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Introduction* Let f(z) be a meromorphic function. Throughout this
note we make the following conventions.

I. /(0) = 1; this simplifies the exposition without affecting the gener-
ality of the results.

II. We denote by

CLly &2, a3, *

the sequence of the zeros of f(z) and by

hi, b2, h,

the sequence of its poles.
The moduli of the terms of these two sequences are taken to be

nondecreasing and each zero or pole appears as often as indicated by its
multiplicity.

III. The standard symbols of Nevanlinna's theory:

log+, m(r,f), log M(r,f), n(r,f), N(r,f), Γ(r,/), δ(τ,/)

are used systematically; familiarity with their meaning is assumed.
We investigate here the following problem, a special case of which

has already been mentioned by two of the authors [1; p. 295]:
To find sequences {αμ}, {6V} such that if f(z) is a meromorphic function

with zeros {αμ} and poles {bv} (and no other zeros or poles), then

(1) δ ( 0 , / ) > 0 , δ ( c o , / ) > 0 .

The results of the present note show that a simple behavior of the
arguments of the zeros and poles is almost sufficient to induce the in-
equalities (1). We prove

THEOREM 1. Let f(z) be a meromorphic function with positive zeros
and negative poles.
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Assume that

(2) Σ — + Σ τ^-7 = + « ,

and that

(3) Σ 1 + Σ 1 < + co,

/or some finite positive value of ξ.
Then

(4) lim sup ^ < — ί — ,
Γ(rf/) ~ 1 + A

where A(> 0) is an absolute constant.
If the condition (3) is omitted, we still have

(5) lim sup —"F, ^ 1
T(r, f)

COROLLARY 1.1. The assumptions of Theorem 1 imply

δ(o,/)^-A-, δ(co,/)̂ _4-^-.

If the condition (3) is omitted, but

0 <a^limmf Mε>ίL^ i i m s u p

we still have

COROLLARY 1.2. Let f(z) be an entire function with real zeros. If

and if

(7) Σ
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for some finite positive value of ξ, then

A
(8) 8(0,/)^

Ϊ+A'

where A is the absolute constant in (4).
The condition (2) of Theorem 1 cannot be omitted; we shall see

that the theorem does not hold for certain meromorphic functions of
finite order, with positive poles and such that

for every K less than one.
Similarly, Corollary 1.2 does not hold for certain entire functions of

finite order, with real zeros and such that

for every tc less than two.
The conditions (3) and (7) are used essentially in our proofs, but it

is possible that our results hold without such restrictions. This conjecture
is plausible if we observe that the assertions (4) and (8) do not contain
the parameter ξ.

Our method gives a little more than has been stated. In the special
case of entire functions it yields

THEOREM 2. Let f(z) be entire. Assume that all its zeros aβ lie
on the radii defined by

reiω°, reiωi, reiω™ (r > 0) ,

where the ω's are real.
Then, there exists a positive constant K, depending only on the

ω's, and such that the condition

(9) Σ _ l = + co,

and the condition

(10) Σ-Γ^-Γ< + ~ ,
μ- I <Zμ I

for some finite value of ξ, imply

(ii) δ ( 0 > / ) -τfτ'
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where A is the absolute constant in (4).
All the previous theorems and corollaries assert that 0 and oo are

among the deficient values of certain functions f(z).
Hence, by Theorem 4 of [1], the lower order μ, of f(z) is positive3.
Assume now that h(z) denotes a meromorphic function which does

not vanish identically, is of order less than μ, but is otherwise arbitrary.
Then, by elementary inequalities of Nevanlinna's theory,

T(r,hf)co T(r,f),

1
m(r,fh) = m{r, f) (1) \ fh

T(r,fh) T(r,f) κ"T(r,fh) T(r,f)

and hence

S(0, fh) - 8(0, /) , δ(<χ>, fh) = δ(co, /) .

This shows that our theorems remain true even if infinitely many
zeros and poles have unknown arguments but are sufficiently rare.

It will be shown in [2] that a radial distribution of zeros and poles
makes it, in general, impossible for the function to have other deficient
values than 0 and oo. Combining the results of [2] with those of the
present investigation, it is possible to obtain information concerning all
the deficient values of certain interesting classes of functions. The
following result is one of the simplest which may be obtained in this
way.

Let f(z) be an entire function of finite order λ. Assume that all
the zeros of f(z) are real and that λ > 2.

Then (11) holds and

for τ Φ 0, τ Φ oo.

l Consequences of an identity of Nevanlinna

LEMMA 1. Let f(z) be meromorphic with zeros {αμ} and poles {6V}.
Assume

(1.1) ! arg αμ | :g γ < •£ (μ = l, 2 , 3, . . . ) ;
Li

(1.2) | a r g 6 v - π | ^ γ < | - (v = 1,2,8, •••);

3 A direct study of the lower order of our functions will be found in [2]. For the
functions in Theorem 1 and its Corollaries, this study yields "best possible" bounds for μ.
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(1.3)

Then, for r large enough,

(1.4) - L Γ l o g I f(reiθ) | cos θdθ ^ cos γ {N(r,±-) + N(r,/)} .
2π Jo I \ / / J

Proof. Put g = 0, 2 = 0 in a well-known identity of R. Nevanlinna
[3; p. 222]. Adapting the formula to our notation, we obtain

(1.5) τ-\*Ίog\Λ
2π Jo

reiβ)\e-«dθ = -£-{ Σ ( — - ^
2 l Λ 2

r n /(O) 2

and hence, in view of the assumptions (1.1) and (1.2)

(1.6) J-ΓΊog|/(rO|cos^0^^-cosγ{ Σ {T^Ύ^^T
2π )Q 2 Liô î rV α j r 2

+ Σ /'(0)
/(0)δvl r2

An elementary evaluation yields

(1.7) — Σ (— ISbdλ = N(T,— \ + — [N(X,— Y— - — V^
2 ι v * Λ | α μ | r2 / \ /"/ 2 Jo V /A^ 2 r2/

Using (1.7) (and the analogous formula for poles) in (1.6), we obtain

+
)

/'(0)

(1.8) A - ^ log I /(re i9)| cos θdθ ^ cos γ |iv(r, -1) + Mr, /)}

—jcosγ x, jr) + N(x, f)}(± - ±)dx-

If r is large enough, this implies (1.4) since, by our assumption
(1.3), the integral in the right-hand side of (1.8) tends to + °° as

2 Lower bounds for m{r,f).

LEMMA 2. Let g(z) be an absolutely convergent product of primary
factors of genus 2.

Assume that the zeros of g(z) lie in the sector Δ{έ) defined by

(2.1) I a rg z I ̂  -|- - ε
b »< sf.)
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Then

dθS (π/3) + (ε/2)
log+

(r/3)-(ε/2) &

Proof. Let

(- reiθ)
>2εsin— rΛ ^—dt .

2 Jo t2(t2 + r2)

denote the primary factor of genus q; we write E(u) instead of E{n, 2).
It follows from the definitions that

log
E(-u) f - 1

and hence, if

u = re ίφ ,

(2.3) log

Φ ξέ 0 (mod π) ,

_ g [ r ^ 4 cos φ — x2 cos S
J o x* — 2x2 cos 2φ +

Let {cv} be the sequence of the zeros of g(z); putting

we have, by assumption

(2.4)

= arg cv

θ I < — — ε
b

If z(= reiθ) is confined to the sector

(2.5)

(2.3), (2.4) and (2.5) yield

< —
" 2 '

log
• ( - vA cos (θ — flv) — a?2 cos 3(0 —

a 4 - 2# 2 cos 2(0 - <9V) + 1
•dx

2 Jo

Hence, in the region defined by (2.5)
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(2.6) log4 g(reiθ)
(- reiθ)

/|c!v' X*

= 2 sin — r 3ί
2 J( tψ + r2)

and this clearly implies (2.2).

LEMMA 3. Let f(z) be a meromorphic function of genus not greater
than 2.

Assume
( i ) that its zeros {aμ} lie in the region Δ(s) defined by (2.1);
(ii) that its poles {6V} lie in the region J*(ε) defined by

I arg z — π | ^ — — ε
6

(iii) Σ

f(reiβ)1 f (JΓ/3) + (8/2)

(2.7) -L\ log
2TΓ J(Jr/3)-(8/2)

where rj{r) —• 0 as r —• + oo.

dθ

, i ) +

Proof. Since the genus of /(z) does not exceed 2, it is possible to
represent the function by

(2.8) f(z) = OP(Z)

ΠEl — , 2

ΠM-ί-,2

where the polynomial P{z) is of degree not greater than 2 [it is obvious
that the infinite products in (2.8) are not necessarily canonical].

Clearly

(2.9) A*) -

where
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(2.10) g(z) = ΠE(-*-, 2)ΠE(- -?-, 2) .

By (2.9)

log+ f(reιβ)
/ ( - re1")

>log+ g(retθ)
g(- reιθ)

- 2 I P'(0) I r ,

and the assumptions (ί) and (ii) of Lemma 3 enable us to apply Lemma
2 to the function defined by (2.10). We thus obtain

(2.11) f(reiθ)

( - retβ)
dθ

~ 2 S ' P ' ( 0 ) ' r •

Now

rλ
J t\t2 + r2) ϊ2 dt ,

and by assumption (iii) the latter integral tends to + co as r —* +
Hence (2.11) yields

(2.12)

where

- L log+

2TZ J W3)-(e/2)

f(reiβ)

n(t)Ξ> (1 -Ύ]{r)) — sin — A
π 2 Jo tψ + r2)

and
Putting

O X

an integration by parts and obvious estimates yield

f- n(t) dt -
Jo tψ + r2)
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Using the latter estimate in (2.12), we obtain (2.7).

LEMMA 4. //, in Lemma 3, we restrict the value of the para-
meter ε by the inequalities

(2.13) — — < ε < — ,
10 6 " ~ 6

then, for all sufficiently large values of r,

(2.14) Γ(r, /) ^ (1 + A){N(T9 -ί) + N(r, /)} ,

where A(> 0) is an absolute constant.

The inequality (2.14) still holds if f(z) is replaced by F(z)\

(2.15) F(z) = eS{z)f(z)

where S(z) is an entire function (which may reduce to a polynomial).

Proof. We apply Lemma 1 to the function f(z)jf(— z) (instead of
f(z)). By (2.13) and the definition of Δ(ε) and J*(ε), we obtain, for
large values of r,

-~\ log
2π Jo

f(reι°)
reiβ)

cos θdθ ^ c o s ( ^

Hence, in view of the trivial relation

2πi«
log

( - retθ)

f(reiβ)
dθ =

we find, for r large enough,

f(reiθ)
JLfjvfr,—^ + N(r,f)\ ,
ΌΌI \ t / )

f{z) 2τr /(
(1 - cos θ)dθ

(2.16) ^ (i _ C O S-j)J-
^ 4 / 2

dθ
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Using (2.7) and inequalities for the means of Nevanlinna, (2.16)
yields

m(r,f(z)) + m\r,—^\ ^ Ul — η{r)) — ε sin 1- cos —-

x{Λr(r,l ) + ΛΓ(rf/)},

and hence, by Jensen's formula,

(l
(2.17) 2Γ(r, /) ^ (1 + cos - | - +

V 60 4ττ

x {^(r,y) + N(r,f)}

Using (2.13), it is easy to obtain an explicit numerical bound for the
coefficient of N(r, l[f) + N(r, f) in (2.17). Since this bound exceeds
2, we obtain (2.14).

In order to see that (2.14) holds if f(z) is replaced by F(z), we
observe that

(2.18) m(r, es^) £ T(r, F{z)) + Γ(r, /(*)) (/(0) = 1).

Now

(2.19) T(r,f)

because, by assumption, f(z) is of genus not greater than 2 [3; p. 235]»
If S(z) is a polynomial of degree not greater than 2, there is nothing

to prove since F(z) is still of genus not greater than 2. In all other
cases

(2.20) Xr 3 ^ m(r, eS{z)) ,

for some X(> 0) and r sufficiently large. Hence we obtain the last as-
sertion of the lemma by combining (2.14), (2.18), (2.19), and (2.20).

3* Proof of Theorem l
Inequality (5) of Theorem 1 follows readily from Lemma 1 and

Jensen's theorem: with 7 = 0 , (1.4) yields

m(r,f) + m(r,ψ) ̂  N(T,^J + N(r,f) ,

2Γ(r, /) ^ 2 {N(r,-L) + N(r,/)} (/(0) = 1),

which obviously implies (5).
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The first part of Theorem 1 is contained in the following Lemma
5 which we now state and prove.

LEMMA 5. Let f(z) be meromorphic. Assume that there exists an
integer q(^ 1) such that

(3.1)

(3.2)

= +

h \q+1 < +

Let p be an odd integer

(3.3) 1 ^ p ^ q .

Consider the sectors Δ^ defined by

(3.4) 2πk

P

π
GOq

and the sectors At defined by

(3.5) arg z — π —
2πkf

p
π

If every zero of f(z) lies in one of the sectors Ak and every pole in
one of the sectors Δί, then

(3.6) lim sup -
T(r, f) - 1 + A

where A is the absolute constant in Lemma 4.

Proof. Consider the odd integer s defined by

(3.7)

in view of (3.3)

Put

P

1 < s .

(3.8) I = ps , ω = exp



146 A. EDREI, W. H. J. FUCHS AND S. HELLERSTEIN

Clearly I is a positive odd integer and, by (3.7)

(3.9) I ^ q < I + 2p S 31 .

In view of (3.1) and (3.2), the function f(z) is of the form

where S(z) is entire.
Consider now the auxiliary function

(3.10)

where Riz) is entire and the genus [q[l] of the primary factors is, by

(3.9), either 1 or 2.

Putting

φμ = arg αμ , ψ, = arg 6V ,

our inequalities (3.4), (3.5), and (3.7) imply

(3.11) I φμl - 2πks | ^ iL , | ψvZ - ^ - 2πk's \ ^ ~ .
60 60

We also notice that our assumptions prevent the possibility of can-
cellation between the zeros of one of the functions /(ω%) (j — 0,1, ,
I — 1) and the poles of another of these functions. Hence

(3.12) N(r, G(z)) - lN(r, f) , N(T, -^—) = w(r, -I) .

Put

H(u) = eRM

'< •£ •[!
and rewrite (3.10) as

(3.13) G(z) = W ) .

The inequalities (3.11), the assumption (3.1), and the first of the
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inequalities (3.9) show that it is possible to apply Lemma 4 to H(u)
{instead of f(z)). Hence

(3.14) T(r, H(u)) ̂  (1 + A){N(T, -Lj) + N(r, H(u))} (r Z> r0) .

On the other hand, the fundamental definitions of Nevanlinna's
theory show that, for any meromorphic function w(z):

N(r, w{z1)) = N(rι, w(z)) , T(r, w(z1)) = Ύ(r\ w(z)) ,

so that (3.13) and (3.14) yield

(3.15) T(r, G(z)) ̂  (1 + A){N(T, -^—) + N(r, G(s))} (rι ^ r0) .

Since

f)^ T(r,G(z)),

we see that (3.6) follows from (3.12) and (3.15).
We obtain the first part of Theorem 1 by taking p = 1 in Lemma 5.

4 Proof of the Corollaries* Corollary 1.1 follows trivially from
the inequalities (4) and (5) and the definition of deficiency.

Corollary 1.2 is contained in the following.

LEMMA 6. Let f(z) be entire. Modify the assumptions of Lemma
5 by:

( i ) omitting all reference to poles;
(ii) omitting the restriction that p be odd (p may be any integer

satisfying the inequality (3.3)).
Then (3.6) still holds.
The proof of Lemma 5 also yields Lemma 6 provided the integer s

(even or odd) is defined by

s ^ < s + l ,
p

instead of (3.7). The definitions (3.8) remain unchanged and (3.9) takes
the sharper form

I ^ Q < 21 .

The other changes in the proof are obvious and need not be
mentioned here.

We obtain Corollary 1.2 by taking p = 2, in Lemma 6.
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5. Best possible character of the conditions (2) and (6)*
Let

(5.1) 8lf S2, 88,

be a sequence of integers such that

(5.2) 8 l ^ 2, sλ+1 > 2sλ (λ = 1, 2, 3,

Consider the entire function

= Π Π (1 - -

Denoting by {αj- the sequence of the zeros of f(z), elementary
estimates yield

(5.3) Σ — < + co , Σ — = + co (*<1).
μ- α μ μ α j

These relations hold for every choice of the sequence (5.1). Hence
we may take the ratios sλ+1/sλ to be rapidly increasing with λ and, using
the well-known formula [4; p. 271]:

nit —)
l o g M ( r , / ) = r Γ }'f!dt,

Jo ί(ί + r)

choose (5.1) so that

(5.4) ,. , log T(r, f) <-- l i m i p f log log M(r) = Q ̂
lim m i losf 7" ^—*°° loo* ^

7"—»oo

It is sufficient to choose the sequence (5.1) in such a way that, for
some arbitrarily large u, n(tf 1//) is constant in u ^ t ^ eu.

Hence, putting

(5.5)
log r

It has been shown elsewhere [1; p. 297, Theorem 4] that the condi-
tion (5.5) implies

δ(τ, F{z)) = 0 ,

except possibly for a single value of τ, finite or infinite.
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Hence the inequalities

δ(0,F(s) )>0, &(<*>, F(z))>0,

are both impossible since one of them would imply the other one. We
thus have

T{r, F) 2 — x Γ(r, F)

although F(z) satisfies all the conditions of Theorem 1 except (2) which
is replaced by the weaker condition (5.3).

Similarly, (5.4) and Theorem 4 of [1] yield

δ(τ,f(z)) = 0 (τΦ «>)

and hence, putting

F*(z) = f(z>)

we have

δ(τ, F*(z)) = 0 (τΦ oo).

In particular δ(0, F*(z)) ~ 0, although F*(z) satisfies all the condi-
tions of Corollary 1.2 except (6) which is replaced by a weaker condi-
tion analogous to (5.3).

6* Proof of Theorem 2. Our proof is a straightforward consequence
of Lemma 6 and of a classical theorem of H. Weyl [5; p. 335, Satz 16].

We consider the arguments ω5 of the radii carrying the zeros of
f(z) and assume

ω0 = 0

this is clearly no restriction.
Let k + 1 (0 5£ k ^ m) be the maximum number of linearly inde-

pendent elements among

(6.1) 2π, ω19 ω2, . ωm .

Renumbering, if necessary, the ω's we may assume:
( i ) that a relation such as

(6.2) μo2π + Σ μsω3 = 0 ,

is impossible for integral values of the μ's, not all zero;
(ii) if k < m, there exist integers ntj and σ(> 0) such that
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(6.3) σωι = 2πnl0 + Σ wlfαλ, (I = k + 1, , m).
J=i J

Put

Mι=t\nlj\
J=i 3

and

(6.4) M = sup {σ, Mk+1, Mfc+2, . . , Mm} .

Since no relation such as (6.2) is possible, WeyΓs theorem asserts
the existence of a sequence

(6.5) Xί9 λ2, λ3,

of increasing integers such that

(6.6) I X^ - Lsj2π \ <£ ̂ ^ (j = 1, 2, . . . k; s = 1, 2, 3, . . . ) ,

where the Lsj are integers. WeyΓs theorem also asserts that the
sequence (6.5) has a positive density. The latter property is unneces-
sarily precise for our purposes; we only need the obvious implication

(6.7) λs+1 < 2λs (s ^ s0).

We set

and observe that the integer K depends only on the ω's.
By the assumptions (9) and (10), there exists an integer q such that

Define h by the inequalities

(6.8) σ\h f£ q < σXh+1 .

In view of the definition of K and (6.7)

(6.9) q < 2σXh .

We now obtain Theorem 2 by verifying that Lemma 6 may be ap-
plied with the value of q chosen above and

(6.10) p = σXh .

It is clear that we only have to ascertain that the zeros of f(z) lie
in regions such as (3.4) with p defined by (6.10).
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Using (6.6) and (6.4) in (6.3), we obtain

(6.11) I σXhωι - Λhι2π | ^ J L (I = fc + l, fc + 2, . m),

where the J ' s are integers.
By (6.6) and (6.4), it is clear that (6.11) holds also for I = 1, 2, fc,

with

Λ Ϊ = σLhι (I = 1, 2, fc).

Hence, by (6.9), (6.10) and (6.11)

V

This shows that the location of zeros allows the application of Lemma
6. Theorem 2 is an immediate consequence.
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