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nth ORDER INTEGRAL OPERATORS ASSOCIATED
WITH HILBERT TRANSFORMS

G. O. OKIKIOLU

In this paper, we study the nth order analogues of
certain integral operators allied to the Hilbert transform and
to Dirichlet’s integrals. Most of the results known to be
true for n =0 are proved for the general case. Some cases
in which the analogy fails are also considered. Among the
integrals considered are transforms B."(f) and I\"(f) defined
by
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Inversion processes by which f may be expressed in terms of
the B/” and I/” operators are also obtained. The results
proved in the paper are also shown to be true for integrals
defined with respect to a continuous parameter p., These
integrals reduce to the original ones when v is an integer.

Let the functions c{'(x), sP(x), e, (x) and s,(x) be defined as
follows:

(@) = > DT 0 @) =0,

m=0 (2 )Y
(1 — 55 (_1)mx m (1) —
s.'(x) = %m’ n=1,sM@x) =0,
su(t) = (2%)’ (—1)" sin at — s (at)
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en(t) = (2n)' (—1)* c(at) — cos at

t~n+1 ’

where « is a fixed positive number. Then we define the following
integrals.
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Dy (f)w) = | ft)s.t — )it ,
SP(N@ = | At — wjat

3

Ce(N@ = @n+1) | syl qr

BE@) = @n 1) RV | st =Dt

L)) = 20+ D+ 1) RV |7 70 Sk

D, S, Cim and B{" are defined for integers m» = 0, and I\™ for
n = —1. The operators D/, S», C, BY and I)” will be denoted by
D, S, C., B, and I, respectively.

The above integrals are generalisations of known integral operators.
D.(f) being the Dirichlet integral, and S,(f) its well-known ‘conjugate’.
B.(f) was introduced by Boas in [1], and has since been studied by
Goldberg [2], Heywood [3] and Kober [4]. The transform I.(f) has
been studied by the author elsewhere. The integrals are all related
to Hilbert and Fourier transforms, and the properties of B.(f) and
L(f) have been obtained from identities involving the transforms and
the operators D, and S,.

In this paper we obtain results involving D{(f) and S{(f) similar
to those of D,(f) and S,(f), and use these in studying the transforms
BP(f) and I}™(f). Among the results obtained are inversion processes
by which f may be expressed in terms of B (f) and I™(f). In
Section 7, we show that the exponent # may be replaced by a continuous
real (or complex) variable. This is done by replacing the kernels defining
the integrals by certain others which reduce to the ones already given
when the exponent is an integer. The integrals D so obtained define
a semi-group of operators.

We shall consider functions of the class L?(— oo, o )(p > 1) only.
This class will in general be denoted by L?. The positive numbers p and
p" will be connected by the equation 1/p + 1/p’ = 1, and the expression

(| 1awae)”

will be denoted by || f|l,. Most of the equations and identities of this
paper should be taken as true almost everywhere. This will not be
indicated in each case. The Hilbert transform is defined by

H(f)e) = =@V, |~ L a,
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and the Fourier transform & (f) of a function fel®* 1 =p=2) is
given by

Fla) = (@) = 2 il | Ft)edt

2. The properties of D(f) and S{(f). The following lemmas
will be employed in the proofs of the results of this section.

LemMa 1. (a) H(s,)(@) = —cu(x), (b) H(c,)(x) = su(2).

Proof. Consider the function

& (12" e

m=0 m! .
g(Z) - z2ntl y R=X +w ’

where g = g(x),  real. ¢(z) is a regular function for ¥ = 0, and tends
to 0 uniformly for 0 < argz <7 as |z|— . Hence by integrating
9(2)/z — & round the semi-circle of radius R in the upper half plane
indented at t = &, we have

(S; + Si) _(f)g dt + 1 SO Réfej)é Re®dg — %S g(& + de*)dg = 0.

On letting § — 0 and R — «, we obtain
H(g)(¢) = i9(8) .

The results (a) and (b) follow by equating real and imaginary parts of
this identity.

LEmMmA 2,

(a) V2rs,(x—1y) = _17.;__7[.. S:_(a — |t )retvedt
o —_....._....1 " 2n|tl i(z—y)t

(b) H/ZEO”(x_y)—V'ZF (a —|t]) el Vit

Proof. Let

I =2 S”(a — tyendt
n! Jo

Then it is easy to verify by integrating by parts that

n
], — ], = _ (Gxa)" .
xn!
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Hence by making appropriate summation and putting 2n for =, we
obtain

& (wa)™ gice
(—1) S (a _ t)?neia:tdt I m=0 m!
2n)! Jo Lt

A similar expression is obtained by putting —a for «, and the results
of the lemma are then easily verified.

LEMMA 3. Let

h(z) = Sl f(t)g(x — t)dt .
If feL*(p=1), ge L(q = 1), where 1/p + 1/qg = 1, then

el =1l llglle s
where 1/r = 1/p + 1/g — 1.

Proof. This is a well-known result, a proof of which is given in
Lemma B, p. 97, of [5]. (The case in which p =1 or ¢ =1 is obtained
similarly).

In the next theorem, we give expressions for D(f) and S{(f)
in terms of f. These results will be applied later in calculating the
integrals for certain special cases.

THEOREM 1. If fe L? where 1 < p £ 2, then for n =0,

® D)) = 1/2 |\ @1t iwea,
(n) I ! _ 2n —ixt
® SeE = = | L@ — o finear .
Proof. Let
g:(x) = (@ — |z |)*"e~** for ze(—a,a); =0 otherwise,
and let
g:.(x) = 1=l (¢ — |z ])"e~* for xe(—a,a); =0 otherwise.
x

Then §, and §. are given in Lemma 2. Hence Theorem 1 follows by
applying the product formula for Fourier transforms (Theorems 49 and
75 of [5]).

COROLLARY 1.1. If fe L® where 1 < p < 2, then for n =0,
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DW(f) =0 if and only if Flx)=0 for ze(—a,a)
and
SP(f)=10 if and only if f(x) =0 for ze(—a,a).

Proof. This obviously follows from Theorem 1.

COROLLARY 1.2, Let m =0 and n = 0. Then
(@)  D{M(s) @) = SiM(e)(®) = Spen()
(b) —Si(s.)(x) = DiM(e,)(®) = Cpin() .

Proof. Let g, and g, be defined as in the proof of Theorem 1
with y = 0. Then by Lemma 2, we have

gi(@) = V2 s,(¢) and () = iV 27 () .
Hence by the inversion for Fourier transforms it follows that
V27 §,(x) = (0 — |x|)* for xe(—a, a); = 0 otherwise
and

—i1V/21 &,(x) = ﬁl—(af — |z for xe(—a,a); =0 otherwise .
X

By putting s, for f and writing m for n in Theorem 1, we have

Dir(s)@) = —=— | (@ — [t dt = 8,.,(5) ,

@) = 22" Ll — et = —e,,,).
2r J-e« ¢
The results involving ¢, follow by proceeding similarly.

THEOREM 2. If fe L® where p > 1, then for n =0, we have
DM (fye Lr and S (f)eL” for r=p.
Also, for ge L™, we have
(1) |__swprirea =" sopr@mar,

(2) ["_swsenma = -{" oS .

Proof. Since s,(x) =0(1) as —0 and is 0(1/2*) as x— o if
n = 1, it belongs to L° for ¢ = 1. Hence by Lemma 3, we have
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Dén)(f)eLr for r=p if n=>1.
For n = 0,
Do(f)(w) = <552 (P.V.) g SWsinat 4,
T -t —

__ sinaw (P.V.) S‘” f(t) cos at dt .
T e

It is thus clear from Theorem 101 of [5] that D,(f)e L*. The rerult
D,(f)e L™ for r > p follows from Lemma 3 since s((x)€ L? for ¢ > 1.
It is easy to verify that c,(x)e L? for ¢ > 1. Hence we also have

SM(fyeLr for r>p.

In Theorem 4 (below) we prove that S™(f) = H{D{(f)}. Hence it
follows from Theorem 101 of [5] that S”(f)e L*. Now suppose that
ge L”. Then we have

| o@De(f)ads = |~ gz |” syt — )at
= [ swa|”_g@sie — vdo = |~ oD@t ,

the inversion of the integrals being justified by absolute convergence.
The proof of the second produet formula follows similarly.

THEOREM 3. If feL? (p > 1), then for m=0,n =0, we have
(@) Dm{DM(Hz) = —Sgm{Sm(FNw) = Dy (f) (@) ,
() Sam{DP (@) = DS (FH)Nw) = Sm(f) (=) .

Proof. By putting g(x) = s,(x — ) in the product formulae (1)
and (2) and using Corollary 1.2, we have

| _so = D))z = | fOsaet — vt ,

[ _sula = wSim(F)a)dz = | fBent — vt ;

i.e.
DD ()N y) = Dam () @), D{Sam(HNy) = S (f)Ny) .
The other results of the theorem can be obtained by considering c,(x)

in place of s,(x).

COROLLARY 3.1. Let feL? (p > 1) and let | = n be integers.
(@) If D{(f) =0, then DP(f) = S (f) =0,
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(b) If Si(f) =0, then S;P(f) = DI (f)=0.
Proof. These results are obvious consequences of Theorem 3.

REMARK 1. We observe here that Corollary 1.1 implies that if
fe L? where 1 < p < 2, then D/™(f) = 0 implies D (f) = S&(f) =0
for all 1 =0, and so also for S/”(f). In Section 6, we show that
this is the case for fe L* (p > 1).

THEOREM 4. If fe L? (p > 1), then for n = 0,
(@) D{H(f)} = H{D(f) = SaM(f)
(b) SMH(f)} = H{S() = —Dy™(f) .

Proof. From the product formula for Hilbert transforms (Theorem
102 of [5]) and Lemma 1, we clearly have

|"_st —wswae = =|" HOeut — it
and

[t —wfwae = " B0 — it .
‘We shall now show that D\"{H(f)} = H{D."(f)}. The corresponding
result for S/ follows similarly. Let 6 > 0 and let b < co. Then by
the absolute convergence of the integrals involved, we have

S:“ @ Cffﬂy Sibf(t o= el -yt = S:Sn(t — y)dt Sj+s—a;:f_(;@%— d
and
(o[ o= s = e = s — wpar [T I@ar.

Let (S& + Se_s) be denoted by S

§+8

loo
. Then on letting b— -, we obtain

—c0

|- pr@ids = | st —vat |~ L da.
—e X — Y —co —o x — 1
Since s,(t)e L* for ¢ > 1, and since

lim HH(f)(t)—iS‘=° @) goll =0,

520 T —1¢ »

the required result follows by letting o — 0.
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REMARK 2. It is obvious from Theorem 4 that D{™(f) = 0 if and
only if D{{H(f)} = 0, with a similar result for S{*(f).

We shall now consider the equation D/*(f) = Af. For the case
n =0, we have D, (f)= DAD.(f)} = AD,(f), so that x = 1. It has
been shown (for example see Lemma 3(b) of [4]) that in this case, f
is a member of the class G% of functions f(x)e L? such that f(z)
(z= 2 + iy) is an entire function of exponential order =a. For n > 0
however, we show in the next theorem that there is no nontrivial
member of L?(1 < p £ 2) satisfying the equation. Further, we show
that in any case, we must have |\ | < 1.

THEOREM 5. Suppose that f satisfies the equation
D™(f) = Nf where n >0 and N+~ 0.

(@) If feL? (1< p<2), then f= 0.
(b) If feL? (p>2), then |N| < 1.

Proof. Suppose that fe L? (1< p <2). Then by applying Theorem
1(a), we have

| @t iee et = @),

so that

(@ — [ )"f@) for |z|<a

)”f(x):{ 0 for |z >a”

It is now obvious that f = 0, and hence that f= 0 by the uniqueness
of Fourier transforms.

Now consider the general case in which fe L? (p >1). Then we
clearly have

D () = DDV (1)} = MD(f) = NS,
and it follows by induction that for every positive integer £,
DF"(f) = Nf .
Now from Lemma 3, it is clear that
D () Ml = U 1] Sem e

where ¢ =1,1/p +1/g=1 and 1/r =1/p +1/g — 1. It is however
not difficult to see that for ¢ = 1

lim [[ 8y}, = 0.,
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so that
lim || D ()|, =0 for r=1p.
k—oo

Since D/*™(f) = ANf however, we must have |[AM| <1 or ||f]l,=0.
The result (b) follows.

COROLLARY 5.1. Let feL? (p<1) and let m >0 and n =0 be
integers. Then D™ ™ (f) = DM(f) of and only if D/™(f) = 0.

Proof. By Theorem 3(a), we have

D;"{DM ()} = D" (f) = Dy™(f) .
The result clearly follows from Theorem 5.
3. Representation theorems for B/*(f) and I;”(f). We shall

now obtain results by which B™(f) and I."(f) are expressed in terms
of D/™(f) and S{™(f).

LEMMA 4. Let fe L*(p > 1) and let g L*'. If
r f(t)éi-g(t — x)dt belongs to L for some number r > 1, then
— x
d (= _{= d
LA fwot — e = | sy gt — w)at .
dx - —eo dx
Proof. Let x be a fixed finite number. Then by absolute con-
vergence, we have
A
o dy
=" rro — o) — aat,

S:dyt,f(t)fl‘y‘g“ — gt = |”_swae] Lot — vyay

and the required result follows immediately.
The following identities can be obtained directly from the definition.

(3) I(f) = aH(f) — S (f)
(4) I(f) = H(f) — 8uf)
(5) L@ = —s2(@); +- s(@) = of,(a)

LEmMMA 5. If feL®” (p > 1), then C{"(f)e L for r = p, and



352 G. 0. OKIKIOLU
C(f) = aD{(f) + %Sé”’(f) :

Proof. We have the identity

Aot —a) = —as,(t — @) + @n + 1) BEZD
dx t —2x

Since —as,(t) + (2n + 1)e,(t)/t belongs to L? for ¢ = 1, it is clear from
Lemma 8 that

| L et — wyat
—oo dzx

belongs to L™ for » = p. Hence it follows that C\"(f)e L" for » = p.
The identity of the lemma then follows from Lemma 4.

THEOREM 6. If feL? (p <1), then B (f)e L*, and

By(f) = e H(f) — aSs"(f) + d%c D (f) .

Proof. Since

(1 n (ax)z'n
n) - — (-1
eM(ax) — cos ax — (—1) N e 5.(2)

x?n—{—l X

(—D)"a(2n) !

belongs to L? for ¢ = 1, it follows from Lemma 3 and from obvious
identities that

aS(f) — @ H() + B = |7 fe) st — ot
and that this belongs to L" for » = p. Hence by Lemma 4,
aSM(f) — a P H(f) + B"(f) = Ed; Dy (f)eLe .

The theorem now follows from Theorem 2 and from the faect that
H(f)e Le.

THEOREM 7. If fe L? (p > 1), then I,”(f)e L?, and

L) = aH(f) — aS(f) + 2a L DE(F) + L S¢(F) .
dx dx

Proof. By using the identity
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t—«x —

+(@n + 1)@n + 2) Lt =)
(t — @)

and proceeding as in previous cases (Lemma 5 and Theorem 6), we have
—aBM(f) + LOF) = L O (f)e It
x
for r = p, so that I;"(f)e L* (by Theorem 6).
Next by substituting for C/™(f) and B™(f) from Lemma 5 and

Theorem 6 respectively, we derive the identity given in the theorem.

COROLLARY 6.1. If fe L’ (p > 1), then

S&(F) = @SE(f) — 282 D) — -2 Si(s) .
dx da*

Proof. This is easily verified by substituting for I,"(f) — a****H(f)
in (3).

Note. An expression similar to that given in Corollary 6.1 can be
obtained for D" (f) by putting H(f) for f and using Theorem 4,
By substituting D/™(f), S{™(f) and H(f) respectively for f in

the identities of Theorems 6 and 7, and using Theorems 3 and 4, we
have the following:

(8)  BD™(F)} = @ SE(f) = aS{(f) + - D)
(1) BOSIE)) = = DI(f) + aDi(f) + L S0(f)

(8) BP{H(f)} = —a f + aDM(f) + %S,;M( f)

LPDIF)} = a*SI(f) — S ()

(9) + 2 dd D(m+n)(f) + dd - S(m+n)(f)
LISP(f)) = —aDi(f) + aDi(f)
(10) + 20[ _&é_ S(M+n)(f) d D(m-l—n)(f)
L™H()} = —a“”f + a’DM(f )
an + 20— S () —
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The results of the next theorem will be applied in deriving the
inversion processes for B{(f) and I\™(f).

THEOREM 8. If fe L*(p>1) and if f satisfies D™ ™(f) = D{(f)
for some number m = 0, then
(a) B{DM(f) — f1 = a8, (f) — H(F)}
Ba{Sm(f) — H(f)} = —a* D™ (f) — f}.
(b) LD (f) — f = a8y (f) — H(f)},
LS (f) — H(f)} = —a®™™{Dg™(f) — f} .

Proof. It is quite easy to verify these results from the identities
(6)—(11) by applying Corollary 5.1. We observe that the condition
Dim™(f) = Dy(f) is an identity if m = 0, and for m > 0, it implies
that

Dim(f) = D(f) = 0.

4. Product formulae and commutative property. It is clear
that B{(f) — oM H(f) and I™(f) — a*™**H(f) are absolutely and
uniformly convergent integrals. Hence for g€ L*', we have

| s0mem® - e

_ Slg(t)dt Slf(x) Sa(® — t)(x_ = :L)H(w —9 da

_ Slf(x)dx g:g(“ s, (t — x)(t——a;”)+1(t — @) g

= —Slf(w) {B{(9)(x) — e+ H(g)(x)}dw .

A similar result holds for I{™(f) — a***:H(f).
Hence by the product formula for Hilbert transforms (Theorem 102
of [5]), we have

TaporeM 9. If feLr (p> 1), ge L, then
@ | sosrirwa=-|" roproo,

(b) Sjeo g(t)I;%)(f)(t)dt = —Sjwf(t)ﬁ")(g)(t)dt .

Some of the results obtained in the next section depend on the
commutative property exibited by each pair of the transforms con-
sidered here. In view of this we prove:

THEOREM 10. If feL? (p > 1), then
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(@) B{X()} = X{BS(f)k;
(b) LM{X(N)} = XL (N}

where X represents of the operators D™, Si™ or H.

Proof. Since B (f) — a*™H(f) and I"(f) — o H(f) define
uniformly convergent integrals, the results

X{BJ'(f) — a*" H(f)} = B{{X(f)} — o™ H{X(f)}
and
X{L(S) — aH(f)} = LX)} — o H{X(f)}

(X =D or Sg™) follow by obvious inversion of integrals. Theorems
10(a) and (b) for X = Dg™ or Si™ then follow by applying Theorem 4.
Next we proceed as in the proof of Theorem 4 to show that

HBY(f)} + @' f = H{B(f) — & H()} = BOH(} + a*+'f
and

HUIP(P)} + aiif = HIO(F) — = H() = LH( )} + af .
The case X = H clearly follows,

5. Reduction of B{’(f) and I/*(f). The results of this section
give conditions under which the operators B, I\* and BX™, I} reduce
to the Hilbert transform and the identity

THEOREM 11. If feL® (p > 1) and if n =0, then
(@) BU(f) = a™ " H(f) if and only if D{(f) = 0.
(b) If I,"(f) = 0, then By™(f) = —a**f.

Proof. Since D™ (f) = 0 implies that S;”(f) = 0 (Corollary 3.1), it
follows from Theorem 6 that B(f) = a*** H(f) whenever D"(f) = 0.
Also, under this condition, we have

Bi™(f) = a* BP{H(f)} = —a:f (by ().
Now suppose that B'(f) = a** H(f). Then by Theorem 10, we have
BYH(f)) = HBE()} = —af,
so that Theorem 6 and result (8) yield
~aS1(f) + L D) = 0,

aD{(f) + L S(f) =0 .
dx
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These equations clearly lead to

L DP(f) + aD(f) = 0.

The only solution of this equation for which D/™(f)e L* is clearly
given by

D(f)=0.

Note. It has been proved (see [4]) that for n = 0, the converse
of Theorem 11(b) also holds.

THEOREM 12. If feL® (p > 1) and if n = 0, then
(@) I"(f) = a™H(f) if and only if D(f) = 0.
(b) If D{(f) = 0, then IX™ (f) = —at**f.

Proof. By proceeding as in the proof of Theorem 11 and applying
Corollary 8.1 and Theorem 7, it follows that I(f) = a*"*H(f) if
D/™(f) = 0. Also, under this condition, we have

L(f) = eI H(f)} = —at"™f (by (11)).
Now suppose that I;"(f) = a™*2H(f). Then by Theorem 10, we have

LPH()} = HILV(f)} = —a™ 7 f .
Hence Theorem 6 and result (11) yield

—aS(f) + 2a-L D (F) + LS ) = 0,
2 n (n d (n —
@D(f) + 2a-L8(f) — <L D7) = 0

On eliminating Si™(f), we obtain

(.dﬁl;z_ — 1+ 1/'2)2@2)(_%2_ — (L= V2ra)D(f) = 0 .

The only nonvanishing solution of this equation belonging to L* is of
the form

D) = Ae! 4 Berta

where B, and B, are positive, and A and B are arbitrary constants.
Now it is easily seen, by applying Theorem 1(a), that

D) = £ ar.
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Since we require D {D;"(f)} = D{"(f) however, we must have A =B =0,

Note, It has been proved by the author that for » =0, the
converse of Theorem 12(b) holds.

6. The inversion processes. Formulae have been obtained by
which f may be expressed in terms of either of the transforms B,(f) or
L(f). In this section, we shall express f in terms of the nth order
integrals under restricted conditions. In the first case we assume that f
satisfies D ™(f) = 0. The other formulae involved express f in terms of
the nth order integrals and the operators of order 0. The general case in
which f is expressed in terms of the nth order integrals only will not
be treated here since the procedure involves the solution of complicated
equations for expressing D/™(f) in terms of D,(f). (see Corollary 6.1).

THEOREM 13. Suppose that fe L* (p > 1), and denote B{(f) by
fx, Then

(a) for any integer m = 0, we have
f= a8 — HEy + | Do,
(b) if we also have D”(f) = 0, then
f= a7 1S (f) — H(fH} .
Proof. By putting m = 0 in Theorem 8(a), we obtain

B{So(f)} — BEMH(f)} = a2 f — o™ Du(f) .
Hence by Theorem 10,

So(f3F) — H(f) = ™7 f — &' Do(f) .

To complete the proof of (a), we express D,(f) in terms of f*. On
putting m = n = 0 in (6) and using Theorem 10, we have

D(£*) = LD.(f) .
Since D,(f)e L?, lim,_... D,(f)(x) = 0. Hence

(12) DN =" _Du(rowsat .

Now suppose that D{"(f) = 0. Then on putting m = n in Theorem
8(a) and using Theorem 10, we have

Se(fE) — H(fX) = a7 f — a2 Dg"(f) .
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Hence

f=a {8 () — H(f)} .

Note. It should be observed that Theorem 13(b) has been written
in its present form for convenience. In fact, we have S/™(f}) =
BM{SM(f)} = 0 sinee D™(f) = 0.

In Remark 1, we observed that if felL? (1<p<=2) and if
D/™(f) =0, then D{¥(f) =0 for all ] = 0. We can now deduce this
result for the case p > 2.

COROLLARY 13.1. If feLr (p > 1) and if D" (f) = 0, then
DM (f)=0 for all integers 1 = 0,
Proof. From Theorems 13(a) and (b) it is clear that D*(f) = 0

implies that D,(f*) = 0. Hence it follows from (12) that D,(f) = 0.
Corollary 13.1 now follows from Corollary 3.1.

THEOREM 14. Suppose that fe L* (p > 1) and let I;"(f) be denoted

by fn Then
(@) for any integer m = 0, we have

f = SU(F) = D+ 2l a7 sin2a(t — o)dt

x
where

z

oD@ = SuD@ —2a| Do)t

——o00

(b) f we also have D™(f) = 0, then
f=aS(f.) — H(F.)} .
Proof. By putting m = 0 in Theorem 8(b), we have
LS} — LMH()} = a2 f — a7 D,(f) .
Hence by Theorem 10,
Su(fa) — H(F.) = a***f — a™**Dy(f) .

We shall now express D,(f) in terms of f to complete the proof of
(a). On putting m =n =0 in (9) and (10) and using Theorem 10, we
obtain

(13) D(J) = 20 dd DAf) + L 8.(5),
X dx
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(14) Su(7) = 2a-L5.(5) = L oDu(7) .

Since D.(f), S.(f), (@/dx)D.(f) and (d/dx)S.(f) belong to L?, we have

lim D.(£)(@) = lim 8,()@) = lim -L5,(£)(x)

Z—too

= lim -2 D,(f)(@) = 0.
oo (LI
On integrating (13), we obtain
|| DuDerit = 2aD.5) + -L5,(7) .
This together with (14) gives

L_D(f) + 40D (f) = 20 DDt — 8.(F) = ~0u(F) .

This equation can be written as

%(6“”%D”(f) . 2i0(62i"“Da(f)> — —O'Q(f)(x)ezi” .

Hence

a

Da(f) - Z%aDa(f) = ——-Sz gu(f)(t)ezia(t—x)dt .
dx e

A similar equation is obtained by putting —< for 4. It is then obvious
that

20D, (f) = Si_waa( F)(@®) sin 2a(t — )dt .

Now suppose that D/”(f) = 0. Then by putting m = in Theorem 8(b)
and using Theorem 10, we have

Si(fa) — H(F,) = —a®*(f — D{™(f)) ,
and the result (b) of the theorem follows,

7. Note on the continuous analogue of the operators. In
this section, we define continuous analogues of the operators studied
above which preserve the main properties of the integral transforms.
This is done by defining kernels similar to those given in Section 1,
and which reduce to these when the parameter involved is an integer.
Hence for all v = 0, we define s,(x) and ¢,(z) by
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J— 1 * . 2y ,txt
s,(x) = - S_a(a |t )>etdi
and
— ——1: “ _ 2ult‘ izt
c(x) = ES_a(a [t]) - e"tdt

It is clear, by Lemma 2 that these kernels reduce to those already
given when v is an integer. By applying known results involving the
Fourier transform of a Hilbert transform, it also follows that results
similar to those given in Lemma 1 hold for s,(x) and ¢,(x). It is then
obvious by procedure similar to that employed above, that if the
operators are defined as in Section 1 with v in place of =, then the
results proved with respect to the discrete parameter also hold for the
continuous case. In particular, from Theorem 3(a), it follows that for
all y= 0 and ¢ = 0, we have

DD ()} = D (f)

so that {D/"} 0 <y = c forms a family of ‘strongly continuous semi-
group of operators’. Note that in this case we do not have D/® = I.
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