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AUTOMORPHISMS ON CYLINDRICAL SEMIGROUPS

JOAN MURPHY GERAMITA

This paper characterizes the automorphisms of a cylindrical
semigroup S in terms of the automorphisms of the defining
subgroups and subsemigroups. The following theorem is re-
presentative of the type of information given in this paper.

Let F:R-> A be a dense homomorphism of the additive
real numbers to the compact abelian group A. Let λ be a
positive real number. Multiplication by λ shall also denote
the automorphism of A whose restriction to F(R) is given by
FλF~ι. The set of all such λ for a given F is called AF.

Theorem. Let / and λ be as above. Let G be a compact
group. Let

S = {(p, Av) 9) P £ H a n d geG}UaxAxG.
Then a: S-* S is an automorphism if and only if a(p, f(p), g) =
(λP, Ά*P), <ftpMg)>, «(°°, α, 9) = (°°> to, φ)ξ(g)), where r: A-^G
is a homomorphism into the centre of G and, ξ:G —> G is an
automorphism. Theorem. Let S be as in theorem above.
Let *S^f(G) be the automorphism group of G, and Z(G), the
center of G. The automorphism group of S is isomorphic
as an abstract group to J^(G) X ( A F X Horn (A, Z(G))) with
the following multiplication

(£, (Λ r))(f, (I, τ)) = (f o f, ( l, (τ o λ)(ξ o f))) .

Cylindrical semigroups play an important role Mislove's description
of Irr(X) and are the building blocks used in the construction of a
hormos. Hofmann and Mostert [3] have shown that every compact
irreducible semigroup is a hormos. The definition and description of
a cylindrical semigroup, given in §1, is from their book.

I* Definitions and notation* All spaces are Hausdorff. All
homomorphisms are continuous unless otherwise stated. A homomor-
phism will be called abstract if it is not assumed continuous. A group
considered with the discrete topology will be called abstract. A
topological semigroup is a topological space, S, together with a con-
tinuous associative multiplication m: S x S—+S; m(s, t) = st. All
semigroups are topological with identity 1. A topological group is a
semigroup with the map φ: S—*S, φ(s) = s~\ continuous also. An ideal,
I, in a semigroup, S, is a subset of S such that: if x e S then
(xl U Ix) c I. If S is compact and abelian then S has an ideal M(S)
which is minimal with respect to set inclusion, is unique, and is a
group. An idempotent x e S has the property x2 = x. The maximal
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subgroup of S containing an idempotent e is called the group of units
of e and denoted H(e). The group of units of 1 is also denoted H(S)
and called the group of units of S. If a: S —> S is an automorphism
then a(H(S)) = H(S) and a(M(S)) = M(S).

NOTATION. The following notation is standard throughout the
paper.

[α, b]—In a totally ordered set, the closed interval from a to b.
]α, b[—The open interval from a to b.

fl—The semigroup of nonnegative real numbers under addition
with the usual topology.

H*—The one point compactiίication of H, written [0, <>o].
Hr*-H*j[r, co].

Λ—The abstract group of positive real numbers under multi-
plication.

R—The group of real numbers under addition with the usual
topology.

Z(G)—The center of a group G.
[p]—The image of p under the quotient map JEP —>£Γ*.

*—As in £*, the closure of BaX, except as noted above
for H.

X\A—For A c X, the complement of A in X.

1* DEFINITION. Let A and G be compact groups. Let A be an
abelian and / : J5Γ—* A a homomorphism such that f{H)* = A. Consider
H* x A x G with coordinate-wise multiplication, and let S be that
subsemigroup defined by:

S = {(p, f(p), g): p e H, g e G} U <χ> x A x G .

Any homomorphic image of S is called a cylindrical semigroup.
The following theorem which describes cylindrical semigroups is

from [3, p. 85, Prop. 2.2].

THEOREM A (Hofmann and Mostert). Let S be a cylindrical semi-
group as defined above. Let e be the identity of G and

S' = {(p, f(p), e): p e H) u - x A x e .

Let φ: —+ T be a surmorphism onto a compact semigroup T. Then
there are:

( i ) compact semigroups Tu I7/, X and a compact group B,
(ii) surmorphisms hl9 h2, h3, h4, φly φ2

(iii) monomorphίsms iu i2

such that the following diagram commutes:
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i]fr • / z r

Ί
# * x A x G _ϋ-rϋ^rΐ_> Hr* x B x G - ^ - X

Q ^ Φ ^ 2 . rp
o > i i > i

IU III

S' > τ; —

(π, πf are projections; φ2°Φi=Φ).

Moreover, Jι3\H*XBXe is a monomorphism and h4oi2 is a surmorphism.

From this theorem it is possible to describe T in terms of equiv-
alence classes of elements in H* x B x G.

/(0) is the identity of A. r, if it exists, is the least real number
such that φ(r, f{r), e) = φ(^f a, g) for some a e A, g e G.

B = φ(oo x A x e). T[ - φ(β') x e .

Let / : H—> B be given by f(p) — φ{^, f(p), e) then

UT[) = {([p], f(p), e): p e H) U [r] x B x e .

If there is no such r, then ί^TDczH* x B x G.
Let

G[P] = { ^ G : φ(p, f(p), g) = φ{p, f(p), e)}

and

G [ r ] = { p G : ^([r], /(0), ̂ ) = ^([r], /(0), e)}

where r ^ oo, {G[P]: p e ίΓ*} has the following two properties:

( 1 ) GiriSffw for p ^ g ;

( 2 ) G [p] = ΠGcαi.
«>J>

Each G [p] is a normal subgroup of G. Denote G/G[r] by G and assume

, f(p), g):peH,ge G}) = {([p], f(p), gGw): peH,geG}

where

x 4 x G) = ([r] x B x G)/K where if is a normal subgroup of
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[r] x B x G. K has the property: if ([r], b, g) e K and ([r], b,g)eK
then 6 = 6 if and only if g — g.

We shall identify T with its image i2(T) and refer to ix(TΪ) as
T\ Since B is a compact abelian group and /: H—> i? is onto a dense
subset of j?, we may as well consider them as / and A to avoid extra
notation. We say

T = {([p], f ( p ) , g G M ) : p e H , g e G } ϋ ([r] x B x G)/K .

II* Automorphisms on semigroups of the form of S. We first
consider automorphisms of the cylindrical semigroup S given in Defini-
tion 1. M(S), the minimal ideal of S, is co x A x G. H(S), the group
of units, is {(0, /(0), g): g e G}. From Theorem A we have that an
automorphism a: S —* S can be thought of as an automorphism on
S' x H(S).

Consider the situation where G — {e}. We have S = S', M(JS>') =
oo x A x e and S'\M(S') is isomorphic to H by (j>, f(p)9 e) <-• ^. For
an automorphism α: S' —>S', a(M(S')) = M(S')', and, α restricted to
S'\M(S') corresponds to an automorphism of if. Since the only auto-
morphisms of H are multiplication by a positive real number λ, we
have a(p, f(p), e) = (λp, /(λp), e).

How shall a behave on M(Sf)l Let R be the additive group of
real numbers, then f:H-+A can be extended to F: R —* A (for x$H9

F(x) = f(-x)-1) and F{R) will be dense in A. Let a(p, f(p),e) =
(λj>, /(λp), e). Then:

), β)(oo

= a(p,f(p),e)a(oo,f(0),e)

,e)(oo,/(0),e)

, e) .

Define λ: F(R)-+F(R) by λ(F(a?)) = F(λα?). α | w ) : M(S') — M(S') must
be an extension of λ. This extension will be called λ

Any homomorphism between dense subgroups of compact groups
can be extended to a unique homomorphism between the groups. If
original map is an automorphism then the extension is also. The
existence and uniqueness of the extension, as a function, follow from
the fact that the subgroups are uniform spaces and the groups are
completions of them [1]. That the extension is a homomorphism is an
easy consequence of the definition of the extension.

2. LEMMA. Let S' = {{p, f(p), e): p e H) U °° x A x e. If f is

neither one-to-one nor constant then the only automorphism of $' is
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the identity. Otherwise, a: Sr—+Sf is an automorphism iff a(p, f(p), e) —
(λp, f(Xp)f e), α{co? a, e) = (oo,λ<χ, e) where FXF~ι is open and conti-
nuous or F is constant.

Proof. If a: S' —>S' is an automorphism the discussion above shows
that a(p, f(p), e) = {Xp, f(Xp), e) and α ( > , α, e) = (°o, λα, β). If / is
constant then A = {e}; S' is isomorphic to H*; and multiplication by
any λ is an automorphism.

Suppose / is not constant. Consider the map λ: F(R) —* F(R) given
by X(F(x)) = F(Xx). If F is not one-to-one then the kernel of F in
R is cyclic and X:R-+R must preserve this kernel. This implies λ
is an integer. Since λ"1 must also be an integer, we have λ = 1.

If F is one-to-one then λ is an automorphism of the abstract
group F(R). To be an automorphism of F(R) with the induced topology
from A, X( = FxF~ι) must be open and continuous. The remark im-
mediately preceding this lemma guarantees that λ can be extended
to A when it is open and continuous.

Let ΛF — {Xe Λ: FXF~ι is open and continuous}.

When G Φ {e} we have a: S' x H(S) -> S' x H(S) where H(S) is
isomorphic to G and M(S) = oo x A x G. Since a(H(S)) = H(S),
α(0, /(0), flr) = (0, /(0), f(^)) for some automorphism ζ:G-+G. Hence,
the only possibility for a(oo9 /(0), #) = (oo, α, /̂ ) is when α = /(0).
a restricted to M(S) must therefore have the form a(cofa, g) =
(oo? λα, τ(α)f(^)) with Xe Λ, ξ as above and τ: A —* #((?) (center of G), a
homomorphism. τ must be continuous since τ = πGo<χ°i where πG is
the projection onto G, and i is the map A—^^xAxG given by
i(μ) = (oo, α, e). Similarly τ must be a homomorphism. Since elements
in oo x A x β commute with elements of oo x /(0) x G, τ maps A
into Z(G).

3* THEOREM. Lei AS 6e as in Definition 1. a: S-+S is an auto-
morphism iff a(x, a, g) = (λa?, Xa, τ(a)ξ(g)) where Xe AF\τ\ A —>Z(G) is
a homomorphism and ζ: G —> G is a^ automorphism.

Proof. The above discussion establishes the only if part. Let
λ, τ, £ be given as described in the theorem, ά: H* x A x G—+H* x
A x G can be defined by ά(x, α, g) = (λx, λα, r(α)ί(g)). It is immediate
that α is an abstract automorphism. Since H* x A x G is compact,
we need only that a is continuous. Let U x F x TF be a basis open
set. ar\U x V x W) = X^U x λ-1^ x Γ'iτ^Vy^Γ'iW). Since λ
and ξ are continuous, λ"1?/, λ - 1 F and £-1(W) are open. Since G is a
topological group, for any set X, Xξ^W) is open. Hence ά~~ι(Ux Vx W)
is open. Let a = ά\s.
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III* Automorphisms on semigroups of the form of T+ Recall
T = {([p], f(p), gGίP]): peH,geG}U ([r] x Ax G)/κ. It is easier to
keep track of the situation by considering cases determined by r, G,
and K.

Case (a). Let r < co and G = {e}. Then K = {([r], /(0), β)}.

4, LEMMA. Let T be given by Case (a). The only automorphism
on T is the identity.

Proof. Let a be an automorphism of T.

Suppose p < r. a([p], f(p), e) = ([q], f(q), e) for some q < r since
a(M(T)) = M(Γ). First, let us take the case where p = r/w for some
integer n. lί p < q then there exists pr < p such that tf([p'], f(p'), e)~
([P], f(P), e) and a{[np%f(np'\ e) = ([np], f(np), e) = ([r], /(r), e) G M(Γ).
But npr < r since np ~ r and p' < 9̂. This means a([npr], f(np'), e) g
M(T). We have a contradiction; so p ^ g. If we assume p > g, a
similar contradiction arises from nq < r. So, if p < r and p = r/n
then α([p], /(p), β) = ([p], f(p), e).

For p < r, if p ^ r/w then there exists a sequence, possibly finite,
of integers {wj such that p = X r/?v α is continuous so, again,

= l ί m «([P], fiP), e)

For p > r, p — nr + p' where p' < r. We have:

= (M, /(r), e

So α is the identity map.

Case (b). Let r = °o, Gp = GL for all p and ϋΓ = {(co, /(0), e)}.

In this case, ϊ7 is of the form of S where G =

Case (c). _Let r < <*,, G[p] = G[r] for all p and iΓ = {([r], /(0), e)}.
Let G/G[r] = G.

5. THEOREM. Let T be as in Case (c). a: T ~+T is an automor-
phism iff a(x9 α, g) = (a?, α, τ(α)f (gf)) where τ: A —> Z(G) is α homomor-
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phism and ξ: G —»G is an automorphism.

Proof. From Lemma 4 we have X = 1 and the precise arguments
in the proof of Theorem 3 concerning τ and ξ hold here.

Case (d). Let r ^ oo, G [p] Φ Gίql for [p] =*= [q] and # = {([r], /(0), e)}.

In this case, the description becomes more complicated but is in
fact, no more difficult to prove. The previous cases allowed τ: A—> Z{G)
to be defined in M(T) and then used in T\M(T). Here, since G =
G/Giv] ^ G/Gi*] for [p] Φ [r], it is not possible to start by taking r
defined in M(T) to be any homomorphism in Horn (A, Z(G)). Rather,
we start with a homomorphism h: H—> T\M(T) which must also deter-
mine a homomorphism f(H) —> Z(G). The latter homomorphism can
then be extended to define τ. Without loss of generality, we may
assume Gm = {e}.

6. THEOREM. Let T be as described for Case (d). Let ξ: G-^G
be an automorphism. If r < oo, let ξ(G[p]) = G [p] for all pe H. If
r — oo, let there exist a λ e ΛF such that ξ(G[p]) = GLχp] for all p e H.

Let h: H—> T be a homomorphism such that h(p) = ([p], f{p), gG[p])
and

{h(p)([r),f(0), G [ r ])}S[r] x A x

represents the graph of a homomorphism f(H)
α: T7—> Γ i s αw automorphism iff'a{[p], f(p), #GΓί)]) = A(λp)(0,/(0), <

α^d α([r], α, flrG[r]) = ([r], λα, τ(a)ξ(g)GLrΊ) where τ: A-+ Z(G/G[rΊ) is a
homomorphism.

Proof. Let us assume r — oo. The proof for r < oo follows this
one replacing λ by 1 and p by \p\. Let a be given.

Define ξ: G—>G in the usual way by considering a\IIiT). It is still
the case that (p, f(p), Gp)-+(Xp, f(Xp), gGp). This follows directly
from the top level of the diagram in Theorem A. One can show that
ξ(GP) = Gλp by considering (p, f(p), Gv) written as (p, f(p), gGp) for
g 6 Gp. Xe ΛF since once again λ must be extended to an automorphism
of A in M(T) (see Theorem 3).

Define

h: # - T by k(p) = a(X~% /(λ-p), Gλ-ip) .

is the composition of three homomorphisms

H—> H-L+ T-^T where f(p) = (p,f(p), GP) .



100 J. M. GERAMITA

Define Xh(p) — h(Xp). Xh is also a homomorphism but not of the type
specified by the theorem.

Define τ: A—+ Z(G/G^), as was done in Theorem 3, by considering*

Note:

h(p)(°o, /(0), GJ) = α(oo, /(λ-^), GJ

= (~, f(P), 9GJ = (oc, f(p), τ(f(p))) .

So {^(p)(°°,/(0), Goo)} represents the graph of a homomorphism from
/ ( # ) - > ^ G / G J . We shall sometimes write r(α) as τ{a)Goo. We ob-
serve that {h(p)(oof /(0), Go.)} = {λ&(p)(oo, /(0), GJ}, so Λ, and Xh can
be made to determine the same r.

For the converse let f, and Λ, be given, f determines λ e ΛF. λfc
determines the graph of a homomorphism since h does. Define τ(f(p)) —
KUH^P)(°°, /(0), Goo)) where TΓ*, is the projection, r can be extended
in the usual way to A.

Define a: T-> T by

α(2>,/(2>), ^Gp) = Xh(p)(0,

α(°°, α, flfGJ = (oo, λα,

Showing α is an abstract homomorphism is straightforward. One can
prove a is continuous by writing T as the image of S and considering
open sets. This proof is omitted because it is uninteresting and re-
quires complicated notation.

Case (e). Let r = oo, Gp = Gq Φ G^ and K = {(oo, /(0), e)}.

This situation is a simple version of Case (d). Since Gp = Gλp for
all λ, we no longer have λ determined by ξ: G —> G. Any choice of
λ e ΛF will give an automorphism.

Case (f). Let KΦ {([r],/(0), e)} and_if^ [r] x A x G. Let f -
ί([p], /(P), flrGrs): p e H, g e GRJ [r]xAxG and let Γ = {([pi f(p), gG[p]}
U ([r] x A x G)IK. Let k: T-+T be the map which is the identity

on f\M{f) and the quotient map on M(f). Recall: if flr], a, g) e K
and ([r], a,g)eK then a — a iff g — g. When r < oo, if fc(ίr) is a
convergent net in T such that k(tr) ί M(T) and lim fc(ίr) e Λf(Γ), then
ty is a convergent net in f. Let τr^(lΓ) = {a e A: ([r], a, g) e K for
some # G G}. Let β be the abstract isomorphism β: πA(K) —> G given
by flr = /3(α) if ([r],a,g)eK.

7* LEMMA. Let T and T be as above. Let a: f —+T be charac-
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terized by (λ, τ, ξ) or by (λ, h, ζ) as given in 3, 5, 6. Let πA(K) and
β be as above. There exists an automorphism a: T —» T such that
ak = kά iff X\πAiK) is an automorphism and τ(a) = β{^a)ξ{β{a))~ι for
aeπA(K).

Proof. Suppose a induces an automorphism a such that ak = kά.
Consider ά\M{^ as an automorphism on the group M(f). This induces
a\M{T) on M(T) and for a\M{T) to be well defined and one-to-one we
must have ά(K) = K. For ([r], α, β(a)) e K we have <$([r], α, β(a)) =
([r],λα,τ(α)£(£(α)))eiΓ. Hence, λαeTΓ^JSΓ) and £(λα) = τ(a)ξ(β(a)).
Since α" 1 is also an automorphism λ - 1α e τuA(K) and λ is onto. /S(λα) =
τ(a)ξ(β(a)) implies τ(α) - βfaήξiβia))-1.

The proof of the converse is straightforward. It is convenient to
consider the continuity of a on T\M(T) and M(T) separately and then
consider a net converging to M{T).

8+ THEOREM. Let f, T and k be as in Lemma 7. a: T-+ T is
an automorphism iff there exists an automorphism a: f —> f such that
ak — kά.

Proof. Let a: T —> T be an automorphism. We consider two
cases: r < oo and r = ©o. Let r < co. We know from Theorems 5
and 6 that ά is determined by (£, &) or (£, r) . Constructing & is the
more general situation. An argument similar to that of Theorem 4
establishes that

ak{[p], f(p), GM) = k([p], f(p), gGίP]) .

Let G[o] = {e} and G = G/G[r].
Define ξ: G-+ G by ξ(g) = τrGαA:([0], 1, #). Clearly f is an automor-

phism.
Define h:H-+f by:

h(p) = A ^αfcίb], /(p), G[p]) when p < r

h(r) — lim

h(p) = (h{r)γh{q) when p — nr + ^, Q < r .

It is immediate that h is a homomorphism. Since #&([#>],/(:£>), G[p]) =
k(lP], f(P)y 9Gw)> we have also ak([r], a, G[r]) - ft([r], α, flrG[r]).

Define τ:A-+Z(G) by τ(a) = gG[r} such that α&([r], α, G[r]) =
Λ(M, α, gG[rΛ). τ is well-defined since if ([r], α, ?/) e ([r], α, ^)iiΓ then
(M, /(0), W"1) e iΓ and y = g. It is also immediate that τ is an ab-
stract homomorphism. τ(f(p)) = 7Γa(h(p)([r], /(0), e)) so τ is continuous
on f{H) and hence on A. Even if <$ is more efficiently given by (ξ, r), Λ
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can be defined and the above will show τ continuous.
Define α: f -> f by (£, fc) or (£, r).

ak([p], α, flfG[p]) - fc([pj, α, τ(α)f(flr)G[p]) = Aα([j>], α, gGw) .

So α/b = kά.
Now, let r = oo and G = G/G^. Define f as before. Either ξ

determines λ (as in 6); or, define λ by checking ak(p, f(p), Gp). If
/ is not one-to-one then, λ = 1 or A = {1}. If / is one-to-one then λ
is one-to-one on f(H) c A and can be extended to λ continuous on A.
Since or1 is also an automorphism the above process can be done for
λ"1 which means λ is open on A and hence λ e ΛF.

Define h: H-+T by fc(p) = k~ιak{X~ιp, f{X~ιv), Gλ-ip). h is a homo-
morphism since Λ is an isomorphism.

Define τ(f(p)) = TΓGWPH00* /(O), GOO)), r is continuous since A and
π-c are, and can be extended to A.

We define a: f — f by (λ, £, fe) or (λ, f, r). Again, αfc - kά.
So, for each case, <$, an automorphism of T inducing ά, can be

constructed.

IV Automorphism groups. This section describes the group
structure of the groups of automorphisms given in II and III. All groups
discussed here are discrete. Bowman [2] has described the topology
of these groups. Since in each case the group is described as a semi-
direct product of groups of homomorphisms; we give the definition
of semidirect product below.

Let A and B be two groups. Let g: A—* Jϊf{B), the group of
automorphisms of B, be a function such that:

(i) 9{a^{g{adb) =
or

(ϋ) g(a2)(g(a1)b) =

A x B is a group with the following multiplication: (α, b)(a, b) —
(aa, b(g(a)b)) when g is of type i; (α, δ)(α, 5) — (aa, (g(a)b)b) when # is
of type ii. The semidirect product will be denoted A xgB.

Recall, the operation in s/iβ) is composition of functions; in
Horn (A, Z(G)), multiplication of functions; in ΛF, multiplication of real
numbers.

We begin with jy(S) where S is as in Definition 1. We have
from Theorem 3 the correspondence a*-+(\ τ, f) for <xes$f(S). It is
immediate that this correspondence is one-to-one.

9* THEOREM. Let S be as in Definition 1. The automorphism
group of S is isomorphic to

j^(G)xg2(ΛFx 9l Horn (A, Z(G)))
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where

Γ o ^ (of type ii)

&(£)(λ, T) = (λ, f o τ) (of type i) .

Proof. Showing that the correspondence given by Theorem 3 is
a homomorphism is only a matter of computing a © a where a, a are
in S^f(S). The multiplication given by gx and #2 is as follows:

(I, (λ, τ))(|, λ, f)) = (I o I, (λλ, (τ o χ)(ξ o ?))) .

Proceeding to the various forms of T discussed in §111, we have,
in Case (a), jsf(T) = {lτ}. In Case (b), T is really of the form of S
so Theorem 9 applies. For Case (c) we have the following.

10* T H E O R E M . Let The as in Theorem 5. J^f(T) is isomorphic

to Ssf(G) x g Horn (A, Z{G)) where g(ξ)(τ) = ξoz (of type i).

Proof. In this case T is almost like S. X is forced to be 1. g
here corresponds to g2 in Theorem 9. (ξ, r)(f, τ) — (£°f, τ(£of)).

For ϊ 7 described by Case (d), we construct a group isomorphic to
the desired subgroup of Horn (//, T). Let H= {heUom(H, T): h is
as in Theorem 6}. if is a group under the following operation*. Let
hi(p) = ([p], f(p), giGίP]). Define h,*h2 by h^h2(p) = ([p], f(p), g^G^).
This group can be mapped isomorphically into Y[P&H (G/GM) and h is
given by h(p) = ([p], f(p), h(p)). Let έ%f be the image of H in
UP en (G/Gίv]). 3ίf is an abelian group under coordinate multiplication.

II* THEOREM. Let T and £ίf he as above. Let ΞF be the sub-
group of s^(G) satisfying Theorem 6, (ξ(GM — Gίλp^}. Consider ξeΞF

inducing a map called ξ: GIG[Pl'~>G/Gιλp-1 Szf(T) is isomorphic to ΞFx g3ίf
where g(ξ)h = ξohoX*1 (of type i).

Proof. There are several things to check in this theorem. Again
we will consider r = oo as in the proof of Theorem 6. ξhX~lm. H—> G/Gp

since f is the induced map G/Gλ-ιp —> G/Gp.
From Theorem 6, we note if a is given

h(p) - a(X~% /(λ-p), Gp)

and

If A is given a{p, f(p), Gp) = Xh(p) = h{Xp) and τ(f(p)) = πUHXp)^, /(0), GL)).
From this we see the correspondence between α and (ξ, h) is one-to-one
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and that the construction of τ does not depend on which representation
is used.

The multiplication in ΞF x g3ίf is

(ίi, £i)(£», k) = (£i°£a, W&^VλΓ 1 )) .

We note that h^ξ^K1) determines τ where τ — (τ1o\i)(ξ1oτ2) which
is exactly the product we expect to see in a1oa2 From here it is
immediate that the correspondence is an isomorphism.

In Case (e) we replace ΞF in Theorem 11 by ΞQ x AF where
ξeΞQ if ζ(GJ) = Goo. The automorphism group of T is isomorphic to
(Ξo x ΛF) x g§ίf where g((ζ, λ))^ = ξhX~ι and g is of type i.

In Case (f) the isomorphism group of T is a subgroup of f

V* Examples* The following semigroups can be found in Chapter
D of [3].

12* Example* Let Z be the integers under addition. Let A =
G = ά/Z. Let f:H-*A be given by f(p) = p + Z. Then

S = {(p, p + ̂ , g + Z): p e H, q e R} U oo x /2/Z x R/Z .

j^f(S) is given by 9. Since / is not one-to-one ΛF = {1}. j^f(RjZ) =
{-1,1} and Horn (R/Z, R/Z) = Z.

J^f(S) = {— 1,1} x g,Z and the multiplication is given by (x, k)(y, n) —
(xy, k + xn).

13* Example* Let S be as in 12. Let T be the homomorphic
image of S obtained by letting r = 1 and not changing A or G.
is given by 10 and

14* Example* Let S be as in 12. Let T be the homomorphic
image of S obtained by letting Gp - Z for p < oo and GL = Λ/Z. Γ
is described in §11, Case (e). j*f(T) is given by Theorem 11 and the
comment following it. This is a particularly simple example where
ΛP = {1} and Ξo = Ξ = Jϊf(G). £έf = Horn {H, R/Z) = R. J T must
represent homomorphisms h: H~* T. It does in this way: hr(p) =
(p, p + Z,rp + Z).

S$f{T) = {-1,1} x gR where multiplication is given by (x, r)(y, s) =
{xy, r + xs).

15* Example* Let S be as in 12. Let T be the homomorphic
image obtained from S by letting K ={(<*>, p + Z, p + Z): p e R}.
The automorphisms of T are given by 7 and 8. They are a subgroup
of
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We examine s^{S) — { — 1,1} xθ2Z to see which automorphisms
satisfy 7. Let (x, k) e jzf(S). πA{K) = R/Z and β(p + Z) = p + Z.
ά is the homomorphism called τ in 7 and τ(α) = ^(λα^βία))"1. We
have k(p + Z) = kp + Z = p + Z - xp + Z. Jί x = l,kp + Z = Z;
if x = - 1 , Λp + Z = 2p + Z. J^(Γ) = {(1, 0), ( - 1 , 2)} considered as
a subgroup of j ^ ( S ) .
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