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EXTENDING HOMEOMORPHISMS TO HILBERT
CUBE MANIFOLDS

R. D. ANDEESON AND T. A. CHAPMAN

In this paper conditions are obtained under which two
closed homotopic embeddings of a locally compact separable
metric space into a separable metric manifold modeled on the
Hilbert cube are ambient isotopic.

1* Introduction* A Frechet manifold (or F-manifold) is a
separable metric space admitting an open cover by sets homeomorphic
to s, the countable infinite product of open intervals (—1, 1). A
Hίlbert cube manifold (or Q-manifold) is a separable metric space
admitting an open cover by sets homeomorphic to open subsets of
the Hilbert cube /°°, which we represent as the countable infinite
product of closed intervals [ — 1, 1].

A subset if of a space X is a Z-set provided that K is closed
and for every nonnull homotopically trivial (i.e., all homotopy groups
are trivial) open set U in X, U\K is nonnull and homotopically
trivial. In [1] Anderson introduced Z-sets and proved that if K19 K2

are Z-sets in X = I°° or s and A is a homeomorphism of Kt onto K21

then h can be extended to a homeomorphism of X onto itself.
Z-sets occur quite naturally in I°°; indeed it is known that any

compact subset of s is a Z-set in s or I°°, any compact subset of
I°°\s is a Z-set in J°°, and any relatively closed subset of s is a
Z-set in s if and only if its closure in I°° is a Z-set in I°°. More
generally it is known that any compact subset of any jF-manifold is
a Z-set and any closed subset of a complete metric space is a Z-set
if it is a countable union of Z-sets. In [2] it is shown that a closed
subset K of an .F-manifold X is a Z-set if and only if K is metrically
negligible, i.e., for each ε > 0 there is a homeomorphism h:X—+X\K
which satisfies d(h, idx) < ε. (idx is the identity mapping on X and
all homeomorphisms are onto.) Also Z-sets in I°° have been widely
used in constructing homeomorphisms on manifolds, and there are
other instances in which Z-sets have been used to extend homeo-
morphisms. Let (X, Xf) be a pair of i^-manifolds or Q-manifolds
with Xf a closed collared subset of X (collared in the sense of
Brown). Then (X, Xr) may be considered as a manifold-with-boundary,
X' being the boundary. It is known and easy to prove that Xf is
a Z-set in X. Thus a study of Z-sets in manifolds includes a study
of boundaries of manifolds. Homeomorphism extension theorems for
Z-sets imply homeomorphism extension theorems for manifolds-with-
boundary.
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In [3] the homeomorphism extension result of [1] was generalized
to .F-manifolds by proving that if X is an F-manifold, Kt and K2

are Z-sets in X, and h is a homeomorphism of Kx onto K2 which is
homotopic in X to the identity on K19 then there exists an ambient
isotopy G of X onto itself such that Go is the identity on X and
(?i I JKI = ht. (By ambient isotopy we mean that each level is onto).
It is obvious that an isotopic homeomorphism extension property for
jP-manifolds requires the property that the homeomorphism be homo-
topic to the identity.

An isotopy F: X x I ~-+ Y is said to be an invertible ambient
isotopy provided that F is ambient and F * : I x / - » Γ x I , defined
for each t by F*(x, t) = (F(x, t),t), is a homeomorphism. In the
extension theorem of [3] cited above, it was not asserted that G be
invertible, but it is obvious that the argument given there does
allow one to conclude that it is invertible.

It is the purpose of this paper to obtain an analogue for Q-manifolds
of the result cited above as established in [3]. A continuous func-
tion /: X —> Y is proper provided that the inverse image of each
compact subset of Y is compact. A homotopy F: X x I —> Y is
proper provided that the map F is proper. The most general homeo-
morphism extension theorem we obtain for Q-manifolds is given in
Theorem 6.1 of this paper, but we state a weaker version of it
below.

THEOREM. Let X be a Q-manifold, A be a locally compact
separable metric space, and let f and g be embeddings of A into X
such that f(A) and g(A) are Z-sets. Then there exists an invertible
ambient isotopy G of X onto itself such that Go = id and G^f = g if
and only if f and g are properly homotopic.

We remark that if A is compact, then we can drop the require-
ment that the homotopy be proper.

COROLLARY 1. Let X be a Q-manifold, A be a compact metric
space, and let f and g be embeddings of A into X such that f(A)
and g(A) are Z-sets. Then there exists an invertible ambient isotopy
G of X onto itself and that Go — id and GLof = g if and only if f
and g are homotopic.

We also show that for manifolds which admit half-open interval
factors [0, 1), we can also drop the requirement that the homotopy
be proper.

COROLLARY 2. Let X be a Q-manifold, A be a locally compact
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separable metric space, and let f and g be embeddings of A into
X x [0, 1) such that f(A) and G(A) are Z-sets. Then there exists an
invertible ambient isotopy G of X x [0, 1) onto itself such that GQ — id
and Gi°f = g if and only if f and g are homotopic.

In § 5 we give an example to show the distinction between the
use of homotopies and proper homotopies for (locally-compact) Q-
manifolds. However, the restriction to proper homotopies is not a
serious philosophical restriction, because for locally compact spaces the
maps one constructs in natural ways are proper. Indeed, proper
maps and proper homotopies seem to provide a suitable framework
for studying locally compact (but not compact) spaces.

Even though the statement of the extension theorem given in
this paper for Q-manifolds is similar to the corresponding theorem
established in [3] for .F-manifolds, the proof is quite different. This
is due in large part to the open embedding theorem of David
W. Henderson [7], which says that every .F-manifold can be embedded
as an open subset of s.

The extension theorem of [3] was obtained by applying the open
embedding theorem of [7], replacing the given homotopy by one in
which all the fibers are parallel in one coordinate direction, and then
using motions only in this one direction for the extension. Un-
fortunately not all Q-manifolds can be embedded as open subsets of
7°°, nor does there appear to be a weaker version of an open
embedding theorem that would help.

The extension theorem of [3] has been done with an "estimation"
on the extension, i.e., if the given homotopy is "close" to the
identity, then the ambient isotopy can be constructed "close" to the
identity, where "close" will be made precise in the next section. In
Theorem 6.1 we also obtain an estimation on the extension.

In a forthcoming paper, On the structure of Hilbert cube manifolds,
the second author will use the results of this paper to establish
some representation and characterization theorems concerning Q-
manifolds.

2* Preliminaries* For each integer n > 0 we let Wi =
{(Xi) e I°° I xn = 1} and W~ = {(x{) el°°\xn = -1}, where we use the
representation 7~ = ΠT=Ji, with 7* = [-1,1] We call Wl and W~
endslices of 7°°. The pseudo-boundary of 7°° is defined to be B(I°°) =
I°°\s. It follows routinely from the apparatus in [1] that any finite
union of endslices of 7°° is a Z-set in 7°%

A subset U of 7°° is said to be a basic open subset of 7°° provided
that U = ΠT=iJi, where each J* is a connected open subset of 7* and
Ji — In for all but finitely many values of i. It is then clear that
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we may regard Cl (Z7) as a Hubert cube, hence Bd(?7) is a finite
union of endslices of C1(Z7). (For any space X and AcX, C\x (A)
denotes the closure of A and Bdx (A) denotes the boundary of A.
Whenever no ambiguity results we will suppress the subscript X).

Let <%έ be an open cover for a space Y. Maps / and g of a
space X into Y are said to be ^f-close provided that for each x e X,
there is an element of <%S containing both f(x) and g(x). A homotopy
F: X x /—> Y is said to be limited by <%s if for each xe X, F({x} x I)
is contained in some member of ^/. By Stw (^) we will mean the
ntiL star of the cover %f, defined inductively as follows: St° (^0 = ^
and Stn+1 (%f) is the collection of all sets of the form G\J(\J{U\ Ue%f,
U n G Φ 0}), for G e Stn (%S).

We will have need to consider proper maps between locally
compact separable metric spaces. In this case there are two results
we will find useful in the sequel. The proofs are elementary.

LEMMA 2.1. Let X and Y be locally compact separable metric
spaces and let f: X-+ Y be proper. Then f(X) is closed.

LEMMA 2.2. Let X and Y be locally compact separable metric
spaces. Then there is an open cover ^ of Y such that if f: X—* Y
is a proper map and g: X—> Y is a continuous function such that f
and g are ^-close, then g is also proper.

A subset K of I°° is said to have infinite deficiency provided
that for each of infinitely many different coordinate directions, K
projects onto a single interior point of that interval. It is shown in
[4] that if X is any Q-manifold, then X and X x I°° are homeo-
morphic. This result was used in [6] to obtain the following charac-
terization of Z-sets in Q-manifolds.

LEMMA 2.3. Let X be a Q-manifold and let K be a closed subset
of X. Then K is a Z-set if and only if there is a homeomorphism
h: X —> X x I°° such that π^QiζK)) has infinite deficiency.

We can use Lemma 2.3 to obtain an easy proof of the somewhat
stronger result.

LEMMA 2.4. Let X be a Q-manifold and let K be a Z-set in X.
Then there is a homeomorphism h: X —> X x 7°° such that h(x) =
(a?, (0, 0, •)), for all xeK.

Proof. Using Lemma 2.3 there is a homeomorphism /: X—> X x I~
such that f(K) c X x {(0, 0, . •)}. Let g: / M - > / w x / M be a homeo-
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morphism such that g((0, 0, •)) = ((0, 0, •), (0, 0, •))• Then the
composition of the following homeomorphisms gives h.

A cover ^ of a space X is said to be star-finite provided that
the closure of each element of ^ intersects the closures of only
finitely many other members of ^/. There is a useful convergence
procedure from [5] that we list next.

LEMMA 2.5. Let X be any space and let ^ be any countable
star-finite open cover of X. Then we may order ^ as {Ui}?=ί such
that if {hi)T=i is any sequence of homeomorphisms of X onto itself
satisfying h{ \ X\Ui = id, for all i > 0, then {h^h^^ hj}T=i converges
pointwise to a homeomorphism of X onto itself. (We write LΠf^hi
for the pointwise limit of {h^ ofejjij .

We shall need a mapping replacement theorem that has been
established in [3]. We list it below.

LEMMA 2.6. Let A be a topologically complete separable metric
space, X be an F-manifold, B be a closed subset of A, and let
f: A—* X be a continuous function such that f\B is a homeomorphism
of B onto a Z-set in X. If ^ is any open cover of X, then there
exists a homeomorphism h of A onto a Z-set in X such that h is
^S-close to f and h\B =f\B.

3* Replacing mappings with embeddings* We will need to
replace mappings with homeomorphisms that are "close" to the
mappings. These results are established in Theorem 3.1 and 3.2
below. An analogous result for F-manifolds is stated in Lemma 2.6
above.

THEOREM 3.1. Let X be a Q-manifold, ̂  be an open cover of
X, A be a locally compact separable metric space, and let B be a
closed subset of A. If f: A—> X is any proper map such that f | B
is a homeomorphism of B onto a Z-set in X, then there is an
embedding g: A—> X such that g(A) is a Z-set, g | B = f\ B, and g is
St (^)-close to f.

Proof. Using Lemma 2.3 there is a homeomorphism h: X—+X x I°°
such that h(f(B)) c X x {0}, where 0 = (0, 0, •) e I°°. Using Lemmas
2.1 and 2.2 we can clearly obtain an embedding φ: X x J°° —> X x s
such that φ(X x J°°) is closed in X x I°°, φ is &(^)-close to idXXI°°,
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and φ I X x {0} = id.
Thus φohof: i ^ I x J°° is a proper map, φohof(A) is

to fto/, and φoh°f\B — h°f\B. Now φoh°f(B) is a closed subset
o f l x s which is σ-compaet. Since X x s is obviously an F-manifold
and each compact subset of an jP-manifold is a ^-set, we conclude
that φohof(B) is a iί-set in X x s.

Note that A is a topologically complete separable metric space.
Thus for each open cover f of I x ί°° there is, by Lemma 2.6, a
homeomorphism Θ of A onto a Z-set i n l x s such that θ \ B = h°f\B
and θ is 5^-close to φohof. Since 5^ is arbitrary we can require
that Θ(A) be closed in X x I°% hence a Z-set in X x J~, and θ be
h(^)-close to φohof. Clearly # = h~ιoθ: A —> X is a homeomorphism of
A onto a Z-set in X such that g|I? — / | JB and g is St (^)-close to /.

It is easy to produce examples to show that the assumption that
/ be proper is necessary in the preceding theorem. For example let
A = (-1,1), B = {0}, X= I~, and let /: A — X be defined by f(x) = 0,
for all xe A. Clearly A cannot be embedded as a closed subset of X.

Even though there are examples which show the necessity of
assuming / to be proper in Theorem 3.1, there are a large class of
Q-manifolds for which this assumption is not necessary. We will
first need a preliminary result.

LEMMA 3.1. Let X be a Q-manifold, F c I x [ 0 , l ) be a Z-set,
and let A, B be disjoint closed subsets of F. Then there exist a
Z-set K in X x [0, 1) such that AaK, Kf] (F\A) = 0 , and a
homeomorphism f: (X x [0, 1))\K—* X x [0, 1) such that f\B = id.

Proof. It follows from Lemma 2.4 that there is a homeomorphism
h:Xx [ 0 , l ) ^ I x [0, 1) x [0, 1] such that h(x) = (a, 1/2), for all
xe F. Let a: [0, 1) x [0, 1] —> [0, 1) x [0, 1) be a homeomorphism
such that a | [0, 1) x {1/2} = id. Then id x a: X x [0, 1) x [0, 1] -*
X x [0, 1) x [0, 1) is a homeomorphism satisfying (id x a)oh{x) =
(x, 1/2), for all xeF.

Put Kf = A x [1/2, 1), which is a Z-set in X x [0,1) x [0, 1)
containing A x {1/2} and missing (F\A) x {1/2}. It is clear that
there is a homeomorphism /': ( I x [0, 1) x [0, l))\iΓ -> X x [0, 1) x [0, 1)
such that f'\Bx {1/2} = id. Then put / = ((id x a)oh)-ι°fΌ(id x a) oh
and iΓ = ((id x cήoh)"1^') to fulfill our requirements.

THEOREM 3.2. Let X be a Q-manifold, A be a locally compact
separable metric space, and let Ba A be a closed set. If f: A—>X x [0, 1)
is any continuous function such that f\B is a homeomorphism of B
onto a Z-set in X x [0, 1), then there is an embedding g: A—> X x [0, 1)
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such that g(A) is a Z-set and g | B = f \ B.

Proof. Using the idea contained in the proof of Theorem 3.1
let h: X x [0, 1) —> X x [0, 1) x I°° be a homeomorphism such that
h(f(B)) c X x [0, 1) x {0} and let φ: X x [0, 1) x /- — X x [0, 1) x s
be an embedding such that φ | I x [0, 1) x {0} = id. Then φohof: A—>
X x [0, 1) x s is a continuous function such that φohof \B is a
homeomorphism of B onto a Z-set in X x [0, 1) x s. Using Lemma
2.6 there is a homeomorphism 0 of A onto a Z-set in X x [0, 1) x s
such t h a t Θ\B = hof\B.

Since A is locally compact we can prove that F = Cϊ(0(A))\0(il)
is closed in X x [0, 1) x I°% where closure is taken in X x [0, 1) x I°°.
It is also easy to show that F is a Z-set in X x [0, 1) x I°°.

Using Lemma 3.1 there exist a Z-set i f c l x [0,1) x /M such
that FaK, K Π (Cl(θ(A))\F) = 0, and a homeomorphism

α: (X x [0, 1) x I~)\K-»X x [0, 1) x I~

such that α: | hof(B) = id. Then # = h~ιoa.oθ fulfills our requirements.

4* A preliminary homeomorphism extension theorem* In
this section we obtain a homeomorphism extension theorem
(Theorem 4.1) for Q-manifolds which is applicable only in special
cases. We will use this in the next section for a more general
version.

If / and g are embeddings of a space A into a space X, then
by the induced homeomorphism of f(A) onto g(A) we mean the
homeomorphism <p:f(A) —> g(A) defined by φ — g°f~λ.

We will need the following preliminary result.

LEMMA 4.1. Let X be a Q-manifold and let /:/—>X be an
embedding such that f(I) is a Z-set. Then there is an embedding
h: /°°—>X such that h(I°°\Wt) is an open subset of X containing /(/).

Proof. We first show that there is a δ e (0, 1) such that for
each te[O, δ], there is a homeomorphism of X onto itself which
takes /(/) onto /([ί, 1]).

It is clear that there is a basic open subset U of I°° and an
embedding g':Cl(U)—>X such that g'{U) is an open subset of X
containing /(0). We may treat Cl(U) as a Hubert cube and regard
Bd ([/) as a finite union of endslices of Cl (U). By choosing a subset
of J7, if necessary, we can, without loss of generality, assume further
that Bd (U) is homeomorphic to I°°. Thus there is an embedding
g: I°° —> X such that g(I°°\Wΐ) is an open subset of X containing /(0).
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This follows from the homeomorphism extension theorem of [1]
Choose Se(O, 1) so that /([0, 2δ]) c g(I~\Wΐ). We show that

there is a homeomorphism a of X onto itself which takes /([0,1])
onto f([δ, 1]). It will be clear from the construction that given any
t e [0, δ], there is similarly a homeomorphism of X onto itself taking
/([0, 1]) onto f([t, 1]).

Let φ:f(I)~+f([δ, 1]) be a homeomorphism satisfying

f-ιoφof\[2δ,l] = id.

Then Θ = g~ι°φ°g defines a homeomorphism of g~ι{g{I°°) Γ)/(/)) onto
flΓW) n / P , 1])) satisfying * | g-ι{g{I~) n/(/» ΓΊ TΓ+ - id. But
g~ι(g{I~) n/(/)) and g~ι{g{I-) Πf([δ, 1])) are ^-sets in I~. Using the
extension theorem of [1] we can extend # to a homeomorphism
θ:I°° —>I°° such that 5 | TFί = id. Then goθog-1 gives a homeo-
morphism of #(/°°) onto itself such that goθog-1 \ g(Wt) = id and
goθog-1 extends φ. Extend this to a homeomorphism a:X —>X so
that a I X\g(I~) = id. We then have a(f(I)) = f([δ, 1]).

Now let A be the subset of [0,1] consisting of all δ e [0,1) such
that for each te[O, δ), there is a homeomorphism of X onto itself
taking /(/) onto f([t, 1]). From what we have shown above it
follows routinely that A = [0,1). Let h':Ioo—*X be an embedding
such that h'{I*\Wt) is an open subset of X containing /(I). Choose
ε in (0, 1) so that /([I - ε, 1]) c h'(I~\Wt). Since A = [0,1) there is
a homeomorphism β of X onto itself satisfying /?(/(/)) =/([l — s, 1]).
Then h = β~ιh!: I°° —> X is an embedding satisfying the required
properties.

In the following theorem we show how to extend the induced
homeomorphism between two homotopic embeddings of a locally
compact separable metric space into a Q-manifold, where the given
homotopy is an embedding onto a J?-set. The procedure will be to
apply Lemma 4.1 to do the extension along the fibers of the homotopy.

THEOREM 4.1. Let X be a Q-manifold and let A be a locally
compact separable metric space. If F:AxI—*X is an embedding
such that F(A x I) is a Z-set, then the induced homeomorphism of F0(A)
onto FX(A) can be extended to a manifold homeomorphism.

Proof. Write A = \Jn=ιAn, where each An is compact and
An c Int (An+1) (with Int (An+1) denoting the interior of An+1). Also
write X = \Jn=iXny where each Xn is compact and Xnclnt (-X»+1)
It is clear that for each n > 0 there are integers in, j n ^ 0 such that

F(An x I)\F(An^ x /) c (Int (XJ)\X,n ,
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where AQ = Xo = 0 , it < i2 < , j\^j2^ , and
For each a? e An\AΛ_! (where w > 0) we let fex: 7~ -* (Int (Xin))\XJn

be an embedding such that hx(I°°\Wt) is an open set containing
F({x} x 7). For each ^ G i ^ i ^ let Ux be an open subset of
(Int (An+1))\An^ containing x such that F(UX x 7) c ^(/^TΓί"). Choose
a subset {Z7JΠ=i of {Ux\ xe A} which covers A and for which
{i \ Ui Π An ^ 0} is finite, for all n > 0. If {AJΓ=i is the corresponding
subset of {hx\xeA}, then {/̂ (7°°\1/Fί)} is a star-finite open cover of
F(A x I ) . We may therefore assume that {/̂ (/°°\Î Γ)}Γ=i is ordered
as in Lemma 2.5. Also choose a closed cover {CJΓ=i of A such that
d c tfo for all i.

Let ^ : A —* [0, 1] be a continuous function satisfying ^(x) = 1,
for xeC19 and φ,(x) = 0, for O G AXU,. Then we let ^ = F(A x 7)
and D1 = \J{F({x} x [φ^Λ/^lDlxeA}. Define g1:Bi->D1 to be
the homeomorphism which satisfies the property that for each xe A,
F-'og.oF takes {x} x 7 linearly onto {x} x [ ^ ( φ l / 2 , 1].

We note that B[ = Kι{Bx Π Λi(7°°)) and D[ = Kι{D1 Π ̂ (7°°)) are
Z-sets in I°°. It is then clear that there is a homeomorphism
g[: B[ U Wΐ -> D[ U Wt such that g[ \ W; = id and K'og.oh, \ B[ =
g[ \ B[. Using the extension theorem of [1] we can extend g[ to a
homeomorphism g[: I°°—>7°°. Thus there is a homeomorphism fx: X—+X
such that fί I X\A,1(7°°) = id and j \ \ ̂ (7°°) = h^g'^h;1', hence /L extends gx.

Let ζp; I (A\^2) U CΊ U C2 —> [0, 1] be the continuous function defined
by φ'21 Cλ U (A\ί72) = ̂  | C, U (A\C72) and φ2(x) = 1, for a? e C2. Then
we use the Tietze Extension Theorem to get a continuous function
φ 2 : A - + [0, 1] s u c h t h a t φ2\C1U (A\U2) = φ1\C1\J (A\U2) a n d φ2{x) = 1,
for a; 6 C2.

Define 5 2 = A and A = LJ{^({^} x [%(»)• 1/2, 1]) | a; e A}. Let
g2:B2-^D2 be the homeomorphism such that for each xe A, F~ιog2oF
takes {̂ } x [φ^Λβ, 1] linearly onto {.τ} x [<p2(x) l/2, 1]. We note
that g2\ B2Γ) Bd (h2(I°°)) = id. Thus using the techniques employed
in the construction of /L we can construct a homeomorphism f2: X—>X
which extends g2 and satisfies f2 \ X\h2(I°°) — id. It is clear that if
we continue this process and put f = LΠ?=ιfi, then / is a homeo-
morphism of X onto itself which extends the induced homeomorphism
of F0(A) onto Fll2(A).

Using this result we can obtain a homeomorphism / of X onto
itself which extends the induced homeomorphism of Fλ(A) onto Flj2(A).
Then f~ιof is a homeomorphism of X onto itself which extends the
induced homeomorphism of FQ(A) onto Fλ(A).

5* A general homeomorphism extension theorem* In this
section we generalize Theorem 4.1, showing that we may weaken
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the condition that F(A x I) be embedded as a Z-set. We first
establish a lemma which will be used here and in the next section.

LEMMA 5.1. Let X be a Q-manifold, A be a locally compact
separable metric space, and let F:AxI-+Xbea proper map such
that Fo, F1 are embeddings and F0(A), FX(A) are Z-sets. If %? is any
open cover of X such that F is limited by <%/, then there is an
invertible ambient isotopy G: X x I—+X such that Go — id, G is
limited by %f, and (G^F^A)) Π F0(A) = 0 . Moreover, there is an
embedding H: A x I—> X such that H(A x I) is a Z-set, Ho — Fo,
Hx = GxoFx, and H is limited by St4

Proof. Let f:X—>Xx/°° be a homeomorphism such that
f(F0(A) U F^A)) c X x {0}. By adjusting one of the coordinates of
I°° we can easily obtain an invertible ambient isotopy G ' : ( I x I°°) x I—>
X x I~ such that G'Q = id, (G^foF^A)) ΠfoFQ{A) = 0 , and G' is
limited by / ( ^ ) . Then G: X x I-+X, defined by

G(x,t)=f~1oG\f(x),t) ,

is an invertible ambient isotopy which is limited by ^ and which
satisfies (G.oF^A)) Π F0(A) - 0 .

Now define FΊ A x I-+X by

F\x, t) =

F(x, t), for 0 ̂  t ^ —

G(F(x, t), 2t - 1), for — ^ t ^

Then F ; is a proper map and we have Fi = JP0, î 7/ = G^F^ and JF'
is limited by St ( ^ ) .

It follows that F'\(Ax {0} U (A x {1}) is an embedding of
(A x {0}) U (A x {1}) onto a Z-set in X. Applying Theorem 3.1 there
is an embedding H:AxI-+X such that H\(Ax {0}) U (A x {1}) =
Ff I {A x {0}) U (A x {1}), H(A x I) is a Z-set, and if is St (^)-close
to F ' . This means that H is limited by St4

We can obtain a version of Lemma 5.1 for Q-manifolds which
admit half-open interval factors [0,1). The proof is similar to that
of Lemma 5.1. In the proof of Corollary 5.1, Theorem 3.2 plays a
role similar to the role that Theorem 3.1 played in the proof of
Lemma 5.1.

COROLLARY 5.1. Let X be a Q-manifold, A be a locally compact
separable metric space, and let F: A x I-+X x [0, 1) be a homotopy
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such that FQ, F1 are embeddings and F0(A), FX(A) are Z-sets. Then
there is an invertible ambient isotopy G: X x [0,1) x I—> X x [0,1)
such that Go = id and (G^F^A)) Π F0(A) = 0 . Moreover, there is an
embedding H: A x I —> X x [0,1) such that H(A x I) is a Z-set,
HQ = Fo, and Ήγ = G^FX.

THEOREM 5.1. Let X be a Q-manifold, A be a locally compact
separable metric space, and let F:AxI—+X be a proper homotopy
so that FQ1F1 are embeddings and F0(A), FX{A) are Z-sets. Then
there is a homeomorphism of X onto itself which extends the induced
homeomorphism of F0(A) onto F1(A).

Proof. Using Lemma 5.1 there is a manifold homeomorphism h
and an embedding H: A x I-+X such that Ho = FQf Hγ — h°Flf and
H(A x /) is a Z-set. Using Theorem 4.1 let g be a homeomorphism
of X onto itself which extends the induced homeomorphism of HQ(A)
onto HX{A). Then h~ιog is a manifold homeomorphism which extends
the induced homeomorphism of F0(A) onto FX(A).

We now present a simple example which shows that in Theorem
5.1 the condition that the homotopy be proper is necessary. Let
X — I°°\{p, q}, where p and q are distinct points of I°°. Let A —
(0,1) and let /x: A —* X be an embedding so that Λ(A) is a Z-set and
Gli°° (fi(A)) is an arc containing p and q as endpoints. Let /2: A—>X
be an embedding so that fz{A) is a Z-set and Cί7~ (Λ(A)) is a simple
closed curve containing p and missing q. Clearly there is a homo-
topy F:AxI—>X satisfying Fo = ft and 2?\=/ 2 , but ί 7 is not
proper.

If the induced homeomorphism of ft(A) onto f2(A) could be
extended to a homeomorphism of X onto itself then XXf^A) would
be homeomorphic to X\f2(A). But the one-point compactification of
XXf^A) is JΓ°° and the one-point compactification of X\fz(A) is not
simply connected, giving us a contradiction.

We also obtain a version of Theorem 5.1 for Q-manifolds which
admit half-open interval factors.

COROLLARY 5.2. Let X be a Q-manifold, A be a locally compact
separable metric space, and let F: A x I-+X x [0,1) be a homotopy
so that Fo, F1 are embeddings and F0(A), F^A) are Z-sets. Then
there is a homeomorphism of X x [0, 1) onto itself which extends the
induced homeomorphism of F0(A) onto

6* Converting homotopies to isotopies* In this section we
establish an "estimated" version of Theorem 5.1, with the homotopy
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being approximated by an invertible ambient isotopy. We will first
need the following result.

LEMMA 6.1 Let X be a Q-manifold, A be a locally compact
separable metric space, and let F:AxI—>X be an embedding so
that F(A x I) is a Z-set. Then there is a homeomorphism h:X—+
Xx [ - 1 , 1] and a subset B of X such that hoF0(A) = ΰx{0}, hoF^A) =
B x {1/2}, and for each xeA we have hof({x} x I) = {y} x [0, 1/2],
where y = πxohoF({x} x I ) .

Proof. Since F(A x /) is a Z-set there is a homeomorphism
/ : I - > I x [ - U ] so that foF(A x I) c X x {0}. Now let B =
πxofoF(A x {1}). It is clear that we may require / to be constructed
so that f(B x [0, 1/2]) is a Z-set in X x [-1,1].

Define G: (A x I) x I-»X x [-1,1] as follows:

foFt+8(x), ΐor 0 ^ s ^ 1 - t

1)), for 1 - t ^ s ^

Then it can be verified that G is a proper homotopy such that
Go = foF and G^x, t) — (πxofoF^x), l/2t); thus Go and G1 are embeddings
of A x I onto Z-sets. Using Theorem 5.1 there is a homeomorphism
g of X x [ — 1 , 1] onto itself which extends the induced homeo-
morphism of GQ(A x I) onto Gλ(A x I). Thus h = gof is our re-
quired homeomorphism.

THEOREM 6.1. Let X be a Q-manifold, A be a locally compact
separable metric space, and let f and g be embeddings of A into X
such that f(A) and g(A) are Z-sets. Then there exists an invertible
ambient isotopy G of X onto itself such that Go = id and Gλof = g if
and only if f and g are properly homotopic. Moreover, if F is a
proper homotopy between f and G and ^/ is an open cover of X for
which F is limited by C2/, then G may be chosen such that G is
limited by St5

Proof. The necessity is obvious. For the sufficiency there is an
invertible ambient isotopy H: X x I —> X which is limited by ^ such
that Ho = id and Hx{g{A)) Π f{A) = 0 (we are assuming that Fo = f
and F1 = g). Moreover there is an embedding F': Ax I-+X such
that F'(AxI) is a Z-set, F{ = /, F[ = H^g, and Fr is limited
by St4 (^").

Now apply Lemma 6.1 to get a homeomorphism h: X-+X x [ — 1, 1]
and a subset B of Xsuch that hof(A) = Bx {0}, hoH,og{A) = Bx {1/2},
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and for each xeA we have hoF'({x} x I) — {y} x [0,1/2], where

{y} = πxohoF'({x} x I).
Using only motions in the [ — 1, lj-direction we can, by a standard

argument, find an invertible ambient isotopy G': (X x [ — 1,1]) x /—>
X x [ — 1,1] such that G[ — id, G[ extends the induced homeomorphism
of hoF{(A) onto h<>Fl(A) and G' is limited by SV(h(^)). Now define
G:X x I - + X b y Gt(x) = H τ 1 o h " 1 o G ' t o h { x ) , f o r x e X a n d t e l . I t i s
clear that the required properties are satisfied.

Once more we can obtain a similar result for Q-manifolds
admitting half-open interval factors.

COROLLARY 6.1. Let X be a Q-manifold, A be a locally compact
separable metric space, and let f and g be embeddings of A into
X x [0, 1) such that f(A) and g(A) are Z-sets. Then there is an
invertible ambient isotopy G of X onto itself such that Go — id and
Gχθf = g if and only if f and g are homotopic.
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