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MULTIPLICITY TYPE AND CONGRUENCE RELATIONS
IN UNIVERSAL ALGEBRAS

T. P. WHALEY

For given multiplicity types x and p/ we consider the
possibility of always replacing a universal algebra {4; F')
of multiplicity type ¢ with an algebra {(4;G) of multiplicity
type 4’ which has exactly the same congruence relations.

In [1] Gould considered the corresponding problem for subalgebra
structures. There he completely determined those types g’ which
could replace a given type p. His results were very positive; e.g.,
any countable type with finitely many nonzero entries can always
be replaced by a type representing a single operation. We do not
completely determine which types can replace a given type in the
congruence ralation sense, but give necessary conditions which show
that simplifications as in the subalgebra case are impossible. We also
show that no two finite types are interchangeable with respect to
congruence relations.

In this paper we shall be concerned only with the congruence
relations of the algebras considered so we may disregard nullary
operations. Thus we alter the notion of multiplicity type as follows:

DerFINITION 1.1. By the multiplicity type of an algebra &7 we
mean the sequence £ = {4, ffay ***y Muy —ue Where .97 has exactly
; operations of rank ¢ for ¢ =1,2, «--.

DEFINITION 1.2. We denote the set of all congruence relations
of the algebra &7 by (). If a,b are elements of the algebra .&7,
we denote by O(a, b) the smallest congruence relation of .97 which
contains (a, b).

DEFINITION 1.3. If g =, thoy = oy oy —» and pf = {pl, 145, =« -,
., —» are sequences of cardinal numbers, we write ¢ < ¢ provided
for any algebra & = {A; F) of multiplicity type g there is an
algeba &7’ = {A; F") of multiplicity type ' such that O(.) = 0(.7").

2. A necessary condition for ¢ < ¢/, The purpose of this
section is to prove the following theorem which shows that in con-
sidering congruence relations, as contrasted with subalgebras, the
number of operations present is very crucial.

THEOREM 2.1. If p <, them Xp, < 3.
To prove the theorem, we construct, for each cardinal m = 2,
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an algebra .o, = {4, f):<c<m With each f: a unary operation and
such that O6(7") = 6(7,) if &' ={A,,G> is of type p' where
Jp < m.

To construct .97, let 4, = {a:: 0= m} U {b:: 0 < &< m} where
the a!s and bis are all distinct. Let B, = A, ~ {a, b}. Now if
1 < &< m let f; be defined by fi(a) = e, fe(b) = b:, and fi(x) = x if
x€ B,. Then .o, = {4, f)i<i<m-

LEMMA 2.2. Letting id, denote the identity relation on X we have
(i) if »,ye€ B,, then 0(x,y) = id,, U {(x, y}, (¥, )},
(ii)  O(ag, b)) = d4, U {(as b)) :0 =& < m} U {(byas) : 0 = & < m}
(iii) ¢f xze B,, then
O{aq, @) = id,, U [{x} U{a::0 < & < m}]
and
0(by, ) = id,, U [{x} U {b::0 =& < m}]*.

Proof. Both (i) and (ii) are clear. For (iii) we consider 6(a,, x).
Now since (a,, %) € 0(ay, ) We have (f:(a), f:(x)) = (a., x) € O{a,, x) for
each & By transitivity we get (a., a,) € 0(a, ) for each &,7 with
1<&é&<m and 1 <n=<m. Thus [{g}U{a::0 =& < m}]* = 0(a,, x).
Since id,, U [{2} U {a.: 0 < & < m}]* is a congruence relation, the proof
is completed. The claim for (b, ) follows by symmetry.

LEMMA 2.3. Let f be a unary operation on A, which preserves
the congruence relations of .97, (i.e. adding f as an operation would
not affect the congruence relations). Then f|B, = id, or f|B, is
constant.

Proof. Let us assume that f|B, # id; . Then there is some
x ¢ B,, such that f(x) = ¥ # x. Suppose ye B,. Let zeB,, z2¢ {z, y}.
Then (f(z), (f(z)) = (f(2), y) € 6(x, 2). By Lemma 2.2. part (i) we get
f(z) =y. Also we have (f(%),/(2) = (f(2),/(v) = (v, f(y) €Oz, y) N
0(z,y). Thus f(y) =y and f| B, is constant.

Now if y ¢ B,,, we have for any ze< B, that (f(z), f(2) = (¥, f(?) €
6(x, z) so f(z) =y and f| B,, is constant.

LEMMA 2.4. Let f be a unary operation on A, which preserves
the congruence relations of .o7,. Then if f| B, is constant, f 1is

constant.

Proof. Suppose first that f|B, =b for some be B,. Without
loss of generality we may assume that f| B, = a.. Then (f(a,), (b)) =
(as, f(b))) € 0(a,, b) so by Lemma 2.3. (iii) we have f(b) = a.. Also,
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(flar), flaz)) = (flan), @s) € O(as, as) 80 flay) € {a; |0 < § < m}. Furthermore
(f(as), f(bo)) = (f(aw), @s) € O(an, by) giving fla,) = as.

Now assume that f| B, = a, (the case f/B, = b, follows by sym-
metry). Then (f(a.), f(a)) = (av, flar)) € O(a,, ) 80 flay) € {a:|0 <& < m}.
Also we have (f(b),f(b)) = (v, f(b)) € O(b, b) so f(b) = a,. Finally
(f(bo)s flar)) = (ao, f(a)) € O(by, @) 50 flag) = .

LEMMA 2.5. If f is a unary operation on A, which preserves the
congruence relations of 7, then f =1id, , f is constant, or f = f,
for some &,1 < & < m.

Proof. Assume that f is not constant. By Lemmas 2.3 and 2.4
we know that f|B, =1id;,. Thus (f(b),f(b)) = (b, f(b,)) € 0(b,, by)
so flb)ef{b:|0=<¢<m}. Similarly fla)efa.|0=E&=<m}. Since
(f(a), f(by)) € O(ay, by), wWe know that for some &, 0 <& < m, we have

(f(ao)’f(bo)) = (CL;, bé)'

NOTATION. Suppose g is an mn-ary operation on the set X. If
1 = k = n, if Ciy *°°y C,,,_keX, if {1: R} ’i’l/} - {7:1’ 0y ?’n——k} U {jn "':jk}’
then we denote by ¢[¢,, -+, ty_s; Cy = ++, ¢.] the k-ary operation on
X defined by

g[iu 0y ?:n——k; Ciy **°y cn—k](wu M) xk) = g(yn ctty yn)

where

¢, if 5=a1,
Y; =

¥;

if j = js .
More informally g[t,, *++s %y_s; €15 ==+, €,—;] is obtained by holding each
¢; fixed in the ¢; coordinate of g.

REMARK. An operation preserves the congruence relations of an
algebra if and only if each of its unary translations preserves the
congruence relations of the algebra. Thus if g is an operation on A4,
which preserves the congruence relations of .97, then a given unary
translation of ¢ must be the identity map, a constant map or else
one of the f.. It is the purpose of the next lemma to show that only
one f, can be so obtained from a given operation g.

LEMMA 2.6. Let g be an n-ary operation of A, which preserves
the congruence relations of .,. Lf glt, =<y tuy; €y ===y Cuy] = fr fOU
SOME Ty =y Tpy; Gy * %y Cuey, & Where 1 <1, < m, ;€ A, and 1 < &< m,
then glt, +++y ty_y; dyy vy do] = f: for each d, +++,d,_, € A,.
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Proof. The proof is by induction on n. The first case to consider
is n = 2. Without loss of generality we assume that g[1, ¢] = f, and
show that g¢[1,d] = f, for each de A,. We consider the cases ¢ = a,,
¢ =ay, and ¢ = a,. The case ¢ = a; with j > 2 would be handled just
as ¢ = a,, and ¢ = b; would be symmetric to ¢ = a;.

Case 1. ¢ =a,: We are assuming now that g(a, ) = fi(x) for
all ze 4,. Since (9(b, a), 9(a,, @) = (9(b,, ), a,) € 6(b, @,), we have
g(b,, ao) =a, or g(b,a) =b,. If g(b, @) = b, then 9[1’ b] = b. But
this would give (g(b,, a.), g9(a,, a,) = (b, a,)) € 6(b,, a,), a contradiction.
Thus ¢(b,, @) = a,. From this we see that g[1, b] = f, or ¢g[1,b] = a,.
However, if ¢[1, 5] = a,, then (g(b, a.), g(a,, a)) = (a,, a,) € (b, a,), a
contradiction. Therefore, g[1, b] = f,.

Now since (g(a,, bo); 9(a,, b)) = (9(t0, bs), b,) € 6(a, a,) gives g(a, b)) = by,
we have g[1, a;)] = b, or g[1, a)] = fi. Noting that (g(a,, a,), g(a;, a)) =
(9(ao, @)y @) € O(ay, @) We see that gla, a)ef{a:|0=<&<m}. Thus
91, a,] = b, so g[1, a;)] = f,. By symmetry we get ¢g[1, b] = fi.

For 2 <& <m we have (g(a;, b), g(a, b)) = (9(a:, by), b)) € 6(a;, a,)
so g(as b) = b. Thus g[l,a] =b or g[l,a]=/. Now (9(a, a),
g(a,, @) = (9(as, ay), a) € 0(a, a,) so gla, a,) = b. Thus g¢[1,a] =1,
and by symmetry g[1, b.] = f..

Case 2. ¢ = a,; We are assuming that g(a,, ) = f,(x) for each
xc€ A,. Thus we have (g(a,, b,), g(a,, b,))=(g(a,, &), b)) € 6(a,, @;). Hence
gla, b)) =b so g[l,a]=0b or ¢g[l,a] =rf. If g[l,a] =20, then
(glay, a), glay, as)) = (b, a,) € 8(a,, a,), a contradiction. Thus g[1, a,] = £,
and we have Case 1.

Case 3. ¢ = a,: Now we are assuming that g(a., ) = fi(x) for
each xe¢ A,. Here we have (g(ay, b), 9(as, b)) = (g(ay, by), b) € O(ay, as)
so g(ay b)) = b,. Thus g[1,a) =05, or g[l,a] =rf. If gl1,a]=b,
then (g(ay, as), g(as, a.)) = (b, @) € O(a,, a,), a contradiction. Therefore,
gl1,a] = f., and we have Case 2. This completes the step n = 2
in the induction argument.

Let us assume that the lemma holds for # =k and that g is
(k+1)ary with g[i,, @ +++, % ¢, +++, €] = f.. Without loss of general-
ity we take g[1,2, «-+, k; ¢,y +++,¢,] = fe. Thus g(c, +++, ¢y ¥) = fo()
for all xe A. Applying the induction hypothesis to the k-ary operation
9[1, ¢] we get g(c, dsy dsy +«-, dy, ) = fe(x) foralld; e 4, and all x € A4,,.
Now we apply the case n =2 to the binary operation ¢[2, 8, - .-, k; ds, d,
«ooy d;] to get g(d,, doy e o+, dyy %) = fo(x) for arbitrary elements d, .-, d,.

COROLLARY 2.7. Let g be an mn-ary operation on A, which
preserves the congruence relations of 7,. Then all monconstant,
nonidentity unary translations of g are equal.
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Proof. Suppose g[iy, +*+y Tyey; €1y ** 5 Cuey] = fe« By Lemma 2.6 any
unary translation of g obtained by fixing these same coordinates is
equal to f.. Let {1,---,n}={¢,+++,7,-,7}. Then for any =, ---,
x,€ A, we have

9(901, ttcy xn) = g[iu M) 7:71,——-1; Yiy o0y yn—l](xj)
= fe(®;)

where y, = w;, for k=1,--+,n — 1.

Now consider a unary translation of g obtained by fixing another
set of » — 1 coordinates; say g[j, **+yJn; s *--, d,_,] Where j =7,
for some k,1 <k <n — 1. Then for any z¢ 4,

gliy ooy s iy oo 0 Al ](®) = 9(yyy <+, Y2)
= fe(y;)
= fe(yjk)
= fe(dk)

where
d, if © =7,

Y; = . . . .
x if ?'e{.?u "'9.7%—1} .

Thus g[j,, ++*y Ju; diy = *+, d,,] is constant.

Proof of Theorem 2.1. Suppose ¢ and p' are sequences with Yy <
Sy, =m. Clearly p=>¢, =<{m,0,0,---> Since = is transitive, it
is enough to show that ¢ 2 ¢,. Now .97, is an algebra of type ¢,.
Suppose .7 =<{A4,,; G> is an algebra of type ¢’ such that O(.7)=6(7,).
Then 6(.57,) = 6(.%7) where .& = {A,;G> with G consisting of the
unary translations of G. Now by Lemma 2.5 each element of G is
the identity, a constant, or one of the f/s. By Lemma 2.6 at most
Sy of the fis can be so obtained. Let 7 be such that f,¢G. Then
(s by) € O(aoy b)) in 7. This contradiction shows that £ % e, and
completes the proof of Theorem 2.1.

3. Finite Types.
DEFINITION 3.1. A sequence /¢ is said to be finite if Yy, is finite.

NotaTION. For a finite sequence g, we let I(¢) = n if n is the
largest interger such that p, = 0.

LeEmMA 8.2. If =7 =<D; F) is an algebra of finite multiplicity
type ¢ and if C = {c, +++,¢,} s a finite subset of D, then the number
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of translations of the operations of F which can be obtained by fixing
only elements from C is at most

tw—f ww (1 »
Py, m) = kg‘ (i=k+1<k)#i)

i\
(k> = RG — k)

Proof. Suppose 1 <j < k=<1l and feF is k-ary. By fixing
j elements from C in j of the coordinates of f we obtain a (k — j)-ary

o

where

translation of f. There are (f) ways to choose the j coordinates and
%’ ways to choose the constants. Thus for fixed 7 and k& we get

M(?)n’ translations in this way. For a fixed 5 we then obtain

L(;'@H(?)/z,’:k translations from F by fixing exactly j elements from C.
Now summing on j we obtain the desired number of translations.

For a fixed sequence ¢ and a fixed nonnegative integer & we now
construct an algebra & = {D; F> of multiplicity type g whose con-
gruence relations can not be realized by operations of type g if P(¢, k)<
P(¢, k). Let m = P(¢, k), and recall from § 2 that .o, = {A4,;; f)i<c<me
Let C ={¢, --+,¢} be such that ¢is are distinct and CN A4, = ¢.
Now we take D=CU A,. If g is an operation on D, by a C
translation of ¢ we mean a translation of g obtained by fixing some
of the coordinates of g with elements from C. Now any application
of g to elements of D may be regarded in a unique way as either an
application of g to elements of C or else as an application of a C
translation of g to elements of A, (including as a C-translation g
itself). We thus define F by telling what the elements of F do to
elements of C and telling what the C-translations of elements of
F do to elements of A,. If feF and F has rank [, then we shall
have f(c;, -+, ¢;)) = ¢y, if each ¢;, € C. Now by Lemma 3.2 there will
be at most m C-translations of elements of F. Let us denote these
C-translations by {g.|1 < & < m}. Now if g, is j-ary and z,€ A, for
1 <s<j, then we take g:(z, ---, x;) = fe(x,).

The following lemma is clear from the construction of <.

LeEmMA 3.3. If 0e€6(7,), then 00U id,€ O(=). Conversely, if
0= (A,)* and if 0 U idy; e O(2), then 0¢c 6(.o7,).

LEMMA 3.4. If g is an m-ary operation on D which preserves
the congruence relations of < and if gz, ---,2,) = ce C for some
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L1y "'yxneAm’ then g(yn "’yyn) =¢cC fO’/' all Yy ***yYn€ Am'

Proof. The pair (9(x, --+,2,), gy, *++,¥,) is in the congruence
relation of & generated by {(z, %), «*+, (®., ¥.,)}. But by Lemma 3.3
this congruence relation is contained in (A4,)* U id,.

LEMMA 38.5. Let g be an mn-ary operation on D which preserves
the congruence relations of <. If h is a unary translation of g, then
h| A, =1d,,,h| A, is constant, or h| A, = fe for some & 1 <& < m.

Proof. By Lemma 3.4 if h| A, is not constant, then (k| A,):
A, — A, and thus h| A, preserves the congruence relations of .o7,.
The conclusion now follows from Lemma 2.5.

LEMMA 3.6. Let g be an n-ary operation on D which preserves
the congruence relations of <. Then there is at most one & such
that f: is a unary translation of g| (A,)".

Proof. This follows from Lemma 3.3 and Lemma 2.6.

THEOREM 3.7. If ¢ and t' are finite sequences such that p < p,
then P(u, k) < P(i!, k) for each monmegative integer k.

Proof. Suppose P!, k) < P(¢, k). The algebra < is of multi-
plicity type . Suppose 2’ =<D;G)> is of multiplicity type £’ and
that ©(2) = 6(="). Let G be the set of all C-translations of elements
of G (again including the elements of G). Then O(&) = 0(=")
where =" = (D; G>. Now in & we have

0(asy by) = 1dp U {as, bz) |1 <1< mj*.

Thus for each 4, 1 <7< m, we must have ge G such that some
unary translation of ¢ is f;. However, by Lemma 3.6, there is at
most one ¢ for a given geG. Furthermore, by Lemma 3.2, the
number of elements in G is P(g, k) < P(¢t, k) = m. This contradiction
shows that such a G does not exist and thus concludes the proof.

REMARK. For a fixed finite sequence p, P{¢, n) is a polynomial
in n of degree l{#t) — 1 having positive coefficients. The coefficient of

n* in P(¢, n) is Zéif?lﬂ(;c)#i. Hence the following corollaries follow
easily from Theorem 3.7.

COROLLARY 3.8. If p and p' are finite sequences such that ¢ < p'
then U(p) = ().
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COROLLARY 3.9. If ¢ and p are finite sequences such that p < p'
and if m is the largest integer for which p, # tt,, then p, < .

COROLLARY 3.10. If ¢ and p are finite sequences, then p % 1,
WLy or p=yp'. Thus among finite types, < 1is a partial ordering.

REMARK. While a complete characterization of the relation <
such as that given by Gould for the case of subalgebras would be of
interest, it seems that the results given here indicate that such a
result would not be as easily applied as is the subalgebra result.
For example, in general we can not reduce the number of operations
even by increasing rank.
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