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ON INTERPOLATION OF ¢-VARIATE STATIONARY
STOCHASTIC PROCESSES

HABIB SALEHI

Let X, be a ¢-variate stationary stochastic process. Let
K be any set of t-values and let K’ be the complement of K.
If s€ K’ the problem of approximating X, by linear combi-
nations of the X;’s with {e€ K and limit of such linear combi-
nations is considered. The best linear predictor and the mean
square error matrix are evaluated in the following cases: (1)
t takes on all real values, K consists of the integers (2) ¢ is
interger-valued, K consists of the odd integers,

Let (X,)=., k an integer, be a g-variate weakly stationary stochastic
process (SP). Let K be any subset of the set of integers and K’
denote its complement in the set of all integers. Let _#; denote the
(closed) subspace spanned by X, ke K.

PREDICTION PROBLEM. Let X,,se K’. Find X, the projection of
X, onto _# and the error matrix (X, — X,, X, — X))~

In this paper we propose to solve the prediction problem for two
cases:

(1) X,,t real, is a g-variate stationary SP and K consists of the
set of all integers.

(2) X,k an integer, is a g-variate stationary SP and K consists
of the set of all odd integers.

For ¢ =1 these results have been previously obtained by A. M. Yaglom
{cf. [12, p. 176]}.

In § 2 we will review the notion of absolute continuity of a matrix-
valued signed measure with respect to another such measure {cf. [6]}
and state a few results concerning the Hellinger-square integrability of
matrix-valued measures. Our main result will be given in §3.

2. Matrix-valued measures. The problem of absolute continuity
of a matrix-valued measure with respect to another matrix-valued
measure was first posed by P. Masani in [4, p. 366]. Later J. B.
Robertson and M. Rosenberg {cf. [6]} dealt with this question and were
able to obtain a satisfactory solution to it. We will briefly review
some of these results. Let 2 be any set and <& be a c-algebra of its
subsets. M is said to be a ¢ x r matrix-valued signed measure on
R, &) if for each Be &#, M(B) is a ¢ X r matrix, with finite complex

1 (...) denotes the inner product in the Hilbert space %9 containing the g-variate
stochastic process Xk, k¥ an integer.
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entries, and M(B) = >\, M(B,), whenever B, B,, --- is a sequence of
disjoint sets in <# whose union is B. A ¢ X ¢ matrix-valued signed
measure M is called a ¢ x ¢ matrix-valued measure if M(B) is a
nonnegative hermitian matrix for each Be .<#. ¥ is called a measurable
P X g matrix-valued function on (2, &) if for each we 2, ¥(w) is a
p X q matrix and if the entries of ¥ are measurable functions on
(2, 7). Wesay that a ¢ x r matrix-valued signed measure is absolutely
continuous (a.c.) with respect to (w.r.t.) a o-finite nonnegative real-
valued measure ¢ on (2, &) if the entries of M, M;,’s are a.c. w.r.t,
¢, We write (dM/dy) = (dM;;/dye) for the Radon-Nikodym derivative
of M w.r.t. 1. The integral N(B) :S ¥dM is defined by N(B) =

v(dM/dp)dy, where M is a.c. w.r.t. ;xB. It is easy to show that the

definition of N(B) is independent of the choice of f.

DEFINITION 2.1. Let M and N be p X ¢ and » X ¢ matrix-valued
signed measures on (2, <) respectively, ¢ be any o-finite nonnegative
real-valued measure on (2, <#) such that M and N are a.c. w.r.t. g.
We say that N is a.c. w.r.t. M if

/c<%%(w)> C x(%(a))) a.e. ft,

where for each matrix A4, £(4) = {a: Aa = 0}. It can be easily verified
that this definition is independent of (.

The following theorem is proved in [6].

THEOREM 2.2. Let M and N be p X q and r X ¢ matriz-valued
signed measures on (2, 7). Then

(a) N is a.c. w.r.t. M if and only if there exists a measurable
r X p matriz-valued function ¥ on Q such that for each Be %

N(B) = SBTdM

(b) Let @ and ¥ be measurable r X p matriz-valued functions on
Q. Then for each Begj’,g OdM = g TAM if and only if OJ = UJ

B B
a.e. t, where J is the orthogonal projection matrix onto the range of
dM/dp and p is any o-finite nonnegative real-valued measure on

Q, &) w.r.t. which M 1is a.c.

If N is a.c. w.r.t. M, then by Theorem 2.2 (a) there exists a
measurable matrix-valued function ¥ such that for each Be <#

N(B) = SBWdM.
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¥ is called the Radon-Nikodym derivative of N. w.r.t. M and we will
denote it by (dN/dM). We now review properties of Hellinger inte-
grability of matrix-valued measures {cf. [9]}.

DEFINITION 2.3. Let M and N be p x ¢ and r X ¢ be matrix-
valued measures on (2, &%), F be a ¢ X ¢ matrix-valued measure on
2, #). We say that (M, N) is Hellinger-integrable w.r.t. F if
SQ(OZM/d;e)(dF/d/,c)-(olN/ol;z)*ol)u2 exists for some o-finite nonnegative

real-valued measure on (2, &#’), where (dF/dy)~ denotes the generalized
inverse of (dF/dy) {cf. [5, p. 407]}. It is not hard to show that the
existence and the value of this integral when it exists is independent
of p. We write

S dMdN *
Q

VT - | (@Mjdp)aFjam-@Njdp*dp .

The following theorem is needed later.

THEOREM 2.4. Let (i) M and N be p X q and r X ¢ matric-
valued signed measures on (2, <7), F be a q X q matriz-valued measure
on (2, F).

(ii) Mor N, say M, be a.c. w.r.t. F. Then (M, N) is Hellinger

integrable w.r.t. F if and only if the Lebesgue integral S (dM/dF)dN*
2
exists. . In case these integrals exist, their values are equal.

Proof. Let p be any o-finite nonnegative real-valued measure on
2, &) w.o.t. which M, N and F are a.c. Since M is a.c. w.r.t. F
then by Theorem 2.2 there exists a measurable p x ¢ matrix-valued
function ¥ on £ such that for each Be #

(1) M(B):SBZMF, VI=T ae g,

where J is the orthogonal projection matrix onto the range of dF/dy.
If \ dMdN*/dF exists, then from the following chain of equality it
2
follows that § (dM/dF)dN* exists and the two integrals are equal
Q2

[ dMN® _
Jo  dF
(2) = | PaF/aparapy-@Naw

| (@M @Fiap-@Njdm*dp

- SQW(dN/dp)*d# - Sg(dM/dF)dN* ,

2 denotes the adjoint operation.
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where the first equality is a consequence of Definition 2.3, the second is
a consequence of (1), the third one is a consequence of (dF/du)(dF/dy)~ =
J and (1) and the last two are consequences of (1). Similarly if
So(dM/dF)dN * exists from (2) it follows that SngdN */dF exists and

these integrals are equal.

3. Interpolation of a stationary SP with continuous time
parameter. Let X,, ¢ real, be a g-variate weakly stationary SP with
the spectral distribution ¢ x ¢ matrix-valued function F defined on
(— o, ). Suppose that the process has been observed at the time
points k¥ = -.., —1,0,1, --- and we wish to estimate X, where ¢ is
not an integer. First we state a lemma whose proof is immediate.

LEvMMA 3.1. Let K be the set of all integers. Then
(a) for each Ne(0,27] the series

k}_;,{ [F(» + 2kw) — F(2k7)]

converges and defines a q X q¢ nonnegative hermitian matrix-valued
Sfunction G(-) on (0, 27].
(b) G(-) is monotone nondecreasing on (0, 27] and

G(2m) < lim F(\) .

(¢) For each ne(0, 7] and each fixed real t the series

S, F( + 2km) — F(2kn)]

converges and defines a q X q matriz-valued function G.(-) on (0, 2x].

(d) G, is of bounded variation on (0,27] and the variation of
G, = G(2n).

(e) G and G, define q X q matriz-valued measure and signed
measure on the Borel family of subsets of (0, w] respectively.

(f) G, is a.c. w.r.t. G2

We are now ready to state the main result of this notion. For
standard terminology and notation of g-variate stationary processes
used in Theorem 3.2 we refer to [4] and [8]. ’

THEOREM 38.2. (i) Let X,, t real, be a q-variate weakly stationary
SP with the spectral representation X, = S e E(d\NX,, the spectral

—oco

3 By “G: is a.c. w.r.t. G” we mean that the ¢ X ¢ matrix-valued signed measure
M; generated by G: is absolutely continuous w.r.t. the ¢ X ¢ matrix-valued measure
M generated by G.
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distribution function F defined on (— oo, o).

(ii) Let K denote the set of all integers, _#% the (closed) subspace
spanned by X,,t € K and for each t ¢ K let X, be the projection of X,
onto _#%. Then

(a) There exists a q x q matriz-valued function ¥,c L, ;* such

that X, = S T (\E(@N)X,, the function ¥, is periodic of period 2m.

(b) If G( ) and G.(-) are the matriz-valued functions defined in
Lemma 3.1, then

T,0\) = e~ (dGJAG)(N) a.e. F.

(¢) The interpolation error matriz >, = (X, — X’t, X, — Xt) 18
given by

3, = _2_17;5“(1 — dG,JAG)AF(I — dG./dG)*
where I is the identity matrixz of order q X q.

Proof. (a) Let V denote the isomorphism mapping from L,
onto _# the (closed) subspace spanned by the SP X, {cf.[7, p. 297]}.
Since 7y & _#, there exists a ¥, ¢ L, , such that

(1) X, = S” VBN X, .
From the definition of V it follows that for each ke K

(2) Ve ] = X, .

Since for each ke K, e=*** has period 27 and since X, e .k, from (1)
and (2) it follows that ¥',(\) is periodic and has period 27.
(b) By (a) we have

% =" nwBavx, .
It then immediately follows that
(3) |” eI = w0)aF e = (X, — X, X) =0

for each ke K.
Since ¥, e L, , ¥, € L, ; N L, ;. Hence

SZ“e—i“[e—det(x) — T, 0)dG0M)]
= | Temerag,o - [T 0ade0n -

* Ls,r is an abbreviation for Ly((—oe, ), @, F'), {cf. [7, p. 295]}.



188 HABIB SALEHI

The first term = Szz

0

e‘“‘*e““‘d(i‘, e ¥ [ F (N + 2n7) — F(Znn‘)])

neK

2(n+1)m

5, [Tememae v + 2nm) — Fanmy)
nekK JO

2(n4l)w . .
Z S 6—-11:(/1—21”()6—-1(y—anz)e-—%nntd[F(#) . F(z’nﬂ,')]
neK Ja2nw

M

e=*rgid[F(p) — F(2n)]

neK J2nrw

= r e~ e~ g F(\) .

Also since ¥,(\) is periodic of period 27,
So e, (\)AG(N) = S iy (x)d[ S, Fu -+ 20m) — F(2n7r)]
IMX e, (\A[F (A + 2n7) — F(20m)]
= 5 [ e dire) - Fenm)
S T, (\)AF ()
Hence
Szze“"“[e‘“th,(x) — T,0)AGMN)]
(4) -
- S_w[e—w — T IR
By (3) and (4) we get that

(5) [ emerac, o) = [T a0 .

Since by (5) the Fourier coefficients of the matrix-valued signed measures

M(B) = SBe“’“th(x) and N(B) = g ¥,(0\dG(), B is a Borel subset of
B
(0, 2], are the same, it follows that for each Borel subset B of (0, 2r]

M(B) = SBe—i“th(m = Lwt(x)dG(x) .

Now let ¢ be any o-finite nonnegative real-valued measure on (2, <#)
w.r.t. G is a.c. Then automatically G, is a.c. w.r.t. p, because G,

is a.c. w.r.t. G. Therefore we have
(6) M(B) = Le‘“z(th/dG)(x)dG(x) - L&Ift(x)dG(x) :

From (6) and Theorem 2.2 (b) it follows that
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(7) e dGdG) = ¥,JJ a.e. p,

where J is the orthogonal projection matrix onto the range of dG/dpx.
Since G is a.c. w.r.t. ¢, F is also a.c. w.r.t. . Because ¥, ecL,, a
simple calculation shows that ¥,Je L, and that

(8) TJ=V, ae. p.

But (dG./dG)J = ¥,J, therefore (dG./dG)Je L, .. This easily implies
that (dG./dG) € L, and

(9) (dG./dG)J = (dG,/dG) a.e. p.
From (7), (8) and (9) we have

e (dG,/dG) = ¥, a.e. p
ie. “

e(dG,/dG) =¥, a.e. F.

(¢) We have X, = S“ e~ F(d\) X, and

—oo

X, = S” e U(dG,[dG) (N BN X,
Hence from the isometry theorem {cf. [7, p. 297]} we obtain

S =X - X, X-X)= 2—1ES2”(1 — dG,JAG)AF(I — dG./dG)* .

As a special case of Theorem 3.2 we have the following result

concerning a g-variate stationary stochastic process with discrete time
parameter.

THEOREM 3.3. Let

(1) X, k an integer, be a g-variate weakly stationary SP with
the spectral representation X, = Zte*"“dE()u)Xo with spectral distri-
bution F' defined on (0, 2x]. ’

(ii) Let K be the set of all odd integers, A the (closed) subspace
spanned by X,, ke K and let for each ke K, X, denote the projection
of X, onto _#x. Then

(a) there exists a q X q matriz-valued function ¥, € L, such
~ 2r
that X, = S T.NEANX,. T, is periodic of period .
0
(b) ¥, is given by

— ik AF () + e F(- + 7] :
T.(\) =e AFC) T FC T o] (A) ae. F if ve(0,n]
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T(\) = e\, — 1) ae. Fif Me(r,2n].

(¢) The interpolation error matriz %, = (X — X,, X — X,) is
given by

2 (= dF(\» + 7)
?So d[F(\) + F(n + 7)) A ()
2 S dF (A + m)dF(\)

T h d[F\) + FOL + 7))’

Zk:

where the first is a Lebesgue integral and the last one is a Hellinger
integral.

Proof. Since the proof of (a) is similar to that of Theorem 3.2
(a), we proceed to sketch the proof of parts (b) and (c). Let for each

real ¢
s0 = "o (-1(s - LpJar(3)

and Y(t) be a g-variate stationary stochastic process with correlation
function S(¢). Note that for each integer n

(1) S(n/2) = R(n — 1) .

Using results (b) and (c) of Theorem 3.2 for the processes Y(t),
from (1), part (b) and the first equation for 3, easily follow. The
second equation for 3, is obtained from Theorem 2.4, since dF' (A + 7)
is a.c. w.r.t. d[FF(\) + F(\» + m)].
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