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SOME INEQUALITIES FOR STARSHAPED
AND CONVEX FUNCTIONS
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Necessary and sufficient conditions are obtained on a
function G of bounded variation such that ¢ w(t)dG(t)) =

Sgb(x(t))dG(t) for all increasing x for which 2(t,) = 0 for some

specified ¢,, and all convex ¢ for which ¢(0) = 0; the conditions
are otherwise independent of ¢ and z. Similar results are
obtained when the inequality is reversed. Necessary and
sufficient conditions for both directions of inequality are also
obtained when ¢ is starshaped and ¢(0) = 0,

The relationship to previous results is sketched. Appli-
cations to statistical tolerance limits are indicated.

Several inequalities are known that give necessary and sufficient
conditions for a signed measure p to satisfy

(L.1) [p@dp@ = 0

for all functions ¢ in a given convex cone, For example, such results
were obtained by Hardy, Littlewood and Polya [7] for the cone of
convex functions, and by Karlin and Novikoff [9], Ziegler [17] and
Karlin and Studden [10] for cones of generalized convex functions.

By changing variables in such a result, it is easy to obtain con-
ditions on g in order that

1.2) Jse®au = o

for all ¢ in the given convex cone, where x is an increasing function.
Generally speaking the conditions so obtained depend upon the function
2. In some applications, 2 is replaced by a random function (see
Barlow and Proschan [1]). Inequalities are thus required which will
hold for essentially all possible realizations of the random function,
so that those obtained via a change of variables, like (1.2), are not
useful.

In this paper, we consider only measures p which are the difference
between a measure vy and the measure which has unit mass concentrated
at the point Ex(t)dv(t). Consequently, all the inequalities that we

obtain have either the form
(1.3) o([evrin) = [s@naxe
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or
(1.4) o([e0a®) = {seorao .

For the cone of the convex functions ¢ satisfying 4(0) = 0 (§3)
and the cone of starshaped functions (§ 4), conditions on v are given
for (1.8) or (1.4) which are independent of the function zx.

For discrete measures and convex functions ¢, sufficient conditions
independent of the function x have been obtained by various authors
(see § 5). For more general measures and convex ¢, sufficient conditions
have been obtained by Brunk [5]. The relation between our work
and his is discussed in § 3. Related results in higher dimensions have
also been obtained by Brunk [6].

In all of these cases, the direction of the inequality is as in (1.3),
and of course this is also the direction of Jensen’s inequality. Thus,
results of the form (1.4) are more novel.

Observe that inequalities of the form (1.2) can be viewed as having
the form of (1.1) where the original cone of functions is extended by
increasing transformations of the variable. We have not found it
convenient to adopt this point of view; instead, the results are obtained
via inequalities of the form (1.1) for the original cones of functions.
These preliminary inequalities are given in § 2.

Throughout this paper, we use “increasing” in place of “nonde-
creasing” and “decreasing” in place of “nonincreasing”. We consider
functions defined on intervals [a, b]; although the endpoints @ and b
need not be finite, it should always be understood that they are to
be included in an interval only if they are finite.

2. Preliminary inequalities. One of the earliest inequalities of
the form (1.1) is the result of Hardy, Littlewood and Polya [7] for
convex functions. They observed that a convex function can be ap-
proximated by positive combinations of functions of the form

p@) =a, ¢®=-x, o) =1, ¢ =-1
and

@) T— U, T >U cu<
x) = — o0 wu oo,
¢ 0, z=u,

Their conclusion was that (1.1) holds for all convex ¢ if and only if
it holds for these special convex ¢. The idea of their proof can be
used to obtain several related inequalities that we shall require. These
inequalities all characterize the signed measures y of bounded variation
that satisfy
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S[a,ﬂ‘ﬁ(”’d/“‘(“) >0

for all functions ¢ of a given class &, — < a < b =< «. The results
are obtained by finding a subclass & € & with the property that for
all ¢ € &, there exists a sequence {¢;} of positive combinations of
elements of < such that lim; ¢,(x) = #(x). Furthermore the sequence
has the property that ¢,(x) is increasing in 7 if ¢(x) = 0 and ¢;(x) is
decreasing in 7 if ¢(x) < 0. From the Lebesgue monotone convergence
theorem, we have that S[ p(x)dp(x) = 0 for all ¢ € & if and only if

the inequality holds for all é€%. The following theorems can be
easily proved in this way; in each case, the class & is stated in the
hypotheses of the theorem and the class <7 can be reconstructed from
the conditions given.

THEOREM 2.1.
that ¢(c) = 0,a < ¢

s(@)dp(x) = 0 for all ¢ convex on [a,b] such
a,b]
b with ¢ finite, 1f and only if

I!/\‘/“

2.1) S(u,b](x —w)dp(x) =0 for all ueije,b),
2.2) S[M](u —w)du@) =0 for all we(a,d],
and

(2.3) Sw(x — () = 0 .

If ¢ satisfies the conditions of Theorem 2.1 and S ¢(x)dy(x) =0
for all measures p satisfying (2.1), (2.2) and (2.3), then q;(x) = a(x — ¢).
In fact, by considering measures ¢ of the form gz} = 0, p{x,} =1 — 6,
oz, + 1 -0} = -1 @=a,<c=<x,=<b 0<6<1), we conclude
from S g;(x)d;e(x) = 0 that ¢ is linear because ¢(fx, + (1 — O)x,) =
fg(x,) + (1 — 0)$().

We remark that without the condition ¢(¢) = 0, the conditions
(2.1) — (2.3) must be augmented by the requirement that g[a,b]d;z = 0.

This is essentially the result of Hardy, Littlewood and Polya [7]. See
also Karamata [8], Levin and Ste¢kin [12], Brunk [5], and Karlin and
Novikoff [9].

THEOREM 2.2. S[ s(@)dp(®) = 0 for all ¢ convex on [a,b] such

that ¢(c) = 0, a<c<b with ¢ finite, and ¢(x) =0, a < x < b, of and
only if (2.1) and (2.2) hold.



22 RICHARD E. BARLOW, ALBERT W. MARSHALL, AND FRANK PROSCHAN

Equality S b¢(x)dpe(x) =0 in Theorem 2.2 is obtained for all
measures g saféis]fying (2.1) and (2.2) if and only if ¢(x) = 0 when
a<c<b, ¢(x) =alx — c) whenc =aor ¢ =>b. This can be obtained
in the same way as the case of equality in Theorem 2.1.

Without the condition ¢(c) =0, (2.1) and (2.2) are no longer
sufficient, but in this case, the appropriate conditions can be found as
a special case of results due to Ziegler [17]. See also Karlin and
Studden [10].

The remaining theorems of this section are concerned with
starshaped functions. Perhaps the most natural domain for these
functions is [0, «), where they are considered by Bruckner and Ostrow
[4]. Our original interest in these functions was also on this domain,
where they arise in describing certain classes of probability distri-
butions of importance in reliability theory and elsewhere (see Barlow
and Proschan [1]). However, we consider more general domains here,
and extend the definition in two ways.

DEFINITION 2.3. A real valued function ¢ on the interval I is said
to be starshaped if ¢(ax) < ag(x) whenever xecl, axel and0 < a < 1.

DEFINITION 2.4. A real valued function on the interval I is said
to be a supported starshaped function if it is starshaped, and if,
whenever 0 is an interior point of I, there exists a linear function [
on I such that I(0) = 0 and l(x) < ¢(x) for all xe 1.

Unless 0 is an interior point of I, there is no distinction between
starshaped and supported starshaped functions. If 0 is an interior
point of I, then ¢ is starshaped on I if and only if

(i) ¢(x)/x is increasing in z < 0,x¢ I,

(ii) ¢(x)/x is increasing in x > 0,2 € I,

(iii) 4(0) = 0.

On the other hand, if 0 is an interior point of I, ¢ is a supported
starshaped function on I if and only if

(iv) 2, < 2, and 2, # 0 # 2, implies 3(x,)/x, < ¢(x,)/x,,

(v) ¢(0) =0.

When the interval I is of the form [0, ], then a starshaped
function ¢ is a generalized convex function in the sense defined by
Karlin and Novikoff [9] and Ziegler [17]; in the notation of Karlin and
Studden [10], » = 0 and u,(x) = . In this case, theorems similar to
those below are obtainable as special cases of their results.

THEOREM 2.5. S $(@)dp@) 2 0 for all starshaped o on [a, b],
[a,
a =00, such that p(O) =0 if and only if
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(2.4) S wd () :S wdp() = 0,
[a,0] {0,5]
(2.5) S[ adp(e) SO for all w, a=u<0,
(2.6) S wdp(@) =0 forallw, 0<u=b.
[u,b]
THEOREM 2.6. s(@)dp(x) = 0 for all supported starshaped ¢

on [a,b], a <0 < b, such that 3(0) = 0 if and only if (2.5), (2.6), and

@.7) S[a (@) = 0.

3. Imequalities for convex functions. In the following, G
denotes a function of bounded variation on [a, 8], —> < a <0< b <
(the endpoints of the interval are excluded when not finite). We

assume that G(u) = S dG(x), and use the notation G(u) = dG(x)
In addition, we assuméa\’;]lthout further mention that S x(t)dG (t) < oo,
Occasionally, we find it convenient to use the letter (b} to denote the
measure determined by G: i.e., we write G{4} = SAdG(x) .

THEOREM 3.1. Let t,€]a, b] be fized.
(3.1) o(],, =macw) = | s@orco

for all convex functions ¢ such that ¢(0) = 0 and all increasing
functions « such that x(t,) = 0 if and only if

82 0=GH)=l,ast<t, and 0ZG)=1,t,<t<b.

REMARK. In this and the following theorems, ¢ need not be convex

(or even defined) over all of the interval (— o, ). But ¢ must be
convex on an interval containing the point S 2(t)dG(t) and the range

[a,b]

of «x(t) for ¢t in the support of G.

Proof. Suppose first that (3.2) holds. Let

G*(z) = G{t:a <t £ b and x(t) < 7},

and let H * be the probability distribution degenerate at ¢t = - xdG*(z).

Since G* has no mass outside the interval [x(a), 2(b)], (3.i;° can be
rewritten as
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(3.1) | s@di*@ < | @d6"@) .
Observe that (3.2) can be rewritten as

(3.2 0SG*)<1,2=<0 and 0=G*(2)<£1,2=0.

By definition of H*, we have that S” 2dG*(2) = S” *dH*(z). Thus,
by Theorem 2.1, we need only check that

S”G*(z)dz > S”H*(z)dz, w=0

and

X;G*(z)dz = S;H*(z)dz, u=0.

Case 1. v =0. If

u =, S H*@dz = p —u= Smé*(z)dz — So G*()dz — u
0 Bl
so that Sw(_}*(z)dz = S“FI *(z)dz is equivalent to

S;G*(z)dz +u = S:G*(z)dz .

But this follows from G*(z) = 0,2 <0, and G*(z) < 1,2 > 0.
If w=p, S H*(z)dz = 0 so that S G*(z)dz = S H*(z)dz is equiva-
lent to S G*(2)dz = 0. This follows from G*(z) =0,z = 0.

Case 2. u <0. Ifu <y, then S G*(z)dz = S H*(z)dz = 0 since
G*(z) =2 0,2 <0, while H*(z) = 0,z = .
o _ 0
It w>yp, S H*@)de = w — gt = u — S G*2)dz + S G*(z)dz and
0 —c0

S0 S G*(z)dz = S H*(z)dz is equivalent to

S”(_}*(z)dz — %= SOG*(z)dz .

0 u

But this is a consequence of G*(z) = 0,z2=0, and G*(?) <1,z < 0.
It remains to show that (3.2) is necessary. Choose ¢, = ¢,.
Let

0, t=<¢

t) =
0 {1, E>t,,
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and let ¢(z) = 2°. Then (3.1) becomes

S(tl,deG(t) = (S(zl,deG(t)>2 ’

ie., G(t) = [G(t)]. This implies 0 < G(¢,) < 1.
Next, choose ¢, < 0.
Let

—1, t<t,

t) =
) {0, t>t,,

and again take ¢(z) = 2:. Then (3.1) becomes G(t,) = [G(t,)]?, hence
0=G() =1.

If ¢ is convex, then +(x) = ¢(x) — ¢(0) is convex and satisfies
4r(0) = 0, so that Theorem 3.1 can be restated without the hypothesis
4(0) = 0 as follows:

THEOREM 3.la. Fix i¢,€]a,b].

@3 o] o0d6®) -0 | [s@e) - 501d6E)

for all convex functions ¢ and increasing functions & such that x(t,) =
0 if and only if (3.2).

If the hypotheses of Theorem 3.1a are augmented by the condition
5(0) < 4(0)G(b), then we can replace (3.3) with (3.1). The result so
obtained is a modification of Theorem 3.1 that admits a widened class
of functions 4.

We remark that if G is a probability distribution on [a, b], then
(8.2) is satisfied and (3.3) reduces to (3.1). Thus we obtain the special
case of Jensen’s inequality. The next theorem gives conditions for the
reverse inequality, and here the results are somewhat more novel.

THEOREM 3.2. Fix i,¢€|a, b].

(3.4) o(],, =waew) z | swenace

for all convexr functions ¢ such that ¢(0) = 0 and all increasing
Sfunctions « such that x(t,) = 0 if and only if either

there exists s < t, such that G(t) < 0,t <s, G(t) = 1,

(3.5) _
ssS=t<t,and Gt)£0,t = t,,

or
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there exists s = t, such that G(t) < 0,t < t,, G(t) = 1,

(3.6) -
t,<t<s and Gt) <0,t=s.

Proof. Let H*(z) = G{t:a <t < b and x(f) < 2}, and let G* be
the probability distribution degenerate at p :S zdH*(z). Then (3.4)

can be rewritten as
(3.4) | sic@ = " s@ar*e) .

Suppose that (3.6) holds. We may rewrite it in the following way:

There exists ¥ = 0 such that H*(z) <0,z < 0, H*(z) = 1,

3.6’ —_
(8.6) 0<z<wy, and H*(z) <0,z = y.

Since r 2dG*(z) = Sw 2dH*(2), we can apply Theorem 2.1 by
checking that

r@*(z)dz>g H*(2)dz, w H*(2) =0, andg G*(z)dz>g H*(2)dz, u<0 .

Case la. 0=<wu < p. The condition r@*(z)dz > rﬁ *(2)dz  be-
comes ft — u = S H*(z)dz, i.e.,

S:ﬁ*(z)dz — S;H*(z)dz —uz S:ﬁ*(z)dz ,

or
Suﬁ*(z)dz >+ SO H*(2)dz .

If u <y, this follows from H*(z) > 1,0<z=<wu and H*) <0,
2 < 0.

If >y, we employ the condition u < ¢ together with rI-_I *(2)dz <
0 to conclude gt — u = S:FI *(z)dz. "

Case 1b. % =0 and w = . Then S G*(2)dz = S H*(z)dz is just
0= S H*(2)dz. If uw =y, this is a trivial consequence of H*(z) < 0,
z= yu If v <y, we observe that w = p is equivalent to

w = —SO H*(z)dz + Suﬁ*(z)dz + rﬁ*(z)dz .

Since — SO H*(z)dz = 0 and Suﬁ *(z)dz = w, we conclude from this that
o __J)—oco 0
0> S A*(2)de.
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Case 2a. p =<u =<0. The condition Su G*(z)dz = Su H*(z)dz be-
comes % — M = X H*@z)dz. Butu — p = = S H*(z)dz.

Case 2b. u < p and v < 0. The condition
Su G*(z)dz = Su H*(z)dz becomes 0= Su H*(z)dz
which follows from H*(z) < 0,z < 0.

Now suppose that (3.5) holds. In this case it is possible to prove
(3.4) in a manner analogous to the proof just given under the sup-
position that (3.6) holds. Alternatively, we can use the result that
(3.6) implies (3.4): Let G'(z) = G(—=), a'(t) = —x(—1), 6'(z) = ¢(—2),
a'= —b,b" = —a, and £ = —t,. Then (3.6) with G' in place of G and
t! in place of ¢, is equivalent to (3.5) so it implies (3.4) with G, z, ¢, a
and b replaced by G, 27, ', a' and b' respectively. However, (3.4) with
this replacement is equivalent to (3.4) without this replacement.

Next, suppose that (3.4) holds. Choose ¢, < t, let xz(f) = —
t=t,xt)=0,t>t, and let ¢(z) = 2>. Then (3.4) becomes

\..260 =), vase =[], o],

i.e., G(t) = [G(t)]’. Hence G(t,) =<0 or G(t) =1,t < t,. Similarly,
by choosing &, = ¢, 2(t) = 0,t < ¢, x(t) = 1, t>t, and 4(z) = 2%, we
conclude that G(t,) <0 or G(t,) = 1,¢ =

Now let ¢, <t, < t, <b and suppose that G(t) <0. Let

0, t <t
2(t) = 11, L<t=t,
1+et,<t<bh.

Then S[ a(t)dG(t) = G(t) — G(t,) + (1 + e)G(t,) = G(t,) + eG(t,). Since
G(t) = O we can choose ¢ sufficiently small that G(t,) + eG(t,) < 1.
Let ¢(2) =2 — 1 if z=1 and ¢(z) = 0 for z < 1. Then (3.4) becomes

edG(t) £ 0, i.e., G(t,) = 0. Similarly, if a < t, < t, < t, and we let

[tg:0]
—L+eya<tst,
x(t) = -1, L<t=t, 6(2) =
0, t >t,,

—1—2z,2< -1
07 7v>—1

then we can conclude that G(t,) < 0 implies G(t,) < 0.
Finally, suppose that a < t, < ¢, < t, < b, and G(t,) = 1, G(t,) = 1.

Choose ¢ so small that ¢, < ¢, — 6 <&, and let «(t) = —1/{G(, — I)},
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t<t,—d,2(t) =0,t, —d <t=t, and x(t) = 1/{G(t,)}, t > t,. Then

, _ G A6 _ 4. q_
| omaem =] T+ Suo,b]——é(to) 1+1=0.

Inequality (3.4) becomes S[ S@(E)AGE) < 0. With ¢() = [2], we
a,b
obtain

S aG(t) + S .d:G_(_tl =2=<0, a contradiction .
ta,t—31 G(t,) tob1 G(t,)

It follows that either (8.5) or (3.6) must be satisfied.

In the same manner as for Theorem 3.1, it is possible to restate
Theorem 3.2 without the hypothesis #(0) = 0 as follows:

THEOREM 3.2a.

@D | e0a6®) - sz |  sa) - o060

for all convex functions ¢ and all increasing functions x such that
2(t) =0,a <t, < b, tf and only if either (3.5) or (3.6).

Both Theorems 3.1 and 3.2 were obtained via Theorem 2.1. It
follows from the conditions for equality there that equality holds in
(8.1) (in 38.4) for all x(¢) such that () = 0 and all G satisfying (3.2)
(satisfying (3.5) or (3.6)) if and only if ¢(x) = ax. In fact the same
can be said if equality holds for x(t) =t — t, and all G satisfying the
appropriate conditions. On the other hand, for certain specific x(¢),
there may be other cases of equality.

We state several immediate but particularly interesting consequences
of Theorems 3.1 and 3.2.

The condition that ¢(0) = 0 may be of special interest for functions
¢ on [0,b], particularly when ¢, = 0. In this case, we obtain the
following two special cases.

COROLLARY 3.3.
(1, 20a60) < || swnice

for all convex functions ¢ such that ¢(0) =0 and all inereasing
fumnctions x such that ©(0) = 0 if and only if 0 ZG({) =< 1,0=t <b.

COROLLARY 3.4.

o], s0a6w) 2| sewace
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for all convex functions ¢ such that ¢(0) =0 and all increasing
functions @ such that x(0) = 0 ¢f and only if there exists s, 0 < s < b,
such that G) = 1,0t <s and Gt) £0,s< ¢t < b.

In Theorems 3.1 and 3.2 it is assumed that a point ¢, is known
such that 2(¢) = 0. The following corollaries are apparently more
general than the theorems, because they assume only that an interval
[to, t;] is known such that x(f) = 0 for some ¢ € [¢,, t;]. This in essence
requires that the inequalities hold for a wider class of functions x(¢),
namely those for which x(¢) = 0 for some ¢¢€[t, t;]. We obtain the
conditions of the corollaries as the intersection of conditions of the
theorems over all points where it may be that «(¢) = 0.

COROLLARY 3.5. Inequality (3.1) holds for all convex functions ¢
such that ¢(0) = 0 and all increasing functions x such that x(t) = 0
for some telt, ], a <t, <t <05, if and only if 0 GH)<1,a <
t<tiand 0<Gt)<1,t, <t <b.

COROLLARY 3.6. Inequality (3.4) holds for all convexr functions
¢ such that ¢(0) = 0 and all increasing functions x such that x(t) = 0
for some te[t, t)],a = t, < t) < b, of and only if either there exists
s <t} such that Gt) < 0,t<s,Git)=1,s<t<t, and GEt)<0,t=>
t,, or there exists s = t, such that Gt) < 0,t< ¢, GEt) =1,{, <t <s
and G(t) <0,t > s.

The special cases of these corollaries in which ¢, = a,t, = b are
particularly interesting, though we do not explicitly spell them out.
This case of Corollary 3.5 bears comparison with Theorem 1 of Brunk
[5]. However, Brunk’s conditions are of a different nature than ours,
because they depend upon the function z.

Both Theorem 3.1a and Theorem 3.2a yield interesting corollaries
when the condition G(b) = 1 is imposed. In this case (3.3) reduces to
(8.1) and (3.7) reduces to (3.4).

COROLLARY 3.7. (3.1) holds for all convex fumctions ¢ and all

increasing functions x such that x(t,) = 0 ¢f and only if (3.2) and
G(b) = 1.

COROLLARY 3.8. (3.4) holds for all convex functions ¢ and all
increasing functions x such that x(t,) = 0 if and only if GOb) =1,
and (3.5) or (3.6).

The sufficiency of these conditions follows from Theorems 3.1a and
3.2a. The necessity of G(b) =1 is obtained with ¢(x) = 1 and ¢(x) =
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—1 in (3.1) and (3.4).

With ¢, = a, the sufficiency of the conditions in Corollary 3.7 has
been obtained by Brunk [5], Corollary 2.

We point out that in both Theorems 3.1 and 3.2, the necessity of
the conditions was proved using only nonnegative functions ¢. This
means that the conditions for the inequalities to hold cannot be relaxed
with the additional hypothesis that ¢(x) = 0. It was with this fact
in mind that we included Theorem 2.2, which is to be compared with
Theorem 2.1.

Finally, we remark that results similar to those of this section
can be obtained for functions ¢ concave-convex about the origin, ¢(z) <
(=)—¢(—=z) for x = 0 and #(0) = 0. Discrete versions of such results
have been obtained by Lawrence [11].

4. Inequalities for starshaped functions. We retain the con-
vention of §3, that —« <a<0=<b < =, and G is a function of

bounded variation on [a,b] such that G(u) =S dG(x). Also, we
[a,u]
continue to require S 2(t)dG(t) < oo.
[a,b]

THEOREM 4.1. Fux ¢,€|a, d].
(@) o(],, 2wacw) = | swnace

for all supported starshaped functions ¢ such that $(0) = 0 and all
increasing functions x such that x(t,) = 0 if and only if there exists
t,and t,, a < t, < t, < t, < b, such that

Gu) =0,u <t;0=<Gu) =1 and G(u) decreasing

4.2) .
wmou, t, < u <t
and
4.3) 0<Gw) <1 and G(u) increasing, t, < u <t,;

Gu)=0,u=t,.

Proof. Let G*(2) = G{t:a £t < b and «(t) <z}, and let H* be
degenerate at m = S 2dG*(z). Then (4.1) can be rewritten as

1) [ s@ame = | s@i67@

and the conditions (4.2), (4.3) can be rewritten as follows: There
exist z, and z,, 2, < 0 < 2z, such that
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G*(2) = 0,2 < 2;0 < G*(2) <1 and G*(z) decreasing

4.2

(4.2') inzz2<2<0

and

“.3) 0 < G*(z) <1 and G*(z) increasing in z,0 < z < zy;

G*(z) =0,2=>2,.

We suppose that (4.2") and (4.3") hold, and verify the conditions of
Theorem 2.6 with p = G* — H*,

By definition of G* and H*, we have (2.7).

To check (2.5), we first note that

m = SlxdG*(w) - S:G‘*(x)dac _ LG*(x)dx _ SZZG*(x)dm - S(;G*(oc)dx .

Consequently
4.4) zZEm=z,.

Further, we note that integration by parts yields

S(_ ]xdG*(x) = uG*(u) — g ]G*(x)dx .

(—eo,

To check (2.5), we must show that

S ‘ ]xdG*(x)§S odH* (), 0 < 0 .
(—oo,u

(—e0,u]

(a) If u <z, then by (4.4), w < m so that

0= S 2dG*(@) = S ed H*(z) .
(—oo,u (—oo,u]
(b) If z,<u<m=O,
S CdG*(z) — g odH*(z) = S wdG*(z)
(—o0,u] (—o0,u] (—o0,u]

— wG*(u) — S( _G*(@)dw < uG*(x) < 0 by (4.2) .

(c¢) Ile<m<u,<0,
S 2dG* () — S
(—e0,u

— uG*(u) — SZG*(x)dx i S:G*(ac)dx - S?G*(x)dx

ad H *(x)
u]

(—oo,

= uG*(u) + SOG*(m)dx - S:z(_}’*(x)dx

< uGu) + SOG*(x)dx < wG*w) + G*(u)§°dx —0.
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Next, we must check (2.6), i.e., S xdG*(x) = S[ xdH*(x), w = 0.
[u,0) %,0)
(a) If 0=u=<mZ<z, then

S[u’m)xdG*(x) — S[u’w)de*(w)

— uG* () + Sfé*(x)dx - S:zé*(x)dx + S;G*(x)dx

> uG*(u-) — S:(";*(x)dx > wGH () — G*(u‘)S:dx —0.
(b) If m<u<z and u =0,

[, _ed6@ ~ | _edm*@)
= S[u w):ch*(x) = uG*(u~) + Sj@*(x)dx =>0.
(c) If u=z, then
Lﬁgﬁﬂ@:SmeHﬂm=0.
This concludes the proof that (4.2) and (4.3) imply (4.1). It
remains to show the converse.

Following the proof of Theorem 3.1, we conclude that s, > i,

implies 0 < G(s;) < 1, and s, < t, implies 0 < G(s,) < 1.
Next, suppose that ¢, < s, < s, + 0 and that G(s, + d) > 0.

0, t<s,
Let x(t) = {1, s, <t=<s,+06 and let ¢(z)={
l+e,t>s8+90,

0,21
z,z2>1.

Then for sufficiently large e,
[edc® = Gis) — Gs. +0) + (1 + OG(s, + )
= G(s,) + eG(s, + 0) > 1,
and (4.1) becomes
(1 + &)G(s, + 6) = G(s;) + €G(s, + o) ,
that is
G(s: + 9) = G(s) .

This proves (4.3). Condition (4.2) follows similarly with
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— <

. §1+8)’t=&< 5 q (< -1

x()— 4 s <t=s + an 95(2)— O, zg—l,
0, t>s +0,

where s, < s, + 6 < t,.
THEOREM 4.2. Fix t,€]a,b].
(4.5) ¢(§[a,”x(t>dG<t>) < S[a’ﬂ¢(w(t))dG(t)

for all starshaped functions ¢ such that ¢(0) = 0 and all increasing
functions x such that x(t) = 0 if and only if either

there exists t,,a < t, < &, such that Gu) = 0, u < t,;
(4.6) 0= Gu) £1 and G(uw) decreasing in u,t, < u < t,

and Gu) =0,u = t,,

or

there exists t,, t, < t, < b, such that Gw) = 0, u < &,
4.7 0= Gw) <1 and G(u) increasing, t, < u < t,, G(u) =
O,u=>t,.

Proof. Though (4.5) can be obtained from Theorem 2.5, we use
Theorem 4.1. If (4.6) or (4.7), then (4.2) and (4.3) and in addition,
G has no mass to the right of ¢, or no mass to the left of ¢. Thus,
the integrals of the inequality can be extended over [a,t,] (where
x(t) < 0) or over [¢, b] (Where x(t) = 0). But on (—e0, 0] or [0, ),
starshaped functions ¢ are supported starshaped functions and the
inequality follows from Theorem 4.1.

-1, t< ¢,
Let x(t) = 0,t,<t=<t, where ¢ <t <t,,
a,t>t,,

— b —
and suppose G(t,) > 0, G(t,) > 0. Then m = S 2(H)dG() = aG(t,) — G(t)
is strictly positive for some « and strict1§r negative for some a.
According to Theorem 2.5, we must have S x(t)d;z(t) = 0, where

¢t =G — Hand H is a probability distribution degenerate at m. This
is impossible, since m can be strictly positive or strictly negative while

E[ x(t)dG(t) is unchanged.
a,tg)

THEOREM 4.3. Fix t,€]a, b].
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4.8) o(], 2a6w) 2 | sanace

for all supported starshaped functions ¢ such that ¢(0) = 0 and all

wnereasing functions x such that x(t) = 0 tf and only if either
there exists t,a < t, < t,, such that G(t) = 0,

4.9) aZ2t<t;G{t)=1 and G(t) is tincreasing,
t1§t<t0;é(t)§0,to§t§b,

or

there exists t,, t, < t, < b, such that G(t) <0,
(4.10) a<t<t;Glt)=1 and G(t) is decreasing in
tto<t<t;Gt)=0,t,<t<b.

Proof. Let H*(z2) = G{t:a <t < b and 2(t) < z}, and let G* be
the probability distribution degenerate at S 2dH*(z). Then (4.8) can

be rewritten as
(4.8) [ s@ae@ = | s@ar @

and (4.10) can be rewritten as

there exists z, > 0 such that H*(z) < 0,z < 0;
(4.10") H*(z) =1 and H*(z) is decreasing in z,0 <
2 < 2 H*(2) =0,2=2,.

We show that (4.10") implies (4.8’) by applying Theorem 2.6 with
© = G* — H*. First, note that

m = S” 2dH*(2) = S“H*(z)dz
(4.11) - .
— | _H ez " @z 2 2.,

since H*(z) = 0,2=>0,H*2) =1,0< 2 <2, and H*(z) =< 0,2 < 0.
Clearly (2.7) is satisfied. To verify (2.5), we note by (4.11) that
m =0 so (2.5) is S 2dH*(z) = 0,u < 0. But
u]

(—co,

S 2AH* (@) = uH"(u) - S- H*(2)dz = 0

because H*(2) < 0,z < u, H*(u) < 0 and » < 0.
To verify (2.6), suppose first that # > z,. Then (2.6) becomes

SxdG*(x) > 0 which follows from (4.11). If u <z, (then v < m by
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(4.11)), (2.6) becomes

Lu,wsz*(“)gS[ wdH*@), le., Slde*(z)gg dH*(3),

uyZg [u,2g

or
S<-w,olde "@) + S(O,ude *(2) 2 0.
Now
g(_w,O]de*(z) = — S;H*(z)dz >0
and

S YdH*2) = —ul*(u) + Suﬁ*(z)dz >0
(0,u] 0

because H*(z) is decreasing in z,0 < z < z,.
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The proof that (4.9) implies (4.8) is analogous. Consequently, we
turn to the problem of showing that (4.9) or (4.10) is necessary.

Suppose that (4.8) holds.
A. G(s)=1or G(s,) 0,8 > t;G(s) =1 or G(s) < 0,5, < t.
To see this, let ¢(z) = 2% first let
0,t<s, -lLt=<s
2(t) = , then let =x(t) = .
1,t > s, 0,t>s

Apply (4.8) to obtain [G(sy)]* = G(s.) and [G(s)]* = G(s.).
B. G(s)G(s;) <0 if s, < t, < s..
To see this, suppose the contrary, let

—1/|Gs) [, t = s
x(t) = 0,s < t=s
1/| G(Sz) Lt>s,,
and let

2,2=<0 0,250

$.(2) = 0,2>0, $(2) = 2,2>0.

Then S 2(t)dG(t) = 0. With ¢ = ¢,, (4.8) becomes
[a,b]

0= —G(s)/|G(s)|, a contradiction if G(s,) < O0;
with ¢ = ¢,, (4.8) becomes
0= G(s,)/|G(sy)| , a contradiction if G(s)) > 0.
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C. Ift,<s,<s,+6=bandG(s, + 0) > 1, then G(s;) = G(s, + 9).
To see this, suppose the contrary, that G(s,) < G(s, + 0).

Oy t é S, O < 1
, X
Let x(t) = 17 S, < t § S, + 0 ¢(m) =
z,x=1.

1+et>s+0,

Then
b ~ ~ —_

@12 ™7 S,,x(t)dG(t) = [G(s,) — G(s, + O)] + (1 + &)G(s, + 0)

= eé(sz + 5) + G(sz) ’

and m < G(S, + 6) for sufficiently small ¢ > 0. From (4.8), we conclude
that

0= g L+ 9GE) = (L + GG + 9)

(sy+0,

contradicting G(s, + 0) = 1.

C. If a<s, <s, +06<t, and G(s;) = 1, then G(s, + 0) = G(s).
The proof of this is analogous to C above.

D. If t,<s, <8 +0=<b, G(s,)=1, and G(s, + 0) <0, then
G(s, + 9) = 0. :

If we assume the contrary and take x(t), ¢(x) as in C, we can
choose ¢ > 0 so that 0 < m < 1. Then (4.8) becomes

0= [G(s;)) — G(s, + 8] + (A + &)G(t, + 0) = G(s;) + eG(s, + 6) = m ,

contradicting m > 0.
D. Ifa<s <s +06<t,G(s +0)=1andG(s,) <0, thenG(s,) = 0.
The proof is analogous to D.

THEOREM 4.4. Fiz t,<€|a,b].

(4.13) ¢<S[a’b]x(t)dG(t)> > g[a’b]gS(x(t))dG(t)

for all starshaped functions ¢ such that $(0) and all increasing
functions x such that x(t) = 0 1f and only if either

there exists t, < t, such that G(t) = 0,t < t;G({) =1

4,14 - ~

( ) and G(t) is increasing, t, <t <t;Gt)=0,t=1t,,
or

(4.15) there exwists t, = t, such that G(t) =1 and G(t) is de-

creasingint, t, <t <t;GEt) =0,t > t;Gt) =0,t <1, .
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Proof. Since every supported starshaped function is starshaped,
the conditions (4.9) or (4.10) are necessary for (4.13). Suppose that
(4.10) holds. Then, in order to satisfy (2.5) of Theorem 2.5 we must

in addition guarantee that ' xdH*(x) = 0, because, by (4.11), m = 0.
But | wdH*@) = —S° H¥*(w)ds = 0 together with H*(z) <0, = < 0,
irnplie—sm H*(x) = 0,x<—°°0. Thus (4.14) or (4.15) is necessary; it is
sufficient by Theorem 4.3 since, on [0, ) or (— o, 0], starshaped

functions ¢ are supported starshaped functions. If (4.14) or (4.15),
the interval [a, b] is effectively replaced by [a, t,] or [t, b].

Only minor modifications of Theorems 4.2 and 4.4 are required to
eliminate the condition #(0) = 0, provided that «(t) # 0 for ¢ == ¢,. In
this case, the inequalities depend upon $(0) only through G{t,}. Since
starshaped functions ¢ satisfy #(0) < 0, conditions can be imposed on
G{t,} so that the inequalities do not become false even when —g(0) is
arbitrarily large. In the case of Theorem 4.2, the condition G{t,} < 0
must be added; in the case of Theorem 4.4, the condition G{t,} = 0
is required.

The most natural domain for starshaped functions is [0, b]; on this
domain, a starshaped function is a supported starshaped function.
From Theorem 4.1 or 4.2 we obtain the special case of

COROLLARY 4.5.

¢<S[O,b]x(t)dG(t)> < S[o,b]’j(x(t))dG(t)

for all starshaped functions ¢ such that ¢(0) = 0 and all increasing
Junctions x such that x(0) = 0 ¢f and only if there exists t,, 0 < ¢, < b,
such that 0 < G(w) < 1 and G(u) is increasing, 0 < u < t,, and G(u) =
0,u =t,.

Similarly from Theorem 4.3 or 4.4 we obtain
COROLLARY 4.6,
o(], s0i60) =z | seenace
[0,b] ro,b]
for all starshaped functions ¢ such that ¢(0) = 0 and all increasing
functions x _such that 2(0) = 0 if and only if there exists t,, 0 < t, < b,
such that G(t) =1 and G(t) is decreasing in t,0 <t < t,; G(t) = 0,

t.z tZo

In the same spirit as Corollaries 3.5 and 3.6, and via the same
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argunments, we obtain from Theorems 4.1 and 4.3 the following
corollaries:

COROLLARY 4.7. (4.1) holds for all supported starshaped functions
¢ and all increasing functions x such that x(f) = 0 for some telt,, t],
aZlt, <th<b, of and only if there exists t, and t,,t, < t,,a < t, £ &,
t,=t <0, such that G(u) = 0,a = u <t;0=Gu) <1 and G(u) de-
creasing in u,t, < u < ;0 < Gu) < 1 and G(u) increasing, t, < u <
t; Gw) =0,t, < u < b.

COROLLARY 4.8. (4.8) holds for all supported starshaped functions
and all increasing functions x such that x(t) = 0 for some te€ [, t],
aZt,<th<bif and only if either (i) there exists t,a < t, < &,
such that G(t) = 0,a <t < t;; G(t) = 1 and G(t) increasing, t, < t < t};
G(t) £0,t, <t <b, or (ii) there exists t,, t, < t, < b, such that G(t) = 1
and G(t) is decreasing, t, <t <t;Gt) =0, <t<b;GEt)<0,a =
t < ), or (iii) G s a point mass of at least one at some point s¢€ [t,, t;].

We remark that (i) guarantees that (4.9) holds and (ii) guarantees
(4.10) holds no matter what ¢ e [¢,, ¢;] satisfies x(t) = 0. However (iii)
guarantees (4.9) when ¢t > s and (4.10) when ¢ < s.

Again, the special cases t, = a, f; = b are of particular interest,
“and may be easily written out. This case of Corollary 4.8 takes a
particularly simple form because only (iii) is possible.

5. Discrete versions. Some results similar to those of §3 are
known in the discrete case. One such inequality is due to Szego [14];

it states thatif 0 < ¢, <@, < +++ < @5, and ¢ is convex on [0, x,,,_,],
then

2m—1 ) 2m—1 )
(5.1) DG E N CR TR

Closely related results were obtained by Weinberger [15], Bellman [3],
and Wright [16]. These results were further generalized by Brunk
[5] and Olkin [13], who proved that if 006, < --- <05, <51,if 0
5, < - <u,, and if ¢ is convex, then

G2 o5 (-0 b - 60) = 3 (— 1l — 4O

=1

Notice that if » = 2m — 1 and b; = 1, then (5.2) reduces to (5.1).
Theorem 3.1a yields necessary and sufficient conditions on a,, a,, - - -,
a, in order that

6.3) o(Z ;) - 060 = 3 a,fs(w) — 50
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for all convex functions g and 0 < ¢, < --- < x,. In addition, discrete
versions of various other results are of interest.
In the following, we assume that ¢(0) = 0, so that (5.3) becomes

(5.9 8(3 ai;) < 3 ap(@) -

For various conditions on the x;, below are listed necessary and
sufficient conditions on the a; in order that (5.4) holds for all convex
functions ¢ such that ¢(0) = 0. Similarly, conditions are listed for its
reversal,

(5.5) 5(Sam) 2 S ap@) .
We use the notation 4; = S\ia; and 4; = 37 a;
A, 0, -0 Z 2yt

(5.4) if and only if 0 < A4, <1,1 <1 < m;
(5.5) if and only if there exists 5,0 < j < m such that 4; > 1,
1<i<j,A;£0,j+1=<i=m.
B, z, .- Z2,:
(5.4) if and only if 0 < 4, <1 and 0 1<
(5.5) if and only if A, <0and 4, <0,1 , 1, or for
somej,0<j<mn,4,=1,.--,4,=21,4 ,+1§0, A, <
0,and 4, > A4,,1 <7 =<3j. Note that this last condition
isequivalentto 4, <0, ---, 4, ., <0,4,,,=1,---,4, =
1, and 4, = A4,,k <1 < n, for some k,(lglcgn).
C. v, £+ =22, 2022, = -+ ST
(5.4) if and only if 0< A, <1,1<i=<k and 0 A4, <
E+1=i=sm
(5.5) if and only if there exists j < & such that 4, < 0, 7 < J;
A;>21,]<i<k A, <0,9=Fk+ 1, or there exists j >
k such that 4, <0,i<k; A, =1,k +1=<1<3; A4,
0,7 >37.
D. o, <. Zz,and 2, 20 (k£ 1)
(5.4) ifand only if 0< A4, <1,i<l,and0< A, <1,¢>k;
(5.5) if and only if there exists 1 < j < such that 4, <0,
1< A, =1,<1<Ul;A4,<0,i=k+ 1, or there ex-
ists kt<j<mnsuch that 4, 0,1 <, A, =1,k+1<
1=<5; A =<0,0> 7.
We turn now to the case that ¢ is a supported starshaped function
such that ¢(0) = 0; below are necessary and sufficient conditions for
(5.4) and for (5.5) to hold for all such functions with various conditions
on the z;.
AL 0, 2 v0r Z 2,0
(5.4) if and only if forsomej, 0< 7 <%,0< A

IA
Il/\

gﬁ §11
i=1,2

=

II/\

A,

II/\
II/\
II/\
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Aj;/.ij_i,l = eee — An = 0.
(5.5) if and only if for some j,0<j<mn,A4 = A4,
A-jzls‘zij-(-l: ce :Enzo-
B. ;= =2,
(5.4) if and only if for some 5,0 <j<%,0<qa;,<1and a; =
0,7+ 7J.
(5.5) if and only if for some 7,0 <j <m,a; =1 and a; = 0,
12 # j. This condition arises from (iii) of Theorem 4.8,
C. = =20, =20=24, = -+ =,
(5.4) if and only if there exists 7, and 7,,7, < 7,1 <7, <
k+1,k<j.<mn, such that 4, = .-- =4, ,=0,1=
Ajz 2420044, <S4, <14, =
=A4,=0.
(5.5) if and only if either
(i) there exists j,,1 <j, <k + 1 such that

v

v

A=~ =Aj1~1:0’1§Aj1§"' éAk’Zkﬂ: ZAnZO’

or
(ii) there exists 7., £ < 7, < » such that

Aiéorléiékygk+1_2_'°' gﬁjzglyA_j2+1= b :En:()y

or
(iii) a;=1forj=kork+1and a,=0,17+j.
D. z,=.<Zz,and 2, < 0= x(k < I):

(5.4) if and only if there exists 7, < 7,1 <7, =,k £ 5, < n,
such that A, = ... =4; ., =0,1=2z4; =2--- 24,2
0,04, = - §Aj2§1ij2+1= e :Anzo

(5.5) if and only if either
(i) there exists 7,,1 < j, <1, such that

A1= °e :Ajl—lzoyléAjlé et §Al—1ygk+1= te :Anéoy

or
(ii) there exists 7,, k < 7, < n, such that

Ai§091§i<lygk+lz—"‘ ggjzglygj2+1: :ano,

or
(iii) there exists j, &k =< j <, such that a; = 1and a; = 0,17 # J.

6. Applications. Our interest in the foregoing results arose
from the study of statistical problems for certain restricted families
of probability distributions of importance in reliability theory. We
say that a distribution F' is convex (starshaped) with respect to H if
F(0) = H(0) = 0 and H'F is convex (starshaped) on the support of
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F. Of particular interest is the case that H is the exponential distri-
bution, i.e., H(x) = ¢~* (other cases are interesting, e.g., H(x) = =z,
0=sz=1).

Distributions F' convex with respect to the exponential distribution
are called increasing hazard rate (IHR) distributions, because those
that are absolutely continuous are characterized by having an increasing
hazard rate r(x) = [dF(x)/dx]/F(x). Distributions F' starshaped with
respect to the exponential distribution are called increasing hazard
rate average (IHRA) distributions, because those that are absolutely
continuous are characterized by the property that (1/¢){ir(x)dx is in-
creasing. The properties of IHR and IHRA arise in formulating
descriptions of “wearout” in reliability theory.

0 X, < -.. £ X, are order statistics from F', then H'F (X))
are distributed as order statistics Y; from H. With ¢(x) = H'F'(x),
where ¢ is convex or starshaped, we obtain from the foregoing inequali-
ties necessary and sufficient conditions on the a; in order that

F(3la, X)) sét H(> a;Y;) or H(X a,Y)) s§t F(>aX),

st
where < denotes “stochastically less than.” Such inequalities are
used by. Barlow and Proschan [2] to construct conservative tolerance
limits for IHR or IHRA distributions.
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