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TRIPLE SERIES EQUATIONS INVOLVING
LAGUERRE POLYNOMIALS

JOHN S. LOWNDES

In this paper it is shown that the problem of solving the
triple series equations of the first kind

n(a\ a?) = 0 , O^x <a,

( 2 ) Σ ^ Γ ( α + /3 + n)L»(α; x) = f(x) , a < x < b,

( 3 ) 2 ^ A « + 1 + n)Ln(a; a?) = 0 , δ < cc < oo ,
w = 0

and the triple series equations of the second kind

(4) Σ BnΓ(a + /3 + n)Ln(a; x) = #(#) , 0 ^ a? < α ,

( 5 ) Σ ^n^Cα + 1 + w)LΛ(α; a?) = 0 , α < a; < 6,

( 6 ) 2 ^nΠα + β + n)Ln(a; x) = h(x) , b < x < oo ,

where a + β>090<β<l, L»(α; a?) = l£(aθ is the Laguerre
polynomial and f(x), g{x) and A(a ) are known functions, can
be reduced to that of solving a Fredholm integral equation
of the second kind. The analysis is formal and no attempt
is made to supply details of rigour.

In a recent paper [1] the present author has solved the dual
series equations

(7) Σ CnΓ(a + β + n)Ln(a; x) = f(x) , 0 ^ x < d ,

( 8 ) Σ CnΓ(a + 1 + n)Ln(a; x) = g(x) , d < x < oo ,

where a + β > 0, 0 < / 3 < l . The triple series equations (1) to (6)
can be considered to be extensions of the equations (7) and (8). In
other papers [2], [3], [5], and in a book by Sneddon [4], the solution
of triple integral equations involving Bessel functions and triple series
equations involving functions orthogonal on a finite interval have been
considered and in every case the solution is expressed in terms of the
solution of one or two Fredholm integral equations.

2* In the course of the analysis we shall use the following results.
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168 JOHN S. LOWNDES

The orthogonality relation for Laguerre polynomials is

( 9 ) \~x°e-*Lm(a; x)Ln(a; x)dx = Γ ( a + 1 + n ) δmn , a > - 1 ,
Jo Γ(n + 1)

where δmn is the Kronecker delta.

Using the results (5) and (20) given in [1] it is easily shown that

(10) S(r, x) = (rxy g Γ ( w

{ + ( ^ + f)}|
 n ) L%(«; x)Ln(a; r)

(11)

where /3 < 1, a + /5 > 0, π(?/) =eyya+β~ί and ί = min (r, &).

If /(α?) and f'(x) are continuous in a ̂  x ̂  b and if 0 < σ < 1,
then the solutions of the Abel integral equations

(12) f(x) = [ F{y\σdy ,
Jα (x - y)°

and

(13) f(x) = Γ F(y\σdy ,
Jx (7/ - X)°

are given by

(14) f ( 7 ^ Γ ώ I7Γ dy u(y - x)ι'a

and

(15) ίχy ) = - ^ ί ) JL Γ - i M ^ d * ,

π dy }y(x — T / ) 1 " "

respectively.

3* Equations of the first kind* In order to solve the triple
series equations of the first kind we set

(16) Σ ΛnΓ(a + 1 + n)Ln(a; x) = ̂ (x) , α < x < b ,
71 = 0

and using the orthogonality relation (9) we find from equations (1),
(16) and (3)
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K = ΐ
Substituting for An in equation (2) and interchanging the order

of summation and integration we have

(18) \be-rφ(r)S(r, x)dr = xaf(x) , a < x < b ,
Jα

where S(r, x) is defined by equation (10).
Using the notation of equation (11) this can be written as

(19) ί V'0(r)S r(r, x)dr + (W(r)S,(r , x)dr = {Γ(l - β)}2x«f(x) ,
Jα Jx

where α < # < & , α + /3>0, / S < 1 .
Inverting the order of integration in equation (19) we find that

it becomes

[* n(y>>

 β Φ(y)dy = {Γ(l - β)fxaf(x)
ΪV\ It } 7 1 tί Qs\ It 7

^—dy\ ^v ' dr ,
o (x — yy Jα (r — yy

where

(21) Φ(y) = Γ e~Vφ{r\Ά dr .
jy (r — yy

When 0 < β < 1, equation (21) is an Abel integral equation and using
the results (13) and (15), we find

(22) e~rΦ(r) = -
π dr (y y

Also, from the results (12) and (14), we see that equation (20) can be
written as

(23) n(y)Φ(y) = F(y) - * * * ! & & [ n ( ξ ) l ( y , £ ) & [ * * & > β d r ,
π Jo Jα (r — ζ)β

for a + β > 0, 0 < β < 1, a <y <b, where

(24)

is a known function, and

(25) Z(j,,£) =
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It is shown in [2] that

(26) l(y, ζ) = ( α ~ ξy~β , 0 < β < 1 ,

(y - ξ)(y - a) β

and hence equation (23) becomes

(27) n(y)Φ(y) = F(y) - ™ W f' (fi^JLL^yx [-f
π(y - af-β h y - ξ U (r -

Using equation (22) we can write

[b β-y(r) d r = _ sin(^τr) ΐ" dr d [" Φ{y) ,
Jo (r - ζ)β π ia (r - ζ)β dr J (y - r)1-^

(28)
π \ ( a - ξ)β ) « ( y - a)ι~β

( r _ f)!^ ) r (1/ _ r

after an integration by parts.
Inverting the order of integration in the last term of equation

(28) and using the result given in [2]

we get

(30) Γi^W-dr = S ί n ^] Γ
Jo (r - ζ)β π(a - ί)"-1 J (y -

dr ] Γ
o (r - ζ)β π(a - ί)"-1 J (y

Substituting for this expression in equation (27) we find that
Φ(y) is given by the equation

( 3 1 ) n(y)Φ(y) = F { y ) - ["φ(x)M(x, y)dx , 0 < y S < l , a < y < b ,

where M(x, y) is the symmetric kernel

(32) ( t y) Hί ; ; ΛV

π2[(x - a)(y - a)]1

Equation (31) is a Fredholm integral equation which determines
Φ{y), Φ{r) is then obtained from equation (22) and the coefficients An

which satisfy the equations (1), (2) and (3), when a + β > 0, 0 < / 5 < l ,
can be found from equation (17).

If we put a = 0 the triple series equations (1), (2) and (3) reduce
to the dual series equations considered in [1] and it is easily shown that
the above solution reduces to the solution obtained in that paper.
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4* Equations of the second kind* To solve the triple series
equations (4), (5) and (6) we put

(33) Σ BnΓ(a + 1 + n)Ln(a; x) = ψ,(χ) , 0 ^ x < a ,

= Ψi(x) , δ < x < oo ,

and use the orthogonality relation (9) to find that equations (5) and
(33) give

(34) *•=ir(fτrτW{S><r)+\y^y^.(«- -)*•
α > - 1 .

Substituting for Bn in equations (4) and (6) and interchanging
the order of summation and integration we find

(35) {!Vi(r) + JV 2 (ψ~ r S(r , x)dr = ajβflf(a?) , 0 ^ α? < α ,

= xah(x) , δ < x < co ,

where S(r, x) is given by equation (10).
In the notation of equation (11) these equations may be written as

(36) (VrτK(r)Sr(r, x)dr + (\-rψι{r)Sx{τ, x)dr
JO Ja;

+ j Vr^2(r)S,(r, α;)dr - {Γ(l - β)}*x*g(x) ,

where 0 ^ # < α,

(37) (V^WSfrίr, x)dr + Γβ"r^2(r)Sr(r, aj)dr
JO J6

, x)dr = {Γ(l - β)}*x°h(x),

where b < x < oo, a + β > 0, β < 1.
Inverting the order of integration in the above equations we have

(38)

Jo (x —

for 0 ^ a; < α, and

( 3 9 ) Γ n(y\βΨ2(y)dy - {Γ(l - /5)}Vfe(x) - Γ , n(y) ,B ΨJδ (x - ^/)^ Jo (x - yY

where δ < x <
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(40) ( i ) Ψ^y) = Γ , e'T ,β Ur)dr ,
}y (r — yf

(ii) Ψ2(y) = Γ , ^ ,β Ψ2(r)dr .
iv (r - yy

When 0 < β < 1 we may use the results (12) to (15) and deal
with equations (38), (39) and (40) in a similar manner to that used
to obtain equations (22) and (27) and find that

(41) n(y)Ψί{y) = G(y) - n(y)\~ f ^ ^ d r ,
J6 ( r _ y)β

(42) n(y)Ψ2(y) = H(y) - s i n ( / 3 ^ Γ (b ~ ^

_ sin (/9τr) Γ> (6 - ξ)

π ( ? / - δ )W JJo ^ -

(43) e-^(r)=---ggi^-Ar ^ ) d y , 0 < r < α ,
7Γ dr jr (y — r) p

and

(44) ^ f ) = -
7Γ dr ir (y — ry~β

where G(y) and H(y) are the known functions

(45)
(y - a;)1"

and

(46) i ^ I l ^ ^ ί y ^ ^ , 6< 2 /<oo.
Γ(/S) d?/ Jδ (2 x)1-3

From equation (41), using the result (43), it can be shown that
) and ψ2(r) are related by the equation

(47)
π dr

π(a — rY~β J& r — ξ

where 0 < r < a.
By a similar method to that used to obtain equation (30) we can

show that

(48) \ f ^ d r = sin^) f ( | -6)^
)b (r - yY π(b - yf~ι J& ξ - y
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Using this result and equation (41) it can be shown, after some
manipulation, that equation (42) can be written in the form

(49) n(y)Ψ2(y) + ί~ Ψ2(x)N(x, y)dx

where N(x, y) is the symmetric kernel

(50) N(,,y)= H(

 S

Equation (49) is a Fredholm integral equation of the second kind
which determines Ψ2{y), ψ2(τ) can then be found from equation (44)
and ψiir) from equation (47). Finally, the coefficients Bn which satisfy
the triple series equations of the second kind when a + β > 0,
0 < β < 1, are given by equation (34).

If we let δ—• oo in equations (4), (5) and (6) they reduce to the
dual series equations considered in [1] and the above solution can be
shown to agree with the solution obtained in that paper.
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