] refers to the top fold as a type 1 fold, and to the bottom as a type 2
fold. The edges are labelled suggestively: we will demand that s, € T and

Lié€T.

Now, let Y be a finite graph of rank n with basepoint b. We will view our graphs as
combinatorial objects, rather than topological ones. In particular, morphisms between
graphs must take edges to edges, rather than edge-paths. A free basis for the (free)
fundamental group (Y, b) is obtained in the usual way, by selecting a maximal
tree T in Y, then choosing an orientation of the edges f1,..., f, in Y butnot 7. To
be consistent with Wade, we canonically orient an edge e of 7" by declaring its initial
vertex i(e) to be the one closer to the basepoint b under the edge-path metric on 7T .

Suppose 6: Y — R is a morphism of graphs that induces an isomorphism of funda-
mental groups. The morphism 6, together with the choice of basepoint 5, maximal
tree 7 and an ordering L of the (oriented) edges of Y \ T form a branding of the
graph Y. A graph Y together with a 4-tuple G = (b, T, L, 0) form a branded graph
with branding G.

Each branded graph Y with branding G = (b, T, L, 0) yields an automorphism Bg €
Aut(Fy), as follows. For each x; in the free basis X of Fj,, we have

Bg(xi) = 0«(yi),

where {y1,..., yn} is the free basis of 7{(Y,b) arising from the choices of b, T
and L in the branding G, and 04: 71 (Y, b) — w1 (R, 0) is the map induced by 6.

If the morphism 6 maps a pair of edges e; and e, with i(e;) = i(ep) to the same
edge [ of R, then 6 factors through the quotient graph Y’ of Y obtained by folding
e1 and e, together: that is, the graph obtained by identifying e; with e;, and also
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their terminal vertices, 7(e1) and #(e;), with each other. In particular, if ¢g: ¥ — Y’
is the quotient map obtained by the folding, then there is a unique graph morphism
0’: Y’ — R, such that 6 = 6’ o ¢g. While Stallings considered more general foldings,
since we require 6 to induce an isomorphism of fundamental groups, only two types
of folding may arise for us, which are shown in Figure 4.

If we insist that the edges s and ¢ seen in Figure 4 lie in 7', and that the edge f; does
not, carrying out either type of fold induces a branding G’ of the folded graph Y’ (it
is non-trivial to verify that the image of 7" in Y’ is a maximal tree; we leave this to
Wade). It may also be the case that we wish to carry out a fold of type 1 or type 2, but
that s or ¢ does not lie in 7". Before folding, we must change the maximal tree so that
the relevant edges lie in the new tree. This defines a new branding G” of Y . In either
case, it may be shown via a careful consideration of 71 (Y, b) (see [26, Propositions 3.2
and 3.3]) that Bg = Bg/- W' and Bg = Bgr-W", where W’ and W are specified
Whitehead automorphisms of Fj,. These are automorphisms which fix some x € X and
send each x; € X \ {x} to one of x;, x;x€, x¢ x; or x¢ x;x~¢ for some ¢; € {£1}.

Stallings’ folding algorithm allows us to repeatedly fold the graph Y and its quotients,
beginning with the morphism 6: Y — R,,, then continuing to fold via 6’: Y/ — R,
and so on. This procedure eventually terminates when we exhaust the edges we are
able to fold; in this case, Stallings showed that the quotient graph is Rj,, and so
the morphism ¥: R, — R, obtained by repeatedly folding via 6 simply permutes
and perhaps inverts the n loops in R,. This folding procedure allows us to write
the automorphism Bg we began with as a product of Whitehead automorphisms and
permutations and inversions of X .

With the details of folding established, we now put the algorithm to use to find generators
for T1A,,.

Proposition 2.2 Fix 0 < k < n, and let I1A, (k) consist of automorphisms which
fix x1,...,Xg. (Our convention is that [1A,(0) = I[TA,). A finite generating set for
IMA, (k) is

[QF'(X) NTIAL ()] U (P | i > k).

Proof The idea behind this proof was inspired by a proof of Wade [26, Theorem 4.1].

We begin by introducing some terminology. Let ¢: S — T be an isomorphism of
finite trees. For a vertex or edge r of S, denote by r’ the image of r under ¢. Choose
a distinguished vertex v of S, of valence 1. An arch of S at v (see Figure 5) is the
graph formed by gluing S to 7" along v and v’, then, for each vertex r € S, adding
some number of edges (possibly zero) between r and r’ (we allow r = v). We refer
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Figure 5: An example of an arch, with base point v. The dashed edges
indicate the bridges that have been added to the trees that were glued together
at the base point.

to these new edges as bridges. The image of v in the arch forms a natural base point,
and any edge with v as one of its endpoints is called a stem. By a wedge of arches we
mean a collection of arches glued together at their base points. Note that each of the
trees S; and 7; of each arch sit inside Y as subgraphs, and Y is the union of these
subgraphs, together with any bridges inside each arch.

Let 8: Y — R; be a graph morphism, with ¥ a wedge of arches. We call 8 symmetric
if for each edge s; in each tree S; in each arch of ¥ we have 6(s;) = 6(5;). We shall
define two new types of folding that we may carry out to any symmetric morphism
f: Y — R, with the resulting morphism 6’: Y — R, on the folded graph Y’ also
being symmetric.

Let o € 1A, (k). We may realise o as a morphism of graphs 6: Z — R,, where
Z is the result of subdividing each S! of R, into the appropriate number of edges,
and “spelling out” the word a(x;) on the i" copy of S!. Precisely, the j® edge
of the oriented, subdivided S! corresponding to «(x;) is mapped to the loop in R,
corresponding to the ;1 letter of «(x;), correctly oriented. Note that Z is a wedge of
arches, and 6 is symmetric by construction. We thus have « = Bg, where G is the
branding of Z arising from the maximal tree that excludes the (appropriately ordered)
middle subdivided edge of each copy of S'. We now use graph folding to write o as
a product of permutations, inversions and elementary palindromic automorphisms.

Let 0: Y — R, be symmetric, for some wedge of arches Y, built out of trees S;,
T; (1 <i <k). Since 0 is symmetric, foldings of ¥ come together in natural pairs.
Consider folds of type 1. For instance, if we are able to fold together two edges /; € S;
and hj € §; since 6(h;) = 0(hj) (allowing i = j), then we will also be able to fold
together h;_and h}., as they will also both have the same image under 6, namely
0(hi) = 0(hj). We call this pair of folds a type A 2—fold.
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Figure 6: The two adjacent solid edges are folded onto f;. The dashed edges
represent edges excluded from the graph’s chosen maximal tree. In order to
record what effect this type B 2—fold has on the branded graph’s associated
automorphism, we must swap f; into the maximal tree, in place of the stem s.

We may also have a sequence of edges (nj_1,hj,h;+1) mapped under 6 to the
sequence (X, x,X) where x is an oriented edge of Ry, hj_1 € Si, hj11 = h}_l and
hj is a bridge. We fold /;_; and hj; onto /;, and call this pair of folds a type B
2—fold. Such a fold is seen in Figure 6.

Doing either of these 2—folds to Y yields another, different wedge of arches, Y’, say.
A type B 2—fold simply removes an edge of valence one from S; (and its corresponding
edge in T;) by folding it onto a bridge, producing new trees S; and 7/ which we use
to construct Y’ as a wedge of arches. A type A 2—fold similarly alters the trees S;,
S;, T; and Tj, producing new trees S/ and 7} in a description of Y as a wedge of
arches. The morphism 6’: Y’ — R, induced by the folding of Y is again symmetric:
any edges s; and s/ that were not folded still satisfy 6’(s;) = 6'(5;) by construction
of 6/, but so do the images of any folded edges, given how we decompose Y’ as a
wedge of arches using the new trees S/ and 7.

In order to see what effect these 2—folds have on o € T1A,, we must keep track of a
preferred maximal tree 7" we define on each wedge of arches Y . The edges of Y not
in 7" are the bridges coming from each arch. In order to carry out a type B 2—fold we
must swap the bridge fj (seen in Figure 6) into the maximal tree. Let p;(s,) denote
the unique reduced path in 7" joining the base point to the initial vertex of f;. Apart
from one degenerate case, which we deal with separately, we may always swap f; into
the maximal tree 7" by excluding the stem appearing in p;( ;). Using calculations of
Wade [26, Propositions 3.2 and 3.3], it is straightforward to verify that the effect of
swapping maximal trees in this way, doing a type B 2—fold, then swapping back to the
maximal tree where all bridges are excluded is to carry out an elementary palindromic
automorphism Pfj"' to some members of X . Precisely, let 8: Y7 — R, be a symmetric
morphism of graphs, where Y; has branding G; and let G, be the induced branding of
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the graph Y, obtained by carrying out the above series of tree swaps and folds. Then

$g, = ¢g, " P,

where ¢g, is the automorphism of F; associated to G; (i =1,2) and P is a product
of elementary palindromic automorphisms.

The only degenerate case of the above is when one (and hence both) of the edges we
want to fold onto a bridge is a stem. In this case, we do one of two things. If the bridge
is a loop at the base point v, we carry out two type 2 folds. Otherwise, we change
maximal trees as before then fold one of the stems onto the bridge with a type 1 fold.
This causes the other stem to become a loop, around which we fold the bridge using a
type 2 fold. As before, the automorphism of F;, associated to these sequences of steps
is a product of elementary palindromic automorphisms.

Carrying out a sequence of 2—folds of types A and B eventually produces a map
R, — R;, and so we complete the folding algorithm by applying the appropriate
automorphism from Q*1(X). Since o € ITA,(k), the graph Z we constructed has
a single loop at the base point for each x; (1 <i < k), as a(x;) = Xx;, so the first
k ordered loops of R, were not subdivided to form Z. Thus, while folding such a
graph Y, we only need Collins’ generators that fix the first & members of the free
basis X . The proposition is thus proved. a

Corollary 2.3 The group PIIA, (k) of pure palindromic automorphisms that fix
X1,...,Xg (0 =<k =n) is generated by the set { P;j, 1; | i > k}.

The principal level 2 congruence subgroup of GL(n, Z) Recall that [';[2] denotes
the principal level 2 congruence subgroup of GL(n, Z), that is, the kernel of the map
GL(n,Z) — GL(n,Z/2) given by reducing matrix entries mod 2. Let S;; be the
matrix with 1s on the diagonal, 2 in the (i, j) position and Os elsewhere, and let O;
be the matrix which differs from the identity matrix only in having a —1 in the (i, {)
position. The following lemma verifies a well-known generating set for I',[2] (see,
for example, McCarthy and Pinkall [21, Corollary 2.3]). We include a proof here to
introduce the idea of an “even division algorithm”, which we utilise in the proof of
Theorem 5.1.

Lemma 2.4 The set {O;, S;j | 1 <i # j < n} generates I'y[2].

Proof Observe that we may think of the matrices S;; as corresponding to carrying out
“even” row operations, that is, adding an even multiple of one matrix row to another.
Let u be the first column of some matrix in I';[2], and denote by u‘? the i™ row of u.
Let vy be the standard column vector with a 1 in the first entry and Os elsewhere.
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Claim The column u can be reduced to £v using even row operations.

We use induction on |[u|. For [u™| = 1, the claim is obvious. Now suppose
|uM] > 1. As in the proof of Proposition 2.1, we deduce that there must be some (/)
which is not a multiple of «"). By the division algorithm, there exist ¢, r € Z such
that ) = gluM| + r, with 0 < r < |[uM|. If ¢ is not even, we instead write
u = (g + D]uD|+ (r —|uM]). Note that if ¢ is odd, then r # 0, since ") is odd
and u) is even, and so —|u™| < r — |u™"|. Depending on the parity of ¢, we do
the appropriate number of even row operations to replace u) with r or r — |u(1) .
In both cases, we have replaced u) with an integer of absolute value smaller than
|u(1) |. It is clear that now we may reduce the absolute value of (! by either adding
or subtracting twice the (new) j M row from the first row, and so by induction we have
proved the claim.

We now induct on 7 to prove the lemma. It is clear that I'1[2] = (O;). Using the above
claim, we may assume that we have reduced M € I'y,[2] to the form

)

where N € I';,—1[2]. Our aim is to further reduce M to the identity matrix using the set
of matrices in the statement of the lemma. By induction, we may assume that N can
be reduced to the identity matrix using the appropriate members of {S;;, O; | i, j > 1}.
Then we simply use even row operations to fix the top row, and finish by applying O
if necessary. |

By Lemma 2.4, the restriction of the canonical map Aut(F,) — GL(#n,Z) gives the
short exact sequence

1 — PI, — PIIA, — T[[2] — 1,
since P;; maps to Sj; and (; maps to O;.

The rest of the paper is concerned with finding a generating set for the palindromic
Torelli group PZ,. In order to describe our generating set, we introduce some termi-
nology.

Let Y be the image of the free basis X under some automorphism « € ITA,. The set
Y is also a free basis for Fy, whose members are palindromes on X ; thus, we refer to
Y as a w—basis. An automorphism ¢ € PZ, is a doubled commutator transvection
if, for some y1, y», y3 in some m-basis Y, ¢ maps y; to [y2, v3] yi[y2, y3l,
and fixes the other members of Y. Observe that ¢ € PZ, is a doubled commutator
transvection if and only if ¢ is conjugate in 1A, to the commutator x; := [Pz, P13].
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An automorphism ¢ € PZ, is a separating m—twist if, for some yq, y,, y3 in some
m-basis Y, ¢ is given by

d™ yid ifi =1,
b (i) = A=V yy(d=) ™ ifi =2,
! d™ ysd ifi =3,

Vi otherwise,

where d = y; 7'y, 7 y3 7y yay3 € Fy. Ttis a straightforward, if lengthy, calculation
to verify that ¢ € PZ, is a separating —twist if and only if ¢ is conjugate in TTA, to
the automorphism

X2 := (P23 P13~ ' P31 P3, P1a Py Y% € PT,.

The definition of a separating w—twist may seem unwieldy; however, it belies a hidden
geometry. The automorphism y, is the image in PZ, under the Nielsen embedding
of the Dehn twist about the curve C seen in Figure 3. We call such automorphisms
separating w—twists to reflect this geometric interpretation.

Theorem A states that doubled commutator transvections and separating w—twists
suffice to generate PZ,. To prove this, we construct a new complex on which PZ,
acts in a suitable way. We then apply a theorem of Armstrong [1] to conclude that PZ,,
is generated by the action’s vertex stabilisers. In the following section, we define the
complex and use it to prove Theorem A.

3 The complex of partial t—bases

Day and Putman [11] use the complex of partial bases of Fy, denoted 5,,, to derive
a generating set for 1A, . We build a complex modelled after 3,, and follow their
approach to find a generating set for PZ,,.

Fix X :={x,...,Xx,} as a free basis of F,,. A n—basis, as discussed above, is a
set of palindromes on X which also forms a free basis of Fj. A partial nw—basis
is a set of palindromes on X which may be extended to a w—basis. The complex of
partial w—bases of Fy, denoted B7 , is defined to be the simplicial complex whose
(k — 1)-simplices correspond to partial 7—bases {wq,...,wg}. We postpone until
Section 4 the proof of the following theorem on the connectedness of B7; .

Theorem 3.1 For n > 3, the complex 57, is simply connected.

Our complex B7 is not a subcomplex of By, as the vertices of B, are taken to be
conjugacy classes, rather than genuine members of Fj,. We remove this technicality, as
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it can be shown that two odd-length palindromes are conjugate if and only if they are
equal. Given this, it is clear, however, that 87 is isomorphic to a subcomplex of B,,.

There is an obvious simplicial action of ITA, on B} . This action is, by definition,
transitive on the set of k—simplices, for each 0 < k < n. Further, PZ,, acts without
rotations, that is, if ¢ € PZ, stabilises a simplex s of B, then it fixes s pointwise.
Following work of Charney [7] on related complexes, we obtain that the quotient of B}
by PZ, is highly connected.

Theorem 3.2 For n > 3, the quotient B} /PZ, is (n — 3)—connected.

The proof of this theorem is discussed in Section 4.

Theorems 3.1 and 3.2 allow us to apply the following theorem of Armstrong [1] to the
action of PZ, on ‘BY, for n > 4. The statement of the theorem is as given by Day
and Putman [11].

Theorem 3.3 Let G act simplicially on a simply connected simplicial complex X,
without rotations. Then G is generated by the vertex stabilisers of the action if and
only if X/G is simply connected.

We analyse the vertex stabilisers of PZ, using an inductive argument. It is known that
PZ; =1 and PZ, = 1; the latter equality follows from the fact that 1A, = Inn(F5)
and Inn(F,) NITA, =1 for n > 1. We treat the n = 3 case differently, as the quotient
BT /PL; is not simply connected, and so does not allow us to apply Armstrong’s
theorem directly. This treatment is postponed until Section 5.

A Birman exact sequence We require a version of the free group analogue of the
Birman exact sequence, as developed by Day and Putman [10]. Recall that PTIA, (k)
consists of the pure palindromic automorphisms fixing x1, ..., X.

Proposition 3.4 For 0 < k < n, there exists the split short exact sequence

1 —> Ju(k) — PIIA, (k) — PIIA,,_ —> 1,
where Jy(k) is the normal closure in PTIA, (k) of the set { P;; |i >k, j < k}.
Proof A map 6: PIIA, (k) — PIIA,_j is induced by the map 6: F, — F,_
that trivialises each xj,...,xg. Let {yx+1,...,yn} be a free basis for F,_j, where
0(x;) = yi for k +1 <i <n. Denote by Q;; and n; the elementary palindromic

automorphism sending y; to y;jy; y; and the inversion sending y; to yi~ 1, respectively
(k+1=<i#j=<n).
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By Corollary 2.3, we know that PITA, (k) is generated by the set
S:={Pj.,l|i>k,1=j=<n}

If j <k, then 04(P;;) is trivial. If 7, j > k + 1, then 04(P;;) = Q;; and 04«(1;) = n;,
so we have that 6y is surjective, by examining Collins’ generators for PITA,,_j . Indeed,
the map 6, has a section, taking Q;; to P;;j and n; to (;, which we know is well-
defined by Collins’ finite presentation for PITA,_; . Thus, we obtain a split short exact
sequence via the epimorphism 6.

All that is left to establish is the kernel of 6. Notice that we have a presentation
for PTIA,,_; in terms of the generating set 64(S): explicitly, we add the relations
0« (P;j) =1 for j <k to Collins’ relations on the set {Q;;,n;}. It is a standard fact
(see, for example, Magnus, Karrass and Solitar [20, proof of Theorem 2.1]) that the
kernel of 6 is the normal closure in PTTA, (k) of the obvious lifts of the defining
relators on 64(S). The only defining relators with non-trivial lifts in PITA, (k) are
the relators 04 (P;;) with j <k, thus the kernel is J,(k) as in the statement of the
proposition. a

Our “Birman kernel” 7, (k) is rather worse behaved than the analogous Birman kernel
of Day and Putman. Their kernel, denoted K, x ;, is finitely generated, whereas it may
be shown by adapting the proof of their Theorem E that 7, (k) is not. This difference is
due in part to the fact that their version of PITA, (k) need only fix each of xy,..., xg
up to conjugacy. The lack of finite generation of 7, (k) is, however, not an obstacle to
the goal of the current paper; we only require that 7, (k) is normally generated by a
finite set.

Our Birman exact sequence projects into GL(#n, Z) in an obvious way, made precise
in the following lemma. Let v; denote the image of x; € F), under the abelianisation
map. We denote by I',[2](k) the members of T',[2] which fix vy,..., v, € Z", and by
Hn (k) the group Hom(Z" %, (272)%).

Lemma 3.5 Fix 0 <k <n. Then there exists the commutative diagram
1 —— Ju(k) —— PIIA, (k) —— PIIA,_, —— 1
| |7
1 —— Hp(k) —— Ty2l(k) —— Ty [2] —— 1
—
t

of split short exact sequences, where s and t are the obvious splitting homomorphisms.
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Proof The top row is given by Proposition 3.4. A generating set for I',[2](k) follows
from the proof of Lemma 2.4; it is precisely the image in GL(n, Z) of {P;;,v; | i > k},
the generating set of PTTA, (k) given by Corollary 2.3. The bottom row then follows by
an argument similar to the proof of Proposition 3.4, noting that the kernel is generated
by the images of P;; (i >k, j < k). It is straightforward to verify that this kernel
is Hom(Z"~k, (272)%). Intuitively, o € Hom(Z"*  (2Z)¥) encodes how many (even)
multiples of v; (1 <i < k) are added to each v; (k < j <n).

The only vertical map left to consider is the right-most one. Its existence and surjectivity
follow from Lemma 2.4. It is clear that all the arrows commute, and that the splitting
homomorphisms s and ¢ are compatible with the commutative diagram, so the proof
is complete. a

A generating set for J,(1) N’ PZ, By mapping PITA,(k) into [',[2](k) then con-
jugating the normal subgroup H,(k), we obtain a homomorphism oy: PITA, (k) —
Aut(H,(k)). Setting k = 1, we obtain the following lemma.

Lemma 3.6 The group J,(1) N'PZ, is normally generated in J,(1) by the set
{[Pij. Pil. [Pij. PplPR |1 <i # j <n}.
Proof By Lemma 3.5, there is a short exact sequence
1 — Tu() NPTy —> Tu(1) — Hp(1) — 1.

The set Y := {¢Pj1¢_1 | ¢ e PTITIA,(1), 1 < j <n} generates J,(1) by Proposition 3.4.
Let a; denote the image of P;; in GL(n,Z). A direct calculation verifies that the set
{aj} is a free abelian basis for H,(1).

For ¢ € PITA,(1), let ¢ denote the image of ¢ in T'y[2](1), and let Y denote the
image of Y. The set of relations

{lai,aj]=1, ¢pai¢™" = a1(p)(ai) | 1 <i # j <n,$ € PTIA,(1)},

together with the generating set Y, forms a presentation for H,, (k). It is clear that the
image of any member of Y in #,(1) is a word on the free abelian basis {a;}, and that
this word is determined by the homomorphism «; .

The group J,(1) N PZ, is normally generated in J,(1) by the obvious lifts of the
(infinitely many) relators in the given presentation for #,(1). The relators of the form
[ai,aj] have trivial lift, and so are not required in the generating set. Let C be the
finite generating set for PI1A, (1) given by Corollary 2.3. It can be shown that the
obvious lift of the finite set of relators

D :={ca;c  ay(c)(a;) | ce CEL 1 < j <n}
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suffices to normally generate 7, (1) NPZ,. This may be seen using a simple induction
argument on the length of a given expression of ¢ € PITIA, (1) on C*!.

All that remains is to verify that the obvious lift of D is the set given in the statement
of the lemma; this is a straightforward calculation. a

We now prove Theorem A using the action of PZ, on B} .

Proof of Theorem A Recall that the set of doubled commutator transvections in PZ,
is precisely the conjugacy class of [ P15, P13] in T1A,, and that the set of separating
m—twists in PZ,, is precisely the conjugacy class of

(Py3 P13~ ' P31 P3y P Py 12
in ITA,.

The group PZ, acts on ‘B simplicially and without rotations. Combining Theorems
3.1, 3.2 and 3.3, we conclude that, for n > 4, PZ, is generated by the vertex stabilisers
of the action on B7 .

Let PZ,(1) denote the stabiliser of the vertex x;. Since ITA, acts transitively on the
vertices of ‘BT, the stabiliser in PZ, of any vertex is conjugate in ITA, to PZ,(1).
Lemma 3.5 gives us the split short exact sequence

1 — Jn(1) NPLy, —> PLy(l) — PIp—y — L.

We induct on n. By the above split short exact sequence, to generate PZ,(1) it suffices
to combine a generating set of 7,(1) NPZ,(1) with a lift of one of PZ,_;.

We begin with the base case, n = 3. In Section 5, we verify that the presentation of
I'3]2] given in Corollary 1.1 is correct when n = 3. Given the short exact sequence

1 — PZ3 — PI1A; — ['3[2] — 1,

we may take the obvious lifts of the relators in this presentation as a normal generating
set for PZ3 in PITA3. Relators 1-7 are trivial when lifted. Relator 8 lifts to [P}, Pix]
and relator 9 lifts to [Pjx, Pi;]Pix >, which equals Pig[Pij, Pig]Pix ' Thus the lifts
of relators 8 and 9 are conjugate to [ P12, P;3] in ITA3. Finally, relator 10 lifts to

(Py3 P13~ ' P3Py P1a Pay )2,

so the base case n = 3 is true, as each relator lifts to either a doubled commutator
transvection, a separating w—twist or the identity automorphism.

Now suppose n > 3. By induction, the group PZ,_, is generated by the purported
generating set. We lift this generating set to PZ, (1) in the obvious way.
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By Lemma 3.6, we need only add in J,(1)—conjugates of the words [P;;, P;1] and
[Pij, le]Pl.z1 , for 1 <i # j <n. The former are clearly conjugate in I1A, to the
doubled commutator transvection [Py, Py3]. For the latter, observe that

[Pij. Pjrl P =[Pij. P,
which again is conjugate in T1A, to [P;2, P13], so we are done. a

Theorem A allows us to conclude that PZ, is normally generated in I1A, by the
automorphisms x; = [P12, P13] and

X2 = (P23 P13~ P31 P3y P1a Py )2

Let Q, < ITA, denote the symmetric group on X . The presentation for I',[2] =
PIIA,/PZ, given in Corollary 1.1 follows from Theorem A by adding the €2,—orbits
of x; and y, to Collins’ presentation for PITA,, as relators, then applying the obvious
Tietze transformations.

We now demonstrate that the presence of separating w—twists in our generating set for
PZ, is necessary.

Proposition 3.7 For n > 3, the group generated by doubled commutator transvections
is a proper subgroup of PZ,,.

Proof Let D denote the subgroup of PZ, generated by doubled commutator transvec-
tions. In other words, D is the normal closure of y; =[P;,, P13] in T1A,. Then the
Q,—orbit of x; is a normal generating set for D in PIIA,. Adding the members of
this orbit to the presentation of PITA,, as relators yields a finite presentation Q of
PITA, /D, which may be altered using Tietze transformations so that it looks like the
presentation in Corollary 1.1, with relator 10 (and relator 7, if n = 3) removed (where
we interpret S;; and O; as formal symbols, rather than matrices). We shall show that
the relations of Q are not a complete set of relations on the generating set {S;;, O;}
for I'y[2] = PITA, /PZ,, and so conclude that D # PZ,,.

It is easily shown that for
£:= (532531 813823521 512712,

the image of x, in [',[2], is trivial, but we shall show that £ is non-trivial in the group
presented by Q. Observe that by trivialising all the generators of I',[2] except for S;,
and S, we surject I'5[2] onto the free Coxeter group generated by the images of S,
and S,1, say 4 and B, respectively. This is easily verified by examining the relators
of Q. The image of & under this map is ABAB # 1, and so £ is non-trivial in the
group presented by Q. Therefore D is a proper subgroup of PZ,,. a
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Note that in the proof of Proposition 3.7 we also showed that relators 1-9 of Corollary 1.1
are not a sufficient set of relators that hold between the O; and Sj, as relator 10 is
not a consequence of the others. This allows us to conclude that the quotient space
BT /PTL3 is not simply connected.

Corollary 3.8 The complex BT /PZ3 is not simply connected.

Proof By Theorem 3.3, the complex BY /PZ; is simply connected if and only if
PI; is generated by the vertex stabilisers of the action of PZ3 on BY. As in the
proof of Theorem A, the group generated by the vertex stabilisers of this action may
be normally generated in ITA3 by the group PZ3(1). The same calculations as in the
proof of Theorem A show that PZ3(1) is the normal closure of the doubled commutator
transvection [ P15, P13]. However, Proposition 3.7 showed that this normal closure is a
proper subgroup of PZ3, so the quotient B7 /PZ3 is not simply connected. a

4 The connectivity of 37 and its quotient

In this section, we determine the levels of connectivity of 87 and ‘B /PZ,. The
former is found to be simply connected, following the same approach as Day and
Putman [11], while the latter is shown to be closely related to a complex already studied
by Charney [7], which is (n — 3)—connected.

The connectivity of B7 First, we recall the definition of the Cayley graph of a
group. Let G be a group with finite generating set S. The Cayley graph of G
with respect to S, denoted Cay(G, S), is the graph with vertex set G and edge set
{(g.g5) | g € G,s € ST}, where an ordered pair (x, y) indicates that vertices x
and y are joined by an edge. If s € S has order 2, we identify each pair of edges
(g.gs) and (g, gs™ ') for each g € G, to ensure that the Cayley graph is simplicial.
Similarly, we also insist that the identity element of G is excluded from S.

We establish Theorem 3.1 by constructing a map W from the Cayley graph of I1A,
to 87 and demonstrating that the induced map of fundamental groups is both surjective
and trivial. We require the Cayley graph of 1A, with respect to a particular generating
set, which we now describe. Assume that n > 3. For 1 <i # j <n, let t;; permute x;
and x;, fixing x; with k # 1, j. Using the symmetric group action on X, we deduce
from Proposition 2.2 that we may generate I1A, using the set

Z = {tjj, 12,13, P21, P23, P31, P34 | 1 <i # j <nj.

We may use the symmetric group action on X to streamline the presentation of ITA,
given in Section 2, to obtain the following list of defining relators for IIA, on the
generating set Z :
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)t =i, (10) [P21, P31l =1,

2) j*=1, (11) [P21, P34] =1,

3) utiju™' = tyiyucy (12) 13 = 12312123,

@) 2=1, (13) P31 =123 Pa1123,

(5) (a3)* =1, (14)  Py3 =113 Py1113,

6) [, P31]=1, (15) P34 = t1at23 Pa1123t14,

(7) (1aPp1)* =1, (16) Py =wPyw™! forwew,
®) (13P3)% =1, (17) 1y =viv" ! forveV,

(9) Py3P3 Pyy = Py~ ' P3y Pa3,

where 1 <i # j <n, u € {t;j}, and W and V are the sets of words on {#;;} that fix
both x; and x5, and only x;, respectively. The relations of type 16 and 17 arise due
to the streamlining of the presentation of TTA, = EITA, x Q¥!(X) given in Section 2.
Note that relations 1-3 are a complete set of relations for the symmetric group, when
generated by the transpositions {#;;} [25].

We now consider the Cayley graph Cay(I1A,, Z). Observe that for each z € Z either
z(x1) = x1 or {x1,z(x1)} forms a partial 7—basis for F;,. This allows us to construct
a map of complexes from the star of the vertex 1 in Cay(ITA,, Z) to B}, by mapping
an edge z € Z*! to the edge v; —z(v;) (which may be degenerate). Using the actions
of ITA, on Cay(ITA,, Z) and B}, we can extend this map to a map of complexes
U: Cay(ITA,, Z) — BF. Explicitly, W takes a vertex zj---z, of Cay(I1A,, Z)
(zi € Z*") to the vertex zj -z, (x1).

Proof of Theorem 3.1 This proof is modelled on Day and Putman’s proof of [11,
Theorem A]. Let
W,: 1 (Cay(ITA,, Z), 1) —» 71 (B, x1)

be the map of fundamental groups induced by W. Explicitly, the image of a loop
2y -z (zi € ZE) in 71 (Cay(ITA,, Z), 1) under Wy is

xy—z1(x1) —z122(x1) =z 220 — 2 (X)) = Xp.
We first show that W, is the trivial map, then show that it is also surjective.

Recall that the Cayley graph C of a group G with presentation (X | R) forms the
1-skeleton of its Cayley complex, which we obtain by attaching disks along the loops
in C corresponding to all conjugates in G of the words in R. It is well-known that
the Cayley complex of a group G is simply connected [19, Proposition 4.2]. We now
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verify that the loops in 71 (Cay(ITA,, Z), 1) corresponding to the relators in the above
streamlined presentation for I1A, have trivial image under W, . This allows us to
extend ¥ to a map from the (simply connected) Cayley complex of I1A;, (rel Z), and
so conclude that W, is trivial.

Note that in the following we confuse a relator with the loop in 1 (Cay(I1A,, Z), 1)
to which it corresponds. Many of the relators 1-17 map to x; in B}, as they are words
on members of Z that fix x;. The only ones we need to check are 1-3 and 14-17.
Relators 1-3 map into the contractible simplex spanned by x1,..., X, so are trivial.
Relators 14 and 15 are mapped into the simplices x; — x3 and x; — x4, respectively.
We rewrite relators 16 and 17 as Pryw = wPy; and (v = viy. It is clear, then, that
relators of type 16 map into the contractible subcomplex of ‘B spanned by x1, ..., X,
and x1x,x1, and relators of type 17 map into the contractible subcomplex spanned by
X1, xzil, ..., Xp. All relators have now been dealt with, so we conclude that W, is

the trivial map.

We argue as in Day and Putman’s proof [11] for the surjectivity of W,. We represent a
loop w € w1 (B, x1) as

X1 =Wo— Wy = — W = Xy,

for some k > 0. We will demonstrate that for any such path (not necessarily with
wy = X1), there exist ¢, ..., ¢ € [TIA,(1) such that

w; = Pri12¢2t12 - Pit12(x1)

for 0 <i < k. We use induction. In the case k = 0, there is nothing to prove. Now
suppose k > 0. Consider the subpath

wog—wy —-— Wk—1-

By induction, to prove the claim all we need find is ¢y € ITA,(1) such that

Wk = @112 Prlia(xy).
We know that wj_; = ¢1t12 -+ - Pr—_1t12(x1) and wy form a partial w—basis, therefore
so do x; and (@1t12 - dr_1t12) " (wg). By construction, the action of ITA, is
transitive on the set of two-element partial w—bases, so there exists ¢y € 1A, (1)
mapping X, to (¢p1t12 - Pr—1t12)" ' (wy). Therefore

Wi = G112 Plia(x1),
as required.

Now we define
brr1 = Bit1a- - drtin) ",
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so that
R:=¢1t12- Prt12pp+1 =1

is a relation in ITA,. Observe that since wix = x, we have ¢x 1 € [TA,(1). Also,
the generating set Z contains a subset that generates 1A, (1), by Proposition 2.2. We
are thus able to write

¢i =12}z,
for some z]’: e Z+! (1<i<k+1,1=<j < p;),each of which fixes x;. We see
that R € r;(Cay(ITA,, Z), 1) maps to @ € 7; (%8}, x1). Removing repeated vertices,
R maps to
X1 —¢1t12(x1) = —Pit1z - Prl1a(x1) = X1,

which equals @ by construction. Hence W, is surjective as well as trivial, and hence
T (B, x1) =1. a

The connectivity of 287 /PZ, A complex analogous to 8] may be defined when
working over Z" rather than F,. We write B,(Z) for the complex of partial bases
of Z", whose (k — 1)—simplices correspond to subsets {u1,...,u;} of free abelian
bases of Z". Writing members of Z” multiplicatively, there is an analogous notion of
an odd palindrome on some fixed free abelian basis V', and so also of a partial w—basis.
The complex of partial n—bases of Z" is defined in the obvious way, and denoted
BT (Z). Just as TTIA,, acts transitively on the set of w—bases of [}, so does I',[2] act
transitively on the set of m—bases of Z”", as we now verify.

Lemma 4.1 The group T',[2] acts transitively on the set of m—bases of 7" .

Proof By definition, any w—basis is of the form {Muvy,..., Mv,}, for M € T,[2]
and {vy,...,v,} the standard basis of Z", where v; has 1 in the i" position and Os
elsewhere. Thus, we have a well-defined action of I',[2] on the set of w—bases of Z"
by left-multiplication of basis elements, which is transitive, as every w—basis lies in
the same orbit as {vy,..., v,}. a

We first show that B7 /PZ, = ‘B (Z), then show that *BY (Z) is (n — 3)—connected
using a related complex studied by Charney. To prove the former, the following lemma
is required.

Lemma 4.2 Fix {uy,...,u,} as a w—basis for Z", and let p: F,, — Z" be the
abelianisation map. Let U = {ti1,..., Uy} be a partial w—basis of F;, such that
p(ti;) =u; foreach 1 <i <k. Then we can extend U toa m—basis of Fy, {tiy,...,Un},
such that p(it;) = u; for 1 <i <n.
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Proof Extend {ii;,...,#} toafull m-basis of Fy, {iiy, ... g, iy ,,... iy}, and
define u; = p(it}) for k +1 < j <n. Then {uy, ... ,ug,uj ..., up} is a w-basis
for Z". By Lemma 4.1, the group I',[2] acts transitively on the set of 7—bases of Z”",
so there exists ¢ € ['y[2](k) such that d)(u}) =uj for k+1=<j <n.ByLemma 3.5,
¢ lifts to some ¢ € PIIA,(k), and the m-basis {ii1,... g, Py, ), ... . Py,)}
projects onto {uy,...,u,} as desired. O

Now we establish an isomorphism of simplicial complexes BY /PZ, = BT (Z).

Theorem 4.3 The spaces B /PZ, and B} (Z) are isomorphic as simplicial com-
plexes.

Proof Let p: F,, — 7Z" be the abelianisation map, and define a map of simplicial
complexes ®: BT — BT (Z) on simplices by {wy, ..., wr} = {p(wy),..., p(wr)}
for 1 <k <n. The map ® is surjective: by Lemma 4.2, each m—basis of Z" is the
image of some m—basis of F},, and m—bases of Z" correspond to maximal simplices
of B7(Z).

It is clear that the map & is invariant under the action of PZ, on B}, and so ® factors
through B /PZ,. To establish the theorem, all we need do is show that the induced
map from B /PZ, — ‘B (Z) is injective. In other words, we must show that if two
simplices s, s" of B have the same image under @, then s and s’ differ by the action
of some member of PZ,,.

Suppose that s = {wy, ..., wg} and 5" = {w],..., w} } have the same image under ®.
We may assume that p(w;) = p(w}) for 1 <i <k. Let ®(s) = {wy,...,wi}, and
extend this partial —basis of Z" to a full w—basis W = {wy, ..., w,}. By Lemma 4.2,
we may extend {wi,..., wg} to {wi,...,wy} and {wi,..., w;} to {wi, ..., wy}
such that both of these full 7—bases map onto W . Define 0 € ITA, by 6(w;) = w;
for 1 <i <n. By construction, 0(s) = s’ and 6 € PZ,, so the theorem is proved. O

This more explicit description of B} /PZ, as B} (Z) enables us to investigate the
quotient’s connectivity.

Proof of Theorem 3.2 By a unimodular sequence in 7", we mean an (ordered)
sequence (u1,...,uUr) C (Z™)* whose entries form a basis of a direct summand of Z" .
Observe that this is just an ordered version of the notion of a partial basis of Z". The set
of all such sequences of length at least one form a poset under subsequence inclusion.
Charney considers (among others) the subposet of sequences (1, ..., u;) such that
each u; is congruent to a standard basis vector v; under mod 2 reduction of the entries
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of u;. We denote by A, the poset complex given by the subposet of such sequences.
Theorem 2.5 of Charney [7] says that X, is (n — 3)—connected.

Let B7(Z)* denote the barycentric subdivision of B7 (Z). Label each vertex of
BT (Z)* by the partial w—basis associated to the simplex of BT (Z) to which the
vertex corresponds. Define a simplicial map h: X, — B7 (Z)* by (uy,....ux)
{uq,...,ur}. We may think of /i as “forgetting the order” of each unimodular sequence.
Comparing the definitions of A} and B} (Z), it is not immediately clear that / is
well-defined, as there might be some vertex (u1,...,uy) of X, suchthat {uq,...,u}
extends to a full basis of Z", but not a full w—basis. However, viewing the full basis
of Z" as a matrix in I',[2], a straightforward column operations argument shows that
this cannot be the case, so /i is well-defined.

We see that /1 induces a map 7;(X,) — m; (B (Z)*) for i > 0, and show that the
induced map is surjective. Set a consistent lexicographical order on the vertices of
BT (Z)*, and view o € 7r; (B (Z)*) as a simplicial i—sphere. The chosen lexicograph-
ical ordering allows us to lift @ to m;(X}), so the induced maps are surjective. The
statement of the theorem follows immediately, since 7;(X,) =1 for 0 <i <n—3. O

5 A presentation for I';[2]

In order to apply Armstrong’s theorem [1], it must be the case that B} /PZ, = B} (Z)
is simply connected. However, as we have seen from Corollary 3.8, the space BT (Z)
has non-trivial fundamental group. The case n = 3 forms the base case of our inductive
proof of Theorem A, so we require an alternative approach to find a generating set
for PZ3. Our approach is to find a specific finite presentation of I'3[2], and use the
short exact sequence

] — PI3 — PHA3 — F3[2] —1
to lift the relators in the presentation of I'3[2] to a normal generating set for PZ5.

The augmented partial 7—basis complex for Z3 By adding simplices to the com-
plex B7(Z), we obtain a simply connected complex that I'3[2] acts on. This action
allows us to present I'3[2].

Recall that B,(Z) is the partial basis complex of Z". We represent its vertices by
column vectors u = (u(l), e, u(”))T. For use in the proof of Theorem 5.1, we follow
Day and Putman [11] and define the rank of u to be ||, and denote it by R(u). Let
Y denote the full subcomplex of B3(Z) spanned by B7 (Z) and vertices u for which
u® and u® are odd and u® is even. We call ) the augmented partial w—basis
complex for 7.3 . We now demonstrate that ) is simply connected.
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Theorem 5.1 The complex Y is simply connected.

Proof By Theorem 2.5 of Charney [7], we know that 8% (Z) is O—connected, and
hence so is ). To show that ) is simply connected, we adapt the proof of Theorem B
of Day and Putman [11].

Let u be a vertex of a simplicial complex C. The link of u in C, denoted lk¢ (1), is
the full subcomplex of C spanned by vertices joined by an edge to u. Let v3 € Z3
be the standard basis vector with third entry 1 and Os elsewhere. Observe that for any
vertex u € ) we have 1ky(u) = lky(v3). This is because the group generated by I'3[2]
and the matrix

1
1
00

0
E = 0
1
acts simplicially on ) and transitively on the O—skeleton of ). This action is transitive

on vertices because I'3[2] acts transitively on the vertices of B% (Z), and any vertex of
Y\ BT (Z) may be taken to a vertex of B (Z) by acting on it with E.

We begin by establishing that 1ky (v3) is connected (and hence, by the above, so is the
link of any vertex of )’). By considering what the columns of M € GL(3, Z) whose
final column is vz must look like, we see that a necessary and sufficient condition
for (u®,u® 43T (o be a member of lky(v3) is that @™, uT is a vertex of
B (Z). The link 1ky(v3) may thus be described as follows: it has one vertex for each
pair (a, b), where a is a vertex of B,(Z) and b € 27, with vertices (a, b) and (¢, d)
joined by an edge if and only if @ and ¢ are joined by an edge in B,(Z). Hence 1ky (v3)
is connected, though note that its fundamental group is an infinite-rank free group.

Now, let w € w1 (), v3). We represent w by the sequence of vertices
Wo — Wy — -+ — Wy,

where w; (1 <i <r)are vertices of )V, and wy = w, = v3. Our goal is to systematically
homotope this loop so that the rank of each vertex in the sequence is 0. Such a loop
may be contracted to the vertex vs, and so is trivial in 71 (}).

Consider a vertex w; for some 1 <i <r, with R(w;) # 0. Since lky(w;) is connected,
there is some path

Wi—1 —q1 —q2—+— (s —Wj+1

in Iky(w;), as seen in Figure 7. Fix attention on some ¢g; (1 < j <s). By the division
algorithm, there exist a;, bj € Z such that R(g;) =a;-R(w;)+b;, with 0 <b; < R(w;).
As in the proof of Lemma 2.4, we wish to ensure that a; is even, if possible. In all but
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q1

Figure 7: We find two homotopic paths that bound a disk inside lky (w;),
where the “upper” path seen here is constructed so that R(g;) < R(g;) for
l<j<s.

one case, we will be able to rewrite the division algorithm as R(g;) = A4 - R(w;) + Bj,
for some A4;, Bj € Z such that 4; is evenand 0 <|B;| < R(w;). We do a case-by-case
parity analysis. Note that since g; and w; are joined by an edge, R(g;) and R(w;) can-
not both be odd, otherwise ¢; and w; would both map to the same member of (Z/ 2)3
when we reduce their entries mod 2. This would prohibit {g;, w;} from extending to a
basis J of Z3, otherwise the image of J in (Z/2)3 would generate despite only having
two members. If R(g;) and R(w;) have different parities and a; is odd, we may take
Aj=aj+1and B; =bj—R(w;). Inthatcase, | Bj| < R(w;), since b; must be odd and
hence non-zero. If both R(g;) and R(w;) are even, we may still do this, unless b; = 0.

We now associate to each g; a new vertex, ¢;, defined by

qj —aj - wj 1fa] even,
gj —aj-w; ifajodd, bj =0.

Note that R(gj) = 0 when b; = 0, and under the conditions given, g; is always
well-defined as a vertex of ). The path

Wi—1 =41 =" —qs — Wi+1
is homotopic inside lky (w;) to the path
Wi—1 —q1 = — s — Wit1,

as seen in Figure 7. By construction, R(g;) < R(wj;). Iterating this procedure contin-
ually homotopes w until it is inside the contractible (full) subcomplex spanned by v;
and 1ky(v3), and hence is trivial. Therefore 71()) = 1. a
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V1 + Uy

U3

V1 %)

Figure 8: The quotient complex of ) under the action of I';[2]. We have
labelled its vertices using representatives from the vertex set of ).

The complex EB;’ (Z) is not simply connected It may be tempting to try to use the
method in the above proof to show that B7(Z) is simply connected; however, we
know by Corollary 3.8 that B7 (Z) has non-trivial fundamental group. The obstruction
to the above proof going through occurs when defining ¢; in the case that a; is odd
and bj =0, as g; ¢ B7(Z). When a; is odd and b; = 0, there is no even multiple
of w; that can be added to ¢; to decrease its rank, so this method of homotoping loops
to a point will not work.

Presenting I'3[2] Let ['3[2](wq, ..., wy) denote the stabiliser of the ordered tuple
(wy, ..., wy) of vertices of V. Having demonstrated that ) is simply connected, we
now turn our attention to the obvious action of I'3[2] on ). This action is simplicial,
does not invert edges, and the quotient complex under the action is contractible, as
seen in Figure 8. The quotient lifts to a subcomplex W of ) via the vertex labels seen
in Figure 8. This subcomplex is what Brown [6] refers to as a fundamental domain
for the action, and so a theorem of Brown [6, Theorem 3] allows us to conclude that
I'3[2] is the free product of the stabilisers of the vertices of W modulo edge relations,
which identify the copies of the edge stabiliser I'3[2](a, b) inside the vertex stabilisers
I'3[2](a) and T'3[2](b), where a, b € {v1, vy, v3, V1 + vy} are distinct.

We obtain a finite presentation for I';[2](v;) using the semi-direct production decom-
position of I'3[2](v;) given by Lemma 3.5 (noting that I';[2] = PITA;). The group
I'3[2](vy) is generated by the set {O,, O3, S»3, S32, S12, S13}, with a complete list of
relators given by all relators of the form 1-9 (excluding 7, as it is not defined when
n = 3) seen in Corollary 1.1. By permuting the indices accordingly, we also obtain
finite presentations for the stabiliser groups I'3[2](v,) and I'3[2](v3). Identifying the
edge stabiliser subgroups of these three groups appropriately, we obtain the presentation
seen in Corollary 1.1 without relators 7 and 10; we denote this presentation by P.
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We now see that the effect of identifying the edge stabiliser subgroups of I',[2](v1 +v5)
with the corresponding copies inside the other three vertex stabiliser groups is to include
one additional relator: relator 10. Since I'3[2](v{ + v2) and I'3[2](v;) are conjugate
inside GL(3, Z), we take a formal presentation for I'3[2](v; + v,) by adding a “hat”
to each of the symbols in the presentation of I'3[2](vy).

The members of I'3[2](vy + v2) are not, however, strings of formal symbols, but are
members of I'3[2]. To express them as such, we observe that

T32](vy +v2) = Eaq - T3[2)(v1) - E21 Y,

where E;; is the elementary matrix with 1 in the (2, 1) position. In Table 1 we see
the conjugates of the generators of I'3[2](v{) by E,;. These give expressions for the
formal symbols generating I'3[2](v; + v,). For example,

Si2=EyS12E2 ' = 010,85, 51,7\

Generator M of I'3[2](vy) | The conjugate M= Ey - M-Ey ™!
o) $210;
0; 0;
S12 010,551,
S13 S13S23
S23 S23
S32 S32831!

Table 1: The conjugates of the generating set of I'3[2](vy) by Ez;

Let f; be the edge joining vy + vy to v; (1 <i <3), and let J; be the stabiliser of f;.
We consider these each in turn. Observe that

J2 = Ezp-T32](v1,v2) - Eop ',

so J; is generated by {03, S13523, S23}. We have expressed those three generators
in terms of the generators of I'3[2](v{). To obtain the relations corresponding to this
edge stabiliser, we must express them using the generators of I'3[2](v 4 v3), and set
them to be equal accordingly. Consulting Table 1, we get the edge relations

O3 =03, Si3=25138; and S5 =S,3.

Note that these relations simply reiterate the expressions we had already determined for
O3, S13 and S;3. Similarly, as we obtain J3 by conjugating I'3[2](vy, v3) by E>q,
the edge relations arising from the edge f3 are

0r =510, S12=0,0,5,81,"" and S3; = S3,53;7".
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Finally, to obtain J;, we conjugate I'3[2](v{, v;) by the elementary matrix E,. We
obtain that J Ji is generated by {03, S13, S13523}, which gives edge relations 03 O3,
Si3 = S13S23 and S13 = 513523 . Note that these relations all arise as consequences
of the edge relations coming from the edges f> and f3, so are not required.

We now use these edge relations to replace the formal relators defining I'3[2](vq + v2)
with words on the generating set {S;;, Ok }. Using Tietze transformations and Brown’s
Theorem 3 [6], we may then conclude that a complete presentation for I'3[2] is obtained
by adding these relators to the presentation P. For example, the relator 622 becomes
(S210,)%. All but one of these additional relators are consequences of ones already
in P. The one relator that is not is [S 13, S 3 2]S 1> » Which becomes
[S13823. 8328317 '1(01 02821 1,71 2.

Using the other relations in I'3[2], this word may be rewritten in the form of relator 10
in Corollary 1.1; we have thus verified that the presentation given in Corollary 1.1 is
correct when n = 3. This proves Proposition 1.2.
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