
ON THE NORLUND SUMMABILITY OF FOURIER SERIES

B. N. SAHNEY

1. Let f{x) be a function integrable — L over the interval (—π, π)
and periodic with period 2τr, outside this interval.

Let

(1.1) Φ(t) - i{f(x + t)+ f(x - ί) - 2six)} ,

and

oo

(1.2) i α0 + Σ (α^ c o s wα? + &n Sin nx)
l

be the Fourier Series of the function
Norlund Summability of Fourier Series (1.2) has been considered

by Woronoi [6] and later on by Norlund [4], These results have been
extended by Hille and Tamarkin [2], [3], and later on by Astrachan
[1], Recently, extending a result due to Hille and Tamarkin [3],
Varshney [5] has proved the proved the following:

THEOREM. V. If the sequence {pn} satisfies the following con-
ditions:

(1.8)
log n

2
k=o log (k + 1)

and

2
k=o k log (fc + 1)

and also if

(1.6) Φx(ί) = J J ^(^) I d^ =

fcβ Fourier Series (1.2) associated with the function φ(t) is
summable by Norlund means i.e. summable (N, pn) to the sum zero
at the point t — x.

The object here is to prove the following:

THEOREM. If the sequence {pn} satisfies the following conditions
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(1.7)
(log nγ

and

2k=o {log (k + l)}r

αiso if

(1.9) ^(ί) - J]I φ(u) I dw - θ{ί/(log-ί)r}

(i.io)
ί V t

then the Fourier Series (1.2) associated with the function φ(t) is
summable by Norlund means i.e. summable (N, pn) to the sum zero
at the point t — x for all 0 ^ r ^ 1.

2. The following notations will be used in the sequel.

We write Sn(x) as the wth partial sum of the series (1.2) and the
Norlund transform of the partial sum of the series (1.2) we denote
by σn(x).

Also we write where Pn = P(ri) ,

(2.1) ^ ( ^ i ^ .
πPn fe=o t

We recall that the conditions of regularity of the method of sum-
mation are

(2.2)

and

(2.3)

(3.1)

then

L If we write

we have

k=0

{pJP.

« ) = •

» - Σ I P * I < C | P . I

J —» 0 as n — oo .

1 [* ί Λ Sin(Λ+l/2) i
π Jo ί
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πP{n) Jo \*=o ί

= [ φ(t)Nn(t)dt
JO

= ( Γ + L +

(3.2) = I, + I2 + I3, say

where <? is fixed.
Hence

= - έ " T Γ ^ r - Σ (P* Sin (TO - fc
πP(n) J*ln t k = 0

= J Γ -έίίl Σ P^Sin (w + i)t cos fct - cos (w + 4)t Sin
πP{n) Jπ!n t A=0

(3.3) = / a t l - / 2 , a say.

Now, if we write

4

ln t

S i n ( ^ + i)ί•{Σ + Σ}pkcosfct dt

Sin (n + h)t Σ ^ cos ktdt

(3.4) + _ J _ ^ j M..Sin(n + J ) t Σ P * cosfct. dt
πP(n) Jln t kt>l

ϊrτ\

πP(n) Jπln t

(3.5) = J2 i l f l + /2>li2 , say.

4 We shall require the following lemma.

LEMMA. If we write

(4.1) \p*\ = rn, Rn - r0 + n + r2 + -

and

(4.2) r(u) = rM , R(u) - RM

where [u] denotes the integer (largest) ^u, and

(4.3) F f l Ξ 0 , V* = Σ l ί > * - P * - i l ,



254 B. N. SAHNEY

then we have, from (3.4) ,

(4.4) ^ > P ί C o s l

and

(4.5) IΣ21 = j{r(j) + Φ) + V(n) - F ( j - - l)} .

This is known Hille and Tamarkin [3].

5 Now we shall prove the theorem.

Proof. Since

ii =-\π'n Φ(t)Nn(t)dt
π Jo

= λ-\π'n\φ(t)\O(n)dt
π Jo

= O(«)R(ί)l;' by (1.9)

(5.1) =0(1) , as %-^c

From (3.5) and Lemma, above, we have

ίψ.Sin
πP(n) J*in t

= 1 f
7ΓP(^) J*/»

by the regularity of the method of summation.

τrP(%) Jo (ί + πjri) \ t + π/n

\ Sinntp()dt Γ
2πP(n) )*in t \ t I 2πP(n) Jo t + π/n

t + πjn

P S i n n i P ( > + C
2πP(n) }*in t \tJ 2πP(n) Ja-*/» ί

ildί p SinntP(
ί / 2τrP(%) Jo (t + π/n) \ t + π/n
1 [ 8 - ^ + τ r M ) S i n w t p / 1

2ττP(w) J«/ (ί + π/n) \ t + πjn
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Γ Ί p ) P(
2πP(n) J*/» I ί V t ) t + πln V ί + ττ/

1 )} SiSinntdt

p S i n w t f (
2πP(n) Jo t + πjn \t +

1 )
πjns dt

ψpίlλsίlλsm
\ t /

ntdt+ Γ̂ ψpί
2πP(n) h-njn t \ t
1 \*~πln\[Φ{t) p(l\ _ Φjt + πjn) pίl\\

2πP(ri) )πln Ll ί V t / t \tJ)

+ ίΦ(t + πln) p/l\ _ Φ(t + π/n)p/ 1 \ |
I ί V ί / ί V ί + πln))
ίΦ
I pf p

ί V t + π/n) t + πln \t + π/n
_ _ ^ _ f-'• #(t + π/n) S i n % ΐ P ( 1 \dt

2πP(n) Jo t + πln \t + π\n)

27rP(π) Jί-«/»

"*ίlΦ(t) -
I

π /w)] P(l
\ t dt

( [ P (
2πP(ri) \)*in I ί \ t

+ [P(λ\ - P(__L
L V ί / V ί + π/n

+ P ( ^ )ψ(t + π/n) ^ 1 Sin »t dί
\t + πln / ί(ί + π/n) 1

* * + *'*> SiP Sin »ίP(
o ί + π/n \ t + π/n

W-Sinntp(l-)dt)
δ-π/n t V t I f

+ o(l)

(5.2) - (Pλ + P2 + P8) + P 4 + P5 , say.

By virtue of (1.10) we have

(5.3) Px = o(l) , as n

Also

±) - P( 1 )} Sin nί
ί / \ t / ) )

t \P() P(
)*in t I V ί / \t + π/n

Since, for all 0 < 1/α < 1//9, we have
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Hence

= o(-i ){ίβ w + xM&r
\P(n)/ ijx/n t J

l

θ(_L- ίδ \Φ(t + πln) I r (—1—W)ί\Φ(t + πln) I r(

(5.4) = P1Λ + P 2 , 2 + P 2 i 3 say.

Now

π/Λ) -ί Γ
ί Jl

2 J

P(»)/J«/ ' ' t \t

(5.5) = P,.!., + P2, l i 2 + P,.,,, , say.

We have

( ) } by (1.9)
l/(ί+. c/n) J/

(5.6) = o(l) , as w-» oo , by (1.8).

And

P 2 1 2 = ,θ(^—)j of ^
\P(n)/i*ι* \(\ogllt

~ V P(n) / J*/» t(log l/ ί) r Ji/ίί+ίc/*)

- o( — — J r(s)ds 2ί
Vp(^)/Ji/(δ+^) y J<i/.>-*/»ί(logl/ί)r

by change of order of integration.

= o(-LΛ \nl* r(s)ds

\P(ri)/ JUtf+x/n)

(1.9)

P(n)) Jiuδ+xin) (log l/s)r

(Iθgl/S)r

! * * * / « ) + 0(1)
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= o( ) 2 — + o(ΐ)
V P(n) / k=o (log (k + l)) r

(5.7) = o ( l ) , as n-*az , by (1.8).

Finally, considering Pa i l,3, we have

r{χjt) d t

\P(n)/ J«/« (log l/ί) r

(5.8) = o(l) as »— co , by (1.8).

Thus from (5.5), (5.6), (5.7) and (5.8) we see that

(5.9) P 2 1 = o(l) as TO -> co .

Estimating P 2 2 we find that

_L-W*,(t)r(iU
P(n)J IL ; V ί / t

*/«

Here, the integrated part is o(l), by virtue of (1.7) and the fact
that P(n) —• cx3 as w —> oo. The second part is

τ ) f by(1-9)

\P(ri)J J*/*

- o(l) , by (1.8).

The third term is

(log l/ί)

f ln

- o ( l ) as n->oo , by (1.8).
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Thus we see that

(5.10) ^2,2 = 0(1) as n—»oo.

Similarly, we can show that

(5.11) Pa.8 = o(l) as n->co .

Hence by (5.4), (5.9), (5.10) and (5.11) we get

(5.12) P2 = o(l) as w->oo .

Evaluating P3 we have

*/n

= o ( - ) + o( 1

 Λ r ) by (1.9)
\ίi/ V (log%)r /

(5.13) = o(l) , as n —• oo .

And

P 4 = 1 [*'nφ(t + JΓ/Λ) Sin nί
27rP(%) Jo

ί / ί

.P(Λ)/J«/ . \ ί / t

= O(n)j*%(t)|(it

= 0(—ί-_) , by (1.9)

(5.14) =o(l) as Λ — C O .

Also

( » ) / j ί - « / » i n ; ι \ ί / t

(5.15) = o(l) ,

by the regularity of the method of summation and since the interval
(δ — π/n, δ) tends to zero as n—><χ>.
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Consequently from (5.2), (5.3), (5.12), (5.13), (5.14) and (5.15) we
have

(5.16) J 2 1 1 = o(l) , as n—> co .

Now

S i n

•

P(ίi)/J*/» ί I ί ί

+ τ [ F ( w ) ~ F ( τ ~ ^ I H ' by (4 5)

(5.17) = Qi + Q, + Q, , say.

We have

P(n)/J*ι»

= o( x V.ϊo\P()AL {iogi/ί}

+ Γ o^ )—dr(—)} by (1.9).
J»/ V{logl/ί}v ί2 Vί /J 7

Here the integrated part is o(l), by (1.7) and the fact that P(n)
as n —» co. Also the second term is

o. J-Mδ r(lY±
P{n) J J«/» V ί / ί2 (log 1/ί)1-

P(w)/J /.
n h I n ^ j

P(n)) *=» (log (k + ϊ))r

= 0(1) by (1.8).

The third part is

/ 1 \[ίls sdφ)
\P(n)J)ni*(\ogsY

^o (log (fc + 1))'

= o(l) as n —* oo , by (1.8).

Thus we see that

(5.18) Q2 = o(l) as n->oo .
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Now

P(n)/J«/

P(n)/\\ Vs Λ/ J«/

o() + o( )

>P(n)/ J^ί2(logl/ί) r

o\ \ -\- o(l) +
I n J P(n)(\ognγ

(5.19) =o(l) as

Lastly

?c/» ί 2 \ ί

The integrated part is o(l), by (1.7) and the fact that

n 7 I I

j ^ Ξ y K \Pk ~~ Vk-i I . j | r Ξ ( ) t

k=o (log (fc + l)) r

Then, by (1.8) we have

n

vn = Σ I Pk — Pk-i I

fc

= Σ

Now the second term is
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- Γ ίv(n) - V(λ -
p(n)

P(n) Ji/s(logs)r

B(n)
{V(n) - V(s - 1)}

1)}' J I P ( Λ ) {log (» + 1)}' /P(») ^o {log (fc +

which is o(l), by virtue of (1.7), (1.8) and the fact that Vn = o{P(ri)}.
The third term is

•8\dV(8-l)\

which is o(l), as in the case of second term.
Thus we have

(5.20) ζ>3 = o(l) as n-*oo .

From (5.17), (5.18), (5.19) and (5.20), we have

(5.21) J2( l i2 = o(l) as n—» ^ .

From (3.4) (3.5), (3.16) and (5.21), we see that

(5.22) I2>1 = o(l) as w —> π> .

Similarly, we can show that

(5.23) J2(2 = o(l) as n -> oo .

From (3.3), (5.22) and (5.23) we get

(5.24) I2 = o(l) as n -> co .

Lastly by Riemann Lebesgue Theorem and the regularity of the
method of summation, we have, as n—> oo

(5.25) J8 = o(l) .

Collection of (3.2), (5.24) and (5.25) as n—> co, completes the proof
of the theorem.

I am much indebted to Professor M. L. Misra for his valuable
guidance during the preparation of this paper.
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