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For two complex Banach spaces X and Y, in this paper, we study the generalized spectrum .#,(X,Y) of all nonzero algebra
homomorphisms from %, (X), the algebra of all bounded type entire functions on X, into %,(Y). We endow ., (X,Y) with a
structure of Riemann domain over (X", Y") whenever X is symmetrically regular. The size of the fibers is also studied. Following
the philosophy of (Aron et al., 1991), this is a step to study the set ., (X, By) of all nonzero algebra homomorphisms from
,(X) into # ,(By) of bounded holomorphic functions on the open unit ball of Y and .#_, (By, By) of all nonzero algebra

homomorphisms from %, (By) into & (By).

1. Introduction

The study of homomorphisms between topological algebras
is one of the basic issues in this theory. Two are the main
topological algebras that we come across when we deal with
holomorphic functions on infinite dimensional spaces (see
Section 2 for precise definitions): #°;,(X), the holomorphic
functions of bounded type (which is a Fréchet algebra), and
X o (By), the bounded holomorphic functions on the open
unit ball (which is a Banach algebra). Here, as a first step in
the study of the set of homomorphisms between # . (By)
spaces, we mainly focus on algebras of holomorphic functions
of bounded type and homomorphisms between them; L :
I (X) — H,(Y) (i-e., continuous, linear, and multiplicative
mappings). These were already considered in [1]. There the
focus was to study the homomorphisms as “individuals,”
seeking properties of single ones. We have here a different
interest: we treat them as a whole, considering the set

My (X,Y) = M (T, (X), 5, (Y))
={0: %, (X) — Z, (Y) ¢y

algebra homomorphisms} \ {0} .

We will call this set the generalized spectrum or simply the
spectrum. Our main aim is to study .#,(X,Y) and to define
on it a topological and a differential structure.

This problem has the same flavor as considering ., (X),
the spectrum of the algebra #7,(X) (i.e., the set of nonzero
continuous, linear, and multiplicative ® : %, (X) — C).
This was studied in [2, 3], where a structure of Riemannian
manifold over the bidual X** was defined on it (see also [4,
Section 3.6] for a very neat and nice presentation and [5-7]
for similar results). Our approach is very much indebted to
that in [2] and we get up to some point analogous results,
defining on .#,(X,Y) a Riemann structure over Z(X*,Y")
(note that X** = £(X*, C)). We will also be interested in the
fibers of elements of Z(X*,Y™).

The outline of the paper is the following. In Section 3,
for two complex Banach spaces X and Y, we study the
generalized spectrum .#;(X,Y) of all nonzero algebra homo-
morphisms from #,(X) to %,(Y). We endow it with a
structure of Riemann domain over Z(X*,Y™) whenever X
is symmetrically regular. In Section 4, we focus on the sets
(fibers) of elements in .#,(X,Y) that are projected on the
same element u of L(X*,Y™). The size of these fibers is
studied and we prove that they are big by showing that
they contain big sets. Following the philosophy of [2], all
about ./, (X,Y) is a step to study in Section 5 the spectrum
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My, (X, By) of all nonzero algebra homomorphisms from
I ,(X) to I o, (By) of bounded holomorphic functions on
the open unit ball of Y. Finally, in Section 6, we deal with
the generalized spectrum ., (By, By) of all nonzero algebra
homomorphisms from % (By) to # o, (By).

2. Definitions and Preliminaries

Unless otherwise stated capital letters such as X, Y,... will
denote complex Banach spaces. The dual will be denoted
by X* and the open ball of center x, and radius r > 0
by Bx(xy,7). If x, = 0 and r = 1 we just write By. The
space of continuous, linear operators from X to Y will be
denoted by Z(X,Y); this is a Banach space with the norm
lull = suprBX||u(x)||. The adjoint operator of u € Z(X,Y)
will be denoted by u*™ € £ (Y™, X™).

We will denote the canonical inclusion of a space into its
bidual by J : X — X**.

Given two complex locally convex spaces E and F, a
mapping P : E — F is a continuous m-homogeneous
polynomial if there is a continuous m-linear mapping L :
Ex---x E — F such that

P(x)=L(x,...,x) for every x. 2)
Throughout the paper every polynomial and multilinear
mapping will be assumed to be continuous.

An m-linear mapping L is called symmetric if
L(Xg15- - Xgm) = L(xy,...,x,,) for every permutation o of
{1,...,m}. Each m-homogeneous polynomial has a unique

symmetric mapping (which we denote by }\;) satistying (2).
IfP: X — Y isa continuous m-homogeneous polynomial
between Banach spaces, the following expressions define
norms for m-linear mappings and for m-homogeneous
polynomials, respectively:

1L = sup {|L (xps ... x,)] - "x]“ <lLj=1,...,m},

(3)
[Pl = sup {IP (Il : llxll < 1}.
The polarization formula gives [4, Corollary 1.8]
Vv m
1P < B < 2 e )
m!

Given an m-linear mapping L, the notation L(x*), y™%)) will
mean that x is repeated k times and y is repeated m — k times.
A mapping f: U € E — F is holomorphic on the open
set U if for every x, in U, there exist (P, f(x,)),,» each one of
them an m-homogeneous polynomial, such that the series

fx) = ipmf (%9) (x = x0) (5)

converges uniformly in some neighborhood of x, contained
in U. This is called the “Taylor series expansion” of f at x,,.
If E and F are Fréchet spaces, then f: E — F is Gdteaux
holomorphic if for every x, y € E the functionC — F,t
f(x + ty) is holomorphic on some neighborhood of 0. It is
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known [4, page 152-153] that f is holomorphic if and only if
it is Gateaux holomorphic and continuous.

In the case that f : X — Y, X and Y being complex
Banach spaces, f is holomorphic on X if and only if it is
Fréchet differentiable on X and in that case P, (x) = df(x)
for every x. Also, by the Cauchy inequalities [4, Proposition
3.2] we have, for every m,

sup [P, (%) )] < sup
x€By (0,R) x€By (xq,R)

If ol (6)

A holomorphic function f : E — F is of bounded type if it
sends bounded subsets of E to bounded sets of F. We denote
by 7, (E, F) the space of holomorphic functions of bounded
type from E to F. If F = C we simply write #,(E). Given
U ¢ E we write

I flly = sup|f (x)]. )
xeU

With this notation for X a Banach space #},(X) is a
Fréchet algebra endowed with the topology 7, of uniform

convergence on the bounded sets, whose seminorms are (for
R>0)

qr (f) = "f"BX(O,R) = sup {|f (x)] : lxll < R} (8)

Let M be a differential manifold on a complex Banach space
X and F a locally convex space. A mapping f : M — Fis
said to be holomorphic (of bounded type) if fogp™' : Q — F
is holomorphic (of bounded type) for every chart (¢, Q) of
M.

Given x € X, we write §, for the evaluation mapping at
x; that is, §,.(f) = f(x) for all holomorphic f.

LetL: XxX — Cbeacontinuous bilinear form. Fix x €
Xandforw € X*" let (yg) beanetin X weak-star convergent
to w. Since L(x,—) € X¥, then there exists limﬁL(x, yﬁ) =
L(x, w). Now, fixw € X** and for z € X** let (x,) be a net in
X weak-star convergent to z. Since L(-,w) € X*, then there
exists

L(z,w):= liénf (X w) = lim ligl L (x,x, yﬁ) - 9)

Following this idea Aron and Berner showed in [8] that every
function f € %, (X) admits an extension to the bidual, called
the Aron-Berner extension, 7 € ,(X*"). By [9, Theorem 3],
for every m-homogeneous polynomial P, we have | P|| = IP]l.

A Banach space X is symmetrically regular if for all
continuous symmetric bilinear form L : X x X — Ciit
follows that

L(z,w) = liII3n lim L (xa, yﬁ) . (10)

We refer the reader to [4, 10, 11] for the general back-
ground on the theory of holomorphic functions on infinite
dimensional spaces.

We are going to work with the set ./#,(X,Y) of nonzero
algebra homomorphisms between spaces of holomorphic
functions of bounded type defined in (1). Observe that an
idempotent element g in 7,(Y) satisfies that g(Y') is a subset
of {0,1} and g(Y) is a connected set. Hence, either g = 0 or
g = 1.So,forany ® € #;(X,Y), we should have ®(1y) = 1y.
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3. The Differential Structure of .#,(X,Y)

Our aim in this section is to endow ., (X, Y) with a structure
of Riemann domain over Z(X*,Y ™). On a first step, for each
linear operator u € ZL(X*,Y"), we define, inspired by [12,
Lemma 1],

u:#,(X) — #, (),
— (11
f [ d f o u* o ]Y'
It is plain that % is an algebra homomorphism and %]y = u.

This defines a natural inclusion:

i:g(X*,Y*) — M, (X,Y),

(12)
U u.
On the other hand there is also a projection:
My (X,Y) — L(XYT),
(13)

O [x" — d (D (x")) (0)].

These clearly satisfy m(i(u)) = u for every u.

Given z € X** we consider the mapping 7, : #;,(X) —
Z,(X) defined by 7, (f)(x) = f(Jxx + z). It is a well-known
fact that fixed f in % ,,(X) the mapping T : X** — % ,(X)
given by T(z) = 7, (f) is a holomorphic function of bounded
type. See [4, Proposition 6.30] or more in general the proof of
[3, Theorem 2.2].

With this, for each ® € #,(X,Y) and each u ¢
F(X*,Y"), we can define ®* € 4, (X,Y) by

" (f)(y) =@ (701, () ()

=[x f(xx+u"yy)] (7).

(14)

for all f € ,(X) and y € Y. Let us see that ®* is well
defined. To do that we need to check that the function

y— o (rn, (1)) (15)

belongs to % ,(Y). We see first that it is holomorphic. The
following function of two variables

YxY —C,

(16)
(3.2) — (151, () ),

is holomorphic on each variable. Then Hartogs’ theorem gives
that it is holomorphic and hence it is so when restricted to the
diagonal {(y, y) : y € Y}. This gives that (15) is holomorphic.

We see now that ©”(f) is of bounded type. Given R > 0
there exists S = S(R) > 0 such that

125,00 < 19l5,05° (17)

forall g € #,(X). Hence

sup [ (7., (1) )

I¥ll<&

- ||Zl||1<pR|'(D (sise Do (18)

< "Z1"1<pR|'TZ»« 5z (f )“BX(O,S)

< f s 0.5 1uam) < 0

since |[Jxx + u”Jyz| < lx| + lu*lllzl < S+ |ullR for all
x € Bx(0,S) and all z € By (0, R).

On the other hand it is easy to see that ®" is an algebra
homomorphism, which finally gives ®* € ./, (X,Y).

As a second step we show that

() = (D) + u. (19)

Indeed, for each x* € X™ and y € Y, we have

0" (x") (y) = @ [x = X7 (Jyx +u" Jyy)] (7)
=0 [x—x" () +u(x)(y)](y) (20
= (@ (") +u(x"))(»).
Thus,
m (0%) (x7) = d (" (x7)) (0)
=d(®(x7) +u(x"))(0)
=d(®(x")) (0) +u(x")
= (m (@) +u) (x7).
Finally, given ® € .#,(X,Y) and & > 0, we consider the set
Voe = {0 1ue Z(X",Y"),llull <e}. (22)

Now we assume that X is symmetrically regular. We proceed
as in the definition of the Riemann domain structure of
the spectrum of % ,(X) and we omit the details (see [4,
Section 6.3] for a complete and detailed explanation of the
procedure). First of all, if ¥ € Vg, ., then ¥ = @, with [lu]| < e.
Hence, for any v € Z(X*,Y"),

() () = (@) () (n) = @ (7, () ()
=0 (1,010, () () (23)

= 0 (o () ) = 9 (1) ().

Therefore, for § = € — [lul|, we have V5 C Vg and {V, .}
is a neighborhood basis at ®.

Also,for @+ V¥ € #,(X,Y), we have that if 7(®D) = n(¥),
then Vi, . N Vs = 0, for all ¢,§ > 0 and if (D) # (), then
Voe N Vy, = 0 fore = (@) — m(¥)||/2. This gives that the
topology generated by {Vy, .}, is Hausdorff.

>0



Let us note that for each @ in /,(X,Y) the subset
Ve = {®" : u € L(X",Y")} is the connected component
containing @.

Summing all this up we have proved the following result.

Proposition 1. If X is a symmetrically regular Banach space
and Y is any Banach space, (M,(X,Y),m) is a Riemann
domain over L(X*,Y") and each connected component of
(M,(X,Y), ) is homeomorphic to Z(X*,Y™).

Our aim now is to show that each function f € #(X)
can be extended, in some sense, to a function on ./#;,(X,Y)
of bounded type. We do it with the following sort of Gelfand
transform:

foaty(X,Y) — %, (Y),
(24)
(Dr—»CD(f),

and showing that this, when restricted to each connected
component, is holomorphic of bounded type. To do that we
need the following lemma.

Lemma 2. If X and Y are complex Banach spaces and G is
an element of 7,(X x Y), then the mapping g defined by
g(x)(y) = G(x, y) for (x, y) € XXY belongsto % (X, %, (Y)).
Conversely, given g in I, (X, #,(Y)) the mapping G(x, y) =
g(x)(y) belongs to Z,(X xY).

Proof. LetGbein #,(XxY),andlet )’ P, f be the Taylor

series expansion of G at (0, 0). We have

Gxy) = 3 Pof (57)
m=0 (25)
(’f) Buf (50, (0,)").

Note that if we take R,S > 0 by the polarization formula (4)
and Cauchy inequalities (6), we have

ii('}f) sup sup

m=0 k=0 IxlI<R | y||<s

m

B (650 0))

<3 Y () s sup T A D
=00 \ </ Ixl<R [y <s !

< Y (e®R+S)" (26)

18

0

3
I

X sup su

p |G (x. )|
Il<2e(ReS) || y|<2e(res) (2€ (R +8))™

=2 sup sup |G (x, )| < o0.

Il <2e(R+$) || y||<2e(R+S)

By the properties of convergent double series of nonneg-
ative numbers we obtain that, for each fixed k, the series

Q(xX)(») = Yok () P,\,,/f ((x,0® (0, y)(m_k)) converges
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absolutely and uniformly on any product of balls in X and Y
with finite radii. Hence Q; : X — %, (Y) is a continuous
k-homogeneous polynomial and actually g = Y2 Q; is an
entire function from X to %, (Y) that, by above inequalities,
is of bounded type.

Conversely, consider g in #,(X, #,(Y)) and define G :
X xY — CbyG(x,y) = g(x)(y). By definition, for each
x € X, G(x,-) belongs to #,(Y). If we fix now y € Y,
we have that 6y is a continuous linear form on #,(Y) and
G(x, y) = 8,(g(x)), implying that G(-, y) is the composition
of holomorphic mappings. Thus G(-, y) is holomorphic for
every y € Y. By Hartogs’ theorem, G € (X xY). Finally, for
fixed R, S > 0 we have that g(Bx(0, R)) is a bounded subset of
7, (Y). Hence

sup |G (x,y)] = sup sup |g(x) (y)[ <0,
Iell<R|y]|<s lly||<s lxl<R

and G is bounded on the bounded subsets of X x Y. ]

Proposition 3. Let X be a symmetrically regular Banach space
and let Y be any Banach space. Given a function f € 7 ,(X)
consider its extension f s MY(XY) — H(Y) defined in
(24). We have that f is a holomorphic function of bounded
type. That is, fo (7T|V®)_1 e X (L(X*,Y"), %, (Y)) for every
.

Proof. The point is to prove that the function

L(X5Y") — %, (Y),
(28)
ur— *(f)

is holomorphic of bounded type. For that, we introduce an
auxiliary mapping M : (X", Y*) x Y™ xY — C, defined
by

M (u,z,y) =@ [x — f(x+u” (z))] (). (29)

As above, we only need to check that it is separately holo-
morphic to conclude that M is holomorphic. First we fix u €
Z(X*,Y")and z € Y*" and denote M, ,(y) := M(u,z, y).
Wehave M, , = ®(t,,.,,(f)) and this belongs to %, (Y). Now
we fix z, y and take Mz,y(u) =M(u,z,y) = 8y(d)('r:*(z) (N
This mapping is holomorphic (of bounded type) since it is
the composition of the linear mapping Z(X*,Y") — X~
defined by u +— u*(z) with the holomorphic mapping of
bounded type:

X** SN C,

(30)
v (8,2 0) (5 ().

Finally we fix u,y and denote M, (z) = M(u,z,y) =
5},((13(1’:* (). Again, this is the composition of a linear
mapping Y** — X** defined by z — u"(2) with the
same holomorphic mapping (30). We conclude that M is
holomorphic.
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Let now R, S, T > 0. Given T > 0 there exists U > 0 such
that [®(W), o,y < Ihllg, (0,u) for every h € #,(X). Hence

swp Mz )|
lul<Rlzl<S || y]|<T

) ||i1||1£R ||szl||1£s||® (0 () ”BY(O’T) (31)

< sup sup|z"
||u||£R ||z||£S" u*(z) (f)”BX(O,U)

< “f"Bx(O,U+RS) < 00,

and M is of bounded type. Since the mappingY — Y** x
Y defined by y — (Jyy,y) is obviously holomorphic of
bounded type we have that

G: (X" Y')xYy —>C (32)

defined by G(u, y) = M(u, y, y) is holomorphic of bounded
type. Now a direct application of Lemma 2 gives that the map-
ping u — ®*(f) belongs to Z,(L(X*,Y™), % ,(Y)). O

The above proposition is related to the study of extension
of functions of bounded type given in [13].

4. The Size of the Fibers of .Z,(X,Y)

We focus now on the sets of elements in .#,(X,Y) that are
projected on the same element u of Z(X*,Y™). This is called
the “fiber” of u and is defined by

F () ={0 e My (X,Y): m(®)=u}. (33)

Our aim in this section is to find out how big these fibers can
be. To begin with, each fixed u € (X", Y") defines a set

A, ={g e, (,X"):dg(0)=u"oJy}. (34)

On the other hand every g € %, (Y, X"") defines a compo-
sition homomorphism ® g € My(X,Y) given by q)g( f) =

f © g. This gives an inclusion

ji (VLX) — My, (XY),
(35)
g— %,

which maps the set A, into the fiber % (u). Let us check
that j is injective. Given g,,g, € #},(Y,X™*) \ {0}, g, # 9,>
there exists y, € Y such that g,(y,) # g,(),) and since
X" separates points of X** we can find x; € X" with
GG # g, Thus @, (x0)(p) # Py, (x)(31)
and this gives @, #® .

There is also a projection

Colly(X,Y) — %, (Y, X)),
D i— [y— (x" — @ (x7) ()]

The mapping {(®) belongs to %, (Y, X**) (and hence { is well
defined). This follows from the fact that

Yx X" — C,

(r,x7) — @ (x") ()

is holomorphic. Clearly, ({ » j)(g) = g. Also, note that {(D)
determines the values that takes ® when restricted to X*.
This means that when finite type polynomials are dense in
I, (X), (D) determines @. So, the only homomorphisms
in M, (X,Y) are the @ ’s and we have the following result,
which is closely related to [13, Lemmas 4.5 and 4.6] and in [1,
Theorem 21].

(37)

Proposition 4. Let X and Y be Banach spaces. If finite type
polynomials are dense in I ,,(X) then for each ® € M,(X,Y)
there exists g € (Y, X™") such that ® = ®,. Also, F(u) =
{® g g€ AL

Let us note that the mapping jl, : A, — Fu)
is actually injective and, by Proposition 4, if finite type
polynomials are dense, surjective. This means that even in
the case when finite type polynomials are dense in %, (X)
(i.e., the space #,(X) is rather small), the fibers are thick.
Let us see now that if this is not the case (i.e., when there is
a polynomial in X that is not weakly continuous on bounded
sets), this mapping is no longer surjective and we can find
even more homomorphisms inside each fiber.

Proposition 5. If X is symmetrically reqular and there exists
a polynomial on X not weakly continuous on bounded sets at
a point x,, then, for eachu € L(X*,Y"), there is ® € F(u)
such that @ # @, forall g € A,

Proof. It is enough to prove the result for F(0) because we can
change fibers through the mapping

F(0) — F(u),
(38)
D — O,

Also, if ®, € F(0), then ((Dg)“ = @, with h(y) = g(y) +
uJyy.

Let P be a polynomial that is not weakly continuous on
bounded sets at x, and {x,} a bounded net weakly convergent
to x, such that |P(x,) — P(x,)| > 1, for all a. For an ultrafilter
% containing the sets {& : & > &}, let ® be given by

O (f) () =limf (xs), Vfe¥, (X0, yeY. (39)

Then @ is a homomorphism in ./, (X,Y) (actually in F(0)),
that is, not of composition type. Indeed, since ®(f) is a
constant function on Y it follows that d(®(f))(0) = 0 for
every f in #;(X) and so ® € F(0). If ® = o, for certain
g € #,(Y, X""), then we have

X" (%) = limx" (x) =x" (g (), Vx" €X', yeY.
(40)



This says that g(y) = Jxx,, for all y. Hence,
lim P (x,) = P (g (y)) = P(xx0) = P(x0)> (41
which is a contradiction. O

Something more can be said when there is a polynomial
that is not weakly continuous on bounded sets. In this case,
we can insert in each fiber a big set of homomorphisms that
are not of composition type. We do it in detail in the fiber of
0.

First, note that if there is a polynomial not weakly
continuous on bounded sets, then there is a homogeneous
polynomial P which is not weakly continuous on bounded
sets at 0. So, the Aron-Berner extension of P is not w*-
continuous at any point x** € X** [14, Corollary 2,
Proposition 3] and [15, Proposition 1] (see also [16, Proof
of Proposition 2.6]). Thus, we fix, for each x** € X** a
bounded net {x,*} in X** which w"-converges to x**, but
IZ_J(x;*) - P(x**)| > 1, for all . For each x** € X** we fix
also an ultrafilter % containing the sets {« : & > o }. Consider
the set

A={geZ,(Y,X"):g(0)=0,dg(0) = 0} (42)
and define the following mapping

AxX™ — F(0),
. (43)
(9 x™") = ¥y oms

where
Yo (f) () =limf (3" + 9 () (44)

This mapping is well defined because ‘¥ ,.. (x")(y) =
?(x;* +g(y) = x**(x*) + x*(g(y)); then rr(‘I’g)xM)(x*) =
d(x* o g)(0) = Xx* o dg(0) = 0. The mapping is also injective.
Indeed, if ¥ o+ = ), .-+, then ¥ - (x")(y) = W), .-« (x")(y),
forall x* € X" and y € Y. Then,

X )+ (g () =2 )+ ().

Vx* e X", yeY.

*

Therefore, h(y) = g(y) + x** — z**, for all y and, evaluating
at 0, we obtain that x** = z** and, hence, g = h.

Note, also, that the homomorphisms ¥, .. are not of
composition type. Indeed, if ¥ ... = @y, for certain g € A,
x*" e X", and h € #,(Y, X*"), then, for all x* € X",

K () X 0 g =W (x7) = @y (x°) =¥ o (46)

If this were the case we would have h(y) = x™* + g(y), for all
y. Now,

lim P (x;" +9(»))

=¥ (P) () = 0, (P) (y) =P (x™" + g(»)).
(47)

Evaluating at 0 leads to a contradiction.
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Let us finish this analysis by studying A: the composition
of the inclusion j defined in (35) with the inclusion of
MY(X,Y) into L(H (X), #,(Y)). Then the mapping A turns
out to be holomorphic (endowing Z(7,(X), #,,(Y)) with an
appropriate topology). We prepare the proof of this fact with
alemma that is a variant of a classical Dunford result; see also
[17, Theorem 3].

Lemma 6. let ¥ : E — X be a Gateaux holomorphic
mapping from a complex Fréchet space E to a Banach space
X such that x* o ¥ is holomorphic for every x* € A, where
A is a norming subset of the closed unit ball of X* (i.e., | x|l =
sup, - c4{|x" ()|} for every x € X). Then ¥ is holomorphic on
E.

Proof. Let K be a finite dimensional compact subset of E. By
hypothesis, ¥(K) is a compact subset of X and hence it is
bounded. Thus, there exists M > 0 such that

sup {|x" o ¥ (y)| : x" € A,y € K}

(48)
=sup{|¥(y)|:y €K} <M.
Hence, the family of scalar valued holomorphic functions
{x* oW : x* € A} is bounded on the finite dimensional
compact subsets of E. But as E is a Fréchet space, then it is
also Baire, and by [11] this family is locally bounded: given
¥, € E there exists an open neighborhood V of y, such that

sup {[¥ ()] : y € V}

(49)

=sup{|x" e ¥(y))|:x" € A,y eV} < c0.
We have obtained that the Gateaux holomorphic function ¥
is locally bounded. Then it is holomorphic by [4, Proposition
3.7]. O

The following proposition gives that A is holomorphic.
The proof may seem at some points similar to that of
Proposition 3, but the fact that in the target space we have
now a nonmetrizable locally convex topology makes the
whole situation much more delicate. We are going to consider
now in ZL(7,(X), #,(Y)) the topology 8 defined by the
following fundamental system of seminorms:

ara (T) = sup{|T(f) (J’)l 1y ey, ")’" <R feB}, (50)

forT € L(%,(X), #},(Y)), where R > 0 and % is a bounded
subset of 7, (X).

Proposition 7. The mapping
A%b(KX**)ﬁg(%b(X),%b(Y)), ( )
51
g—A(g) =9,

is injective and holomorphic if we consider in L(H (X),
7 p(Y)) the Tg-topology.
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Proof. Clearly A is well defined. Our first step is to prove
that A : Z,(V,X™) — ffrﬁ(%’b(X),%’b(Y)) is Gateaux
holomorphic. Let gy, g, € #,(V,X™™), f € #,(X), y € Y,
and t € C. Here we have A(g, + tg,)(f)(y) = T(gl(y) +
tg,(»). If Yo P,.f is the Taylor series expansion of f at 0
on X, then

(x7), (52)
€ X**

for every x** and the convergence is absolute and

uniform on the bounded subsets of X** [8, 9]. Thus
A(gi +t9,) (f) ()
= Y B () +16: )
- 35 (D)RT (a0 O))
iggﬁwa(<WK%uﬂ

(uWﬂ@m®v

where our last step is simply formal. We are going to
concentrate our effort now to show that this formal last
equality holds in our setting. If we denote by By (0, R) the
closure of By(0,R), then 9;(By(0,R)) is a bounded subset
of X** for j = 1,2. Thus there exists M > 0 such that

lg;(»Il < M, for every y in By(0,R) and j = 1,2. We fix
so > 1 and we take S > 0 such that (1 + sy)eM < S. We have
5 5o (1)) (2
m=0 k=0 k S S
_Z(e 1+50)M) (54)
B S
S—e(l+s) M’

Hence, by the properties of summability of double series of
nonnegative numbers, the double series below is convergent
in R:

S () < e

m=k

18

=
i}
o

and its sum is again S/(S — e(1 + s;)M). On the other hand,
by using the polarization formula (4), [9, Theorem 3], and
Cauchy’s inequalities (6) we get

ﬁ (9:0)" ™, 0:)®)

sup
<k

< sup " [P, fl g D" Mo WIF - 56)
l7lI<r

eM\™
< (%) 15,00

By applying now (55) we obtain

>3 (%) s [P,

iomek N/ yll<r

Vv

P.f (0™, 0:(0")|s

< ] " “B 0,S
S—e( S()M f X(»).

\%
Since the function y € Y =P, f (g,(»)"™ ™, g,(y)®) is the
composition of a continuous multilinear mapping and two
holomorphic mappings of bounded type, it is holomorphic
of bounded type on Y. By using (57), we obtain that the series

(o)

Ti(f) = Z

m=k

(g1<-)<’"‘k’,gz<~><k’) (58)

7,-converges in 7,(Y); hence T}.(f) belongs to 7, (Y) for
every f in 7, (X). Actually, if we consider T}, : #,(X) —
7, (Y), this is a linear operator. By (57), it is also continuous,
since given R > 0 there exists S > 0 such that

sup Ty (f) (»)] < il ls 050 (59)

||y||5R e(l+s

for every f € #,(X). Then

q(T) = sup sup|T; (f) (y)]

lIyll<r fe
(60)
< 3 (1) (Y supls)
< ) k S e Bx(0,S)
We have, for t € C with |t] < s, again by (57),
sup ZQ(Tk) It
[£1<s0 k=0
< S
24T)% = oy

As a consequence the series Y, Tktk defined on C with
values in Z(#,(X), %,(Y)), 15-converges uniformly on the



compacts of C. Hence it is an entire function. Since we have
proved that all series involved converge absolutely, we can
apply the reordering of absolutely convergent double series
to conclude that the last formal equality of (53) actually holds
and then

g +0) () () = Y Tt )
k=0

is an entire function on C for every g, g,. This gives that A is
Géteaux holomorphic.

We fix now q = g g, a continuous seminorm of the fun-
damental system defined in (50) and denote by Z 4 the com-
pletion of the normed space (Z(7,(X), % ,(Y))/ Ker g, §).
Given y € Y and f € #,(X) we define the continuous linear
functional

84y L(#,(X), %, (Y)) — C (63)

by 8;,(T) = T(f)(»). Clearly the quotient mapping 5 K
Zq — C, defined by Sf,y(f) = T(f)(y), belongs to Z;. On

the other hand the set {Sf,y Iyl € R, f € 9B} is a norming
subset of Z 4 Since

q() =sup{[o,, ()| : y eV |ly| <R feB}. (64)

We can consider A : Z,(Y,X**) — Z, that remains
Gateaux holomorphic. Thus &, o A = Sf,y oA : (Y,
X**) — C is Gateaux holomorphic for every y € Y and
every f € Z,(X). If we show that it is continuous, then
it will be holomorphic and, by Lemma 6, we will get that
A : #,(Y,X**) — Z_is holomorphic for every seminorm
q. Since Zrﬁ(%’h(X),%”b(Y)) is a complete space, we can
conclude that A : #,(Y,X™™) — Qfﬂ(%’b(X),%b(Y)) is
holomorphic.

Let g € %, (Y, X™"). Now for fixed f € #,(X) and y, €
Y, we consider R > ||y, |l and we choose S > 0 such that

g (By (0,R)) € By (0,9). (65)

As f is uniformly continuous on bounded subsets of X**, for
a given ¢ > 0, there exists 0 < § < 1 such thatif z,,z, €
By-+(0,S + 1) with ||z, — z,|| < J, then

1f(z0) - f(22)] <& (66)

Leth € #,(Y, X™") with supy<rllg(y) - h(y)|l < 6. Clearly
h(y,) € Bx++(0,S + 1). Thus

187, ° A(9) =87, ° AW = [F (g (30) ~ F (h ()] <&
(67)

This gives that §;,, o A is continuous for every y, and f and
completes the proof.

We recall that the 7, topology on Z(#,(X), #,(Y)) is
the topology of the pointwise convergence on the points of
H(X).

Abstract and Applied Analysis

Corollary 8. The mapping

Ji (VX)) — iy (X)),
(68)
g—jlg) =9,

is injective and holomorphic when M, (X,Y) is endowed with
the topology induced by T,,.

5. Some Properties of .Z,, (X, By)

When Aron et al. undertook in [2] the study of ./Z,(X),
the spectra of the Fréchet algebra of holomorphic functions
of bounded type they explicitly stated that it was a step to
study the spectra of the Banach algebra 7 (By) of bounded
holomorphic functions on the open unit ball of X (endowed
with the supremum norm). Following this philosophy we
now study the spectrum consisting of nonzero continuous
homomorphisms ® : #,(X) — ¥ (By) that we will
denote by ./, ., (X, By).
As above we can define

7: My, (X By) — Z(X°,Y7),
(69)
D [x" — d (D (x7)) (0)].

Proposition 9. If X is a symmetrically regular Banach space
and Y is any Banach space, then (M, .,(X, By), ) is a Rie-
mann domain over #(X*,Y") and each connected component
of (M, (X, By), 1) is homeomorphic to Z(X*,Y™).

Proof. The proof follows almost word by word that of
Proposition 1. The basis of neighborhoods of a point @ in
My, (X, By) is given by Vg, = {®" 1 u € (X", Y7), lull <
¢}, for € > 0, where

" () (») = @ (5, () ()
=[x f(Ixx+u'Jyy)] (),
for all f € #,(X) and y € By. The fact that ®“(f) is

in % . (By) follows from a similar argument to that in (18)
taking R = 1. O

(70)

Now, as in (24), we can define a Gelfand transform of f ¢
Z,(X) by

f:ﬂb,oo (X’BY) - %00 (BY)’
i (71
D — f(@)=D(f),

and we can see that this is a holomorphic extension of f to
My oo (X, By).

Proposition 10. Let X be a symmetrically regular Banach
space and let Y be any Banach space. Given a function f €
H,(X) consider its extension [ defined in (71). Then the
restriction of f to each connected component of M. bioo(X> By)
is a holomorphic function of bounded type.
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Proof. Like in Proposition 3 it is enough to prove that for each
fixed @ in 4, (X, By), the mapping T : Z(X*,Y") —
H o (By) defined as T(u) = ®"(f) for u in L(X*,Y") is
holomorphic of bounded type.

First we check that it is uniformly continuous on any
bounded subset of #(X™,Y™). By definition, there exists R >
0 such that

1© (W]l = sup |® (k) (2)| < sup |h(x)], 72)

llzll<1 <R

for every h in #,(X). Let M > 0. Since f is uniformly
continuous on By (0, R + M), given & > 0 there exists § > 0
such that if z,, z, are in By..(0, R + M) with |z, — z,| < 6,
then |7(zl) - 7(z2)| < &. Consider now u,u, in Z(X*,Y")
with ||uj|| <M for j=1,2and [u; —u,| < 6. We have

“T (u1) _T(uz)"
= sup [®" (f) () - " (f) (»)]

[Ixl<1

= sup |<D (T:TM, (f)- T:;/Yy (f)) (J’)|

[I7<1

< sup sup |fD (T:;]yy (f) = Ty (f)) (Z)'
Iyll<1 1el<t

< supsup |(z5y (F) = 705, () (0]

y]l<1 IxlI<R

= P |f Uxx + i Fyy) = F Usex + us Jyy)| < e.
y <1 lIxlI<

(73)

The last inequality holds because Jyx + u;f Jyy € By (0, R +
M) for j=1,2and [Jyx + uJyy — Uxx + us Jy I < lluy —
u,| < 6.

Now we prove that T is Gateaux holomorphic. Let us
denote by Y P, f(x) the Taylor series expansion of f at
a point x in X. Consider u;,u, in Z(X*,Y"). Since X is
symmetrically regular we have that

f Uxx +uy (2) + A, (2))

18

P,.f (x)(u] () + Au, (2))

0

3
I

@3mhm«ﬁwwﬂwﬁwwﬁﬁ
(74)

I
18
Mz

0 k=0

3
I
1i

foreveryzin Y and A in C. Now we fix z and take R, M > 1
with [|x]| < Rand [A| < M. We have, by using the polarization
constants and Cauchy inequalities, that

> (%)

P f & (@)™,

; 2)") A"

m

5

(%)t Ol
=0 k=0

s P
= (eM Wl (fluz ]| + e 1))™

1
[Pt Glls, = 25 1Paf @llpg001

1

< om ||f(x)||BX(O,R+2K)’

(75)
where K = eM|v||(lu ]| + llu; ). As a consequence

5 5(2) o

m=0 k= IxlI<R

(m—k)

B, f () (] (@)

(u; (Z))(k)) /\k

(76)

< 1
< Zozm "f (x)“BX(O,R+2K)
o

DN

”f (x) ||BX(0,R+2K)'

\

Hence we have that the function g, (x) = Y2, (%) P,.f(2)

((uy (z))(m_k), (u, (z))(k)) is well defined and actually belongs
to #,(X) for every nonnegative integer k and every zin Y**.
Moreover, the equality

FUxx+u; @) +Mi; (2)) = Y g (DA (77)

k=0

holds for every x in X, z in Y™ and A in C. Actually, (76)
implies also that the series Y 12, gz,k(-)/\k converges in % ;,(X)
for each z in Y**. Hence,

O [x— f(Jxx+u} (2) +Au; ()] = Y ©(g) A,
k=0
(78)

with ®(g,;) in &, (By) for every z and k and the series
converges in #  (By) for each A in C. Now, if we take z =
y € By, we have

T+ h) () = 20 () DX (9

To finish we just have to observe that the function y +—
q)(gy)k)(y) belongs to % (By) for every k. This is an
immediate consequence of the fact that CD(gy,k)( y) =Gy, y),
where G is the function

G:Y"" xBy — C,

(z,y) — G(2,5) = D (g.4) (¥),

which clearly is separately holomorphic. Thus, by Hartogs’
theorem, G is holomorphic. O

(80)
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Proceeding now as in Section 4 we are going to see how
we can insert big sets into the fibers of ./, ., (X, By). Indeed,
given g € (By,X"") we consider ®; € M} (X, By)

given by @ (f) = f o g. This is well defined, since g(By)
is bounded in X** and f € %,(X**). This again gives an

inclusion

ji oo By X7) — My oo (X, By),

(81)
gr— o,
that for each u € Z(X*,Y™) maps the set
{ge#o(By, X)) :dg(0)=u” oy} (82)
into the fiber of u. Also in this case we have a projection
C: My (X By) — ¥ o (By, X77),
(83)

O i— [y— (x" — @ (x7) ()]

Again like in Section4 the map [y € By — (x* —
®(x*)(y))] is holomorphic. The fact that it is also bounded
follows immediately from the fact that By is a bounded
subset in % ,(X) and then {®(x*) : x* € By} is bounded
in % ., (By).

Like in the case of #,(X,Y) we have that if finite
type polynomials are dense in %, (X) then for each ® ¢
My, (X, By) there exists g € # ,(By, X"") such that ® =
D,.

On the other hand for every nontrivial Banach space Y,
there exists an element in .Z,, ., (£,, By) that does not belong
to {d)g i g € o (By,t,)}. Indeed, in [18] it is shown that
there exists a continuous homomorphism ¢ : #,(¢,) — C
such that (Q) = 1, where Q = 2221 xi, and vanishes on all
continuous homogeneous polynomial on ¢, of odd degree.
We define ¢ ® 1y as ¢ ® 1,(f) = ¢(f)1y for f € F,(L,).
Clearly ¢® 1y isin /., (£,, By). Observe that if p® 1y, = ®
for a certain g € # ., (By, £,), then

0=¢(x")=(pely)(¥)(x)=g(¥)(x7),  (84)

for every y € By and every x* € (£,)* = ¢,, and we have
obtained that g = 0. Hence @, (f)(y) = fog(y) = f=0(y) =
f(0) for every y € By and every f € #,(¢,). In particular,
1 = ¢(Q) = Q(0) = 0, a contradiction.

g

6. Homomorphisms between Algebras of
Bounded Functions

In this last section we introduce, for two given X and Y
complex Banach spaces,

M o (BX’ BY) =M (%oo (Bx) oo (BY))
algebra homomorphisms} \ {0} .

In this case, no Riemann manifold structure is known, but
on the other hand we are going to show that some results very
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close to the Gelfand transform of the elements of a uniform
algebra can be obtained.

The space 7 ,(By) is a dual space. That was proved by
Mujica in [19], where he found a topological predual & (By)
that is a subspace of %, (By)" such that ¢ € & (By) if and
only if the restriction of ¢ to By is continuous when endowed
with the compact open topology 7,. Let us observe that {5, :
y € By}isasubsetof @ (By). We denote by w* the weak-star
topology w( o (By), € (By))-

Theorem 11. M (Bx,By) is a T,-compact subset
of L(H o (Bx), ( o (By),w")).

Proof. An application of the Banach Steinhaus theorem
yields that ZL(%#(Bx),# (By)) and L(I(By),
(# o (By),w")) coincide as sets.

By Alaoglu-Bourbaki theorem any bounded subset of
(# o (By), w") is weak-star relatively compact. Thus, by [20, §
39.4(5)] the space Z(# o, (Bx), (Z o (By), w")) has the prop-
erty that every equicontinuous subset of it is relatively 7,-
compact. As the spectrum .  (By, By) is equicontinuous,
we obtain that it is relatively 7,-compact. Now we check
that the spectrum is 7,-closed. Take T in the 7, closure
of M ,(By,By) and let (®,) be a net in the spectrum 7,
convergent to T. Then, given f, g in #  (By) we have that
O, (f), D (g), and O, (fg) = O (f)D,(g) w"-converge to
T(f), T(g), and T(fg), respectively. But the w* topology in
I . (By) coincides with the topology of uniform convergence
on the compact subsets of € (By). On the other hand in [19,
2.1 Theorem] it is proved that the mapping

gs, : By — T (By) (86)

defined by gg (y) = 6, is holomorphic. Hence if K is a
compact subset of By, then {5, : y € K} is a compact subset
of &, (By) and we obtain that ®,(f) converges uniformly
to T(f) on K. Also ®,(g) converges uniformly to T(g)
on K. As a consequence the net ®,(f)®,(g) converges to
T(f)T(g) on the compact open topology of By. This implies,
by the definition of & (By), that (D, (f)D,(g)) converges
to (T'(f)T(g)) for every ¢ in & (By ). In other words the net
O, (f)D,(g) w"-converges to T(f)T(g) and we have

T(f9)=T(f)T(9), (87)
for every f,g in # ' ,(Bx). Thus T belongs to ./ ,(Bx, By)
and the conclusion follows. O

In our setting, taking ./, (By, By) as a T,-compact set,
we are going to extend the concept of Gelfand transform of
an element of a Banach algebra in the following way. Given
f € #(By), define

J?: M o (Bx, By) — H o (By) (88)
by F(®) = ().
Proposition 12. The mapping
Tt H o (Bx) — C (Mo (Bx By), # o (By))»
f—f

is an isometry of algebras.

(89)
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Proof. Clearly it is an algebra homomorphism and
7= s Jol<IrAl (90)
Detl o, (By,By)
for every f in #  (By). For afixed f, given € > 0 there exists
Xy € By such that | f(x,)| > | fll —e. Let 1 < R < 1/]lx, and
consider any y, € X" with ||y, || = 1 that attains its norm at a
certain y, € Y with ||y, = 1. Let g : By — By be defined by
9(») = ¥, (¥)Rx,. We have that o, belongs to ./ ., (By, By)
and

1712 [0, (D] = |0 (2)

Yo W
:’f(OT}Rx()) ~1F o)l > Il -
Hence the inequality || f Il > Il £l also holds. O

The scalar spectrum of # ' (By), denoted by / ,(Bx),
can be considered as a subset of .# ., (By, By) by associating
to each ¢ in # ,(By) the homomorphism ¢®1; that belongs
to . ,(By, By). In that way the new Gelfand transform f of
each f in #  (By) can be considered and extension of the
classical f by the equality

flo)ly=flepely). (92)

It is natural to consider again ./, (X,Y) and .4, (X, By)
under the light of Proposition 12. We cannot give to any
of these two spectra a topology that makes them compact
sets. But in the case of ./, (X,By) it can be endowed
with a topology in such a way that this set is a countable
union of compact sets. Indeed, as above, an application of
the Banach Steinhaus theorem, now for Fréchet spaces, yields
that L(F,(X), # (By)) and ZL(H,(X), (¥ o (By), w"))
coincide as sets and, also as above, any equicontinuous subset
of L(H,(X), (¥ o (By), w")) is relatively T,-compact. Given
R > 0, we denote

My oo(X, By ) = {q; € My (X, By) : @ ()]

< "f"BX(O,R) VfeX, (X)}-

Then, 4}, .,(X, By)g is an equicontinuous set, and a sim-
ilar argument of one given in the proof of Proposition 12
implies that .#, ., (X,By)y is a 7, compact set. Finally

p
ﬂb’oo(x, By) = U;)zl ‘%b,OO(X’ BY)H'

(93)
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