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CONTRACTIVE PROJECTIONS IN Lp SPACES

T. ANDO

Let (42,21, m) be a finite measure space and Lp (1 < p < oo)
the Lebesgue space of all complex valued measurable functions
whose absolute p-th powers are integrable. Given a closed linear
subspace of Lp, the operator which assigns to / the function
in the subspace with minimum distance from it is continuous,
idempotent, but not linear in general except the case p = 2
when the operator is just an orthogonal projection. A problem
is to determine when such an operator Q is linear. It is linear
if and only if P = /— Q is a contractive projection, 'i.e., a linear
idempotent operator with 11 P \ | ^ 1, so that the problem takes
an equivalent form to give complete description of contractive
projections in Lp. In this paper the problem will be settled in
the latter form, not only for 1 < p < oo but also for 0 < p ^ 1.

Recall an important class of contractive projection; given a Borel sub-
ring 33 with maximum element β, consider for each fe Lp (1 g p < co)?

a general measure v(A) — \ fdm defined on the Borel subfield gener-
ated by 33 and Ω, then the operator E^ which assigns to / the Radon-
Nikodym derivative of v with respect to the measure m restricted on
the subfield is called the conditional expectation relative to 33. A con-
ditional expectation is a contractive projection in each Lp (1 ^ p < oo).
When a Borel subring consists of all measurable sets contained in a
fixed B, the conditional expectation operates as the multiplication by
the characteristic function of B; in this case PB is used instead of E%.
The operator PB can be considered a contractive projection in each Lp

(0<p< oo).

Recently Douglas [2] gave a characterization of a contractive pro-
jection in Lλ to reveal a role of a conditional expectation, while Rota
[6] treated Lp (1 ^ p 5g oo) case under an additional condition. A
point of this paper is in the reduction of general case 1 < p < oo to the
case p = 1 (Theorem 1). Roughly speaking, every contractive pro-
jection is isometrically equivalent to a conditional expectation in case
1 ^ P < °° (Theorem 2), and is of PB type in case 0 < p < 1 (Theorem
3). A geometric description of a range of a contractive projection can
be derived; a closed linear subspace can be a range of a contractive
projection if and only if it is of Lp type, i.e., isometrically isomorphic
to some Lp space, in case 1 ^ p < oo and consists of all functions
which vanish outside a fixed measurable set in case 0 < p < 1 (Theorem
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4). When l<p< oo, transfer to the conjugate space shows that,
given a closed linear subspace, the operator which assigns the func-
tion in the subspace with minimum distance is linear if and only if
the quotient space with respect to the subspace is of Lp type (Theo-
rem 5).

The results in this paper will make it possible to establish point-
wise convergence theorems for a sequence of contractive projections
and for a sequence of predictions, as treated in [1], under general
setting. This will be published elsewhere.

2* Reduction* In what follows, a measurable function and a
measurable set are called simply a function and a set respectively.
For a set A, χΛ is its characteristic function and Ac denotes its com-
plement, f^g and A 3 B mean f(ω) ^ g(ω) almost everywhere and
m(B — A) — 0 respectively. {/ > a) stands for the set {ω: f(ώ) > a}
and the support of / is the set {|/| > 0}. For a real number r the
power fr is defined by

and || f\\p is the Lp-norm (0 < p < oo):

Two functions which are equal almost everywhere are identified.
If P is a contractive projection in Lp (1 < p < oo)? its adjoint

P* is a contractive projection in Lq with p-1 + q-1 — 1 and there is
nice duality between the range 9ΐP of P and 3ΐP*, that of P*.

LEMMA 1. If P is a contractive projection in Lp (1 < p < oo),
then / e 3ΐp is equivalent to fr e 3ΐP* with r = p — 1.

Proof. By duality, it suffices to prove that Pf — /implies P * / r =
/ r . Suppose that Pf = f9 then by Holder's inequality

= \f-Pψdmi£\\f\\p-\\P*f'\\q

I I / Ί I . = 11/11?,
so that P * / r = / r , because there is only one function h (up to scalar)

for which \\f\\p || h\\q = / Mm.

An immediate consequence is that a closed linear subspace of Lp

(1 < p < oo) can be a range of at most one contractive projection; in
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fact, if Pu P2 are contractive projections with 3ΐPi = 3ΐp2, then by
Lemma 1 3ΐP* = 9ΐP*, hence 9t/_Pl = ?HI^P2 because 3ΐi_Pl, say, is the
annihilator of 3ΐP* by duality theorem, and Px = P2 follows. In par-
ticular, a contractive projection in L2 is an orthogonal projection.

A linear operator T is called positive, if # Ξ> 0 implies T# Ξ> 0.
A consequence of the positivity is that for all /

\Tf\^T\f\,

which can be proved through the approximation of / by step-functions.
Clearly T is positive, if TχA ^ 0 for all A.

LEMMA 2. If T is a contraction in Lp (0 < p ^ 1) which makes
constant functions invariant, then it is necessarily positive and for
all sets A

TχΛdm = \χΛdm .

Proof. Since T is a contraction and Tl — 1 where 1 denotes the
constant function with value 1,

[ldm = ί lpdm

' dm + II TχAo\pdm

+

\ldm

it follows that

= \

I Tχ A + TχAc

and

so that, on account of the property of the function | ξ |p, TχA and TχAc
have the same signature when p = l, and TχA-TχAc = 0 when 0 < p < 1
{cf. [5]), hence in any case TχA ^ 0, because

TχA + TχAc = 1
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The second statement in the assertion is immediate when p = 1, and
follows from the observation that TχΛ is a characteristic function,
when 0 < p < 1.

THEOREM 1. A contractive projection P in Lp (1 < p < °oy p Φ 2)
which makes constant functions invariant is contractive with respect
to Lrnorm, i.e.,

\\Pg\dm S\\g\dm for geLp .

The same conclusion is true, when p — 2 and P is positive in
addition.

Proof. (1) The case 1 < p < 2. If / e 3lP, by Lemma 1 / r

and constant functions are in 3ΐP* with r = p — 1, so that 1 + ε/r is
in it for all 1 > ε > 0. The interchange of role between P and P*
shows that (1 + ε/r)1/r is in 9ίP. Consider the function

Since

/'(ω) = {φ>) + b(ω)V~=Λ} \f{ώ)

where α(ω) = Re(sgn/(ω)) and b(ω) = Im(sgn/(ω)), and

{1 + eΓ(ω)Y'r = {1 + e/'(ω)H 1 + ef'(ω) l^'1 ,

with c(ω) = e \f(ω) \r and s = (1 - r)/2r, it follows

x {1 + 2α(ω)c(ω) + c2(ω)}s ,

so that

Λ.(ω) = /r(ω) {l + 2α(α>)c(ω) + c\ώ)}s

+ I /( ω ) |r {l + 2α(ω)>c(ω) + c » } s - 1

with the convention 0 x ^ = 0 . The modulus of the first term of
the above formula is majorated by |/(ω)| r{l + |/(ω)|r}2s, which is, in
turn, majorated by α{l + |/(ω)|} with a constant a. The modulus
of the second term is majorated by β \ f(ω) \r with a constant β at
every point ω where c(ω) > 1/2, and at a point ω where 0 < c(ω) ̂  1/2
the mean value theorem shows
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2a(ω)-c(ω) + c\ω)}s

< d for a constant d ,
c(ω)

so that the modulus of the second term is majorated by

everywhere with some constant 7. Since \f\r is in LP because of
1 < p < 2, the conclusion is that hε(ω) converges dominatedly in Lp,
as ε—>0, to {a(ω)/r + b{ω)V — l}-\f(ω) | r, which is in 5RP as a result.
In the same way, consider {]/— 1 + sfr(ω)}llr to prove that

is in J?p. These together show that {a(ω) + δ(α>)τ/ — l} |/(ω) | r i.e.,
/ r(ω) by definition, is in 3ΐP (and, of course, in 3ΐP*). Prove by in-
duction that frn is in 5RP* for all w, then since 0 < r < 1, / r ί l converges
dominatedly by 1 + \f\r in L ? almost everywhere to sgn (/) where
p~ι + (Γ1 = 1. Now given ge Lp, let f ~ Pg, then

= lim \Pg.frndm

= lim \g-P*fr%dm

= lim ί# / r"dm ^ (| gr | dm .

(2) The case 2 < p < 00. Since the adjoint P* makes constant
functions invariant by Lemma 1, the preceding proof shows that P*
is contractive with respect to L^norm, so that it is positive by Lem-
ma 2. Given geLp, let h = sgn(P^), then by the positivity

\\Pg\ dm = \Pg hdm

[\g\ P*\h\dm ^

r| dm .

(3) Of #> = 2 and P is positive, the adjoint P* is obviously
positive, so that the same arguments as in (2) are valid. This com-
pletes the proof.
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It should be mentioned that Rota [6] proved an equivalent form
of Theorem 1 under an additional hypothesis (the averaging property)
that Pg Ph = P(g Ph) for bounded functions g, h.

Theorem 1 will make it possible to reduce the study of contrac-
tive projections in Lp (1 < p < <*>, p Φ 2) to that of the case p — 1.
For this purpose some preliminaries are necessary.

LEMMA 3. A closed linear subspace 2JΪ of Lp (0 < p < oo) con-
tains a function with maximum support, that is, there is f e 2JΪ
such that Sf Ξ> Sg for all g e 2R, where Sf and Sg are supports of f
and g respectively.

Proof. Obviously there is a sequence {/,•} £ 2JΪ such that | |// | | p = 1
and UΓ=i sf} 2 Sg for all # e 2K. Starting with ^ = 1, AQ = 0 , and
70>Jb = 1 (& = 1, 2, •), construct by induction the sequences {aό}, {jj,k},
and {Aj} (j = 1, 2, k = j + 1, •) which together obey the require-
ments:

( a ) 2-*g: 7i,* ^ 7 i+if* > 0 for k ̂  i + 2,
( b ) S^ a A, and m(S^ - A3) S 2~J+2 for j ^ 1,

( c) 7i-i,i ^ «i > 0 and Sff j = j j Sfk for i ^ 1,

where gό = Σ*ί=iakfk,
oo

( d ) I #y(ω) I > X 7i,* I Λ(^) I almost everywhere on Aά for i ^ 1.
fc=i+i

Suppose that Ajy j j t k ίov j ^n — 1 and k ̂  i + 1, and α^ for j ^ ^
have been found and obey the requirements. Take 1 > ε > 0 so small
that

m(Sdn-{\gn\ >ε})<2-,

then since

m(\ fk I > 2*^) ̂  2-wfej| fk \* dm - 2 - & ,

let

A*= Γl { | Λ I ^ 2 * / ' } n { | Λ | > e }

and

7.,* = min {ηn_uk, 2-k-^k^ε}

to get (a) and (b) for n; in fact

m(SBn - A.) ̂  m(Sgn - (Iff. I > *})

+ Σ
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Since there is at least one a such that 0 < a < 7«,»+i and

r -"})=βm

for otherwise there arise uncountably many disjoint sets with positive
measure, take one of such α's as an+1 to get (c) for n, that is, S8n+1 —
Sfn+ί U Sg% where gn+1 = gn + αw + 1/Λ+i. From the construction it follows
that f or j ^ n + 1

U^H-

if p ^ 1 ,

if 0 < p < 1 ,

so that ΣΓ=™+i 7Λffc I fk I converges almost everywhere and by (a) for
ωeAn

I g*(ω) Ί«,h I Λ(ω) Σ 2"*ε > 0 ,

thus (d) is satisfied for n. Let finally / = XΓ=i«tΛ which converges
in SDΪ because of (a) and (c), then on account of (d)

/(ω) = gn(ω) + Σ akfk(ω)
k=n+l

A,,

so that by (b) and (c)

^ lim m(S9n - AΛ) ^ lim 2~n+2 = 0

and / meets the requirement of maximum support.

COROLLARY. The range of a positive contractive projection P
in Lp (0 < p < oo) contains a nonnegative function with maximum
support.

Proof. Let / be a function with maximum support in the range
by Lemma 3, then the positivity implies

On the other hand, || P \f\ \\p <̂  || | f\ \\p by the contractive property, so
that P\f\ — I/ | follows and | / | meets the requirement.

3* Contractive projections* Before entering a basic proposition
on representation of a contractive projection, recall the characteristic
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properties of the conditional expectation relative to a Borel subring
33 with the maximum element B (cf. [4]). In what follows a func-
tion / is said to be measurable with respect to 33, if f χB is measurable
with respect to the Borel subfield generated by 33 and Ω.

( 2 ) Eftf is measurable with respect to 33 ,

( 3 ) [ E^fdm = [ fdm for A e 33 .

The following are consequences:

( 4 ) E^ is positive ,

( 5 ) E^g = PBg and E^g f) = g - E^f ,

whenever g is measurable with respect to 33 and g feLlm The posi-
tivity guarantees the generalized Holder's inequality (cf. [7]):

with p~x + (Γ1 — 1, whenever / e Lp and ft e Lq.

LEMMA 4. A contractive projection P in Lx which makes con-
stant functions invariant is a conditional expectation.

This is a basic result of Douglas [2] and is contained implicitly
in Rota [7]. Here is a sketch of a quick proof. Let 33 be the least
Borel subfield with respect to which all Ph are measurable. Since P is
positive by Lemma 2, / e 3tP, the range of P, implies Re (/), Im (/) e 9tP.
If a real valued function h is in 3ΐP, its positive part, i.e., h+ —
max (ft, 0) is also in it; this is proved just as in the proof of Corollary
of Lemma 3. Thus for any a, the characteristic function of {ft > a)
is in 3ΐP, because it is the limit of 1 — {1 — n(h — a)+}+ as n —> oo y so
that it immediately follows that 3ΐP is just the collection of all func-
tions in Lp which are measurable with respect to 33. Take an arbitrary
A e 33, and consider the contractions PΛPPΛ + PAo and PAcPPΛc + PΛ to
get, on the basis of Lemma 2,

ί P(f χΛ)drn = \ fdm

and

( P(f χΛ°)dm = ( fdm .

When / ^ 0,



CONTRACTIVE PROJECTIONS IN Lp SPACES 399

so that

ί P(f lA°)dm = 0

consequently

ί Pfdm = [ fdm .

The last equality holds without positivity assumption on /; this shows
that P is the conditional expectation relative to 23.

Suppose that P is a contractive projection in Lp (1 ^ p < °o, p Φ 2).
According to Lemma 3, take a function / with maximum support in
the range of P and consider the measure space (B, 2), mp) where B is
the support of /, 3) is the Borel field consisting of all measurable sub-
sets in Z?, and dmp — \f\p dm. Use a convention that a function on
i2 with its support contained in B is identified, in the natural way,
with a function on B and conversely. The operator T in LP(B, ®, rap),
defined by

is a contractive projection; in fact, the idempotency is a consequence
of that of P, combined with the maximum property of B, and

because P is contractive in Lp(m) by assumption. Furthermore T makes
constant functions invariant, because Pf = f by assumption. Then
Lemma 4 together with Theorem 1 shows that T is a conditional ex-
pectation relative to some Borel subfield 33 of ® (with respect to the
measure mp), so that by (3)

\τh\f\*dm= \ h\f\*dm for A e 9 3 .

S3 can be identified with a Borel subring of Sί with the maximum
element B, and T can be considered as an operator acting on func-
tion on Ω by the relation
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Th = T(h.χB) .

Apply the conditional expectation E% (with respect to the measure m),
with (2), (3), and (5) in mind, to get

then since Th is measurable with respect to 35 it follows from (5)

The original projection P is reproduced from T through the relation

hence finally

When p Φ 1, the last term Pg with g = h-χBc disappears, for

(1 + e)λ I Pg \p dm = \^\P(Pg + eg) \p dm

^ [\Pg + εg\pdm

= \\Pg\pdm + ε^l^l^dm ,

because P is a contractive projection and the support of Pg is contained

in B, disjoint from the support of g, but the above inequality is pos-

sible, for fixed p and all ε > 0, only when \\Pg \p dm — 0. These

observation give a half of the proof of the main theorem.

THEOREM 2. P is a contractive projection in (1 ^ p < oo 9 p φ 2)
i/ and only if there is a Borel subring 93 and a function f e LP

such that the support B of f is the maximum element of 35 and P is
represented in the form

ph = f-^ f^ + Vh

where, when p = 1, V is a contraction such that V — PBV> VPB = 0,
and Vh/f is measurable with respect to 35, and, when p Φ 1, V = 0.

Proof. Suppose that P admits such a representation. The case
p = 1 is observed by Douglas [2] (cf. the proof of Theorem 3). When
p Φ 1 (p may be equal to 2), by (4) and (6)
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where f1 + q"1 = 1, so that from (2), (3), and (5) it follows that

\fήdm= \Λ

ΐ

= [ E^\h\pdm = [ \h\pdm ,

thus P is a contraction in Lp. It is idempotent; in fact,

.\ f\

by (2) and (5). This completes the proof.

COROLLARY 1. A contractive projection P in Lp is isometrically
equivalent to a conditional expectation (with respect to a measure),
if 1 < p < oo, or if p = 1 and PPB = P where B is the maximum
support of the range of P.

Proof. When 1 < p < 00^^=2, with notations in the discussion
preceding Theorem 2, consider the measure m' on 31, defined by

m'{A) = mp{A m(A n

then the operator T is identified with a conditional expectation with
respect to mf and on account of V = 0

P = [/ΓC7-1

where U is the isometry which assigns to h e Lp(m') a function h(f+ χBo)
it Lp. When p — 2, the assertion follows from the fact that unitary
equivalence is determined only by the dimension of the range. When
p = 1, PPB = P implies F = 0 so that the same arguments as in the
first case can be applied.
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COROLLARY 2. P is a positive contractive projection in L
(1 ^ P < °°) if and only if in Theorem 2 / can be chosen as a non-
negative function and V is positive, when p = 1.

Proof. If P has a representation with nonnegative / and positive
F, it is obviously positive, because the conditional expectation is posi-
tive. The converse statement follows from the construction in the
proof of Theorem 2 combined with Corollary of Lemma 3.

COROLLARY 3. P is a contractive projection both in Lp and Lq

(1 < p < 2, p~ι + q-1 — 1) if and only if in Theorem 2 / can be
chosen as

\f(ω)\*=\f(ω)\.

Proof. If P has the representation with such /,

by (4), and the assertion (for all p with 1 < p ^ 2) follows from the
fact that the conditional expectation is contractive in every Lp. Con-
versely if P is contractive both in Lp and Lq for some p, it is also
contractive in L2 by Riesz's convexity theorem ([3], VI, 10), hence is
self-adjoint in L2. Take a function g with maximum support in the
range 3ΐp, then the self-adjointness implies, by Lemma 1, grn e 3ΐP

w = 1, 2, where r — p — 1. Since grn converges to sgn(gr) so that
/ = sgn (g) meets the requiremet.

When 1 > p > 0, the duality method is no longer available, but
the concavity of the function | ξ \p is a tool.

THEOREM 3. P is a contractive projection in Lv (0 < p < 1), if
and only if there are a set B and a contraction V such that PBV =
V, VPB = 0, and P is represented in the form

Proof. If P admits the representation, by the property of V

\\Ph\*>dm^ \{\ PBh\ + \ Vh \}pdm

^ \\PBh\pdm+ [\Vh\pdm

^ [ I h Y dm + [ J h \" dm
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so P is a contraction. It is idempotent; in fact,

P 2 = PB(PB + V) + V(PB + PBV)

According to the discussion preceding Theorem 2, for the converse
assertion, it suffices to prove that a contractive projection P in Lp

which makes constant functions invariant is necessarily the identity
operator. P is positive and PχΛ is a characteristic function, as in
the proof of Lemma 2. The correspondence which assigns to A the
support of PχΛ preserves inclusion relation by the positivity of P.
Since P is linear, it preserves disjointness. The idempotency of the
correspondence follows from the idempotency of P. Then the corre-
spondence must be the identity, which means that P makes all char-
acteristic functions invariant, so that it is the identity operator. This
completes the proof.

4* Geometric description* A Banach space will be called of Lp

type if it is isometrically isomorphic to an Lp space on a measure
space. When 1 < p < oo , a Banach space is of Lp type if and only if
its conjugate space is of Lq type with p"1 + q"1 — 1. Given an Lp space,
the simplest subspace of Lp type is the collection of functions which
vanish outside a fixed set B; such a subspace will be called an Lp sec-
tion. A closed linear subspace is an section if and only if it is the
range of an operator PB. The collection of all functions measurable
with respect to a Borel subring is clearly of Lp type; such a subspace
will be called an Lp subspace. A closed linear subspace is an Lp sub-
space if and only if it is the range of a conditional expectation. In-
spection of the proof of Lemma 3 shows that a closed linear subspace
2JΪ is an Lp subspace if it contains constant functions and if / e 2Jϊ
implies {Re (/)}+ e 9Ji. The representation of a contractive projection
in terms of a conditional expectation will answer the question of when
a closed linear subspace can be the range of a contractive projection.

THEOREM 4. A closed linear subspace can be the range of a
contractive projection, if and only if it is of Lp type or and Lp

section according as 1 tϊί p < °° or 0 < p < 1.

Proof. The assertion is well known in case p — 2 and is an
immediate consequence of Theorem 3 in case 0 < p < 1. Douglas [2]
treated the case p = 1. If P is a contractive projection in Lp

(1 < p < co, p Φ 2), by Corollary 1 of Theorem 2 it is isometrically
equivalent to a conditional expectation, so that its range is isometri-
cally isomorphic to that of a conditional expectation, hence it is of
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Lp type. Conversely if 9JΪ is a closed linear subspace of Lp type,
there exists by definition a measure space (ί7, 3Γ, m') and an isometry
W from LP(Ω', 2ί', m') onto 2ft. Let / = l̂ Γl where 1 denotes the con-
stant function with value 1 on £?', and consider the isometry V from
Lp(m") onto Lp which assigns h(f + χB<>) to fo where B is the support
of / and

Then the image of 2Ji under V*1 is just the image of Lp(m') under
the isometry U= V~XW. On account of Lamperti's result [5] U pre-
serves disjointness in the sense that g^g2 = 0 implies Ug1*Ug2 = 0.
Since Z7 maps the constant function 1 on Ωf to the characteristic
function χB, it results that the image of a characteristic function is
also a characteristic function, and U is positive in the sense that it
preserves nonnegativity. A discussion similar to the proof of Lemma
4 shows that the image of U is a Lp subspace, hence is the range of
a conditional expectation, so that 3Ji itself is the range of a contrac-
tive projection, isometrically equivalent to the conditional expectation.
This completes the proof.

Given a closed linear subspace 2Ji of Lp (1 < p < °o), consider the
operator Pm which assigns to / the function in 2Ji with minimum
distance from it, that is, Pm/G2Jϊ and | | / - P^f\\P ^ | | / - g \\P for
all g e SDΐ; the operator is well defined because of the weak com-
pactness of the unit ball and of the strict convexity of the Lp norm.
Pm will be called the prediction relative to 2W. It is idempotent,
but not linear in general.

Suppose that the prediction relative to 2JΪ is linear, then the oper-
ator P = I — Pm is a contractive projection which annihilates exactly
functions in SW, so that its adjoint P * is a contractive projection in
Lq, with p"1 + q~ι = 1, having the annihilator 2JΪ-1- as its range. Then
by Theorem 4 SDΐ1 is of Lq type. Conversely if the annihilator 9JI-1 is
of Lq type, it is the range of a contractive projection Q in 1^, and
I — Q* is readily shown to coincide with the prediction Pm. On the
other hand, by duality theorem, the annihilator 3JΪX is isometrically
isomorphic to the conjugate space of the quotient space Lp/ϊΰl. These
observations lead to the assertion.

THEOREM 5. The prediction Pm relative to a closed linear sub-
space SOΐ of Lv (1 < p < ©o) is linear, if and only if the quotient
space Lp/ίSΛ is of Lp type.
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