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We establish the hyperstability of #n-Jordan homomorphisms from a normed algebra to a Banach algebra, and also we show that an
n-Jordan homomorphism between two commutative Banach algebras is an n-ring homomorphism.

1. Introduction

Let A, B be two rings (algebras) and n a positive integer
greater than 1. An additive mapping g : A — B is called
an n-Jordan homomorphism if g(a”) = (g(a))" for alla € A
and an additive mapping h : A — B is called an n-ring
homomorphism if h([]",4;) = [, h(a) for all a;,a,,...,
a, € A.

In 2009, Gordji et al. [1] showed the following theorems.

Theorem 1. Let n € {2, 3,4, 5} be fixed. Suppose that A, B are
two commutative algebras. Let h : A — B be an n-Jordan
homomorphism. Then h is an n-ring homomorphism.

Theorem 2. Let n € {2,3,4, 5} be fixed. Suppose that A, B are
commutative Banach algebras. Let § and € be nonnegative real
numbers, and let p, q be real numbers such that (p—1)(q—1) >
0,g=>0o0r(p—-1)g—-1) > 0,9 <0, and f(0) = 0. Assume
that f: A — B satisfies the system of functional inequalities:

If @+b) - f (@)~ f ®) < e(lal” + b)),
If (") - f@"] < 8llall™,

for all a,b € A. Then, there exists a unique n-ring homomor-
phismh: A — B such that

lal®, 2)

foralla € A.

The stability problem of group homomorphisms was for-
mulated by Ulam [2] in 1940. Bourgin [3] and Badora [4]
solved the stability problem of ring homomorphisms (see
[5]). The term hyperstability was used for the first time in
[6]. Some recent results on hyperstability of Cauchy or linear
equation can be founded in [5, 7, 8].

In this paper, we improve Theorems 1and 2 into Theorems
4 and 8, respectively. In particular, we prove the hyperstability
of n-Jordan homomorphisms between two commutative
Banach algebras.

2. Generalization of Theorem 1

Lemma 3. Let n, k be fixed natural numbers withn > k > 2.
Let A, B be two commutative algebras, and let f : A — B
be an additive mapping. Assume that f satisfies the following
equality:
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nZ: 1 p <n> < ) (lk 2>
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n-1 i—-1 i1 . .
- ny(h -2 n=iy
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forall x,,x,,x5,...

n-1 i;—-1 i1

IADINED)

iy =k iy=k-1 ir=1

n—-1 i;—1

=22

i\ =ki,=k-1

forall x;,x,, x5, ...

Proof. Replacing x;,

n-1 i1

2

i=k-1 Q=1

n-1

=2 -

iy=k-1

forall x,, x5, x5, ..
(3) implies that

i_o—1

)

-1 i_1=1

n—-1
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x f (]

k-1

for all x,, x5, x5, ...

Xf( n—i zl 12“

06

, X € A. Then one gets

() () (%)

. lk
Xk1 )

(4)

x f)" e fai)™s

,xk+1 € A.

by x;., in (3), we obtain
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xf( nin

)
S )"'(i"‘z)@“) ;
W k1) i1
x f(x)" h - S 1)11{727%1
X f(xk+1)lk71>

s Xp_1> X1 € A.In particular, the equality

(&) () ()

n—iy ik~

iy ik
X1 Xk )

BE-()E)

X f(xl)n_i1 :

ST )

(6)
, X € A. Recall that the equality,
i1 g
By Boq \ ik —ic i
(erm) = 3 ()b, o)

holds for all x;, x.,,
obtain

=0

€ A. Replacing x; by x; + x;,; in (3), we

i =k-1

forall x;, x,, x5, . ..
equality, we get the desired equality:

Abstract and Applied Analysis

1 irp=Ligy . .
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, Xjo» X1 € A.From (5), (6), and the above
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for all xy, x5, X5, . . .5 Xp Xpeyy € A. O

The following theorem is the generalization of Theorem 1.
Theorem 4. Let A, B be two commutative algebras, and let f :
A — B be an n-Jordan homomorphism. Then f is an n-ring

homomorphism.

Proof. Since f is an n-Jordan homomorphism, together with
the additivity of f, we get

i (7> F(x17x5) = £ (e +%2)") = foer +x)"
= (f (1) + £ ()" (10)

=3 (7))

M:

1l
o

for all x;,x, € A. Itis clear that f(x]) = f(x;)" and f(x}) =
f(x,)", so we obtain

n

1(7) ( - l) "_1( >f(x1nlf(x2) (11)

i=1

1l
—

i

for all x;,x, € A.Ifn = 2, then by (11) we have f(x,x,) =
f(x;) f(x,). Now let n > 2. Together with Lemma 3 and (11),
we can say that the equality (4) holds for k = n — 1; that is,

555 (m)-()

ij=n-1liy=n-2 i
n—i; i i
X f( 'x 23632

520

—i3 ()
xn

iy=n-1li=n-2 [
n-iy iy =iy iy
x fle)" ) fx) ™
(12)
holds for all x,, x,, x5, ...,x, € A. Notice that
n=1>i,>iy>>i, ,>i, ;>1 (13)

impliesi; =n—-1,i,=n-2,...,4, , =2,i, ; =l and so

1= L (14)

M=y, 0 —dyseneriy g — Iy

Therefore we get the desired equality:

x) = f (60 f(32) f(33) - f (%), (15)

, X, € A. U

f (x5

for all x,, x5, x5, ...

3. Generalization of Theorem 2

We need the following lemmas to prove the generalization of
Theorem 2.

Lemma 5 (see [9, Corollaries 2.5 and 3.5]). LetV be a normed

space, and let W be a Banach space. Assume that f,g,h: V —
W are mappings such that

If e+ y)—g@ -r|<e(lxl” +[y|7),  6)

forall x, y € V\ {0}, where p# 1 and € > 0. Then there exists
a unique additive mapping T : V. — W such that

[4(3+3%)|e

— — p
1) =T @~ f O < ra=g s 17)
for all x € V\ {0}. In particular, T is given by
T(x) = 11m w (18)

for all x € V\ {0}, where s := —sgn(p — 1).

Lemma 6. Let V,W, f, g, h, e be as in Lemma 5. If p < 0 and
f(0) =0, then f is an additive mapping.



Proof. Let T : V. — W be the additive mapping satisfying
(17). Then we have

[2f () =2T ()| < | f @(n+1)x) =T 2 (n+1)x)|
+||f (=2nx) = T (—2nx)|
+[f () = g ((n+ 1) x) = h (=nx))
+f ) = g (nx) = h((n + D) x)|
+|f@@m+1)x)
—g((n+1)x)—h((n+ 1))
+||f (~2nx) - g (-nx) = h (—nx))|
S < 4(3+3P)

2P (3 - 37)

4(3+3F
+ ¥+4 nPe||x||?,
2P (3 - 3P)

+ 4) (n+1)Pe||x|?

(19)

forall x € V'\ {0} and n € N. Taking the limitasn — oo, we
get f(x) = T(x) as desired. O

The following result has already been proved in [7] (see
also [8]). We show that it can also be derived from Lemma 6.

Lemma7. LetV,W,ebeasinLemma5andp <0.If f:V —
W is a mapping such that

If G+ )= £ = £ D < e (117 + Iy ])
Vx,y e V\ {0},
then f is an additive mapping.

Proof. By Lemma 5, we can take an additive mapping T :
V — W satistying (17). Observe that

If O] < |If (nx) = T (nx) - f (0
+||f (=nx) = T (~nx) - £ (0)]

+ £ ©0) = f (nx) ~f (=nx)] (21)
< (M + 2) np€||x||p,
2P (3 - 3P)

for all x € V'\ {0} and for all n € N. Taking the limitas n —
00, we get f(0) = 0. By Lemma 6, f is an additive mapping.
O

Now we can prove the following theorem which is the
generalization of Theorem 2.

Theorem 8. Let A be a commutative normed algebra and B a
commutative Banach algebra. Assume that f,g,h : A — B
satisfy (16) and

If (") = £ < Sllx]™, (22)
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forall x € A\ {0}, where§ > O and (p—1)(q—-1) > 0.
If £(0) = 0, then there exists a unique n-ring homomorphism
T : A — Bsatisfying (17).

Proof. By Lemma 5, there exists a unique additive mapping T'
satisfying (17). By Theorem 4, it suffices to show that T(x") =
T(x)". Put s := —sgn(g — 1). From the equality below (17) in
Lemma 5, we have
T - tim 2% (23)
m— 00

35m
for all x € A\ {0}. It follows from (22) that

I7 () = 6] = Jim L (™))~ ™)'}

< lim O[3
maoo3$mn

= lim_(3"")8||x|" = o,

m — 00

(24)

for all x € A\ {0}. Hence T is an n-Jordan homomorphism.
By Theorem 4, T is an n-ring homomorphism. O

The following two corollaries give results on the hypersta-
bility of n-ring homomorphisms between Banach algebras.

Corollary 9. Let A,B,q,0, f,g,h be as in Theorem 8. If
f(0) =0and p <0, then f is an n-ring homomorphism.

Proof. Let T be the unique n-ring homomorphism satisfying
(17) in Theorem 8. By Lemma 6, f is the unique additive
mapping satisfying (17). So f is the unique n-ring homomor-
phism. O

Corollary 10. Let A, B, p, q be as in Corollary 9. Assume that
f:+ A — Bsatisfies the system of functional inequalities (20)
and (22) for all x € A\{0}. Then f is an n-ring homomorphism.

Proof. The proof is analogous as for Corollary 9, with
Lemma 6 replaced by Lemma 7. O
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