
REGULAR ELEMENTS IN AN ORDERED SEMIGROUP

TORU SAITO

Introduction* In the abstract theory of semigroups, the begriff
of regular element was first introduced by Thierrin [11] as a gener-
alization in the semigroup theory of the begriff of inverse element in
the group theory. And this begriff of regular element has been
effectively used in the ideal theory of semigroups, for example, in
Miller and Clifford [5]. But the structure of regular semigroups, that
is, semigroups in which all the elements are regular, is complicated
and until now very little was known about it. Inverse semigroup is
an important sort of regular semigroups, whose structure was com-
pletely determined (Preston [7], [8]).

Ordered semigroups have been studied by several authors, for
example, Alimov [1] and Clifford [2]. However, as far as we know,
none discussed systematically ordered semigroups in our general sense
(cf. § 1). In the previous paper [10], we characterized ordered idem-
potent semigroups, that is, ordered semigroups in which all the ele-
ments are idempotent. In the continuation of our investigation of
ordered semigroups, in this note, we concern essentially with ordered
regular semigroups.

Main purpose of this note is to give a catalog of all possible
types of subsemigroups generated by regular pairs of ordered semi-
groups. The subsemigroups of an ordered semigroup S generated by
regular pairs are the analogs of the cyclic subgroups of a group, in
fact reduce to exactly these when S is a group. It therefore should
be useful in the study of ordered regular semigroups to have catalog
of them available. A list of 39 ordered semigroups, each generated
by a (non-idempotent) regular pair, is given in this note, and it is
shown that every such ordered semigroup is (order-and-product) iso-
morphic with one of these. Theorems 3, 4 and 5 serve as an index
to this catalog.

Moreover, this note contains the following by-products which
seem to be interesting:

(a) the set of idempotents of an ordered semigroup S is a sub-
semigroup of S (Corollary of Lemma 1);

(b) any regular conjugate of an idempotent of an ordered semi-
group S is idempotent (Theorem 1);

(c) the set of regular elements of an ordered semigroup S is a
subsemigroup of S (Corollary 2 of Lemma 5);

(d) a regular element of finite order of an ordered semigroup S
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can have order only 1 or 2 Theorem 2.
Finally we remark that, even though the subsemigroup of a semi-

group S generated by a regular pair need not be regular in general,
it is regular if S is ordered.

In § 1, we give some definitions and some elementary results in
preparation of the following discussion. In §§2-5, we discuss the
case when a regular pair is of finite order, while in §§ 6-9, we dis-
cuss the case when it is of infinite order. In the final § 10, we
remark some applications in special ordered semigroups.

l Preliminaries* We denote by S an ordered semigroup, that
is, a semigroup S with a simple order < which satisfies the following
condition:

(1) for x, y, z e S, x < y implies xz ^ yz and zx ^ zy .

If two elements x and y of S generate the same principal left ideal,
then we write x = y(L), while if x and y generate the same prin-
cipal right ideal, then we write x = y(R). We write x = y(D) if
there exists an element z of S such that x = z(L) and z Ξ= y(R). As
is well-known, these relations are equivalence relation (Green [3]).
An element x of S is called regular if there exists an element y of
S such that

(2) xyx = x and yxy — y

(Miller and Clifford [5]). When a pair (x, y) of elements of S satisfy
(2), (x, y) is called a regular pair and y is called a regular conjugate
of x. As is easily seen by (2), for every regular pair (xf y), both xy
and yx are idempotents. An element x of S is called positive if
x2 > x, while x is called negative if x2 < x. For an element x of S,
the number of distinct natural powers of x is called the order of x
(Clifford [2]). If x is an element of finite order n, then n is the
minimal natural number such that xn = xn+1. Evidently x is of order
1 if and only if x is idempotent. The set of all idempotents of S is
denoted by E. For an ordered semigroup S, we call the multiplica-
tive dual or, simply, dual of S the ordered semigroup constructed
from S by interchanging the order of multiplication but by preserving
the order of S. An element z of S is said to lie between x and y,
if either x^z^yory^z^x, while z is said to lie between x and
y in the strict sense, if either x < z < y or y < z < x.

LEMMA 1. If x and y are nonnegative, then, xy is nonnegative.
If x and y are non-positive, then xy is non-positive.

Proof. For nonnegative x and y, it x ^ y, then xy ^ xzy ^ (xyf,
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and, if y ^ x, then xy ^ xy3 ̂  (xy)2. The second assertion can be
proved similarly.

COROLLARY. The set E of all idempotents of S, if it is nonvoid,
is a subsemigroup of S.

LEMMA 2. If x is nonnegative, y is non-positive and x ^ y, then
both xy and yx are idempotents which lie between x and y.

Proof.

xy 5g x3y ^ (xyf ^ xy* tί xy ,

and so xy is idempotent. Moreover

x <̂  x2 <̂  xy ^ y2 <^ y .

With respect to the order in S, the subsemigroup E is clearly
an ordered semigroup, which plays an important role in the following
discussion. As is easily seen, for g, he E,

( 3) g ΞΞ h(L) in S if and only \ί gh = g and hg = h ,

( 4) # ΞΞ /2,(i?) in S if and only if gh = h and hg = g .

Hence

( 5) # = Λ(L) and g = h(R) in S if and only if g = /̂  .

By (3) and (4), for elements of Ef L-equivalence and iϊ-equivalence in
E coincide with L-equivalence and ̂ -equivalence in S, respectively.
However, for D-equivalence, such a situation does not occur. Of
course, for g,heE, g = h(D) in E implies g = h(D) in S, but the
converse is not always true. (The semigroup J in § 8 will offer a
counter-example.) The D-equivalence in E is denoted by ^-equiva-
lence.

LEMMA 3. If g,heE and g ίkh, then the following conditions
are equivalent to each other:

(a) gh ^hg , (b) ghg = gh , (c) hgh = hg , (d) gh ~ hg(L) .

Proof, (a) implies (b), for

Qh = g(gh) ^ ghg <Ξ (gh)h = gh .

(b) implies (c), for hg = \hg)(hg) = hgh. Similarly (c) implies (b).
Hence if (c) holds, then both (b) and (c) hold, and so we obtain (d).
Finally (d) implies (a), for, by (3), gh = (gh)(hg) = ghg, and so by
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Lemma 2, g ^ gh = #Λ# ^ hg ^ h.

LEMMA 3'. If g,he E and g ^ h, then the following conditions
are equivalent to each other:

(a) hg ^ gh , (b) JtflrΛ = gh , (c) # % = hg , (d) #fc = hg(R) .

COROLLARY, #& = hg{DE) for every g,heE.
Ordered idempotent semigroups are studied in our previous paper

[10], from which we mention one more lemma without proof.

LEMMA 4. Each D^-equivalence class in E consists of either
only one L-equivalence class in E. or only one R-equivalence class
in E.

A .^-equivalence class, if it consists of only one L-equivalence
class in E, is called L-typed, while, if it consists of only one R-
equivalence class, it is called R-typed. A regular pair (x, y) of S is
called L-typed, if the ^-equivalence class which contains (xy)(yx) is
L-typed. By Corollary of Lemma 3, a regular pair (a?, y) is L-typed
if and only if the D^-equivalence class which contains (yx)(xy) is L-
typed. An R-typed regular pair is defined similarly. A regular pair
(x, y) is said to be of order n, if both x and y are elements of order
n. A regular pair of order 1 is also called an idempotent regular
pair.

2. Idempotent regular pair. In this section, we give a theorem
which characterizes idempotent regular pairs.

THEOREM 1. (a) For a regular pair (x, y) of S, x is idempotent
if and only if y is idempotent.

(b) For g, he E, (g, h) is a regular pair if and only if g ==
h(DE).

Proof, (a) Suppose that (x, y) is a regular pair and that x is
an idempotent. Then y — yxy — (yx)(xy) is an idempotent, by Corol-
lary of Lemma 1. (b) First suppose that (g, h) is an idempotent
regular pair and that g 5g h. By (2),

g = hg(L) , h = gh(L) , g = gh(R) , h = hg{R) .

If gh ^ hg, then, by Lemma 3, hg = gh(L), and so g = h(L). If
hg ^ gh, then we obtain g = h(R) similarly. Next suppose that
g = h(DE). Then, by Lemma 4, either g = h(L) or g = h(R). If
g = h(L), then
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(gh)g = g2 = g , hgh = (/ι#)/& = h2 = h ,

and so (#, &) is a regular pair. In the case when g = h(R), we obtain
the same result by a similar way.

3. Regular pair of finite order• In this section, we study regu-
lar pairs of finite order. But, first of all, we give some lemmas
about general regular pairs which are necessary also for coming sec-
tions.

LEMMA 5. For two regular pairs (a?, y) and (z, w), {xz, wy) is a
regular pair.

Proof. By Corollary of Lemma 1, both yxzw and zwyx are idem-
potent. Hence

(xz)(wy)(xz) = (xyx)zwyx(zwz) = x(yxzw)z = xz ,

(wy)(xz)(wy) = (wzw)yxzw(yxy) = w(zwyx)y = wy .

COROLLARY 1. // (x, y) is a regular pair, then, for every
natural number n, (xn, yn) is a regular pair.

COROLLARY 2. The set of all regular elements of S, if it is
nonvoid, is a subsemigroup of S.

LEMMA 6. If {p, q) is a regular pair such that q <£ p, then q
is non-positive and p is nonnegative.

Proof, q* ̂  qpq = q and p = pqp ^ p3, from which the lemma
follows immediately.

LEMMA 7. Let (p, q) be a regular pair such that q S P and
qp 5g pq. Then the following six conditions are equivalent to each
other:

(a) pq2 = pq2p , (b) q2p = q2 , (c) q2 = q\

(d) qp2 = qp2q , (e) p2q = p2 , (f) p2 = p3 .

Moreover, these conditions imply

(g) (qp)(pq) = q2 = p2 = (pq)(qp)(L) .

Proof, (a) implies (b), for q2p = qpq2p = qpq2 = q2. (b) implies
(c), for q2p2 = q2p = q2 and so q2 is an idempotent, by Corollary 1 of
Lemma 5. (c) implies (a), for
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pq2 = pq3 ^ pq2p = pq\qp) ^ pq\pq) = pq2 .

Similarly the conditions (d), (e) and (f) are equivalent to each other.
Now (c) implies (f), for, by Theorem 1 and Corollary 1 of Lemma 5,
(p2, q2) is an idempotent regular pair. Similarly (f) implies (c). This
proves the first half of the lemma. Next suppose that these condi-
tions hold. Then

(qp2q)q2 = {{qp2q)q)q = qp2q , q2(qp2q) = ((q*p)p)q = Q2 ,

p\pq2p) = ((p3q)q)p = p 2 , (pq2p)p2 = ((pq2p)p)p = PQ2P .

Hence (g) holds.

LEMMA 7'. Lei (p, g) δe α regular pair such that q ^ p and
pq <£ gp. T%e^ ίfee following six conditions are equivalent to each
other:

(a) g2p = p<f p , (b) M 2 = Q2 , (c) q2 = q* ,

(d) p2# = gp2g , (e) tfp2 - p 2 , (f) p2 = p* .

Moreover, these conditions imply

(g) (qp)(pq) ~ q2 = p2 = (pq)(qp)(R).

COROLLARY. For a regular pair (x, y), x is an element of order
2 if and only if y is of order 2.

THEOREM 2. / / (x, y) is a regular pair such that either x or y
is an element of finite order, then (x, y) is a regular pair of order
either 2 or 1.

Proof. By Theorem 1 and Corollary of Lemma 7, it suffices to
show that if x is an element of finite order, then x is of order at
most 2. Here we prove this assertion only in the case when x ^ y
and xy g yx. Then, by Lemma 6, x is non-positive. Now suppose it
were true that xn~λ > xn = xn+1 for a natural number n ^ 3. Then
χχn-2 = χn-l > χn = χyχn a n ( J g ( ) ^n-2 > yχn^ HβnCβ X*'1 ^ yX*+\ On

the other hand,

xn~τ = xyx*-1 ^ (yx)xn~1 = yxn = ^/a??t+1 .

Hence α^""1 = ya;n+1. Then we would have

xn = α;71-1^ = ?/^%+2 = yxn+1 = xn~x ,

which is a contradiction.
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4 Ordered T-semigroups* In this section, we give some ex-
amples of ordered semigroups each of which has a regular element
of order 2.

EXAMPLE 1. We denote by T1L the system consisting of eight
elements ordered by

s<q<e<t<v<f<p<u

and with the following multiplication table:

( 6 )

s

q

e

t

V

f
V

u

s

s

s

s

t

V

V

V

u

q

s

s

q

t

V

V

f
u

e

s

s

e

t

V

V

V

u

t

s

s

t

t

V

V

u

u

V

s

s

t

t

V

V

u

u

f

s

q

t

t

V

f
u

u

V

s

e

t

t

V

P

u

u

u

s

t

t

t

V

u

u

u .

It can be verified that this system T1L is an ordered semigroup.

EXAMPLE 2. We denote by T2L the system arising from T1L by
identifying t and v. Clearly this identification is possible, and the
constructed system T2L is an ordered semigroup.

EXAMPLE 3. We denote by T1R the ordered semigroup which is
multiplicative dual to T1L. Thus the multiplication table of T1R is
symmetric in the main diagonal to the table (6).

EXAMPLE 4. We denote by T2R the ordered semigroup which is
dual to T2L.

In each of these four ordered semigroups, (p, q) is a regular pair
of order 2 with negative q and positive p. In T1L and T2L, (p, q) is
L-typed, while, in T1R and Γ2i2, it is iϋ-typed. The ordered semigroups
T1Ly T2L, T1R and T2R are called ordered T-sernίgroups. Ordered Γ-
semigroups T1L and T2L are called L-typed, while T1R and T2R are
called R-typed.

5 Regular pair of order 2. In this section, we characterize the
subsemigroup generated by a regular pair of order 2.
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LEMMA 8. / / (x, y) is a non-ίdempotent regular pair, then both
xy and yx lie between x and y in the strict sense.

Proof. Suppose that x ^ y. Then, by Lemma 6 and Theorem 1,
x is negative and y is positive. Now we suppose that x ^ xy were
true. Then, by Lemma 2, x — (xy)x would be an idempotent, which
is a contradiction. Hence x < xy. The remaining assertions can be
proved similarly.

In the rest of this section, we assume that (p, q) is a regular
pair of order 2 such that q ^ p, and set

( 7 ) s = q2 , u = p2 , e = min {pq, qp} ,

/ = max {pq, qp} , t = min {ef, fe}y v = max {ef, fe} .

First we suppose that qp ^ pg. Then, by Lemma 7, (qp)(pq) =
(pq)(qp)(L), and so, by Lemma 3, (qp)(pq) ^ (pq)(qp). Hence

(7') e = qp , f = pq, t = ef, v = fe.

By Lemma 8, s = q2 < q < e and / < p < p2 = u. Moreover, by Lemma
7, pt = p2q = p2 > p = pe and qv = q2p — q2 < q = qf, and so t > e
and v < / . Thus

(8) s<q<e<t^v<f<p<u.

Now we denote by Γ* the set consisting of elements s, #, β, ί, v,f, p
and u. By Lemma 7, we can verify that the elements of Γ* are
multiplied together just as in the table (6) of the ordered semigroup
T1L in Example 1 in § 4. Especially Γ* is a subsemigroup, which is
clearly the subsemigroup generated by {p, q). If t Φ v, then T* is
isomorphic to T1L, while, if t = v, then Γ* is isomorphic to T2L.

Similarly, in the case when pq ^ qp, we can show that, if t Φ v,
then the subsemigroup Γ* generated by (p, q) is isomorphic to T1B

and, if t = v, then T* is isomorphic to T2B.

THEOREM 3. Let (p, q) be a regular pair of order 2 such that
q <̂  p, and let T* be the subsemigroup of S generated by (p, q).

(a) If qp ^ pq and qp2q Φ pq2p, then T* is isomorphic to the
L-typed ordered T-semigroup T1L;

(b) if qp ^ pq and qp2q = pq2p, then T* is isomorphic to the
L-typed ordered T-semigroup Γ2Z;

(c) if pq S qp o,nd qp2q Φ pq2q, then T* is isomorphic to the
R-typed ordered T-semigroup T1B;

(d) if pq g qp and qp2q = pq2p, then T* is isomorphic to the
R-typed ordered T-semigroup T2B.
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6 Ordered /-semigroups• In this section, we give some ex-
amples of ordered semigroups each of which has a regular pair of
infinite order.

EXAMPLE 1. The set of all integers forms an ordered semigroup
with respect to the usual order and the usual addition. We denote
this ordered semigroup by Io. h is even an ordered group.

EXAMPLE 2. Let U be an ordered semigroup consisting of two
elements —1 and 1, with the usual order and the left singular multi-
plication:

ab — a for every α, b e U.

We consider the lexicographically ordered direct product of 70 and U,
that is, the system I1L consisting of pairs (i, α) with i e Io, ae U, in
which the order and the multiplication are defined by

(i, a) < (j, b) if i < j or i = j , a < b

(if a>)U, b) = (i + j , ab) = (i + j , a) .

It can easily be verified that this system I1L is an ordered semigroup.
(Here we remark that lexicographically ordered direct product of two
ordered semigroups is not always an ordered semigroup.) In I1L, the
subsemigroup, consisting of elements with the second component 1,
is isomorphic to the ordered semigroup Jo.

EXAMPLE 3. Let V be a system consisting of six elements with
the order

e2 < ex < t < v < f, < f2

and with the multiplication table:

( 9 )

e
2

t

V

Λ
A

e
2

e
2

e
2

t

V

V

A

βi

e
2

01

t

V

V

A

t

02

t

t

V

V

A

V

02

t

t

V

V

A

A

02

t

t

V

A
A

A

02

t

t

V

A
A.

It can be verified that V is an ordered idempotent semigroup. Now
we define two mappings φ and ψ of V into itself:
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<P(e2) = φ(eύ = φ(t) = 9>(v) = β2 , ^(/O = ex , φ(f2) = t

As is easily seen, these mappings have the following properties:
(a) both φ and ψ are monotone:

g <; h implies φ(g) ^ φ(h), ψ(g) < ψ(h);
(b) both φ and ψ are semigroup-homomorphisms:

φ(gh) = φ{g)φ{h), ψ(gh) = ψ(g)ψ{h) for every g,heV;

(c) φ(φ(g)) = βa, f ( t ^ ) ) = Λ /or every geV;
(d) 9>(flr)β! = eλφ{g) = y(flr), Ί/Γ(^)/X = />(#) = Ψ (ί/) /or β êrτ/ geV;
(e) 9>(<f (0)) = βiflr, ψ(φ(g)) = fλg for every geV.

We consider the system K, consisting of pairs (i, g) with ΐ e Io, ^ e Vr

in which the order is defined lexicographically and the multiplication
is defined by

(i + J, ge2) if i ^ - 2 ,

(i + i, flT9>(Λ)) if i = - 1 ,

(i + j, gh) if i = 0 ,

(i + i, ffiHλ)) if i = 1 ,

(i + i, QL) if i ^ 2 .

(10) (i, g){j, h) = -

Using the properties (a)-(e) of <£> and ψ, we can prove that K is an
ordered semigroup. Finally we consider the subset I2L of K, con-
sisting of elements with

i ^ - 2 , g Φ e19flf or

i = —1, 9 Φfi, or

(11) i = 0, g arbitrary, or

i = 1, flr ^ βi or

i ^ 2, ^ φ el9f1 .

It can also be proved that I2L is closed with respect to the multi-
plication, and so forms an ordered semigroup. In I2LJ the subsemi-
group consisting of elements with the second component e2 or f2, is
isomorphic to 71Z, and the subsemigroup consisting of elements with
the second component e2 is isomorphic to Io.

EXAMPLE 4. Let V, ψ and ψ be the same as in the preceding
Example 3. We consider the system K\ consisting of pairs (i, g)
with ielo, g e V, in which the order is defined lexicographically and
the multiplication is defined by
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i + 3, Qfύ if i ^ —2 ,

if ί= - 1 ,

(i + j , 9h) if i = 0 ,(10') (*, g)U, h) = •

(i + h gφih)) if i = 1 ,

\(i + 3, ge2) if ί ^ 2 .

In a similar way as in Example 3, we can prove that K' is an
ordered semigroup, in which the subset /3Z, consisting of elements
(i, g) with

i^ - 2 , gφelfflf or

Ί
 == JL, g ψ2 eίf o r

(11') i — 0, g arbitrary, or

i = 1, g Φfi, or

i ^ 2, g = elfflf

forms an ordered semigroup. In /3Z, the subsemigroup consisting of
elements with the second component e2 or f2j is isomorphic to /1£, and
the subsemigroup consisting of elements with the second component
e2 is isomorphic to /0.

EXAMPLE 5. We denote by /4I the ordered semigroup constructed
from I2L by identifying (i, t) and (ί, w) for every i e /0. It can be seen
that this identification is possible.

EXAMPLE 6. The ordered semigroup IδL constructed from I3L by
identifying (i, t) and (i, v) for every i e Io.

EXAMPLE 7. The ordered semigroup I1R which is dual to I1L.

EXAMPLE 8. The ordered semigroup I2R which is dual to I2L.

EXAMPLE 9. The ordered semigroup 73fi which is dual to /3Z.

EXAMPLE 10. The ordered semigroup I4R which is dual to /4Z.

EXAMPLE 11. The ordered semigroup IδR which is dual to IδL.
These eleven ordered semigroups /0, /lz, I2L, , I5R are called

ordered I-semigroups, in which /0 is called the fundamental ordered
I-semigroup. Every ordered /-semigroup contains a subsemigroup
which is isomorphic to the fundamental ordered /-semigroup /0.

7. Regular pair of infinite order (1). In this section, we charac-
terize the subsemigroup generated by a regular pair of infinite order
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under some conditions. For brevity, in this section, always we denote
by iv, Q) a regular pair of infinite order such that q S V and set

en = min {qnpn, pnqn} , fn = max {qnpn, pnqn} (n = 1, 2, 3, •) ,

t = min {βJΊ, / A } , v = max KΛ, M } .

LEMMA 9. < q* < q2 < q < ^ e3 ^ β2 ^ βx ^ ί ^ v ^ Λ ^

/ 2 r g / 3 ^ ••• <p<p2<p*< •••.

Proof. By Lemma 2, ext^t S v ίkfi By Lemma 6, g is nega-
tive and p is positive, and so qn+1 < qn, pn < pn+1 for every natural
number n. First we suppose that qp ^ pg. Then

qn+ipn+i _ qn(qp)pn ^ qn(pq)pn = gwpw ,

and similarly pίi+1g%+1 >̂ ̂ >wgw. Hence we obtain, for every natural
number n,

en+i = qn+1pn+1 ^en = qnpn ^e1 = qp^f1 = pq

Finally, by Corollary 1 of Lemma 5,

and so q < βn, / Λ < p. In the case when pq ^ gp, we can prove this
theorem in a similar way.

COROLLARY. For every natural number n, both en and fn are

idempotent. If qp ^ pq, then en = qnpn, fn = pnqn. If pq ^ qp, then

en = Pnqn, fn = ?"p .

LEMMA 10. For two natural numbers m and n such that m < n,

Proof. We prove only the first assertion in the case when qp ^
pq. By the preceding Corollary and Corollary 1 of Lemma 5,

emen = qmpmqnpn == (qmpmqm)q*-mp* = q™qn-™pn — βn $

enβm = qnpnqmpm = q^pn-m^rngmpm^ _ qn^n-m^m _ ^^ ̂

Now we remark that two relations

(A) ejx ^ βx , βaΛ = ejλ

are equivalent to each other. In fact, if e2fλ ̂  el9 then



REGULAR ELEMENTS IN AN ORDERED SEMIGROUP 275

and so e2fx = eJΎ. If e2fλ = etf19 then e2fx = ejt ^ e\ = βlβ

Similarly we can prove that each of the following sets of rela-
tions consists of equivalent relations:

(B) Λ î̂ Λ, M = / A ;

(A') / A ̂  βj , Λβ2 = fxeλ ,

(BO eJ2^flf ej^ej,.

Also the three relations

(C) f2ex ^ Λ , f2ex = / a , /2e2 = / 2

are equivalent to each other. In fact, if f2e1 :> / l f then

and so / ^ = / 2. If f2eλ — /2, then, without loss of generality by as-
suming that qp <Ξ pq, we have g2 = q2f2 — g2/2βi = Q3P> and so g2 = gV.
Therefore f2 = ί)2g2 = p 2 #V = /,βa. Finally, if /2e2 = /„ then f2ex ^

f2e2 = / 2 ̂  /1#

Similarly we can prove that each of the following sets of rela-
tions consists of equivalent relations:

(D) βa/i ̂  e i > βa/i = e2 , β2/2 = β2

<C') ej2 ̂  / 2 , ej2 = f2 , e2f2 = f2

(DO /A ^ î , /A = e2 , /2β2 = e2 .

In what follows, we refer to the above-mentioned sets of equi-
valent relations as (A), (B), -- ,(D0, as shown at the left end of
each line.

L E M M A 11. If either (C) or (CO holds, then e2 ~ e3 = •••. / /
either (D) or (DO holds, then / a = / 8 =

Proof. We prove only that (C) implies β2 = e3 = in the case
when qp ̂  pq. In this case, as is shown in the proof of equivalence
of relations in (C), we have q2 = q*p, and so

e2 = g2p2 = β3 = qψ - e4 = g4p4 = . . .

LEMMA 12. 7/ (#, q) is L-typed, then
(a) (C) is equivalent to (AO, and (D) is equivalent to (BO;
<b) (A) implies (AO, αwc? (B) implies

Proof, (a) We prove only that (C) is equivalent to (AO in the
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case when qp ^ pq. If (C) holds, then, as is shown in the proof of
equivalence of relations in (C), we have q2 = q3p, and so

/ A = PQ3P2 = PQ*P = / A .

Thus (A') holds. If (A') holds, then, by Lemma 3, fxejx = fxeu and so

ft = P2Q2 = Vfi^q = vfΦA - p2qψq = / A / Ί

= (/2/1K/1 = Λ(/A) = /A .

Thus (C) holds, (b) We prove only (A) implies (A'). By Lemma 3
and (A),

(/A)(/A) = (/A/ite = /A«i = /A ,
(/AX/A) =/i(«i/i)β1 =/A/A =/A .

Hence / ^ Ξ fxe2{R). Therefore, by the assumption of being L-typed
of (p, g), we obtain /Ά = Z^.

LEMMA 12'. // (p, g) is R-typed, then
(a) (C) is equivalent to (A), αwd (D') is equivalent to (B);
(b) (A') implies (A), αraί (B') implies (B).

We divide the investigation of a regular pair of infinite order
into two cases:

Case 1. the case when e2 = e^

Case 2. the case when e2

In the rest of this section we study Case 1, and Case 2 will be
studied in §9.

Case 1 is divided into two subcases:

Case 1L. the subcase of Case 1 when (p, q) is L-typed;

Case IJB. the subcase of Case 1 when {py q) is R-typed.

Now we consider Case 1L, that is, suppose that (p, q) is an un-
typed regular pair of infinite order such that q ̂  p and e2 = e^iDjg).
Then e2 = ejx = / A ( L ) , and so e2 = eaίβi/x) = βa/ lf /1β1 = (/1β1)e2 = /&»
Hence (D) and (A') hold. Then, by Lemma 12, also (B') and (C) hold-
Moreover, by Lemma 11, we have

(13) e2 = ez = , f2 = /3 = .

Furthermore, by Lemma 3,
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(14) t = ejx = 6J& , v = / A = / A Λ .

We denote by E the set consisting of ei9 elf t, v, fλ and / 2 . Then,
by (A'), (B'), (C), (D), (13) and (14), we can verify that elements of E
are multiplied together just as in the table (9) in Example 3 in § 6.

We divide Case 1L into two subcases:

Case 1L1. the subcase of Case 1L when qp ^ pq;

Case 1L2. the subcase of Case 1L when pq ^ qp.

First we consider Case 1L1. In this case, by Corollary of Lemma
9, we have en = qnpn and/ w = pnqn. Therefore, by f2ex = f2 and e2fx —
e2, we obtain

(15) p2 = p3q , q2 = qzp ,

and, by ejλ = e ^ ^ and / A = fxejλ,

(16) ί)2g = p2q2p , g2p = gV?

Now we consider the mappings φ and ψ of E into itself which
have been defined in Example 3 in § 6, that is,

φ(e2) = ^(eO = φ(t) = ^(^) == e2 , ^(Λ) = βx , φ(f2) = ί

Then, by (15) and (16), it is easily verified that

(17) qg = φ{g)q , ^ = ψ(g)p for every # G E .

Especially we have qe2 = e2q, pf2 = f2pf and so

(18) qne2 = β2g
% , ί9n/2 = f2p

n for every natural number n.

Moreover by (17)

Q29 = ^ 9 ( ^ ) ^ = <P(<P(g))q2 = β2g
2 = g2 ,

and so

(19) qng = e2q
n = qn , png = f2p

n = p w for every # e £7, w ^ 2 .

Jj^ ^±O/ t/2(/ // — &2H "\ίr — y. ^2^1/^ — H. *-'2Jr — ^2τf ir Otί.WX J 2jJ t£

f2p
mqn in a similar way. Hence

ί
e2q

m~n if m > n ,

β 2 if m = n ,

,e9'P'ι~w if m < t i ,
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(21)

By (19) and (20),

ίf2P
m~n if m > n ,

f2p
mqn = j/a if m = n ,

t < T - w if m < n .

(22)
if m ^ 2 ,

= ge2q

(ge2q
m~n when m > n ,

,gqmhpn = j#e2 when m = n ,

[ge2p
n~m when m < n .

Similarly by (19) and (21),

(23)
if m ^ 2 , -

gpmhqn =

gfiVm~n when m> n ,

gf* when m = n ,

when m < % .

We have mentioned in § 6 that φ(g)e1 = φ(g) and ψ(g)fι — Ψ(g).
Hence by (17),

(24)

(gqhqn = gφ(h)qn+1 ,

gqh =

(25)

^grfep = gφ{h)pn-λ if ^ ^ 2

/srpfcp% = gψ(h)pn+1,

1-1 if n^2 .,0pfcgn =

We denote by J* the set consisting of elements of the forms
gqn or #p% or g with # G JE1 and natural number n. By (22)-(25), we
see that I* is a subsemigroup, which is then clearly the subsemigroup
generated by the regular pair (p, q).

Since q = βxg and p = /xp, we have

(26)

By (26) and relations

(27) e2gw - β ^ , vg

= p2 = fjf,

for n ^ 2 .
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By (18), q\f2q
n+1) = qn+s < qn+2 = e2q

n+2 = q\e2q
n) and q\f2q) = q* < q2 =

e2q
2 = q2e2, and so

(28) / 2(Γ+ 1 < e2q
n , f2q < e2 .

Similarly

(29) f2 < e2p , fa* < e2p
n+1 .

Thus the elements of I* are ordered by

• < e2q
2 g tq2 ^ vq2 ^ f2q

2 < e2q ^ exq ^ tq ^ vq ^ /2g

(30) < *, ^ βi g ί ^ v ^ /i ^ /, < β # ^ tp ^ vp ^ Λp ^ / 2 p

< 02P
2 ^ ίp 2 ^ ^P2 ̂  / 2 p 2 < .

LEMMA 13. In this Case 1L1, αiί ίλβ following relations are
equivalent to each other:

• , e2q
% = tq2, vq2 = f2q

2, e2q ••= eλq, eλq = tq, vq = f2qy

e2 = elf ex = t, v = Λ, Λ = /2, e2p = ίp, vp

/ i P = Λ2>, e2p
2 = t p 2 , v p 2 = f 2 p 2 , . . . .

Proof. First we prove that the four relations e2 = ex, β2 = t, v =
/i» /i — Λ are equivalent to each other. In fact, if e2 = elf then

^1 = = 2̂ = = ^2J1 = = ^ l/ l = = *

If ex — ty then

= ptq = f2 .

It can similarly be proved that f = / 2 implies v = Λ and that v — fx

implies β2 — elβ Next we prove that w/% — f2q
n are equivalent to v =

f. In fact, if vqn — f2q
n, then, by taking account of the table (9),

v — vqnpn = f2q
npn = /2, and so v = Λ. If v = /x, then, by the result

proved above, v =f= f2, and so i g* = f2q
n. Similarly we can prove

that each of the remaining relations is equivalent to one of the rela-
tions e2 = elf ex = t9 v = fl9 fx = /2.

In a similar way, we can prove the following

LEMMA 14. In this Case 1L1, all the following relations are
equivalent to each other:

• , tq2 — vq2, tq = vq, t — v, tp — vp, tp2 = vp2, - - - .

Now we study Case 1L1 by dividing into subcases.

1°. Subcase of Case 1L1 when e2 Φ el9 tΦ v.
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In this subcase, by Lemmas 13 and 14, all the elements of /*
written in (30) are different from each other. We consider a mapping
of I2L of Example 3 in § 6 into /*:

(31) i, 9)'

gpι if i > 0 ,

g if i = 0

kgq~* if i < 0 .

By (11) in § 6, this mapping is one-to-one and onto. Moreover, it is
order-preserving. Furthermore, comparing (10) in § 6 and (22)-(25),
we see that this mapping is an isomorphism. Thus I* is isomorphic
to I2L. We remark, by the above isomorphism, (—1, ex) and (1,Λ) are
mapped into q and p, respectively.

2°. Subcase of Case 1L1 when e2 Φ eu t = v.

In this subcase,. by Lemmas 13 and 14 and the consideration of
1°, I * is isomorphic to /4Z.

3°. Subcase of Case 1L1 when e2 — eu t Φ v.

By Lemmas 13 and 14, I * consists of elements

• < e2q
2 = q2 < f2q

2 < e2q = q < f2q < e2

< Λ < e2p <f2p = p< e2p
2 <

and, by (22)-(25), we have

gqmhqn = gqm+n

 t

(32)

gqmh = gqm ,

[gqmhpn = \g

fgpmhpn = gpm+n

gpmh = gpm ,

if m = n ,

if m < n ,

(320

Also we have

(32")

if m = n ,

~m if m < n .

ghqn = gqn , gh = g , ghpn = gpn .

Thus, in this subcase, the mapping
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ie2p
{ if i > 0 ,

-1 if ΐ < 0 ,

if i > 0 ,

{f2q-1 if i < 0 ,

is an isomorphism of I1L onto JΓ*. We remark, in this isomorphism,
(—1, —1) and (1,1) are mapped into q and p, respectively.

4°. Subcase of Case 1L1 when e2 = eu t = v.

In this subcase, by Lemmas 13 and 14, I* consists of elements

• < q* < q2 < q < e2 = ex = t = v = Λ = /, < p < p2 < pz < ,

and, by (22)-(25),

/gm-n if m > ^ ?

gm^w __ if m =
n~m if m < n ,

Thus the mapping

if ΐ > 0 ,

if ΐ = 0 ,

{q-* if i < 0 ,

is an isomorphism of /0 onto /*.
Next we consider Case 1L2.

1°. Subcase of Case 1L2 when e2 φ el9 t φ v.

We can prove, in a similar way as in the corresponding subcase
of Case 1L1, that the subsemigroup I* generated by (p, q) consists
of elements

• < e2q
2 < tq2 < vq2 < f2q

2 < e2q < tq < vq < fxq = q < f2q < e2

<ex<t <v <A<f2<e2p <exp = p <tp <vp <f2p < e2p
2

< tp2 < vp2 < f2p
2 < . . . ,

and that the mapping given by the same formula (31) as in Case 1LΪ
is an isomorphism of J3jE onto I*. In particular, (—1,/Ί) and (1, et)
are mapped into q and p, respectively.
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2°. Subcase of Case 1L2 when e2 Φ e19 t = v.

The subsemigroup 7* generated by (p, q) is isomorphic to 75Z.

3°. Subcase of Case 1L2 when e2 = eu t Φ v.

The subsemigroup /* generated by (p, q) consists of elements

• < e2q
2 < f2q

2 = q2 < e2q <f2q = q < e2

<f2<e2p = p< f2p < e2p
2 = p2 <f2p

2 < ,

and so consists of the same elements as in the corresponding subcase
in Case I L L Also the multiplication in 7* is given by the same
formula (32)-(32") as in Case 1L1. Hence the mapping (33) is an
isomorphism of I1L onto /*. However, in this subcase, (—1,1) and
(1, —1) are mapped into q and p, respectively.

4°. Subcase of Case 1L2 when e2 = e19 t — v.

The subsemigroup J* generated by (p, q) is the same, in all re-
spects, as that in the corresponding subcase in Case 1L1.

In Case liϋ, we can argue in a similar way.

THEOREM 4. Using the notations given in (12), let (p, q) be a
regular pair of infinite order such that q ^ p and e2 = βiΛίAs), ϊβt
I* be the subsemigroup generated by (p, q), and let IQ—IδR be the
ordered I-semigroups given in § 6.

(a) / / e2 = eλ and t = v, then I* is isomorphic to Io;
(b) if (p, q) is L-typed, e2 = eλ and t Φ v, then 7* is isomorphic

to I1L;
(c) if (p, q) is L-typed, qp ^ pq, e2 Φ ex and t Φ v, then 7* is

isomorphic to I2L;
(d) if (p, q) is L-typed, pq S qp, e2 Φ ex and t Φ v, then 7* is

isomorphic to LiL;
(e) if (p, q) is L-typed, qp ^ pq, e2 Φ ex and t = v, then 7* is

isomorphic to 74?;
(f) if (p, q) is L-typed, pq ^ qp, e2 Φ eλ and t = v, then 7* is

isomorphic to IδL;
(%) if (PJ q) is R-typed, e2 — eλ and t Φ v, then 7* is isomorphic

to I1R;
(h) if (p, q) is R-typed, pq g qp, e2 Φ ex and t Φ v, then 7* is

isomorphic to I2R;
(i) if (p, q) is R-typed, qp ^ pq, e2 Φ eλ and t Φ v, then 7* is

isomorphic to 73i2;
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(j) if (P, q) is R-typed, pq ^ qp, e2 Φ eλ and t = v, then I* is
isomorphίc to 74Λ;

(k) if (p, q) is R-typed, qp gL pq, e2 Φ ex and t = v, then I* is
isomorphic to IδR.

COROLLARY. Under the assumptions of Theorem 4, 7* contains
subsemigroup isomorphic to the ordered additive group Io of integers.

8 Ordered J-semigrouρs In § 6, we gave examples of ordered
semigroups each of which has a regular pair of infinite order. In
this section, we give examples of another kind of such semigroups.

EXAMPLE 1. Let J be the set of pairs (m, n) of nonnegative
integers with the multiplication

k + m - I, ri) if I ^ m ,

(k, n + I — m) if m ^ ί .

As is well known, J is an abstract semigroup (Lyapin [4] or Saitδ
[9]). It can be verified that the semigroup J turns out to be an
ordered semigroup when we define the order in J by

(fc, I) < ( m , n ) iίk + n<m + l or k + n = m + I, k < m .

This ordered semigroup is denoted by J01.

EXAMPLE 2. It can be verified that the semigroup / in Example
1 turns out to be an ordered semigroup when we define the order in
J b y

(k, I) < (m, n) if k + n> m + I or k + n = m + I, k <m .

This ordered semigroup is denoted by J02.

EXAMPLE 3. The ordered semigroup J03, which is the semigroup
J with the order

(k,l) < (m,ri) if k + n < m + I or k + n = m + I, k > m .

EXAMPLE 4. The ordered semigroup Joi, which is the semigroup
J with the order

(k,l) <{m,ri) if k + n>m + l or k + n = m + I, k > m .

In each of the ordered semigroups JQ1-J^t ((0,1), (1, 0)) is a regular
pair of infinite order, which generates the corresponding ordered
semigroup. In Jol and J03, (0, 1) is negative and (1, 0) is positive,
while in JQ2 and J04, (0, 1) is positive and (1, 0) is negative.
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EXAMPLE 5. Let W be a system consisting of infinite elements
ordered by

e2 < eλ < t < v < Λ < /2 < ,

and with the following multiplication table:

(34)

0
2

Si

t

V

A
A
A

0
2

e
2

e
2

t

V

V

A
A

βi

02

01

t

V

V

A
/a

t

t

t

t

V

V

A
/a

V

t

t

t

V

V

A
/a

A

t

t

t

V

A
A
/a

A

A
A
A
A
A
A
/a

/a

/a

/a'

/a'

/a"

/a'

/a'

/a'

It can be verified that W is an ordered idempotent semigroup. We
define two mappings φ and ψ of W into itself by

= Φi) = <P(t) = 9>(v) = 02,

<p(A) =

= v, f (0i) = Λ, ψ(t) = t W = f (/i) = Λ,

As is easily seen, these mappings have the following properties:
(a) both φ and ψ are monotone;
(b) both φ and ψ are semίgroup-homomorphisms;
(c) φ{g)ex = eλφ(g) = ^(^r), ^(^Λ - />(#) = (̂flr) /or every geW;
(d) φ(f(g)) = 0i0, ψ{φ{g)) = / ^ /or *weπ/ ^ e T7.

For brevity, we use notations:

Ψ\Q) = <P(<P(<P(9)))f * *

, t'(ff) =

Now we consider the system £Γ, consisting of pairs (i, fir) with i e Io

and fir e W, where 70 is the ordered additive group of integers as is
defined in § 6. In H, we define the order lexicographically and define
the multiplication by

(35) (<, g)U, h) =

\i + i9 gφ~%h)) if i < o ,

(i + i, gh) if i = 0 ,

(ί + i> gψKh)) if ΐ > o .
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Using the properties (a)-(d) of φ and ψ, we can prove that H is an
ordered semigroup. Finally, we consider the subset JllL of H consist-
ing of elements with

(36)

i ^ - 2 , g Φ elfflf or

i = - 1 , g ΦA, or

i = 0, g arbitrary, or

i — 1, 0 ^ ί, or

i ^ 2, flr ̂  /4 .

It can be verified that J11L is closed with respect to the multiplica-
tion, and so forms an ordered semigroup. Here we remark that the
ordered semigroup J11£ contains a subsemigroup which is isomorphic
to J01. In fact, we can verify that the following mapping of J0 1 into
J11L is an isomorphism into J11L:

(m, n)

\m — n, e2) if m = 0 ,

(m — n,t) if m = 1 ,

X m - t ι , / m ) if m ^ 2 .

EXAMPLE 6. Let W, φ and ̂  be the same as in the preceding
Example 5. We can verify that the system J12Σ9 consisting of pairs
(ί, g) with i e I09 ge W which satisfies

i£ -2, g^fif or

i = — 1 , g^t, or

i — 0, g arbitrary, or

i = 1, 0 =£ Λ, or

i ^ 2, ^ ^ 0!,/i,

forms an ordered semigroup, when we define the order lexicographi-
cally and define the multiplication by

(i, g)U, h) =

'(i + if 9ψ~

(i + if gh)

if i < 0 ,

if ΐ = 0 f

if i > 0 .ί + i, gφ\h))

Moreover we can verify that the mapping of J0 2 into JUL defined by

(n ~ m, e2) if m = 0 ,

(m, n) (n — m,t) if m = 1 ,

(n-m,fw) if m ^ 2

is an isomorphism into J12Z, and so J12Z contains a subsemigroup which
is isomorphic to J02.
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EXAMPLE 7. Let W be the system consisting of infinite ele-

ments ordered by

. . . < e3 < e2 < ex < t < v < Λ < f2 ,

and with the multiplication table arising from the table (34) by
means of replacing e2, elf t, v, flf f2, / 3 , by f2, fl9 v, t, eu e2, β8,

respectively. It can be verified that W is an ordered idempotent
semigroup. We define two mappings χ and ω of W into itself by

χ(/2) - χ(Λ) = X(v) - lit) = /2, χ(β,) = f»

X(e2) - v, χ(e8) = βa,

Λ) = el9 o)(v) = ω(t) = ω{eλ) = e2,

In a similar way as in Example 5, the system J 1 3 ί, consisting of pairs

(i, g) with i e Jo, g e W which satisfies

i£ - 2 , gΦel9f19 or

i = — 1 , Of ̂  βi, o r

i = 0, # arbitrary, or

i = 1, g ^ v, or

ί ^ 2, ff ^ β<

forms an ordered semigroup, when we order it lexicographically and

define the multiplication by

'(i + J, gχ-\h)) if i < 0 f

(h g)U, h) = -(i + j , gh) if i = 0 ,

.(ΐ + i, ^ ( ^ ) ) if i > 0 .

The mapping of Jos into J13L defined by

Um-nJ2) if m =0 ,

(m, w) —>j(m - n,v) if m = 1 ,

((m — w, em) if m ̂  2

is an isomorphism into JWL, and so J13Z contains a subsemigroup which

is isomorphic to J^.

EXAMPLE 8. The ordered semigroup J1AL consists of pairs (i, g)

with i e ί0, g e ί f ' which satisfies

i ^ —2, gr ̂  ^, or

i = — 1 , ̂  ^ v, or

i = 0, ^ arbitrary, or



REGULAR^ELEMENTS IN AN ORDERED SEMIGROUP 287

i = 1, 9 Φ βx, or

It is ordered lexicographically and has the multiplication

ί
(i + 3, go)~{(h)) if i < 0 ,

\i + 3, gh) if ^ = 0 ,

(i + i, 0Z*W) if i > 0 .

The mapping of JOi into J14Z defined by

ί(n — m,f2) if m = 0 ,

(m, w) —• Un — m, v) if m = 1 ,

((% — m, eTO) if m ^ 2
is an isomorphism into JUL.

EXAMPLE 9. The ordered semigroup J21Z is constructed from J11L

by identifying elements contained in each of the following four pairs:

(- l ,e 2 ) , (-1,60; (0,e2), (0, β l ) ; (0, *), (0,Λ); (1, v), (1,Λ) .

J21Z contains a subsemigroup which is isomorphic to J"01.

EXAMPLE 10. The ordered semigroup J22Z is constructed from J12Z

by identifying elements contained in each of the following four pairs:

J22Z contains a subsemigroup which is isomorphic to JQ2.

EXAMPLE 11. The ordered semigroup J23Z is constructed from J13Z

by identifying elements contained in each of the following four pairs:

J23Z contains a subsemigroup which is isomorphic to J03.

EXAMPLE 12. The ordered semigroup J24Z is constructed from JUL

by identifying elements contained in each of the following four pairs:

J24Z contains a subsemigroup which is isomorphic to Joi.

EXAMPLE 13. The ordered semigroup J31 is constructed from J11L

by identifying (i, t) and (ί, v) for each i ^ 1. J31 contains a sub-
semigroup which is isomorphic to Jol.
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EXAMPLE 14. The ordered semigroup JS2 is constructed from J12L

by identifying (ΐ, t) and (i, v) for each i ^ — 1. J32 contains a sub-
semigroup which is isomorphic to J02. Here we remark that the
ordered semigroup J32 is isomorphic to the dual of ordered semigroup
J31. In fact, we can verify that the mapping of the dual of ordered
semigroup J31 into J& defined by

\i, ψ-\g)) if i < 0 ,

(i,g)—(i,g) if i = o,

(i, φ'ig)) if i > 0

is an isomorphism onto J32.

EXAMPLE 15. The ordered semigroup J33 is constructed from JnL

by identifying (i, t) and (ΐ, 'y) for each i <; 1. J33 contains a subsemi-
group which is isomorphic to J03.

EXAMPLE 16. The ordered semigroup J34 is constructed from JUL

by identifying (i, ί) and (i, v) for each i ^ — 1. J34 contains a sub-
semigroup which is isomorphic to JOi. We remark that Ju is isomorphic
to the dual of ordered semigroup J33.

EXAMPLES 17-24. The ordered semigroups J11B, , J2iR are multi-
plicative dual to J11L, , J24z> respectively.

These 24 ordered semigroups given above are called ordered J-
semigroups. Ordered J-semigroups Jol, J02, J03 and Joi are called
fundamental ordered J-semigroups.

9 Regular pair of infinite order (2). In this section, the nota-
tions of elements enf fn, t, v and the notations of conditions (A)-(D')
are used just as is defined in § 7. In § 7, we divided the investiga-
tion of a regular pair of infinite order into two cases, and Case 1
was studied in that section. Now we study Case 2. Thus, in this
section, we suppose that (p, q) is a regular pair of infinite order
such that q g p and e2

Case 2 is divided into two subcases:

Case 2L: the subcase of Case 2 when (p, q) is L-typed;

Case 2R: the subcase of Case 2 when {p, q) is R-typed,
and moreover Case 2L is divided into two subcases:

Case 2L1: the subcase of Case 2L when the condition (C) holds;
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Case 2L2: the subcase of Case 2L when (C) does not hold.
Now we consider Case 2L1. Thus we assume that (p, q) is L-

typed and satisfies (C). Then, by Lemma 12, the condition (A') holds.
Hence {ej^)e2 = e^f^) = ejly and so, since e2 Έ£ eJx{Ό^), we obtain
βa/i — ^fe/i) Φ e2. Hence (D) does not hold, and so, by Lemma 12,
(B') does not hold. Hence (A) and (C) hold. Moreover, by Lemma 11,

(37) e2 == e3 = e, = .

Since (p, q) is L-typed, we have, by Lemma 3,

Now we denote by E the set consisting of elements e2, eu ί, ^,/χ,

We have ex < t. In fact, otherwise, we would have ex = βi/x and
so, by Lemma 10, e2 = βa/i, which is a relation in (D). We have
/i < Λ In fact, otherwise, we would have fx = f2 and so exfx — exf2,
which is a relation in (B'). We have fn < fn+1 for every n ̂  2. In
fact, otherwise, we would have fn = / n + 1 . Without loss of generality,
we assume that qp g pq. Then, by Corollary of Lemma 9, en = g*j)*
and / w = pwgw. Hence, by (37), (A) and (A'), we would have

e2 = en = qnpnqnpn = g % / ^ = gw/%+1p
w

which contradicts that e2 ̂  e1 < ί. Thus the elements of E are
ordered by

(38) e 1 ^ e 1 < t ^ v ^ / 1 < / a < / 8 < . . .

Using Lemma 10 and conditions (A), (A'), (C), (C), we can verify that
the elements of E are multiplied together just as in the table (34)
in Example 5 in § 8.

Case 2L1 is divided into two subcases:

Case 2L11: the subcase of Case 2L1 when qp ̂  pq;

Case 2L12: the subcase of Case 2L1 when pq ̂  qp.

Now we consider Case 2L11. Then en — qnpn, fn = pnqn, and so,

by (C) and (C),

(39) qp" = p2 , tf3p - g2 .

Moreover, by ejx = ej^ and fλeγ = / A / I , we obtain

(40) p2tf = ̂ 2(?2ί) , q2p = g 2 ^ .
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Now we consider the mappings φ and ψ of E into itself which have
been defined in § 8, that is,

φ(e2) = φ{ex) = φ(t) = φ(v) = e2, φ{fx) = eu

eί) = Λ, f (t) = ψ(v) = t(Λ) - Λ,
t(/2) = /., t(Λ) = Λ,

Then, by (39) and (40), we can verify that

(41) qg = ^(^)d' , P0 = ^(ί/)ί> for every geE .

Moreover, as is shown in § 8, φ and ψ satisfy the conditions: (a)-(d)
given there. Hence, if I ^ m + 1, then

φι(g)qm+1pn+1 = φι(g)qme1p
n = φι(g)φm(e1)qmpn

= φm(φι-m(g)e1)qmpn = φm(φι~m(g))qmpn = φι(g)qmpn .

Similarly, if £ ̂  m + 1, then we have

ψι(g)pm+1qn+1 = ψι(g)pmqn .

Using these relations, we can verify that

(gqmhqn = gφm(h)qm+n ,

(42)

(43)

W/& = gφm{h)qm ,

(gφm(h)qm~n if m > n ,

gqmhpn = \gφm(h) \ί m = n ,

[gφm(h)pn-m if m < n .

(gpmhpn = gψ™(h)pm+n ,

p^h = gψm(h)pm ,

( gψm{h)pm~n iί m > n ,

gψm{h) iί m = n ,

gψm(h)qn~m ii m < n .
Now we denote by /* the set consisting of elements of the forms
00*ι 0P* or # with # e £/ and natural number w. By (42) and (43),
we see that J* is a subsemigroup, which is then clearly the sub-
semigroup generated by regular pair (p, q).

Since q = exq9 we have

(44) vq = Λ? .

By (44) and e2g
2 = q2 = β^2, we have

(45) e2g* = β^ , vqn = fxq
n for n ^ 2 .
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Since tp = qp2qp — qp2 = q2p* = e2p gΞ exp fg tp, we have

(46) β2p = eΎp — tp .

If n ^ 2, t h e n fnp
n = pnqnpn = pn ~ qpn+1 — q2pn+2 = e2p

%, and so,

(47) β2p
π = β^* = £p* == t p* = fxp

n = -. . = /np» f or w ̂  2 .

We have fnq
m+1 < e2q

m, for, otherwise, we would have

qm+n+i __ qnfnq™+1 ^ g % g m == φn(e2)qm+n = g m + % ,

which contradicts Lemma 9. Therefore we also have fnq < β2. We
have eλq

n < ίg%, for, otherwise, we would have

en - eτq
npn ^ ίg p = ten = t ,

which contradicts (38). Similarly we obtain fnq
m < fn+1q

m. We have
fnVm < e2p

m+1

9 for, otherwise, we would have

JnJmQ — JnP Q = QiV Q ~ β2Jm+1 = e2 y

which contradicts ftq < e2. If m ^ n, then we have fmpn < fm+iPn,
for, otherwise, we would have

which contradicts (38). Thus the elements of J * are ordered by

. . . < e2q
2 < tq2 ^ vφ < f2q

2 < fBq
2 < < e2q S e,q < tq

<48) ^ vq < f2q < f,q < < e2 ^ β l < t ^ i; ̂  Λ < / 2 < / 3 <

< ΛP 2 < .

LEMMA 15. In this Case2Lll, the following four conditions are
•equivalent to each other:

= Λp, v = Λ, e2 = βx, 62g = eλq .

Proof. If vp = /dp, then v = vpq = /xpg — /1# If v = /2, then
#2 = Qvp = qfiP = 0i. If e2 = elf then clearly e2(7 = exq. If β2g = eλq,
then t p = pe2gp = peλqp — p — fxp.

LEMMA 16. In this Case 2L11, all the following conditions are
equivalent to each other:

• , tq3 = vq\ tq2 — vq2, tq — vqy t = v, tp ~ vp .

Proof, lί t = v, then clearly tqn — vqn and tp = 'yp. If £p = i p,
then ί = tpq = ^ pg = v. Similarly, if ίgw = vqn for some ^, then t ~ v.

Now we investigate Case 2L11 by dividing into several subcases.
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1°. Subcase of Case 2L11 when e2 Φ elf t Φ v.

By Lemmas 15 and 16, all the elements of J * written in (48)
are different. We consider mapping of J11L of Example 5 in § 8 into
7*:

(49)

ίgpn if n > 0 ,

(n,g)-+ \g if n = 0 ,

[gq-n if n < 0 .

By (36) in § 8, this mapping is one-to-one and onto. Moreover it is
order-preserving. Furthermore, comparing (35) in § 8 to (42) and (43),
we see t h a t this mapping is an isomorphism. Thus J * is isomorphic
to J1 1 Z. We remark, by the above isomorphism, ( — 1,^) and (1,Λ)
are mapped into q and p, respectively.

2°. Subcase of Case 2L11 when e2 = ely t Φ v.

By Lemmas 15 and 16, J * is isomorphic to J21L of Example 9 in § 8

3°. Subcase of Case 2L11 when e2 Φ elf t — v.

By Lemmas 15 and 16, / * is isomorphic to Jn of Example 13 in § 8.

4°. Subcase of Case 2L11 when e2 = elf t = v.

By Lemmas 15 and 16, J * consists of elements

• < e2φ < tq2 < f2q
2 < f3q

2 < . . . < e2q < tq < f2q < f3q < - - •

• < e2 < t < f2 < /, < . . . <tp<f2p<f3p< . . <f2p
2

< / s P 2 < ••• .

We can verify tha t the mapping of JQ1 into J * defined by

'e2q
n if m = 0, n > 0 ,

e2 if m = n = 0 ,

tq71-1 if m = 1, n > 1 ,

t if m = n = 1 ,

ίp if m = 1, w = 0 ,

/mg%-m if m ^ 2, m < n ,

/ m if m ̂  2, m = n ,

fmpm~n ifra^2, m > ^ ^ 0

is an isomorphism onto / * .

(m,
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Similarly we can discuss Case 2L12.
Now we consider Case 2L2. In this case, (C) does not hold, and

so, by Lemma 12, also (A') does not hold. Hence (B) and (D') hold,
and so, by Lemma 12, also (B') and (D) hold. Thus we can argue in
a similar way as in Case 2L1.

We can discuss Case 2R in a similar way.

THEOREM 5. Using the notations given in (12), let (p, q) be a
regular pair of infinite order such that q ^ p and e2 -φ. βi/iί-D*), let
J* be the subsemigroups generated by (p, q), and let Jol — J2iR be the
ordered J-semigroups given w § 8 .

(a) / / qp ^ pq, e2 = elf t — v, then J* is isomorphic to J01;
(b) if pq ^ qp, e2 = elf t = v, then J * is isomorphic to J02;
(c) if pq g qp, fx = f2, t = v, then J * is isomorphic to J03;
(d) if qp ^ pq, fx = f2, t = v, then J * is isomorphic to J04;
(e) if (p, q) is L-typed, qp S pq, Λ ^ f2elf e2 Φ eu t Φ v, then

J* is isomorphic to J11Σ;
(f) if (p, q) is L-typed, pq ^ qp, fx ^ f2ely e2 Φ eu t Φ v, then

J* is isomorphic to J12L;

(g) if (p, Q) is L-typed, pq ^ qp, f2e± < fu Λ Φ f%, tΦ v, then
J* is isomorphic to J13L;

(h) if (p, q) is L-typed, qp g pq, f2ex < flf Λ Φ /2, t Φ v, then
J* is isomorphic to JUL;

(i) if (p, q) is L-typed, qp ^ pq, fλ ^ f2ex, e2 = el9 t Φ v, then
J * is isomorphic to J21L;

(j) if (P, Q) is L-typed, pq ^ qp, fx ^ f2eu e2 = e19 t Φ v, then
J * is isomorphic to J22Z;

(k) if (p, q) is L-typed, pq ^ qp, f2ex < fu f± = /2, ί ^ v, ί/^eπ
J* is isomorphic to J23L;

(1) if (P, 0) is L-typed, qp ^ pq, f2ex < fx f± = / a , ί ^ v, then
J* is isomorphic to J24Z;

(m) if qp ^ pg, e2 Φ elf t — v, either (p, q) is L-typed and fτ ^
f2eλ or (p, q) is R-typed and f± ^ ej2, then J* is isomorphic to J31;

(n) if pq ^ qp, e2 Φ elf t = v, either (p, q) is L-typed and fτ ^
f2e1 or (p, q) is R-typed and f± ^ eλf2, then J* is isomorphic to J32;

(o) if pq ^ qp, fx Φ f2, t = v, either (p, q) is L-typed and
fφi < /i or (p, q) is R-typed and ej2 < fu then J* is isomorphic to J"33;

(p) if QP ̂  pq9 Λ ^ Λ, ί = v, either (p, q) is L-typed and f2ex < fx

or (p, q) is R-typed and ej2 < fl9 then J* is isomorphic to J34;

(q) if (p, q) is R-typed, pq ^ qp, A ^ ej2, e2 Φ elf t Φ v, then
J* is isomorphic to J11R;

(r) if (p, q) is R-typed, qp ^ pq, fx ^ ej2, e2 Φ eu t Φ v, then
J* is isomorphic to J12R;
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(s) if (p, q) is R-typed, qp ^ pq, ej2 < flf f Φ f2, tΦ v, then
J* is isomorphic to JnR,

(t) if (p, q) is R-typed, pq ^ qp, ej2 < flf fτ Φ f2, t Φ v, then J *
is isomorphic to J14B;

(u) if (p, q) is R-typed, pq ^ qp, f g ej2, e2 = elf t Φ v, then
J* is isomorphic to JΆR,

(v) if (p, q) is R-typed, qp <; pq, Λ ^ ej2, e2 = elf tφ v, then
J* is isomorphic to J22R;

(w) if (p, q) is R-typed, qp g pq, ej2 < flf Λ = f2, tΦ v, then
J* is isomorphic to /23β;

(x) if (p, q) is R-typed, pq ^ qp, ej2 < flf fx = f2, tΦ v, then
J* is isomorphic to J2iR.

COROLLARY. Under the assumptions of Theorem 5, J* contains
a subsemigroup which is isomorphic to one of the fundamental
ordered J-semigroups.

§ 10. Applications. A semigroup S is called an inverse semi-
group if every element of S is regular and each pair of idempotents
of S commute (Munn and Penrose [6]). It can be seen that every
subsemigroup of an inverse semigroup S in which every element is
regular is an inverse subsemigroup. Hence, by Corollary 2 of Lemma
5, for a regular pair (p, q) of S, the subsemigroup generated by (p, q)
is an inverse subsemigroup. Now we see that, except 70, Jol, J02, Joa

and Jo4, all ordered semigroups given in examples in §§ 4, 6 and 8 are
not inverse semigroups. Hence we have

THEOREM 6. Let (p, q) be a non-idempotent regular pair of an
ordered inverse semigroup. Then the subsemigroup generated by
(p, q) is isomorphic to either the additive ordered group 70 of integers
or one of the fundamental ordered J-semigroups.

Evidently fundamental ordered J-semigroups are not commutative.
Hence we have

THEOREM 7. Let (p, q) be a non-idempotent regular pair of an
ordered commutative semigroup. Then the subsemigroup generated
by (p, q) is isomorphic to the additive ordered group Io of integers.

REFERENCES

1. N. G. Alimov, On ordered semigroups, Izvestiya Akad. Nauk SSSR., 14 (1950),

569-576 (Russian).

2. A. H. Clifford, Totally ordered commutative semigroups, Bull. Amer. Math. Soc, 64

(1958), 305-316.



REGULAR ELEMENTS IN AN ORDERED SEMIGROUP 295

3. J. A. Green, On the structure of semigroups, Ann. of Math., 54 (1951), 163-172.
4. E. S. Lyapin, Semigroups, I960 (Russian).
5. D. D. Miller and A. H. Clifford, Regular D classes in semigroups, Trans. Amer.
Math. Soc, 82 (1956), 270-280.
6. W. D. Munn and R. Penrose, A note on inverse semigroups, Proc. Cambridge Phil.
Soc, 5 1 (1955), 396-399.
7. G. B. Preston, Inverse semigrougs, J. London Math. Soc, 29 (1954), 396-403.
8. — 1 Representations of inverse semigroups, J. London Math. Soc, 29 (1954),
411-419.
9. T. Saitδ, Note on semigroups having no minimal ideals, Bull. Tokyo Gakugei Univ.,
9 (1958), 13-16.
10. , Ordered idempotent semigroups, J. Math. Soc. Japan, 14 (1962), 150-169.
11. M. G. Thierrin, Sur une condition necetsaire et suffisante pour qu'un semigroups
soit un groupe, C. R. Acad. Paris, 232 (1951), 376-378.

TOKYO GAKUGEI UNIVERSITY, JAPAN






