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The problem of positive solutions for nonlinear g-fractional difference eigenvalue problem with nonlocal boundary conditions is
investigated. Based on the fixed point index theory in cones, sufficient existence of positive solutions conditions is derived for the

problem.

1. Introduction

The fractional g-calculus is the g-extension of ordinary
fractional calculus. It has been used by many researchers to
adequately describe the evolution of a variety of engineering,
economical, physical, and biological processes.

We consider a nonlinear g-fractional difference eigen-
value problem with nonlocal boundary conditions given by

“Diu(t)+ Ag (1) f (t,u (1) =0,
)
0<t<1,0<g<1,

Diu (0) = 0,
u0)=0,2<k<n-1, (2)
Dyu(1) =0[u],

where CDZ denote the fractional g-derivative of the Caputo

type, n—1 <« <mn, n>2,A>0isaparameter, and 0[u] is

given by a Riemann-Stieltjes integral O[u] = Jol u(t)qu(t).
This type of BC includes, as particular cases, multipoint

problems when 6[u] = ZZIZ a;u((;), (see [1]) and a contin-

uously distributed case when 0[u] = Iol (x(s)u(s)dqs (see [2-
4]).

More recently, many people pay attention to BVPs involv-
ing nonlinear g-difference equations [5-12].

In [13], Yuan and Yang dealt with some existence and
uniqueness results for nonlinear boundary value problems
for delayed g-fractional difference systems based on a con-
traction mapping principle and Krasnoselskii’s fixed-point
theorem.

In [14], Yang investigated the sufficient conditions for
the existence and nonexistence positive solutions for BVP
involving nonlinear g-fractional difference equations.

Ferreira [4] studied the existence of positive solutions to
the nonlinear g-fractional BVPs by means of Krasnoselskii’s
fixed point theorem in cones.

In this paper, we obtain the results on the existence of
one and two positive solutions by utilizing the results of
Webb and Lan [15] involving comparison with the principle
characteristic value of a related linear problem to the g-
fractional case. We then use the theory worked out by Webb
and Infante in [16-19] to study the general nonlocal BCs.

2. Preliminaries

In this section, we will present some definitions and lemmas
that will be used in the proof of our main results.

Let g € (0, 1) defined by [20]

[a]qz =q " +--+1, aeR. (3)
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The g-analogue of the power function (a — b)" with n € N is

(@a-b)’=1,
- (4)
(a-b)" = (u—bqk), abeR, neN.
k=0
More generally, if « € R, then
o (a-bq )
b (@) _ ( 5
(a ) H (a bq“”) ( )
Note that if b = 0 then a” = a®. The g-gamma function is
defined by
(1-9“"
L) = —
(1-a) (6)

xeR\{0,-1,-2,...}, 0<g<1,

and satisfies Fq(x +1)= [x]ql"q(x).
The g-derivative of a function f(x) is here defined by

o) = dgf (%) _ f(gx) - f (x)
Daf (0 dgx (g-1)x

and g-derivatives of higher order are defined by

f(x), if n=0,
Dify=4""" (®)
Dqu f(x) ifneN.

(7)

The g-integral of a function f defined in the interval [0, b] is
given by

i dt=x(1- 3 xq") q",
J, f0dp=x(-03 f(xd)a o

0<|q| <1, x €[0,b].

Ifa € [0,b] and f is defined in the interval [0, b], its integral
from a to b is defined by

b b a
L fyd,t= L £t dqt—L f@®)dgt. (10)

Similarly as done for derivatives, it can be defined an operator
I; namely,

(1) () = f (x),
(1) ) =1, (177 f) (o),

The fundamental theorem of calculus applies to these opera-
tors I, and D,; that is,

(11)

neN.

(Dl f) () = f (%), (12)
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and if f is continuous at x = 0, then

(Iquf) (x) = f (%)= f(0). (13)

Basic properties of the two operators can be found in the book
[20]. We now point out four formulas that will be used later:

[a(t-91 =a" (-9,

D, (t -9 = [a], (t - 9",

_ @ _ _ e
Dyt~ ], (£ —gs) , (14)
<xDq | f(x,t)dqt>(x)

= L Dy fet)dgt + f (g%, x),

where D, denotes the g-derivative with respect to variable i
[21].

Remark 1 (see [21]). We note thatifa« > 0anda < b < t, then
(t-a)® > (t - b)@.

Definition 2 (see [22]). Let « > 0 and let f be a function
defined on [0, 1]. The fractional g-integral of the Riemann-

Liouville type is ( , Iy f)(x) = f(x) and

(s £) 0= 1 |, =) 0y

a (15)

aeR", xe0,1].

Definition 3 (see [22]). The fractional g-derivative of the
R1emann Liouville type of order « > 0 is defined by

(o qf)(x) f(x)and

(RLDZ f) (x) = (Déa]lé“]_“f) (x), a>0, (16)

where [«] is the smallest integer greater than or equal to a.
Definition 4 (see [22]). The fractional g-derivative of the
Caputo type of order « > 0 is defined by

(CDZ RIOE (Ié“]'“DL“]f) (x), a>0. (17)

Lemma 5 (see [22]). Let o, 8 > 0 and let f be a function
defined on [0, 1]. Then, the next formulas hold:

(1) (UFIE () = U2 (),

() (DS IENE) = f(x).
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Lemma 6 (see [22]). Letax € R*\ N, A € (=1, 00). Then, the
next formulas hold:

I, A+1)

o, A /\+¢x
1) I _—
) a% = I8 ()L+l+oc)
I A+1)
o A _ q A«
@) Dy _I“q()t+oc+1)x ’ (18)
0 if AeNg a>A,
@) Dixt= R °
¢ D% x" if otherwise.
RL 4

Theorem 7 (see [23]). Let x > 0 and « € R* \ N. Then, the
following equality holds:

[a]-1 k

(qc qf)(x)—f(x) Z F(k

Lemma 8 (see [24]). Suppose T : K — K is a completely
continuous operator and has no fixed points on 0K, N K. Then
the following are true:

@) I ITull < llull for all u € BKP N K, then i(T, K, n
K, K) = 1, where i is the fixed point index on K.

(i) If ITull = |ull for all u € aKp N K, then i(T,K, N
K,K) =0.

(D £)©. 9

Lemma 9 (see [24]). Let K be a cone in Banach space E.
Suppose that T : K, — K is a completely continuous operator.
There exists u, € K\{0} such thatu—-Tu # pu, foranyu € oK,
and py > 0, i(T,Kp,K) =0

Lemma 10 (see [24]). Let K be a cone in Banach space E.

Suppose that T : ?p — K is a completely continuous operator.
If Tu # pu for any u € 0K, and p > 1, then i(T, K, K) = 1.

Lemma 11. Let y € CI0, 1] be a given function and n — 1 <

o < n, then u is a solution of BVP (1)-(2) if and only if u is a
solution of the integral equation

1
u()=y®)0[u] + L Gy (. gs) y (s) dgs, (20)

where
y) =t
Gy (. gs)
(a=2) (a-1)
a—-1],t(1—-gs —(t—gs
o= Ut (-9 - -a)™" @)
) T, (a)
- (a-2)
a—1],t(1-gs
o= 11, (1~ 49) , 0<t<gs<l.
I, (@)

Proof. Assume that u is a solution of BVP (1)-(2).
Applying Theorem 7, (1) can be reduced to an equivalent
integral equation:

t
! J (t-g5)* " y(s) dgs +¢ + ¢t

u(t) = —rq @ s

(22)

2 -1
+ ot + -+ g t”

3
By (2), we obtain
¢ =0,
b=z =0, o
6 =0ul + [Or‘q_(gq Ll (1-95)“" y(s)dys.

Therefore, we obtain

u(t) =y ()0 ul + loc— 1l Ll (1-gs)*?

I, (@)
“y(s)dgs— e )J (t _qS)(a_l)y(s)dqs
=y (®)0[u]

tl fa=1],t (1~ qs)“?
]

I, (@

_ _ (a=2)
.}’(S)dqs+’[t1 [[“ 1]t (1-gs) :I

—(t-qs)*" ] (24)

1
YOV dys =y (0011 + | Gy (6.95) 7 ().

Conversely, if u is a solution of the integral equation (20),
using Lemmas 5 and 6, we have

Cpa
un(t)

= “Djt6 [u]
+Sp%t Jl o 1], (1 - qs)(“iz)
T\ Jo I, (@)

t t— (e=1)
_CDZ<J0( F:Iz()x_) y(s)dq5>

_ _Cnhoajqa
- Dquy (t)
A simple computation shows u(0) = 0, DZu(O) =0,2<k<

y(s) dqs> (25)

=-y(t).

n-— l,un(l) = 0[u]. L]
Remark 12. G, (t, gs) is Green’s function for the local BVP
Ca _
Dju(t) + Ag(t) f (t,u(t)) =0,
€l0,1], n-1<a<n 0<g<1l,
Dju (0) =0, (26)

u(0)=0,2<k<n-1,

Du(1)=0



Lemma 13. Function Gy(t,qs) defined in (20) satisfies the
following conditions:

(H1) Gy(t,gs) = 0 is continuous and G,(t,s) < Dy(gs) for
all0<t,s<1;

(H2) Gy(t,gs) = ¢, (t)Dy(gs) for all 0 < t,s < 1, where
0, (qs) =G, (1’ ‘15)

=1, (1-g5) " - (1-g5)“"
- T, (@) ’

27)

G (l’) — tot—l

Proof. 1t is obvious that G,(t, gs) is nonnegative and continu-
ous.
(H1) For0<gs<t<l,

1 a-
Gy (t,gs) = ) [[(x— 1],t(1 —gs)*?
(09" = gy [l 1 109
a—1 S (@-1)
e (1-a)
> o [l 1, 1 - -
q
£ 1(1 )(Oé—l)]
a—1
o009 -1
q
>0,
andfor0<t<gs<l,
_ _ @)
Go(tge) = Z U ) (29)

I (@)
and it is clear that Gy(t, gs) > 0 and G, (0, gs) = 0. Therefore

Gy(t,gs) = 0.
For fixed s € [0,1] and t > gs we have

Dq GO (t’ qS)

=11, (1 - g9) ™ = [~ 1], (¢ - g5)
T, (@) (30)

C(1-g9)" P~ (t-gs)"?
B T, (a—1)

> 05

that is, G,(t,gs) is an increasing function of t. Obviously,
Gy(t,gs), t < gs, is increasing in t; therefore G(t, gs) is an
increasing function of t for fixed s € [0, 1].

Thus, (H1) holds.
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(H2) Suppose now that t > gs:

)(06*2) _ (t _ qs)(ocfl)
)(06 2) (1 )(06—1)

la—1],t(1~
loc — 1], (1 -

e lw-11,(1-9) "7 - (1-¢9)*"] @D
>

o— a—1)
) - (1-g9)"

Gy (t,9s) _
@ (gs)

[~ 1], (1 -gs
a—1

=t

On the other hand, if t < gs, then we have

GO (t’ qs) [o - l]q t (1 - qs)(afz)
% @) a-1,(1-g9)" - (1-g9) "
[ _ 1 £ 1 (1 gs )(tx—Z) _ ta—l (1 _ qs)(cx—l) (32)
S e (-
— toc—l’
and this finished the proof of (H2). O

Defining & ,(gs) = Iol Gy(t, qs)qu(t), Green’s function
for nonlocal BVP (1)-(2) is given by

ymnfﬁw+%@$) (33)

R T

Throughout the paper we assume the following:
(H3) A is a function of bounded variation, and & ,4(gs) =
JOI Gy(t, qs)qu(t) satisfies & 4(gs) > O for almost every s €
[0, 1]. Note that & 4 (gs) exists for almost every s by (HI).
(H4) The functions g, O satisfy g > 0 almost everywhere,
gd e L'[0,1], and

b
J @ (gs) g (s)dys > 0. (34)

(H5) f:[0,1] x [0,00) — [0, 00) satisfies Caratheodory
conditions; that is, f(-,u) is measurable for each fixed u €
[0,00) and f(¢,-) is continuous for almost every t € [0, 1],
and for each r > 0, there exists ¢, € L™[0, 1] such that 0 <
f(t,u) < ¢, forallu € [0,7] and almost all £ € [0, 1].

(H6) One has the following: y € C[0,1], p(t) > 0, 0 <
Oly] < L.

Lemma 14. If G, satisfies (HI), (H2), then G satisfies (HI),
(H2) for a function ®, the same interval [a,b], and the same
constant ¢, where @ satisfies (H4) and ¢ = min{g(t) : t €

[a, b]}.
Proof. We have

y ()
(1-0[y]]

Iyl _
< mfﬁ (as) + @, (gs) = @ (gs),

G(t.gs) = G4 (gs) + Gy (£, q5)

(35)
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and for t € [a, b]

c vl
[1-6[y]]

Note that g& € L% because A has finite variation and
G A(gs) < O(gs) var(A).

Thus, Green’s function G(t, gs) satisfies (H1), (H2) for a
function @ and the constant c. O

G(t.gs) > G4 (gs) +c®, (gs) = c®(gs). (36)

3. Main Result

Set E = CI[0,1] as a Banach space with the norm [u| =
SUP;¢(o ) |U(t)]. Let P = {u € E : u > 0} denote the standard
cone of nonnegative functions. Define

K = {u €eP,minu(t) >c ||u||} , (37)
a<t<b

where [a, b] is some subset of [0, 1].

Note that y € K so K # {0}. Forany 0 < r < R < +00,
let K, = {u € K: |u|l <r},0K, = {ueK: |ul| =r}
K,={ueK:|ul<r,Kg\K, ={ueK:r<lul <R}
and V, = {u € K : min,¢[,,;u(t) < r} and V, is bounded.

Define a nonlinear operator T : P — K and a linear
operator L : P — K by

1
Tu(t)=A L G(t.qs) g (s) f (s,u(s)) dys, (38)

1
Lu(t) = L G(t,gs) g (s)u(s)dgs. (39)

Lemma 15 (see [18]). Under hypotheses (H1)-(H6) the maps
T :P — E defined in (38) are compact.

Theorem 16. Under hypotheses (H1)-(H6) the maps are T' :
P - K.

Proof. Foru € Pandt € [0, 1] we have

1
Tu(t) < A L ©(g5) g () f(su()dys.  (40)

Hence,

1
ITul <3 [ ©@)g© f u@)ds @)

Also, for t € [a, b], we have

1
Tu(t) > CAJ @ (gs) g (s) f (ssu(s))dys = c|Tull. (42)

0
Similar to the proofs of Lemma 15 and Theorem 16, Lu(t) is
compact and maps P into K. O

We will use the Krein-Rutman theorem. We recall that A
is an eigenvalue of L with corresponding eigenfunction ¢ if
¢ # 0 and A¢ = L¢. The reciprocals of eigenvalues are called
characteristic values of L. The radius of the spectrum of L,
denoted by r(L), is given by the well-known spectral radius

formula (L) = lim,, _, . [IL"[|"".

Theorem 17 (see [15]). Let K be a total cone in a real Banach
space E and let L : E — E be a compact linear operator with
L(K) ¢ K. Ifr(D > 0 then there is ¢, € K \ {0} such that

Lo, = r(L)¢,.

Thus A, = r(L) is an eigenvalue of L, the largest possible
real eigenvalue, and y; = 1/A, is the smallest positive
characteristic value.

Lemma 18 (see [15]). Assume that (HI1)-(H3) hold and let L
be as defined in (39). Then r(L) > 0.

Theorem 19 (see [15]). When (H1)-(H3) hold, r(L) is an
eigenvalue of L with eigenfunction ¢, in K.

Theorem 20 (see [15]). Let y; = 1/r(L) and ¢,(t) be a
corresponding eigenfunction in P of norm 1. Thenm < p; < M,
where

1 -1

m= ( sup J- G(t,qs)g(s)dqs) ,
te[0,1] JO

(43)

b -1
M:( inf J G(t,qs)g(s)dqs) :

telab] Ja

If g(t) > 0 fort € [0,1] and G(t,gs) > O for t,s € [0,1], the
first inequality is strict unless ¢, (t) is constant for t € [0,1]. If
gt)e(t) > 0 fort € [a,b], the second inequality is strict unless
¢, (t) is constant for t € [a,b].

Proof (for the local BVP (1)-(2) if g(t) = 1). We now compute
the constant m and the optimal value of M(a, b); that is, we
determine a, b so that M(a, b) is minimal.

For gs < t, we have by direct integration

t
J Gy (t.gs)dys
0

. J o= 11, (1-g5)" " = (=09 |
- 0 rq () a5 (44)
_t-t(l S RS
T, () [a], T, (@)
Forgs > t,
1 ~ 1 [(x—l]qt(l—qS)(a_z)
J; Gy (t.gs)d,s = Jt L@ dgs
(45)
_t(- b
I, @
Then we have
t t*

1
Jo Gy (t.gs)dys = (46)

L) [l L, (a)



And the maximum of this expression occurs when ¢t = 1;
hence

1 1
G d -
iﬁj°a@ T @ [al, T, @
(47)
[a]q -1
[a] (@)
Thenm = [a] L ()/([] 4 = 1).
For a < b, we have by direct integration
' =" ra-a)h
L Gy (t.gs)dys = — ) + )
(t-a)®
" o, T, @) 49
b _ ta-p*Y ra-pn?
L G, (t,s)ds = - T (@ + L (@
Then
b ta-a“? @-a)@
L%“W%“ L@ oL, @
Cta-pY
I, @
Ctfa-a - -b)e]
T (x)
! (49)
(t-a)" -a)®
=R(t,ab),
a1, R Ee?
[(1-a)* V- 1-bp)@]
Dg R (t,a,b) = L@
C(t-a)h
I, (@)

The sign of derivative D, R shows that this is an increasing
function of ¢ so the minimum occurs att = a. Let

)V - (1-b

R(a,b) =

rU Pl k0

The minimal value of M(a,b) corresponds to the maximal
value of R(a, b). Consider

ala—1],(1-gb)*™?
,DyR(a,b) = ;q @ >0. ()

The quantity R(a,b) is an increasing function of b so its
maximum occurs when b = 1. Let

a(l-a)®V

R@=—7

(52)
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Then the maximum of R(a) occurs whena = 1/(1 + [a— l]q).

Consider
b 1
i G,(t,gs)d s=R| ——,1|.
fé?iﬁ]L 0 (1:45) dgs (1+[(x—l]q ) (53)

Hence the minimal value of M(a, b) is
mM(—2 )= (r(—L1
1+[oc—1]q 1+[oc—1]q

4. The Existence of at Least One
Positive Solution

-1
1)) . (54)

O

For convenience, we introduce the following notations:

7 u) = sup f (t,u),
te[0,1]
i(u) = tel[r(l)fl]f (&w);
£° = lim supM,
woot U
f (u)
o= liminf=
(55)
£ :=lim sup—f @)
Uu— 00 u
f (u)
=li f=
Joo = lim inf="
0,r f (t’ M)
= su —
f {o<t<1, (?Sugr} r
. f(tuw
= f .
fr’r/ ¢ {astsbl,lrlSuSr/c} r
Under hypotheses (H1)-(H4) let L be defined by
_ b
Lu(t) = J-u G(t,qs) g (s)u(s)dys. (56)

Then L is a compact linear operator and L(P) < K.

Hence () is an eigenvalue of L with an eigenfunction ¢,
in K. Let fi, = 1/r(L). Note that fi; > p,; hence the condition
in the following theorem is more stringent compared with the
case if (L) could be used.

Theorem 21. Assume that

(AD) 0 < Af* < py,
(A2) fi, < Afy, < 00.

Then (1)-(2) had at least one positive solution.
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Proof. Let ¢ > 0 be such that f0 < (1/A)(p, — ¢€). Then there
exists p, > 0 such that

[ <3 (m-2)u

(57)
Vu € [0, p,] and almost all ¢ € [0,1].
Let p € (0, py]. We prove that
Tu# pu forueoK, =1, (58)

which implies the result. In fact, if (58) does not hold, then
there exist u € 0K, and 8 > 1 such that Tu = fu.
This implies

1
Pu(t) =1 J-O G(t.qs) g (s) f (s,u(s))dys

! 59
<(u —¢) L G(t.gs) g(s)u(s)dys (59)
= (4 —€)Lu(t).
Thus, we have shown u(t) < (y; — €)Lu(t). This gives
u(t) < (p — &) L[(p —€) Lu (t)]
), (60)
=(u —&) Lu(t).
And by iterating
u(t) < (p —€)"L'u(t) forneN. (61)
Therefore
luall < (o = &) 1L Neall»
) (62)
1< (u—¢) "L "’
and we have
. n n 1
1< (i —e) Tim L) = (- e) PRI
1
a contradiction. It follows that
i (T, KP) =1, for each p € (0,p,]. (64)

Let p, > 0, p; > p be chosen so that f(t,u) > (i, /A)u for all
u > cp;, ¢ as in (H2), and almost all ¢ € [0, 1].
We claim that u # Tu + B¢, forall > 0 and u € 0K -

when p* > p,. Note that u € K with [lul| = p* > p,.
We have u(t) > cp, forall t € [a,b].
Now, if our claim is false, then we have

1
u(t) =21 L G(t.gs)g(s) f (ssu(s)) dgs + Bé, (t). (65)

Therefore,

b
w20 [ (6996 udys+ B 0
a (66)
= Lu(t) + B, (t).

From (66) we firstly deduce that u(t) > ﬂ(f)l (t) on [0, 1].

Then we have
iLu(t) > ;LB (1) = By (1) (67)

Inserting this into (66) we obtain u(t) > 2/3{51(1‘) fort € [0,1].
Repeating this process gives
u(t) >npp, (t) forte[0,1], neN. (68)

Since ¢, (t) is strictly positive on [0, 1] this is a contradiction;
then

ix (T,K,.) =0, foruedkK,. (69)
By (64) and (69), one has
ix (T,K, \K,) =ix (T,K,.) —ix (T,K,) =-1.  (70)

Therefore, T has at least one fixed point u, € K. \ EP, and
u, is a positive solution of BVP (1)-(2).

Theorem 22. Assume that

(A3) py < Afy < 00,
(A4) 0 < Af™ < py.

Then (1)-(2) had at least one positive solution.

Proof. Lete > 0 satisfy f;, > (1/A)(y; + €). Then there exists
R, > 0 such that

f(t,u)z%(‘ul+£)u, vt € [0,1], u€e[0,R,]. (71)

For any u € 0Ky we have by (71) that

1
Tu(t) =21 L G(t.qs) g (s) f (s,u(s))dys

1
> (1“1 + 8) ,[) G (t, qs) g (s)u(s) qu (72)

> Lu(t), Vtelo,1].

Let 71, be the positive eigenfunction of L corresponding to ;;
thatis, 7, = p, Lii;. We may suppose that T has no fixed point
on 0Ky ; otherwise, the proof is finished. In the following we
will show that

u—Tu+ Py, Yu €Ky, f=0. (73)

If (73) is not true, then there is %, € 0Ky and f3; > 0 such that
iy —Tu, = Byi,. It is clear that 3, > 0 and #, = T, + Sty =

ﬁOﬁl'

Set
B" = sup{B: @i, > fii,}. (74)
Obviously, f* > 8, > 0. It follows from L(P) C P that

w Liig > w LB 4, = B u L, = By, (75)



and using this and (72), we have
iy = Tty + Bothy = py Lity + Boity = B + Boily,  (76)

which contradicts (74). Thus, (73) holds.
By Lemma 9, we have

ix (T.Kg,) = 0. (77)

On the other hand, let ¢ > 0 satisfy f* < (1/A)(y; — €). Then
there exists R, > R, such that

f(t,u)s%(yl—s)u, Vt € [0,1], u = R,. (78)
By (H5) there exists an L function ¢, such that

ftu) < %cpl (t), VYue[O,R,], te[0,1]. (79)
Hence, we have

£t < 3 [ - v g, 0],
(80)

Yu e RY, t€[0,1].

Since 1/y, is the radius of the spectrum of L, (I/(y; —€) - L™
exists.

Let
1
C= L @1 () @ (s) g (s)dys,
) L (81)
c
Ry=(——-1) [———).
’ ((P‘l_s) ) ((#1_5)>
We prove that, for each R > R,
Tu # Bu, Yue€ oKy, f>1. (82)
In fact, if not, there exist u € 0Ky and § > 1 such that Tu =
Pu.
This together with (80) implies
1
u(t) < J-O G(t.qs) g (s) (i — &) u(s) + @, (5)) dys
1
= (m —¢) I G(t.qs) g(s)u(s)d,s
0 (83)

1
+ L G(t.gs) g (s) 9, (s)d,s

< (4 —€)Lu(t)+C.

This implies
( r L> u(t) < ¢ ,
th—¢ th—¢

I _L>‘1( C > (84)
th —¢€ th —¢€

= R,.

u(t)s(
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Therefore, we have lu| < R, < R, a contradiction. Taking
R > R,, it follows from (74) and properties of index that
ix (T,Kz) =1, VR >R, (85)
Now (77) and (85) combined imply
ix (T.Kg \ Kg, ) = ix (T Kg) —ix (T.Kg, ) = 1. (86)
Therefore, T has at least one fixed point u, € Ky /ERI, and u,
is a positive solution of BVP (1)-(2). O
5. The Existence of Two Positive Solutions
Theorem 23. Suppose (A2), (A3), and
(A5) Afo”” < m for some p' > 0.
Then (1)-(2) had at least two positive solutions.
Proof. By (A5), we have
1
Tu(t) = A L G(t.qs) g (s) f (su(s))dys
. (87)
< J G(t,gs) g (s) p'mdqs,
0

so that | Tull < p’ = |lull, forallu € 0V,;. Now Lemma 8 yields

i (TVy) =1. (88)

On the other hand, in view of (A2), we may take p* > p’
so that (69) holds (see the proof of Theorem 21). From (A3),
we may take R, € (0, p') so that (77) holds (see the proof of
Theorem 22).

Combining (88), (69), and (77), we arrive at

i (TK, \Vy)=0-1=-1,
(89)
ir (T,V,y \Kg, ) =1-0=1.

Consequently, T has at least two fixed points, with one on
K, \V o and the other on Vy \le. Therefore, (1)-(2) had at
least two positive solutions. O

Theorem 24. Suppose (Al), (A4), and
(A6) Afy ) = M for some p' > 0.

Then (1)-(2) had at least two positive solutions.

Proof. By (A6), we have

1
Tu(t) = A L G(t.qs) g (s) f (su(s))dys
b
>\ J G(t,gs) g (s) f (s,u(s)) dgs (90)

b
> j G(t,gs) g (s) Mp'dqs,

a
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so that |[Tull > p' = ull, for all u € 0V, and by Lemma 8
this yields

i (T,V,) = 0. (91)

On the other hand, in view of (Al), we may take p € (0, p')
so that (64) holds (see the proof of Theorem 21). In addition,
from (A4), we may take R > p’ so that (85) holds (see the
proof of Theorem 22).

Combining (91), (64), and (85), we arrive at

i (TLKe\V,y)=1-0=1,
(92)
i (T,V,\K,)=0-1=-1L

Hence, T has at least two fixed points, with one on Vi \ EP

and the other on Ky \ VP,. Therefore, (1)-(2) had at least two
positive solutions. O

We illustrate the applicability of these results with some
examples.

Example 25. Consider the problem

2
DO.S(z.s)u () + A (5t +3) ( Tu ++ u) (2 +cosu) =0,
u
te(0,1),
(93)
D51 (0) =0,
u(0) =0,
Dy su (1)=0.

Here we have g(t) = 5t+3, f(u) = (2+cos w) (7 +u) [ (u+1)),
and2 < o < 3.

It is readily shown that f° = f, = 3, f* =21, f,, = 7.

Also, 3u < f(u) < 21u for u > 0. By calculation, we
find m = 0.19722, and the smallest M calculated is M(a, b) =
M(0.484405,1) = 0.74665. We find y; = 0.30366. Hence,
by Theorem 21, there is at least one positive solution if 34 <
py and 74 > p; that is, there is a positive solution if A €
(0.47047,1.09773).

By Theorem 22, there does not exist a positive solution if
either 31 > y; or 21A < p,; thatis, if A < 1.09773 or A >
0.15682 no positive solution exists.
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