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We prove existence and multiplicity of solutions, with prescribed nodal properties, to a
boundary value problem of the form u”” + f(t,u) = 0, u(0) = u(T) = 0. The nonlinearity
is supposed to satisfy asymmetric, asymptotically linear assumptions involving indefinite
weights. We first study some auxiliary half-linear, two-weighted problems for which an
eigenvalue theory holds. Multiplicity is ensured by assumptions expressed in terms of
weighted eigenvalues. The proof is developed in the framework of topological methods
and is based on some relations between rotation numbers and weighted eigenvalues.

1. Introduction and statement of the main result

This paper is devoted to the study of the existence and multiplicity of solutions to an
asymmetric, “asymptotically linear” two-point boundary value problem of the form

u’ (t)+ f (tu(t)) =0, )
u(0) =0=u(T),
where T >0 is fixed and f : [0,T] X R — R satisfies the Carathéodory conditions.

By a solution to (1.1) we mean an absolutely continuous function u : [0, T] — R satis-
fying (1.1) and such that its derivative u’ is absolutely continuous.

Before describing the asymptotically linear assumptions, we need to introduce some
notation. We first define g*(¢) := max{g(¢),0} for any given function g € L'([0,T],R).
Moreover, for every i € {1,2} and for every ¢;, y; € L1([0, T],R), by (¢1,v1) = (¢2,¥2) we
mean that ¢, () = ¢2(t) and v, (¢) = y,(¢) for a.e. t € [0, T]. According to the notation of
[53], we write (¢1,y1) > (@2, ¥2) if (@1,¥1) = (@2,¥2) and @1 (t) > @2(1), y1(t) > y2(t) on
a common subset of [0, T] of positive measure.

In what follows, we assume the following asymmetric conditions.

(H*) There exist a’,,a,bt,bs € L1([0,T],R) with ((at)*,(az)*) > (0,0) on (0,T)
such that
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ab(t) < liminfM < limsupM <bL(1),
x—+oo X x—+oo X

(1.2)
ay(t) < liminf@ < limsup@ <b,(t)

X——00 Y00

uniformly a.e. in t € [0, T].
(K*) There exist ag,ay,b,by € L1([0, T],R) with ((a})™,(ay)") > (0,0) on (0, T) such
that

af(t) < lim(i)r}f@ < limsup <bf(1),

f(t,x)
x—0* X
f(t,x)
P X

(1.3)
ag (1) < lim(i)r}f @ <limsu

x—0~

< b (1)

uniformly a.e. in t € [0, T].

Our main result will be achieved by using a topological degree approach on the lines of
[16]. A relation between the notions of rotation number and of weighted eigenvalues will
be crucial. Multiplicity will be achieved through some information about the number of
zeros of the solutions to (1.1).

In the literature, many authors have studied existence and multiplicity of solutions
with prescribed nodal properties of problem (1.1) in an asymptotically linear setting.

The first references we wish to quote rely on asymptotically linear problems character-
ized by the presence of constant bounds in assumptions analogous to (H*) and (K*). The
particular case when af, = a;, and b}, = b, in (H*) is usually called “symmetric.” In this
context, we quote the work [49] by Ubilla where the p-Laplacian operator is considered
and the work [26] by Garcia-Huidobro and Ubilla where extensions for a wider class of
nonhomogeneous differential operators are treated.

In the more general asymmetric context, we refer, among others, to the paper [20]
by Dinca-Sanchez. A detailed comparison between our result and the one attained in
[20] is developed in the last part of this work (cf. Remark 3.7). We point out that all the
articles we have quoted above are written in the spirit of the shooting method and are
in the framework of continuous functions. We wish also to mention the paper by Castro
and Lazer [11] and the recent contribution attained by Li and Zhou in the work [37],
devoted to study with variational methods the existence of multiple nontrivial solutions
of p-Laplacian-type PDEs. An interesting result is also provided by Esteban in [22].

In the framework of topological methods, we refer to [9], dealing with asymptotically
linear asymmetric systems. It is worth noticing that if we restrict ourselves to the scalar
symmetric case with constant weights, then [9, Corollary 4.4] and our main result coin-
cide (for a detailed comparison, see [15]).

Other contributions in the symmetric setting are contained in [4, 6, 10, 23, 29, 39, 40]
(for PDEs) and in [38, 54] (for ODEs).

Multiplicity of solutions of asymptotically, asymmetric semilinear elliptic problems
has been widely investigated in the literature. A classical result in this setting is provided
by Fucik in [24]. In this direction, we quote, among others, [14, 17, 28, 36] and (for a
brief survey) [41].
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The list of results available in the literature as far as multiplicity of solutions for asymp-
totically linear problems with weights is concerned is definitely shorter.

Before quoting some recent contributions achieved in this context, we wish to remark
that a wider number of authors have studied asymmetric, asymptotically linear problems
characterized by assumptions involving indefinite weights in order to get existence of
solutions. This kind of problems is usually solved by comparing the given equation in
(1.1) with prescribed half-linear problems (which reduce to linear ones in the symmetric
case).

This procedure has been adopted in the search for positive solutions to elliptic asymp-
totically linear or semilinear BVPs (cf., among others, [3, 8, 13, 18, 30, 34, 43]). In this
framework, results have been given on the existence of at least one solution (not neces-
sarily positive) for semilinear boundary value problems both in the symmetric case (see,
e.g., [19] by de Figueiredo and Miyagaki as well as [51, 52] by Zhang) and in the asym-
metric case (see, e.g., [5] by Arias et al., [21] by Dong, [44] by Reichel and Walter, and
[46] by Rynne). We remark that the theory of weighted eigenvalues has been employed in
most of the papers quoted above. It is also worth noticing that both in [19] and in [51]
additional assumptions are formulated in order to achieve the nontriviality of solutions.

As far as multiplicity of solutions for asymptotically linear problems with weights is
concerned, we first mention the works by Sadyrbaev [48] and by Klokov and Sadyrbaev
[32] (both generalizing the results in [33]). In these papers the study of an asymmet-
ric boundary value problem is developed through the study of some variation equation.
More regularity is required on the nonlinearities. In the asymmetric setting, we wish also
to quote the interesting contribution [47] by Rynne. Remarks 3.8 and 3.9 provide more
details about these results. Finally, we refer to [16] which handles an asymptotically linear
problem of the form (1.1) under symmetric assumptions. For the periodic problems, an
analogous result has been attained by Zanini in [50].

It is important to note that the approach used to achieve our result follows the same
lines of the one employed in [16]. The present paper extends the results in [16] in two
directions: an asymmetric situation is treated and indefinite weights are considered.

In order to present our main result, we now introduce the notion of two-weighted
eigenvalues. More precisely, for functions ¢,y € L'([0,T],R) such that (¢*,y*) > 0 in
(0,T) and for every v € {<,>}, we consider positively homogeneous asymmetric prob-
lems of the form

u’ (1) + A(p()ut (1) — y(t)u™ (1) =0, ”
u(0) =0 =u(T), 1’ (0)v0, (14)
where ut := max{u,0}, 4~ := max{—u,0}. We denote by A”(¢,y) the values of A for
which (1.4) admits a solution not identically zero.

In the literature the equation in (1.4) is called half-linear, being positively homoge-
neous and linear in the cones u > 0 and u < 0. A generalized version of the classical Sturm
comparison theorems to the half-linear setting will be proved in the following section (see
Lemma 2.2). According to this generalization, the existence of a sequence of eigenvalues
for problems (1.4) will be ensured. More precisely, the following result (which might be
considered of independent interest) will be achieved.



960  Multiplicity results for asymmetric BVPs with weights

TaEOREM 1.1. For every fixed v € {<,>}, problem (1.4) admits a positive monotone in-
creasing sequence of eigenvalues

0< A (g ) <A@ y) < -+ <Aj(@y) <= -+ (1.5)

Moreover, the half-eigenfunction corresponding to A7 (¢, y) has exactly j — 1 zeros on (0, T).

An eigenvalue theory for (1.4) has been developed by Alif in [1] and Alif and Gossez
in [2] when ¢,y € C([0,T],R) and (¢*,y*) > 0in (0, T). We stress the fact that the re-
sults achieved in [2] deal with a more general problem, where Fu¢ik-like curves (instead
of eigenvalues) are treated. Such results are extended in [1] to the case of p-Laplacian
operators.

In [15, Chapter 4] we treated the hypotheses (H*) and (K*) in the particular case
where, instead of L!-functions, C!-functions are considered. In this framework, we used
the eigenvalue theory developed in [1, 2].

Now, we are in position to state our main theorem.

THEOREM 1.2 (main theorem). Assume that f :[0,T] X R — R satisfies the Carathéodory
conditions and the assumptions (H*) and (K*).
Moreover, suppose that there exist v € {<,>} and n,m € N (m < n) such that either

An(ag,ag) <1 <Ay, (bs,bs) (1.6)
or
M(as,ag) <1<A,(bg,bg). (1.7)

Then, for every h € N with m < h < n problem (1.1) has at least a solution uy,, having
exactly h — 1 zeros in (0, T), with uj,,(0)v0.

Clearly, if (1.6) or (1.7) is satisfied for every v € {<,>}, then, for every h € N with
m < h < n, Theorem 1.2 guarantees the existence of at least two solutions u; and vy, of
problem (1.1) with u,,(0) >0 and v},(0) < 0 having exactly 4 — 1 zeros in (0, T).

This work is organized as follows. Section 2 is devoted to present some preliminary
results. More precisely, we first state the abstract topological theorem (Theorem 2.1) pro-
viding a first multiplicity result. In the central part of the section, we prove the gen-
eralizations of the Sturm theory to the half-linear case. As a consequence, we obtain
Theorem 1.1 and a relation between rotation numbers and two-weighted half-eigenvalues
(see Lemma 2.6). We conclude Section 2 by recalling the statements of the so-called Elas-
tic lemma. Finally, in Section 3 we obtain the estimates on the rotation numbers which
will lead to proving our main theorem. Some comparisons with multiplicity results in the
literature are developed in the last part of the paper.

Throughout this paper, we denote by R{ and R, = R{ U {0} the sets of positive and
nonnegative real numbers, respectively. Moreover, we define v := (0,—1) and v- := (0,1).
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2. Preliminary results

In this section, we introduce the notion of “rotation number” and explain its role when
dealing with multiplicity problems.

We consider polar coordinates (9,p), where the angles are counted in the clockwise
sense starting from the positive y-axis, so that x = psind, y = pcosd. For any contin-
uous curve y: [0,T] — R?\ {0}, we can consider a lifting y: [0,T] - R X R§ to the
(9,p)-plane. Setting y(t) = (9,(t),py(t)), we have that 9, and p, are continuous func-
tions (p(t) = |y(t)|) and, moreover, 9, (t) — 9,(0) is independent of the lifting of y which
has been considered. Hence, for each t € [0, T], we can define the rotation number

9, (1) - 9,(0)

Rot(t;y) := (2.1)
A
which counts the number of half-turns of the vector 0y(s) as s moves from 0 to .
If the curve p(t) = (u(t),u’(t)) represents a solution u(-) of
u’(t)+ f (t,u(t)) =0, (2.2)

defined on [0, T] and such that u(t)? + u'(£)* > 0 for every t € [0, T], then we can define
the corresponding rotation number. To denote it, we will use the notation Rot; 2, (¢ u).
Observe that

lf w' (02 + f(t,u(t))u(t)
2

Rot ttu) = —
S T (SR

dt. (2.3)

We will now show how some estimates on the rotation number lead to a multiplicity re-
sult. The proof of our main result is based on the following theorem which comes from an
application of the modified version of the Leray-Schauder continuation theorem stated
in [42].

TaeoreM 2.1. Let f: [0, T] X R — R be a Carathéodory function with
f(0)=0 (2.4)

and such that u(-) = 0 is the unique solution of (2.2) satisfying u(ty) = u'(ty) = 0 for some
to €R. Assume also that for each zo €R? \ {0}, all the solutions of (2.2) with (u(0),u’(0)) =
zo can be defined on [0, T].

Suppose that there are a positive integer j and two positive numbers r < R such that

Rot2.2)(T5u) > j  (resp., < j) (2.5)
for each solution u of (2.2) with u(0) =0, |u'(0)| = r, u’(0)v0, as well as
Rotp 2(Tsu) < j  (resp., > j) (2.6)

for each solution u of (2.2) with u(0) =0, |u'(0)| = R, u'(0)v0. Then, there exists at least
one solution u; of (1.1) with u}(O)vO having exactly j — 1 zeros in (0,T).
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For the proof, we refer to [16].

In order to prove our main result, we are first interested in providing a generalization
of the Sturm comparison theorems for half-linear asymmetric two-weighted equations
of the form

u” () + M o(t)u" (t) —w(Hu () =0, (2.7)

where ¢,y € L1([0, T],R) and A € Rj.
We introduce now a simpler notation for rotation numbers of solutions to (2.7). Con-
sidering v € S! and k € R, it is well known that the Cauchy problem

u” () +Ap(H)ut (1) — Ay (H)u (1) =0,

(u(0),u'(0)) = kv (2.8)

admits a unique solution, denoted by u(-;kv). Furthermore, the rotation number of
u(-;kv) is well defined whenever k # 0, since in this case it is easy to show that u(t;kv)? +
u' (t;kv)? >0 for every t € [0, T]. As u(t;kv) = ku(t;v), one can also see that the rotation
number is independent on k for k # 0. Hence, it is not restrictive to work with k = 1.

For this reason, we will set

Rotygy (tv) := Rotp 7y (u(+5v)). (2.9)

In order to discuss the dependence of the rotation numbers upon the coefficients of
(2.7), we rewrite problem (2.7) in the equivalent form

u'(t) = Az(t), Z'(t) = —p(t)u™ (t) + w(H)u (¢). (2.10)

We introduce now the polar coordinates (6,7) € R X R§ by setting u(t) = r(t)sin6(¢),
z(t) = u'(t)/A = r(t) cos 0(t). In particular, the angular coordinate 6 := )., satisfies

o {Acos29(t)+¢(t)sin29(t) if sin6(t) = 0, o)

Acos?O(t) +y(t)sin®O(t)  if sinf(t) < 0.

As a first step, we generalize the classical Sturm comparison theorem to the asymmetric,
indefinite case. This is of fundamental importance for the proof of the existence of a
sequence of weighted eigenvalues for (1.4). We refer to Theorem 2.5 for more details.

LEmMMA 2.2. Let ¢;,y; € LY([0,T],R), \; € R (i = 1,2) such that (p1,¥1) = (@2, y2) for
ae.t € [0,T] and Ay = A,. According to the notation 0; := 0y, y,, it is supposed that 6,(0) =
0,(0). Then,

0:(t) = 0,(t) Vtel0,T]. (2.12)
Moreover, if (¢1,¥1) > (@2, ¥2) or if cos0;(0) # 0 and A > A, then



Francesca Dalbono 963

Slight variants of the first part of this lemma have been proved in [21, 44]. In what
follows, we develop a complete proof, using different arguments.

Proof. Following a classical procedure (see [12]), we consider 6 := 6, — 6;. It is easy to
show that

0 = (sin’6, —sin*6;) (g1 — A1) +cos? 6, (A — Ay) +sin’ 6, (@2—-g) (2.14)

where

o0 i= {q),-(t) if sin6;(t) >0, 015)

vi(t) if sin6;(t) < 0.

Notice that the right-hand side of (2.14) is defined almost everywhere, since from (2.11)
the function sin 6; has only isolated zeros in .

We first assume that (¢1,y1) = (¢2,¥,) fora.e. t € [0, T] and A, = A,.

We first prove the nonpositivity of (g, — g1) a.e. in a subinterval of [0, T]. From (2.11),
we obtain that 6; crosses each line k7 only from below, when k € Z and i € {1,2}. Thus,
taking into account that 8,(0) = 6,(0), one can deduce the existence of S € (0,T) such
that sin 6, (¢) - sin6,(t) > 0 for every t € (0,S). This means that g; and g, are comparable
in the interval I = (0, S) and, precisely, (g2(t) —g1(t)) <0 fora.e.t €L

Thus, by assumptions and from equality (2.14), we get

(sin®6, —sin*6,)

0'(t)— f(1)0(t) =0 forae. tel, where f:= 0o
h =6

(gl —/11). (2.16)

Note that f € L([0, T],R). If we define F(¢) := ftTf(s)ds, we obtain
e"D0(t) < ef99(0) =0 Vtel:=[0,S]. (2.17)

In particular, 6, (t) > 6,(t) forall t € 1.

We are now interested in extending the above inequality in the whole interval [0, T].
We assume, by contradiction, that there exists Re (S, T) such that 6, (INQ) <6, (INQ). By the
continuity of (- ), it is possible to find a constant R € [S,R) such that O(R) = 0 and 6(¢t) >
0 for every t € (R, R]. Arguing exactly as before, we can infer the existence of a nonempty
interval of the form [R,S*] where the function 0 is nonpositive, a contradiction.

Assume now that either (¢1,y1) > (@2, ¥2) or cos0,(0) # 0 and A, > A,.

The previous step of the proof guarantees that 6, (t) = 6,(¢) for every t € [0, T].

We first claim that the existence of a constant P € (0, T] such that 0, (P) > 0,(P) implies
that 6, (t) > 0,(¢) for every t € [P, T1].

By contradiction, assume that there exists R € (P, T] such that 6(R) = 0 and 6() < 0
for every t € [P,R). In particular, sin 6, (s) - sin6,(s) > 0 for every s € [R,R), for a suitable
R € [P,R). As before, we can verify that

eF09(t) < "PP(R) <0 Vte [RR], (2.18)

a contradiction with 8(R) = 0.
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Consider now the case A1 >\, and cos6;(0) = cos6,(0) # 0. From (2.14), we immedi-
ately get the existence of an interval ] = (0, P*] where 6" — f 0 is a.e. negative. This implies
that

(e"D9(1)) <0 forae. te] (2.19)

and, consequently, 8, () > 6,(t) for every t € J. The thesis follows by the previous claim.
Finally, consider the case (¢1,¥1) > (¢2,y2). By assumption, there exists a nonempty
interval I = [a,b] C [0,T] such that ¢;(t) > ¢2(t) and y,(¢) > y»(t) for ae. t € I. We
suppose, by contradiction, that 6,(T) = 6,(T). Hence, by an application of the previ-
ous claim, we deduce that 0,(¢) = 0,(t) for every t € [0,T]. From a suitable choice of
the constants a, b, we can also show that sin 0, (¢) - sin6,(t) > 0 for every t € I and, conse-
quently, 8'(t) — f(t)0(t) < 0 a.e. in I. Arguing as above, we can conclude that 0, (t) > 0,(t)
for every t € I, a contradiction. O

Consider a constant ¢ # (1 +2k)n/2, for all k € Z. Lemma 2.2 ensures that the function
1.0,y (T) is strictly increasing with respect to A, under the initial condition 6, (0) = c.
We remark that the proof of Theorem 2.5 is based on this monotonicity result.

Now, we state a corollary of Lemma 2.2, which follows from the monotonicity of 0
with respect to the weights.

LEmMaA 2.3. Let ¢;,y; € LY([0,T],R) (i = 1,2) such that (p1,¥1) = (@2, y2) for ace. t €
[0, T]. Then,

Roty, y, (5v) = Roty, y, (5;v), Vte€[0,T], Vv e S (2.20)
If, moreover, (1, Y1) > (@2, y2), then
Rotg, y, (T;v) > Rotg, 4, (T5v), VveS. (2.21)

For an analogous result we refer to [53, Lemma 2.1].
By an application of Lemma 2.3, we obtain the following.

LEMMA 2.4. Let ¢,y € LY([0,T],R) and v € S'. For each € > 0, there is 8 > 0 such that, for
all the functions ¢,y € L' ([0, T],R) satisfying

0x(t) = @(t) =0, ys(t)=y(t)—0, foraete|0,T], (2.22)
it follows that
Roty, v, (£v) > Roty,, (tv) —¢e, Vi e [0,T]. (2.23)

Analogously, for each e > 0 there is 8 > 0 such that, for all the functions ¢, v, € L'([0,T],R)
satisfying

ex(t) <) +8, wi(t) <y(t)+6, forae te[0,T], (2.24)
it follows that

Roty, y. (£v) <Rotyy (tv) +e, Vite[0,T]. (2.25)
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We remark that this lemma extends [16, Lemma 3.3] to the half-linear context. Hence,
to prove Lemma 2.4 it is possible to use an argument similar to the one used in [16].

Proof. In what follows, we will provide a proof only of the first part of the lemma. The
second part can be proved in an analogous way (just reverse the inequalities).

Let & > 0 be fixed and suppose that ¢, ¥/, ¢, Y« satisfy (2.22) for some § > 0. By Lemma
2.3, we know that Rot,, y, (£;v) = Rot,_s,-5(t;v) for every t € [0, T]. Hence, to prove the
result, it will be sufficient to check that for a suitable choice of § > 0 (sufficiently small),
it follows that

Roty_sy-s(t;v) > Rotyy(t;v) —e Vi€ [0,T]. (2.26)
Assume, by contradiction, that for each n there is t, € [0, T] such that
ROty 1/n, y—1/n (tn;v) < Rotyy (ti;v) — & (2.27)
Without loss of generality, we can also suppose that t, — 7 € [0, T], so that

limsup Roty—1/n, y—1/n (tn3v) < Rotyy(15v) — €. (2.28)

n—+o0o

Let u,(+), u(-) be, respectively, the solutions of

u’+ (<p(t) - %)u*(t) - (v/(t) - %)u*(t) =0 (2.29)
and of (2.7), with
(4n(0),u,,(0)) = (u(0),u'(0)) = v. (2.30)

By the continuous dependence of the solutions from the equations data, which is valid
also in case of Carathéodory assumptions [27], we know that u, — u in the C'-norm,
uniformly on [0, T]. Hence,

ROt(pf Un,y—1/n (tn; V)

B lr" u, (1) + (@(t) = Vn)ut (Hun () — (w(t) — Un)u, (H)u,(t) it

o u,(£)2 + 1y (£)? (2.31)
1 (T () + (p()u* (1) —y(Ou () ult) , )

— L W (O A0 dt = Rotyy (15v),

which is a contradiction with (2.28). Then, (2.26) is achieved and the proof is complete.
O

Our aim consists now in generalizing the comparison results contained in Lemma 2.4
to asymptotically linear equations (see Lemma 3.1). To this purpose we need to exhibit a
relation between weighted eigenvalues and rotation numbers of solutions to the following
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half-linear Cauchy problems:

u”" () + A (e®)ut(t) —y(Hu (1)) =0,

, (2.32)
(u(0),u(0)) = vy,
where v € {<,>} and ¢,y € L'([0,T],R) with (¢*,y*) > (0,0) on (0,T). According to
the notation previously introduced, we recall that v. := (0,—1) and v- := (0,1).
We first prove that there exists a positive sequence of weighted eigenvalues for half-
linear problems of the form (1.4). More precisely, we have the following.

THEOREM 2.5. For every fixed v € {<,>}, problem (1.4) admits a positive monotone in-
creasing sequence of eigenvalues

0 <A (e, y) <A(@y) < --- </\]”-(<p,1//) — +o00  asj— +oo. (2.33)

Moreover, the half-eigenfunction corresponding to A7 (¢, y) has exactly j — 1 zeros on (0, T).

Idea of the proof. We omit the details of the proof since the procedure followed is classical
(see, e.g., [12]).

To represent a solution (u(f), u’ (t)) of (2.32), we use the polar coordinates (9 (), p; (£)) =
(9,p) adopted in order to define the rotation numbers, so that u = psin¥9, u’ = pcos?.
Without loss of generality, we assume the validity of the initial condition 9}(0) = 99,
where 9 = 0and 9% = 7.

It is possible to deduce the continuity of the function A — 9}(T), defined on R. More-
over, one can show that

lim 9(T) = +o0, 9(T) € (92,93 n g) (2.34)
Hence, for every j € N there exists at least a positive value of A for which 9}(T) = 9 + j.
We denote such an eigenvalue by A;.

It only remains to prove its uniqueness.

This will be achieved by applying Lemma 2.2, where another angular function 6y,
(different from 97}) is treated. We denote by 0, y;» = 0);, the solution of (2.11) satisfying
the initial condition 6).,(0) = .

Lemma 2.2 guarantees that the map A — 6),,(T) is strictly increasing in R{.

It is then sufficient to prove the validity of the following relations for k € N:

96 = 0+ g (0) = 04 KT
2 2 (2.35)
) kn (k+Dn kn (k+1Dn '
9 - e (7, ; )@em(t)—sge (7, : )

Indeed, by combining these relations with Lemma 2.2, we can deduce that also 97, (T)
crosses each line 9) + jr exactly once. The uniqueness of the jth eigenvalue A7 = (¢, )
is consequently ensured. Moreover, the corresponding half-eigenfunction has exactly j —
1 zeros on (0, T).
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To complete the proof, we observe that the validity of (2.35) easily follows from the
definition of the angular functions and, in particular, from the equalities

pL(1)sin (1) = u(t) = 11 (1) sin Oy (1),

p%(t) COSSX(t) = u'(t) = /lr)t;v(t) CcOS el;v(t), (236)

where (u(t),u’(t)) represents a solution of (2.32) and A,p}(-), () € R§. O

Taking into account Lemma 2.2, the angular relations (2.35), and the characterization
of the eigenvalues established by Theorem 2.5, we immediately deduce the validity of the
following relation between rotation numbers and weighted eigenvalues.

LEmMA 2.6. Consider the Cauchy problem (2.32) where, as usual, v € {<,>} and ¢,y €
LY([0, T],R) with (¢*,w") > (0,0) on (0, T). Then,
Rotigay (T5vy) = j <= A=A (9, ),
Rotipay (T5vy) > j <= A > (p, ), (2.37)
Rotagay (T5vy) < j <= A< /\}((p,l//).

Under continuous assumptions on the weights, Lemma 2.6 consists of a reformulation
of some results achieved in [2] in terms of the rotation number.

The last part of this section is devoted to recalling the well-known result called Elastic
lemma (cf. [25]). We consider the problem

v +h(t,v(t)) =0, (2.38)

where h: [t;,5,] X R — R satisfies the Carathéodory conditions and there exist two func-
tions C,m € L'([t1,t2],R;) such that

|h(t,x)| < C(t)lx]| +ml(t) (2.39)

for every x € R and for a.e. t € [#;,£,], with £;,£, € R such that #; < £,.

LEmMaA 2.7. For every Ry >0, there exists Ry > Ry such that for every solution v of the prob-
lem (2.38) with

min | (v(£),v'(t)) | <Ry (2.40)

telth]
it follows that
| (v(t),v' (1)) | <R, Vte[t,t]. (2.41)

Consider again the problem (2.38), where i : [0, T] X R — R satisfies the Carathéodory
conditions. Suppose now the existence of a function C € L!([0, T],R;) and of a constant
d > 0 such that

|h(t,x)| < C(t)|x| Vx| <9, forae.te[0,T]. (2.42)
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Under these hypotheses, a dual situation with respect to Lemma 2.7 occurs at zero and it
can be expressed by the following lemma.

LEMMA 2.8. For every py > 0 there exists py < py such that for every solution v of the problem
(2.38) with

trér{l&)T(] | (v(),v' (1)) | >p1 (2.43)
it follows that
| (v(t),v' ()| >pa VEtE[O,T]. (2.44)

This lemma can be seen as a consequence of Lemma 2.7.

3. The main result

As a first step, we establish a relation between the rotation number of solutions to equa-
tion (2.2) and the rotation number of solutions to suitable half-eigenvalue problems, in
the spirit of extending the comparison Lemma 2.4 to the framework of nonlinear equa-
tions. In Lemma 3.1, we will implicitly assume that the solutions of (2.2) we consider are
defined in [0, T] and are such that (u(t),u'(¢)) # 0, for all t € [0, T]. In the sequel, we will
confine our applications to nonlinear equations which are asymptotically linear at zero
and at infinity and, therefore, all the solutions (but the trivial one) of (2.2) will satisfy
such assumptions.

LemMmA 3.1. Let f :[0,T] X R — R be a Carathéodory function and let ¢, v € L'([0,T],R)
be such that

iminf L% S o), limint

X—+00 X X——00

@ >y(t), fora.e te[0,T], (3.1)

hold uniformly in t. Then, for each € > 0, there is R, > 0 such that for each solution u(-) of
(2.2) with |(u(t),u’(t))| = R, for all t € [0, T], it follows that

(u(0),u'(0))

ROt(z.Z)(t;u) > RO’[(P,V,(t;V) —-& Vte[0,T], withv = m (3.2)
Analogously, if
limsup @ < (1), limsup @ <y(t), forae tel0,T], (3.3)
X—+o0 X—=—

hold uniformly in t, then, for each € >0 there is R > 0 such that for each solution u(-) of
(2.2) with |(u(t),u’(t))| = R, for all t € [0, T], it follows that

(u(0),u'(0))

Rotp 2)(t;u) < Roty, (t;v) +e, Vte[0,T], withv = T(w(0),a (O))]"

(3.4)
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Furthermore, if it is assumed that

liminf ACE)
x—0" X

@ > y(t), forae te[0,T], (3.5)

> (1), lim(i)r}f

hold uniformly in t, then, for each € >0 there is r. > 0 such that for each solution u(-) of
(2.2) with 0 < [(u(t),u'(t))| < re forall t € [0,T], it follows that

(u(0),4'(0))

ROt(Z'Z)(t;u) > ROt(p’v,(t;V) —¢& Vte[0,T], withv = m (3.6)
Analogously, if
limsup @ < ¢(t), limsup @ <y(t), forae te[0,T], (3.7)
x—0t x—0~

hold uniformly in t, then, for each € >0 there is . > 0 such that for each solution u(-) of
(2.2) with 0 < [(u(t),u'(t))| < re forall t € [0,T], it follows that

(u(0),4'(0))

ROt(Z'Z)(l’;M) < Rth)’w(t;V) +e Vte|0,T], withv= m

(3.8)

The above lemma represents a generalization of [16, Lemma 3.4] to the asymmetric
setting.

Proof. Assume (3.1) and let ¢ > 0 be fixed. By Lemma 2.4, there is § > 0 such that
Roty-s,y-3(£:v) = Rotyy(tv) = 7, V¢ € [0,T], vves. (3.9)

For such a §, using (3.1) and the Carathéodory assumptions, we can find a function
¢ =1¢5cL'([0,T],R,) such that

ft,x)x > (p(t) = 8)x*x— (w(t) —8)x x—£(t), VxeR,forae te[0,T], (3.10)

where x* := max{x,0} and x~ := max{—x,0}. Now, assume by contradiction that the
claimed consequence of (3.1) is not true. This means that for each n there is a solution u,
of (2.2) defined on [0, T] with p,,(¢) = [(u,(t),u,(¢))| = n for all t € [0, T] and such that,
for some t, € [0,T],

Rot 2) (tasun) < Rotyy (tasva) — &, (3.11)

where
| = (sin (ay),cos (ay)). (3.12)

Without loss of generality, it is also possible to assume that t, — 7 € [0,T] and v, — w =
(sin(a),cos(a)) € S! with a,, — a. Then, passing to the upper limit on the above equation
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and using the continuity of Rot,,, (+;-) in [0, T] x S', we obtain

limsupRot 2, (tnstn) < Rotyy (T3 w) —e. (3.13)

n—oo

Next, we use the polar coordinates (9, (), p,(t)) to represent (u,(t), u;(t)). We obtain that

()2 + uy (1) f (£, (1))

9;1(t) = u;l(t)z +u,,(t)2
> C082 Sn(t)-f- (gD(t) _8) (sin9n(t))+ Sil’llgn(t) - (W(t) - 8) (Sin9n(t))7 Sil’lsn(t)— pi((t:)
> cos” 9, (£)+ (@(£) —8) (sin 9, (1)) "sin 9, () — (y(£) 8) (sin 9, (1)) " sin 9, (¢) - @
(3.14)

holds for almost every ¢ € [0, T]. By a result on differential inequalities [35] we know that

(1) —9,(0)  9,(t) —ay > 0,(t) — ay

Rot3 2, (tun) = - S — (3.15)
where 0, is the solution of
0’ = cos® 0+ (¢(t) — &) (sinf)*sin6 — (y(t) — 8)(sin6) ~sin6 — @,
n (3.16)
0(0) = a,.

By continuous dependence (with respect to Li—perturbations of the vector field), we know
that, as n — o0, 8, — 6, uniformly on [0, T'], 6(-) being the solution of

0'(t) = cos*0(t) + (p(t) — 8) (sin(t)) " sinO(t) — (w(t) = 8) (sinB(t)) sinb(t), (3.17)
0(0) = a. '

In particular, by uniform convergence, we have that 0, (t,) — 0(t) for n — co. Thus, we
can conclude that

0(1) -« _ 0(t) - 6(0)

liminf Rot(3 ) (tustin) = o - (3.18)
Finally, recalling (3.13) and the definition of Rot, s, —5(7;w), we have
Roty_s,y-5(1T;w) < Rotyy (1;w) — &. (3.19)

This, clearly, contradicts (3.9).

We have thus proved the first claim in Lemma 3.1. The proof of the other three parts
of the statement follows precisely the same steps (even with some simplification for the
case of rotations near zero) and therefore it is omitted. O
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In order to apply Theorem 2.1, we will now state four propositions (analogous to the
ones described in [16]) which provide the needed estimates on the rotation number of a
solution to the initial value problem

u’' () + f(tu(t) =0,

u(0) =0, u'(0) = z, (3.20)

with zy € R suitably chosen.
The first proposition provides a bound from below on the rotation number for all the
solutions of (3.20) having z; “large enough.”

ProPoSITION 3.2. Suppose that f satisfies the hypothesis (H*) and the Carathéodory con-
ditions. Moreover, assume that there exists j € N, v € {<,>} such that)t}(a;,a;) < 1. Then,
there exists R > 0 such that for every zy € R with zov0, |zo| >R, every (possible) solution u
of (3.20) is such that Rot 2 2)(T5u) > j.

Proof. We take zp € R, z;v0, and a solution u of (3.20). Moreover, we define v :=
(0,2z0/]201). Since A}f(af;,a;) < 1, Lemma 2.6 implies that Rotg: o (T5v) > j. Thus, it is
possible to choose a positive constant ¢ satisfying

Roty: o (T5v) —e> . (3.21)

We note that from hypothesis (H*) the continuous functions af, and a, satisfy, respec-
tively, the assumptions (3.1) in Lemma 3.1. Hence, by applying such a lemma, we deduce
the existence of a constant R = R(e) > 0 such that if |(u(t),u'(¢))| = R for all t € [0,T],
then

Rot 2)(t;u) = Roty: oz (V) =,  Vt€[0,T], (3.22)
and, in particular, Rot(p 2(T5u) > j.

In order to determine a lower bound on |zy| which leads to |(u(t),u’(t))| = R for ev-
ery t € [0,T], we will apply Lemma 2.7, since its hypotheses are verified. Indeed, by com-
bining the assumption (H*) with the Carathéodory conditions, for ¢ > 0, we can find
a function C = C(a%,b%,0) € C([0,T],R,) and a function ¢ = &, € L}([0, T],R,) such
that

| f(t,x)| < C(t)|x|+€(t), VxeR, forae.te[0,T]. (3.23)

Thus, setting R; = R in Lemma 2.7, we infer that there exists R > R such that if |zo| >R,
then [(u(t),u’(¢))| > R for every t € [0, T]. This completes the proof. O

The following proposition guarantees a bound from above on the rotation number
of all the (possible) solutions to (3.20) for which zj is taken sufficiently large. Since the
corresponding proof follows the same steps of Proposition 3.2, we will omit the details.

ProrosITION 3.3. Suppose that f satisfies the hypothesis (H*) and the Carathéodory con-
ditions. Moreover, assume that there exists j € N and v € {<,>} such that /\}f(b;,b;) > 1.
Then, there exists R* > 0 such that for every zo € R with zgv0 and |zo| > R*, every (possi-
ble) solution u of (3.20) is such that Rot 2 2 (Tsu) < j.
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Finally, the last two propositions provide lower and upper estimates, respectively, for
the rotation number of all the solutions of (3.20) characterized by a sufficiently small z.
Both their proofs are similar to the one of Proposition 3.2. The only difference consists in
the fact that Lemma 2.8 (instead of Lemma 2.7) is used in order to achieve the result. For
this reason, we will prove only the following.

PropoOSITION 3.4. Suppose that f satisfies the hypothesis (K*) and the Carathéodory con-
ditions. Moreover, assume that there exists i € N and v € {<,>} such that A)(a{,ay) < 1.
Then, there exists § > 0 such that for every zy € R with zyv0 and |z| < §, every (possible)
solution u of (3.20) is such that Rotp 2)(T5u) > i.

Proof. We take zy € R with zyv0 and a solution u of (3.20). Since A} (ag,ay) < 1, Lemma
2.6 implies that Rotg; - (T5v) > i, where v := (0,20/|201). Thus, it is possible to choose a
positive constant ¢ satisfying

Rotgs e (T5v) — &> 1. (3.24)

Hypothesis (K*) ensures that conditions in (3.5) are satisfied by af, aq, respectively.
Hence, by Lemma 3.1, we deduce the existence of a constant r = r(¢) > 0 such that if
0< [(u(t),u'(t))| <rforallte[0,T], then

Rot 2)(T5u) = Rotgs 45 (T5v) — € > . (3.25)

We observe that the hypotheses of Lemma 2.8 are verified, since from the assumption
(K=), fixed >0, we can find a constant ¢ =0(#) >0 and a continuous function D =
D(ag,bg,#) : [0,T] — R, such that

| f(t,x)| <D@)Ix|], VxeR:|x|<o, forae te[0,T]. (3.26)

Lemma 2.8 guarantees that whenever z; is different from zero, then |(u(¢),u'(¢))| > 0 for
every t € [0,T].

In order to determine an upper bound on |z| which leads to |(u(t),u’(t))| < r for
every t € [0,T], we use again Lemma 2.8. In particular, setting p; = r, we conclude that
there exists § € (0,7) such that if |zg| < §, then |(u(t),u'(t))| < r for every t € [0, T]. This
completes the proof. O

ProproSITION 3.5. Suppose that f satisfies the hypothesis (K*) and the Carathéodory con-
ditions. Moreover, assume that there exists i € N and v € {<,>} such that \}(b{,by) > 1.
Then, there exists 6* > 0 such that for every zy € R with zyv0 and |zy| < 8*, every (possible)
solution u of (3.20) is such that Rotp 2)(T5u) <.

Remark 3.6. We note that Proposition 3.3 holds independently on the sign of aZ, pro-
vided we assume the less restrictive condition ((b%)*,(b_)*) > (0,0) on (0,T).
A symmetric observation could be written for Proposition 3.5.



Francesca Dalbono 973

Now we prove our main result, Theorem 1.2. Theorem 1.2 can be easily proved com-
bining the previous propositions with Theorem 2.1.

Proof. We take v € {<,>} and he€ N with m <h < n. First of all, assume that 1’ (ag,aqy) <
1 < A2,(bt,by,). In particular, by Proposition 3.3, we can find a positive constant R * such
that for every yo € R with y9v0 and |yo| > R*, every (possible) solution u of

u” (1) + f (tu(t)) =0,

u(0)=0,  u'(0)=y (3.27)

is such that Rotp »)(T;u) < m < h. Moreover, from Proposition 3.4 it follows that there
exists § > 0 such that for every y; € R with yyv0 and | yy| < 6, every (possible) solution
u of (3.27) is such that Rotp ) (T5u) > n > h. It is not restrictive to suppose that § < R*.
Taking into account Lemmas 2.7 and 2.8 and fixing r € (0,6) and R € (R*,+), we
observe that all the hypotheses of Theorem 2.1 are satisfied. Thus, Theorem 1.2 is proved
in this first case.

If A2(al,ag) <1 <A (b, by ), we use Propositions 3.2 and 3.5 in order to obtain the
estimates on the rotation number. Hence, following exactly the previous steps, from an
application of Theorem 2.1 we easily achieve the thesis. O

Now, we provide two comparison remarks with the multiplicity results obtained in an
asymmetric, asymptotically linear setting by Dinca and Sanchez in [20] and by Sadyrbaev
in [48], respectively.

Remark 3.7. The paper [20] deals with the existence and multiplicity of solutions for
an asymmetric problem with constant weights of the form (1.1) satisfying the following
asymptotically linear assumptions.

There exist & >0, R >0, and positive constants ag, b;, a, bZ with 0 < ay < bj, 0 <
at < b%, such that

agsf(zu) <bf V(t,u) eRx]0,¢&],
a; < JAGLY <by, V(tu)eRX]|-¢&,0[,
f(:‘u) (3.28)
al < L; <bl V(t,u) ERX R+,
a;,sf(;’u) <b, V(tu)€Rx]—oo,R][.

A Lipschitz condition on f is required as well. In order to achieve the multiplicity result,
in [20] a shooting argument is developed based on the notion of “variation index” (see
also [31]) and the implicit function theorem is applied. We point out that [20, Theorem
3(a) and (c)] follow from Theorem 1.2, while, in some situations, [20, Theorem 3(b) and
(d)] might provide an extra solution.
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The gap condition (analogous to our assumptions (1.6) or (1.7)) between the behavior
of the nonlinearity in zero and near infinity is written in terms of the number of zeros
ky(A, i) in (0,7) of the solution of

W At —pu =0, u(0) =0, v (0)] =1, u' (0)v0, (3.29)

where A, y are positive constants and v € {<,>}.
Statements (a) and (c) in [20, Theorem 3] ensure the existence of k,(at,ay ) — k,(b%,
b ) solutions, under the further hypotheses

ky(ag,aq) > ky(bs,bs) (3.30)
and
Roty: p- (m3v,) €N, vs:=(0,1), v< := (0,—1). (3.31)

We now compare the assumption (1.6) with the assumptions of [20, Theorem 3(a) and
(c)]. To this aim, we rewrite them in terms of the rotation numbers Roty;: ;- (7;v,) and
ROtaa,ao’ (15 my).

By Lemma 2.6 our hypothesis (1.6) is equivalent to the following:

In,m e N,m < n:Rotgr o5 (m3v,) >n=m>Rotys v (m35). (3.32)

We recall that Theorem 1.2 guarantees the existence of n — m + 1 solutions whenever
(3.32) holds.

On the other hand, the number of zeros k, can be equivalently defined by the following
expression:

ky(ag,ay) = max {m € N: m < Rotgt 4= (75v5) ],

k,(b%,bs,) = max {m € N:m < Roty: 5 (m3v,)}. (3.33)
Thus, inequality (3.30) implies that
Rotgs o= (m5vy) > ky(ag,ay) >k, (b5, 03), (3.34)
which, combined with (3.31), leads to
Rotgs o= (713vy) > ky(ag,ay) = ky (b5, b5) +1 > Roty b (75v5). (3.35)

Such inequalities guarantee that conditions (3.32) and, equivalently, (1.6) in Theorem 1.2
are satisfied. In particular, our Theorem 1.2 provides the existence of k,(ag,ay ) — k,(b%,
b, ) solutions to problem (1.1). Hence, we can conclude that [20, Theorem 3(a) and (c)]
follow from our main result.

On the other hand, [20, Theorem 3(b) and (d)], dealing with multiplicity of solutions
to problem (1.1) whenever a gap condition involving the constants aZ, and by holds, are
more general than the ones we have analyzed above, since a condition symmetric to (3.31)
is not assumed.
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Remark 3.8. In [48], Sadyrbaev has given a multiplicity result for a scalar equation of the
form

'+ f(tu) =g(t,u,u'), (3.36)

where g is sublinear and f is asymptotically linear at infinity. More precisely, it is sup-
posed that limy ;o (f(#,x)/x) = ¢%(¢) and lim,— _ o ( f (£,x)/x) = ¢ (¢) uniformly in ¢.

The argument in [48] is developed through the study of some variation equation (cf.
[48, (1.5)]) associated to (3.36) and assumptions are given relatively to the number of ze-
ros of the solutions of this auxiliary equation and of the two-weighted, half-linear equa-
tion

u' () +ct(Dut(t) —co(Hu () =0, (u(0),u'(0)) = v,. (3.37)

For this approach, it is required that the functions f and g be of class C'. No explicit sign
condition is assumed on the continuous functions cZ.

It is possible to compare our main result with the one of Sadyrbaev provided that
we assume ¢ =0, (ch)* - (c)™ #0, and lim,—o(f(¢,x)/x) = ¢o(¢) uniformly in ¢, where
¢ # 0. In this particular situation, the variation equation studied in [48] becomes

u” (t) +co(t)u(t) =0, u(0) =0, u'(0) = 1. (3.38)

Arguing as in Remark 3.7, one can transform the hypotheses in [48] involving the num-
ber of zeros of the solutions to the Cauchy problems (3.37) and (3.38) into hypotheses
involving the weighted eigenvalues. More precisely, the assumptions of [48, Corollary 4.1]
can be rewritten as follows: for each v € {<,>} there exist h,,k € N (which represent the
number of zeros of the solutions to (3.37) and (3.38), resp.) such that

A (chren) <1<Ap L (chhen), M (corc0) <1 <A}, (corc0). (3.39)

In this setting, [48, Corollary 4.1] provides the existence of at least |h. — k| + |k — h<|
nontrivial solutions to problem (1.1). It is easy to show that such a corollary follows from
Theorem 1.2.

Remark 3.9. Rynne in [47] has studied multiplicity of solutions for asymmetric prob-
lems involving superlinear nonlinearities. Multiplicity is achieved by using an alternative
approach. Instead of an eigenvalue problem of the form (1.4), [47] considers the half-
eigenvalues problem

u +pu(t) + o(Hu* (1) —y(t)u (1) =0,

u(0)=0=u(T),  u'(0)v0, (3.40)

where ¢, € L¥([0, T],R) and v € {<,>}. The corresponding eigenvalue theory is devel-
oped, among others, in [7, Theorem 2], where ¢, y are continuous functions on [0, T],
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and, more recently, in [45, Theorem 5.1] for ¢, € L*([0, T],R). In particular, [45, The-
orem 5.1] is the analog (in this alternative setting) of Theorem 1.1 and provides a mono-
tone increasing sequence of half-eigenvalues

w(y) <ps(@y) <« - <uj(gy) < - (3.41)

for problem (3.40). The half-eigenfunction corresponding to (¢, y) has exactly j — 1
zeros on (0,T).

By taking into account the nodal properties of the half-eigenfunctions, the Sturm com-
parison Lemma 2.3, and the relations in Lemma 2.6, it is immediate to deduce the validity
of the following equivalences between the half-eigenvalues uj(¢,y) and A7 (¢, y):

#5(9,y) <0 < Rotyy (T5vy) > Rotwgy)ipu(pyry (T5vy) = j

3.42
= Aj(py) <L (3.42)

Analogous relations are satisfied whenever we reverse the inequalities.
According to (3.42), we infer that Theorem 1.2 holds true even if we replace assump-
tions (1.6) and (1.7) with the equivalent conditions

pn(ag,ay) <0<, (bl,bs) (3.43)
and
pn(a%,a5) <0< py,(bg,by ), (3.44)

respectively.

Rynne in [47] proves the existence of solutions with specified nodal properties to some
asymmetric problem by studying the sign of the eigenvalues (¢, y) associated to the
two-weighted, half-linear problem (3.40). The result in [47] is not directly comparable
with ours, since in [47] a superlinear assumption near +co is considered.

We point out that sign conditions like ¢/j(¢,y) < 0 implicitly contain some hypothesis
on the sign of the weights ¢, v.
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