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1. I n t r o d u c t i o n . S u p p o s e t h a t fix) i s a r e a l - or c o m p l e x - v a l u e d f u n c t i o n

d e f i n e d for a l l r e a l x. F o r 0 < α < 1, w e d e f i n e t h e C ί - v a r i a t i o n of fix) o v e r

a < x < b a s t h e l e a s t u p p e r b o u n d of t h e s u m s

:Σ2|Δ/ I l /α i

taken over all finite subdivisions of a < x < b. (When α = 0, we denote by the

above sum simply the maximum | Δ/ |.) W'e say that fix) is in Wa if it has

finite Cί-variation over the interval 0 < x < 1. L. C. Young has proved the

following result .

THEOREM 1. (See [2, Theorem 4.2].) Suppose that 0 < β < 1 and that

fix), with period 1, satisfies the condition

\f{φit + h)\-f{φit)\\dt <hβ ih > 0)

for every monotone function φit) such that

φit + 1 ) = φit) + 1

for all t. Then f ix) is in Wa for each & < β.

Young's argument does not suggest whether we can asser t that fix) i s in

Wβ. We present here an elementary proof for Theorem 1 and an example to show

that this result is the best possible one in this direction.

2. Lemma. We require the following:

LEMMA 2. Suppose that ai9a2 9 , α# and bϊ$b2 , •• , 6/y are two sets of

nonnegative numbers such that aι > α2 >̂  >_ α/y anά such that

n n

y ay < / b μ

v-\ v-i
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for n = l, , Λ/ Then for p > 1,

Σ<< Σ K

for n = 1, , iV.

Let

Sn = 2Z Qv a n d

With Abel's identity and Holder's inequality, we have

v-X. v-\

l/p f n )(p-l)/p

.Σ<\

[ v~\

from which the lemma follows.

3. Proof of Theorem 1. For a subdivision 0 -x0 < Xγ < < x^ = 1, con-

sider the numbers

I, | / ( * 2 ) - / U i ) | , ,

and label this set aχ9 a2 , , α/v s o ^ a t α i ^. α2 > > α^ We say that the

two points ζ' and f are associated with α n if they are the two points of the

subdivision for which

and, fixing n, we consider the union of points associated with aι$ a2i , α Λ

Labeling these £χ < ^ 2 < < ξm , we define
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v- 1
Φ (t) = ξv for < t <

and we extend this function so that

69

( v = 1, , mn ) ,

Now mn < 2n and, if 0 < h < l/mn ,

n mn

i/=t

< Λ \ f {

Jo

Letting h approach l/mn, we have

<hβ.

for n — 1, , /V. Finally selecting bι9 62 ? e

 $ bjy so that

we have

b\ — Δ
 M a n d bn < Δ ' v / i

and applying Lemma 2 we conclude that

f N
/ a

for n > 1,

Σ>1

L-4 n

. n~ι

This completes the proof.

4. Further results. We now show that Theorem 1 is best possible.

THEOREM 3. Suppose that 0 < β < γ < 1. There exists a function fix),

with period 1, which is not in W'β and which satisfies the condition
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Y <hP (Λ > 0)

for every monotone function φit) such that

Consider two increasing sequences, ί xn \ and ί y i, such that

* i < Jx < %2 < ••• < x n < y n < x n + ι < •"• < * i + l

Define the function

\nβ for xn < x < y
g{x> = \ Λ

I 0 everywhere else i n ^ < x < %χ + 1 ,

and extend g(x) to have period 1.

LEMMA 4. Suppose that 0 < β < γ < 1. H e function g(x) defined above

satisfies the condition

Fix h in the range 0 < A .< 1/2, and consider the finite sequence,

defined as follows.

A. Let ξo=xχ -h.

B. Suppose that ξQ < ξγ < < ξnml < ξQ + 1 have been defined.

Let ξ = Max { ξ + 2A, y ! if this does not exceed £Q + 1. Otherwise let

It is not difficult to show that

" \g{x+h)-g{x)\ι/Ύdx <2hnβ/Ύ

Π I

for n = 1, , N. Since ξ - ξn_ γ > 2Λ for ra = 1, , N - 1, we have Nh < 1 and
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2

1 - β/γ γ - β

This completes the proof of Lemma 4.

T a k e a n y strictly increasing c o n t i n u o u s f u n c t i o n φ i t ) s u c h t h a t

If φ" is the inverse function, and

un=φ"lixn) and vn = φ'ιiyn),

then u\ < v\ < U2 < < un < vn < α^ + i < < u\ + 1 and

gi φ\t) ί = |

10 everywhere else in&i < ί < ui + 1 .

Now g{<£(ί) } has period 1 in t, and, by Lemma 4,

-il-\y^ (A > 0 ) .

The Lebesgue limit theorem allows us to conclude this holds for all nondecreas-

ing φit) such that

T o c o m p l e t e t h e p r o o f of T h e o r e m 3 , o b s e r v e t h a t g i x ) i s not i n Wβ a n d l e t

In the proof of Theorem 3, the fact that β < γ plays an important role. We

have a different situation when β = y.

T H E O R E M 5 . Suppose that 0 < β < 1 and that f i x ) is m e a s u r a b l e and real-

v a l u e d with period 1. The β - υ a r i a t i o n of f i x ) over any i n t e r v a l of length 1 d o e s

not e x c e e d 1 if and only if



72 F. W. GEHRING

If1 \fiφ(t + h)\-fiφ(t)\\ι/Pdt\ <hP ( Λ > 0 )

for e a c h m o n o t o n e f u n c t i o n φ ( t ) s u c h t h a t φ ( t + I ) = φ ( t ) + I .

For the sufficiency, let x0 < < xpj = %o + 1 be a subdivision of some

interval of length 1. Define the function

φ(t)=xn, -7 < t < ~ - (n=0,. .,iV-l),
N N

and extend φ (ί ) so that

for 0 < A .< \/N we get

ίAe necessity, we see that the /3-variation for f{ φ(t) } over any interval

of length 1 does not exceed 1, and we can apply the following:

THEOREM 6. (See [1, Theorem 1.3.3].) Suppose that 0 < β < 1, that

fix) is measurable and real-valued with period 1, and that the β-variation

of f (x) over any interval of length 1 does not exceed 1. Then

<hβ U > 0 ) .
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