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ALMOST CHEBYSHEV SUBSPACES OF L\μ; E)

EDWARD ROZEMA

This paper studies the set of points which have a unique
best approximation from a set M in a Banach space X. The
ideal is for every element of X to have a unique best approx-
imation (M is then called Chebyshev). Unfortunately, finite
dimensional subspaces of Lx[0, 1] fail to have this property.
To remedy this problem and a similar situation in C(T), A. L.
Garkavi introduced almost Chebyshev subspaces as those for
which the set of elements of X which do not have unique best
approximations from M is of the first category.

A class of subsets is determined, containing all finite dimen-
sional subspaces of L^μ; E) where μ is a non-atomic measure
and E is a Banach space, which, though not Chebyshev, are
almost Chebyshev.

Next characterizations are given of the finite dimensional
almost Chebyshev subspaces of L\μ; R) when μ is arbitrary.
Finally, these results are applied to C{T)*, the Banach space
of bounded Borel measures on a compact Hausdorff space T,
determining the finite dimensional almost Chebyshev subspaces
of C{T)*. Scattered throughout the paper are results on the
existence (or nonexistence, as the case may be) of continuous
selections for the metric projections, including a characteri-
zation of the finite dimensional subspaces of C(Γ)* which
support lower semi-continuous metric projections.

1* Introduction and definitions* Let M be a nonempty subset

of a Banach space X. For any x in X, we say that y in M is a best
approximation to x from M if

|| x — y || = inf {\\x — m ||; m in M) .

We are interested in examining the uniqueness of the best approx-
imation of functions in X = L\μ) E), the Bochner integrable functions
from a measure space (Ω, Σ, μ) into a Banach space E. In particular,
for a given subset, M, we are interested in the set of points which
have a unique best approximation from M. It is well-known that
if M is a finite dimensional subspace of L\μ; R) and μ is non-atomic,
then there always exist functions which have more than one best
approximation (see, e.g. [8]). The question arises whether this bad
behavior is, in some sense, pathological.

A. L. Garkavi, aware of this problem and a similar one in C(T),
defined a subset M of a Banach space X to be almost Chebyshev if
the set of points of X which do not have a unique best approximation
in M is of first category. (A set is, of course, Chebyshev if every
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point of X has a unique best approximation.) In [1], he showed that
there exist almost Chebyshev subspaces of any finite dimension in
every separable Banach space. In [2], he characterized the finite
dimensional almost Chebyshev subspaces of C( T), where T is a compact
metric space. S. B. Stechkin [13] had previously shown that any
closed subset of a uniformly rotund Banach space is almost Chebyshev.
See also [11], in which we show that c0 has no finite dimensional
almost Chebyshev subspaces except those which are actually Chebyshev.

The following lemma is very useful:

LEMMA A. Let X be a Banach space, M a norm-separable, weak-
sequentially boundedly compact subset of X. If the set of elements
which have a unique best approximation is dense, then M is almost
Chebyshev.

Garkavi proves this result [1, p. 171] under the assumption that
X is separable and M is a reflexive subspace of X, but a slight
modification of his argument yields Lemma A.

Another problem of best approximation that we treat has to do
with the continuity of the metric projection PM, the set-valued map
which assigns to each x in X, the set PM(%) of best approximations
to x from M. The map is called lower semi-continuous (l.s.c.) if, for
every open set U of X,

{x in X;PM(x)(] U Φ 0}

is open in X. Otherwise said, PM is l.s.c. iff, for every closed set K
of X,

{x in X; PM(x) c K)

is closed. A continuous selection for PM is a continuous map s: X—>M
such that s(x) is in PM(%) for every x in X. It is clear that if M is
almost Chebyshev there is at most one continuous selection for the
metric projection.

We first show that there is no finite dimensional Chebyshev
subspace of Lι(β; E) (μ non-atomic). We then show that every finite
dimensional subspace is almost Chebyshev. We also show that no
such subspace has a continuous selection, generalizing a result of
Lazar, Wulbert, and Morris in L\μ; R) ([7]). Finally, we characterize
the almost Chebyshev finite dimensional subspaces of L\μ; R) when
μ is arbitrary. A few conclusions are also made concerning the space
of Borel measures on some compact Hausdorff set.

We define Lι(μ; E) in the following way: Let (β, Σ, μ) be a
measure space and E a Banach space with norm denoted by | |.
The vector space of all Bochner integrable functions is denoted by
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&\μ\ E); it is endowed with the topology induced by the semi-norm

11/11 = \Ω\f(s)\dμ(s).

The associated Hausdorίf space is denoted by L\μ; E).
In order to realize the dual of L\μ; E), we define the space

L°°(μ; E*) in the following manner: A function φ:Ω—>E* is called
weakly-measurable if, for any z in E, the real-valued function defined
on Ω by S H <Z, φ(s)} is measurable. We denote by £f~{μ; E*) the
vector space of weakly-measurable functions from Ω into E for which
the essential supremum of | φ(s) | on Ω is bounded; this quantity defines
a semi-norm [on £f~(μ: E*). Let L°°(μ; E*) denote the associated
Hausdorff space. It is well-known that L\μ; E) and L°°(μ; E*) are
complete.

In order to identify L°°(μ; E*) with Lι(μ\ E)* we proceed as
follows: For / in L\μ\ E) and φ in L°°(μ; JE7*) we define a duality
< , o> by

For fixed φ, the map from L\μ; E) into R defined by /ι-+ </, φ) is
a continuous linear functional. The norm of this functional can be
shown to be the same as that of φ. Hence we have an isometry of
L°°(μ; E*) into Z/(μ; i?)*. When μ is tf-finite, it can be shown that,
for any Banach space E, the map given above is onto [3, p. 93], For
this reason, in the remainder of this paper, we will assume that
U(μ; ET = L~(μ; E*).

For any function / on Ω, set Z{f) = {s in β; f(s) — 0}, supp (/) =
Z(f)c; if φ in L°°(μ; E*), then

S(φ) = {s in Ω;\φ(s)\<\\φ\\} .

If / is in L\μ-, E) and φ is in L°°(μ; E*), we define fφ by fφ(s) =
</(«), (̂«)> (Note that fφ is in L\μ; R).) If B is in Σ, then χB

denotes the characteristic function of B. For any Banach space X,
let S(X) = {x in X; \\x || = 1} and (9 be its zero element.

2. Non-Chebyshev subsets of Z/(μ; E). The concept of a thin
subset of L\μ) R) was introduced by J. F. C. Kingman and A. P.
Robertson in their study of Lyapunov's theorem [4]. This idea
leads us to a large class of sets in L\μ; E) which fail to be Chebyshev.
We begin with the definition.

DEFINITION. A set M<zL\μ;R) is said to be thin if, for every
S in Σ with μ(S) > 0, there exists a nonzero φ in M1 whose support
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is in S. The set of all such φ will be denoted by ML(S).

REMARKS. The closed linear span of M is thin iff M is thin,
and any subset of a thin set is thin. If there is an atom A in Σ
on which some element g in M is nonzero, it is easy to see that M±(A)
is empty; consequently, in the remainder of this section, (Ω, Σ, μ) will
be assumed non-atomic.

EXAMPLE 1. Any subset of a finite dimensional subspace M of
L\μ; R) is thin. This example was given and proved by Kingman
and Robertson.

EXAMPLE 2. Kingman and Robertson give the following example
of an infinite dimensional, thin subspace of Lλ(μ; R): Let Ω be par-
titioned into a disjoint sequence of sets Sn of positive measure and
let M be the subset of L\μ\ R) of functions constant on each Sn.
Then M is thin.

EXAMPLE 3. Since we are trying to connect thinness with approx-
imation properties, it may be worthwhile to note that the above
example leads us to a thin, closed, non-proximinal subspace: Since
M in the above is not reflexive, there exists a non-proximinal hyper-
plane Mx of M. Clearly M1 is thin and closed.

The importance of thin subspaces is highlighted in the following
version of the Lyapunov theorem.

THEOREM A (Kingman-Robertson). If M is thin, then the map

G \
/ dμ; f in M) has convex and

s /
compact range in RM.

In order to make maximum use of this theorem, we introduce
another related property in L\μ; E). It is clear that the definition
of thin would be applicable in L\μ; E), but we find the following
more useful.

DEFINITION. A subset M of L\μ', E) is called pseudo-thin if there
exist distinct / and g in M and φ in S{Lr(μ\ E*)) such that

( i ) </-£,?>> = 1 1 / - 0 | | and
(ii) Mφ = {hφ;h in M] is a thin subset of L\μ\R).
It is not difficult to verify the next example.

EXAMPLE 4. Any thin set M of L\μ\ R) with more than one
point is pseudo-thin.

It is also easy to give an example of a pseudo-thin set which is
not thin.
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EXAMPLE 5. Let S be a measurable subset of Ω such that
μ(S) > 0 and μ(Sc) > 0. Let L\S) be the set of all functions in
L\μ\ R) whose support is in S, and let N be a thin subspace of
L\S). Finally, set M = N + L\SC). Then ML(SC) = {θ} so that M is
not thin, but it is pseudo-thin (for f, θ in N and φ — sgn/: satisfy
the conditions of the definition).

EXAMPLE 6. If M is a finite dimensional subspace of L\μ; E),
then M is pseudo-thin.

Proof. Let / be a nonzero element of M and φ be in S(L°°(μ; i?*))
with </, 9> = 11/II (here g of the definition is zero). It is clear
than Mφ is finite dimensional and, therefore, thin. Consequently, M
is pseudo-thin.

EXAMPLE 4. Let X be a subspace of E and suppose μ(i2) = 1.
Define M to be the set of all functions f:Ω->E such that f(s) = a?
for some a? in X and all s in Ω. Then Jf is pseudo-thin.

Proof. For / in Λf, pick #* in S(#*) such that </(s), #*> = || α? ||.
Then 9> in L~(μ; E*) defined by φ(s) = x* is such that </, 9>> = | | / ||
(again, g of the definition is θ). Since Mφ is just the set of constants
in L\μ; R), it is thin. Thus M is pseudo-thin.

We can now prove our major negative result. The ideas are
closely related to those of R. R. Phelps [8] (and his referee, Henry
Dye) who proved that finite dimensional subspaces of L\μ\ R) (μ non-
atomic, of course) fail to be Chebyshev. The result we give enlarges
both the type of subset treated and the range of the functions
involved.

THEOREM 2.1. Any pseudo-thin subset M of Lι(μ; E) fails to be
Chebyshev.

Proof. Pick /, g, and φ as in the definition of pseudo-thin. Since
M9 is thin, by Theorem A there is a B in Σ with

\ (h(s), φ(s)> = -1 ( (h{s), φ(s)} for all h in M .

Define a = χB - XBc and k = a(f - g) + f. Note that aψ is in S(Mλ).
Also, since </ - g, φ} = || / — g ||, we may conclude that

gK8)\ a.e.

We now prove that {/, g) is contained in PM{k). First, let h be in
M. Then
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) f α(β)9>(β)>

= J <Φ)(f - g)(s) - /(«), β(βM«)>

= j <(/ - 9)(s), ?>(«)>

= \\f-g\\.

W h e n w e h a v e s h o w n t h a t \\f - g\\ = \ \ k - f \ \ = \ \ k - g\\ w e w i l l ,
t h e r e f o r e , b e d o n e . B u t c l e a r l y \\k — f \ \ = \\f - g \ \ . A s f o r g , w e
h a v e

- flr)(8),

= t
3* On EF subspaces. Frequently proofs of properties concerning

finite dimensional subspaces require only that the sets PM(f) be finite
dimensional (and nonempty). For this reason the following definition
has been made: A subset M of a normed linear space X is called
an EF subset if PM(f) is nonempty and finite dimensional for each /
in X. We now show that every thin, infinite dimensional subspace
of L\μ; R) fails to be EF. We begin with a general result (in the
spirit of Ivan Singer's characterizations of &-Chebyshev sets, i.e., sets
such that PM(f) is nonempty and of dimension ^ k [12, p. 126]) and
apply it to L\μ; R).

THEOREM 3.1. Let M be a subset of a normed linear space X.
If M is an EF set, then (i) M is proximinal and (ii) there does not
exist a φ in S(MX), an f in X, and {#*; i = 1, 2, •} linearly inde-
pendent elements in M such that </, φ} = || / 1 | = | | / — gt ||, i — 1,
2, . If M is a subspace, then the converse holds.

Proof. Suppose M is a subset of X and there exist elements
/ , <P, 9ι, #2, , as above. Let g be in M. Then | | / - g\\ ̂  </ —
fff Φ} = (ff Φ} — 11/II which shows {gz) is contained in PM(f), so that
M is not EF.

On the other hand, suppose M is a proximinal subspace which is
not EF. Then there is an / in X such that θ is in PM{f) and PM(f)
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is not finite dimensional, say {gt;i = 1 , 2 , •••} is an infinite set of

linearly independent elements of PM(f) By the Hahn-Banach theorem,

there 'exists a φ in S(Mλ) such t h a t </, φ} = \\f | | = | | / - & | | for

all i .

THEOREM 3.2. Lei Λf 6e α subspace of L\μ; R). Then M is EF
iff M is proximinal and there does not exist a φ in S(L°°(μ; R))
and linearly independent elements {</*; i = 1, 2, •} in M such that

\ Φgdμ = 0 for all g in M, and \ ψ{s) | = 1 almost everywhere on Z{gx)
c

for each i.

Proof. Suppose the conditions fail to hold; we show that M
is not EF. By multiplying gt by (2* HflrJI)"1, if necessary, we may
assume that | | Λ | | - 2~\ Define/^ <pΣ\gt\. Then | | / | | ^ Σ \\gt\\ < oo,
so / is in L\μ; R). It is relatively easy to verify the violation of
(ii) in the previous theorem. Hence M is not EF. Conversely suppose
M is not EF, but is proximinal. Then by Theorem 3.1, there exists
/ in L\μ; R), ψ in L°°(μ; R), φ in S(Mλ), and {&} linearly independent
elements of M such that </, φ) = || / || - || / - gt \\. So

and

Consequently, up to a set of measure zero,

{s in Ω; I φ{s) | = 1} Z) Z{g%)c U Z ( / - gi)
c

which is what we wanted to show.

COROLLARY 3.1. IfM is a thin and infinite dimensional subspace
of L\μ; R), then M is not EF.

Proof. Since M is thin, there exists a subset B of Σ such that

ί fdμ = 1/2 \ fdμ for all / in M. Let φ = χB - χBc. Then φ is in

SίM1) and | φ{s) \ = 1 a.e. on Z(/)c for all / in M. We may, therefore,
apply the previous result.

4* Almost Chebyshev subspaces of Lι(μ; E). We are goinĝ
to prove in this section that every finite dimensional subspace of
&{μ; E) (μ non-atomic) is almost Chebyshev. In order to do this,
we utilize a characterization of best approximations due to B. Kripke
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and T. J. Rivlin [5] formulatd originally in L\μ; C). To formulate
this result in the more general setting, we write, for x and y in E,

the right-hand derivative of the norm at x in the direction y (since
the norm is a convex function, the existence of this limit is guaran-
teed). If / and g are in L\μ\ E), we define d(f, g)(s) = d(f(s), g(s)),
I / I (s) = I f(s) I, and R(f) = Z{f)c. We may now state the generalized
version of Kripke and Rivlin's result.

THEOREM 4.1. Let M be a subset of L\μ\ E) where μ is an
arbitrary measure and E is any Banach space. Consider the following
statements for f in L\μ\ E):

L -L J go vΎv JrMyJ)

c r

\g\
[2] jR(f~g0) ' )z(f-g0)

for all g in g0 — M.

We have the following conclusions:
A. For any set M, [2] implies [1]; if M is convex, then [2] is

equivalent to [1].
B. For any set M, if strict inequality holds in [2] for all nonzero

g in g0 - M, then {g0} = PM(f).
C. Suppose M is convex, g0 and g in PM(f) Then

d(f - gQ,9o- 9) = - ( \g-9o\
R{f-g0) JZ{f~g0)

The proof is similar to the one in [5], so we will omit it. We
wish to write [equation [2] in a simpler form for smooth Banach
spaces E. In this case, it is well-known that for x in E, x Φ θ, if
d{x) denotes the unique element of norm 1 in £7* such that (x, d(x)} =
\x\, then d(x, y) = (y, d(x)). For / in L\μ; E)f choose ψ of norm 1
in L°°(μ;E*) for which </, φ) = | | / | | . It is easy to see that this
implies </(s), φ(s)} = | /(s) | almost everywhere, i.e., φ(s) = d(f(s)) for
almost all s in 42 with f(s) Φ 0. We may therefore define df = φχ^wif)
as the unique element of norm 1 in L°°(μ; E*) such that </, df} = || / 1 |
and supp (3/) = supp (/).

COROLLARY 4.1. If μ is an arbitrary measure, E a smooth
Banach space, and M a convex subset of L\μ\ E), then the following
are equivalent for f in L\μ; E):
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I I ] Qoin PM(f)

\ \g(s)\
f 9 1 ί <9(s),d(fgo)(s)}^\
[ 2 ] JR(f-90) JZ(f-g0)

for every g in g0 — M.

If strict inequality holds in [2] for every nonzero element of g0 — M,
t h e n {gQ} - PM{f).

If E = C, then df(z) = sgn f(z) = f{z)\ \ f(z) | and we recover the
result proved by Kripke and Rivlin.

We have found the following idea of some use in our study.

DEFINITION. A set M in L\μ\ E) is called svelte if for every
S > 0, there exists a measurable subset B of Ω for which 0 < μ(B) < δ

and I I g \ > 0 for every nonzero element g in the linear span of ikf.

It was first revealed in [7] that finite dimensional subspaces of
Lι{μ%, R) are svelte whenever μ is non-atomic. Their (inductive)
proof of this fact may be used without any changes for finite dimen-
sional subspaces of Lι{μ\ E) when, again, μ is non-atomic. Another
example in non-atomic spaces are subspaces all of whose nonzero
elements have the same support (e.g., smooth subspaces of Lι(μ; R)
as shown in [14, p. 385]). We also mention that the Kingman-
Robertson example of an infinite dimensional thin subspace of L\μ; R)
(Example 2) can easily be shown to be svelte. As with thin subsets,
any subset of a svelte set is svelte.

LEMMA 4.1. Let μ and E be arbitrary and M a subset of
L\μ; E). Suppose B is in Σ> f is in Lι{μ; E), and g0 is in PM(f)
Define /* = fχBc + g,χB. Then g0 e P^/*) c PM{f).

Proof* For any g in M,

Hence g0 is in PM{f*) If g is not in PM(f), then the first inequality
is strict, so PM(f*)aPM(f).

LEMMA 4.2. Let μ and E be arbitrary, M a svelte subset of
L\μ\ E), f in L\μ-, E), and g0 in PM(f) For every ε > 0, there exists
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an f such that \\ f -f \\ < ε, g0 e PM(f) c PM{f), and\ \g- gQ \ > 0
JZ(f-gQ)

for all g in Mf g Φ g0.

Proof. Using t h e absolute continuity of integrals, we have

for every ε > 0, a δ > 0 such t h a t , if μ(B) < S, then \ \f-go\<ε.
JB

Choose B as in the definition of svelte for the set gQ — M; define fε

as / * in the above lemma. Then B a{se Ω;f(s) = gQ(s)} a.e.; hence
( \9-9o\>O. Also I I / - / . H - ( \f-9o\<e- The rest of the
jZ(fε—g$) JB

lemma follows from the lemma above.

LEMMA 4.3. Let μ be a non-atomic measure and E an arbitrary
Banach space. Let M be a finite dimensional convex subset of
L\μ\ E), f in L\μ; E), and g0 in PM(f) Then, for every ε > 0, there
exists an f* in L\μ\ E) such that \\f -f*\\<e and {g0} = Px(f*).

Proof. Since the subset hypothesized are svelte, by Lemma 4.2
we may assume

( 1 ) ( \g-g,\>o
JZ(f-g0)

for all g in g0 — M, g Φ g0. Since PM(f) is convex and finite dimen-
sional, the set PM{f) and its relative interior have the same dimension,
say m. (See, for example, [10, Theorem 6.2, p. 45].) If m = 0, then
{g0} == PM{f) and we are done. Let {gt; i = 1, 2, •} be dense in PM{f)
From Theorem 4.1.C and the assumption (1) above, it follows that
Ωi = {s in Ω; f(s) Φ go(s) and d((f - go)(s), (g0 - gt){s)) < 0} has positive
measure for each i = 1, 2, . By the absolute continuity of integrals,,
pick δ > 0 so that μ{B) < δ implies that

Now choose B, c Ω, with 0 < μ{Bx) ̂  δ2'\ Set B* = \J B,; then
μ(B*) < 3. Define ft = fχB\ + gQχB. for i = *, 1,2, . From Lemma
4.1, it follows that #oe PM(fJ aPM(f) c PM(f) for i = 1, 2, . . . , and
I I / - Λ I I < e . But from Theorem 4.1.A and the definition of B, it
follows that

- \ \d(ft - g0, g0 - g%)
Jmfi-go)

LJi2(/-ί7o) JB{
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= \ \ffo- 9i\+\ d(f-gOfgo-9i)<\ I & - 9i I
JZ(f-g0) jBi JZ(f-g0)

^ ί
J

- 9i

It follows, therefore, from Theorem 4.1.C that 0<gPjf(/<) Hence
9i $ PM{f*) for i = 1, 2, . . . Since P^/*) c PM{f) and we have shown
that PM{f*) contains no relatively open subsets of Pif(/), we may
conclude that dimP^(/*) < dim PM(f)- By applying the process given
above to /*, we may find an /** such that

11/* - /** || < εm-\ g o e P f ( f * ) c P f ( f )

and

dim PM(f**) < dim Px(f*) < dim PM(f) .

After at most m steps, therefore, we obtain a point, say fOf so that
#o e PjfC/ό), 11/ - /o II < e, and dim PM(f0) = 0. We conclude that {&} =
PM(fo) and we are finished.

It is now easy to deduce the main theorems.

THEOREM 4.1. Any finite dimensional convex subset of Lι{μ\ E)
is almost Chebyshev, provided that μ is non-atomic.

Proof. The previous lemma shows that the set of elements with
a unique best approximation is dense. Now apply Lemma A of the
introduction.

THEOREM 4.2. The metric projection onto a finite dimensional
non-singleton convex subset of Lι{μ\ E) admits no continuous selections
if μ is non-atomic.

Proof. Let / e Lι(μ; E) have two best approximations, say g0

and gχ (such points exist by Theorem 2.1). Then by Lemma 4.3,
there exist two sequences, {fn} and {hn}, converging to / for which
{g0} = PM(fn) and {&} = PM(hn). Hence no selection can be continuous.

If we are willing to assume that E is a smooth Banach space,
then it is possible to acheive somewhat stronger results. In particular,
in Lemma 4.3, we need only assume that M is convex, svelte and
quasi-thin (i.e., for every / e Lι{μ\ E), Mdf — {gdf; g e M) is thin, where
9d/(s) = (g(s), df(s)}. If E = R, then any thin set is quasi-thin).
Modifications of the two theorems are then made accordingly.

We now give a necessary condition for the lower semi-continuity
of the metric projections onto subspaces of L](μ; E) where both μ
and E are arbitrary. This result is necessarily only a partial generali-
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zation of the result in [7] (which presents necessary and sufficient
conditions in L\μ; R)) because, in the presence of an atom, the nature
of the range space predominates. Our result is stronger, however,
in that M is not assumed to be finite dimensional.

If M is a subspace of Lι{μ\ E) we denote by F{M) (or F when
no confusion can arise) the subspace of M consisting of functions
whose support is a finite union of atoms. Let M° be the set of all
x 6 X such that θ e PM(x).

THEOREM 4.3. Let E be a Banach space, and let μ satisfy, as
always, L\μ; E)* = L°°(μ; E*). Suppose M is a proximinal, non-
Chebyshev subspace of L\μ; E) such that F(M) — {θ}. Then PM is
not l.s.c.

Proof. Since M is proximinal, convex, and non-Chebyshev, there
exists an / 6 L\μ\ E) such that PM(f) contains a line segment. By
translating the midpoint of this line segment to θ, if necessary, we
may assume that / 6 Mθ and there is a nonzero gxeM with gι and
—gt in PM(f) By the Hahn-Banach theorem there is a φeSiM1)
with </, φ} — 11/11. Since g^F, there exists a sequence of disjoint
measurable subsets Bt c supp (gt) such that μ(B%) > 0, ΣΓ=* II /XBJ II ->O
and <#i(s), <P(s)} has constant sign on Bi. For any t satisfying 0 ^
t ^ 1, we have

11/ - t& II - ii / ίl -

which, in turn, implies

<f(s) - ίΛ(β)f <P(s)) = I /(β) - tΛίβ) I

for almost all s e Ω. By passing to a subsequence, if necessary, we
may assume the sign of <#i(s), <p(s)} is either (a) ^ 0 on each Bt or
(b) ^ 0 on each Bi. If (b) holds we replace gt by -gι so that we
may assume (a). Define At = UΓ=* B* and f, = fχA*. Then /, ->/ and,
by Lemma 4.1, we see that

We claim Pκ{fx) n {g; g = tgu 0 < t ^ 1} - 0 so that P^(/) <Z
If this is so, then PM(fi) is a closed set such that D = {xeL\μ; E);
PM(x) c PM(fi)} is not closed (since /4 e D for i = 1, 2, f but / g D\
whence PM is not l.s.c. So we must prove the claim. Put A = At

and 0 < t ^ 1. Then
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/i-«&ll = ( \f-tgι\+\ lίΛl
JAC JA

= \ </(«) - ίft(β), 9>(β)> + ί I tg, I

- \<tδι(8), ?>(«

\ <fc(«), φ{sy> + t \ \ 9 ι \
}A JA

\

5* Almost Chebyshev subspaces of L\μ; R)+ For the purposes
of comparison, and because we do use it a few times, let us state the
result of [7]. Recall that S(φ) - {s e Ω; | φ(s) \<\\<P ||}.

THEOREM 5.1. (Lazar, Wulbert, and Morris). Let M be an n-
dimensional subspace of L\μ; R). The metric projection onto M is
l.s.c. iff there does not exist a nonzero ge M and nonzero φeS(ML)
satisfying (i) S(φ) is purely atomic and contains at most n — 1 atoms,
(ii) Z(g) => S(φ), and (iii) g $ F.

We may restate this result as follows:

COROLLARY 5.1. A finite dimensional subspace M of L\μ\ R)
supports a l.s.c. metric projection iff PM(f) a F for every feMθ.

This corollary is for comparison purposes only, and so we shall
not prove it (though it follows rather easily from the theorem).

The first characterization of almost Chebyshev subspaces of
L\μ; R) is similar in style to the above corollary. It reduces the
search for an open set to looking for a single element.

THEOREM 5.2. A finite dimensional subspace M of L\μ\ R) fails
to be almost Chebyshev iff there exists an element f0 e Mθ with more
than one best approximation such that PM(f0) aF(M).

Proof. First suppose that M is almost Chebyshev and fQ is as
in the theorem. Then there exists fn—*fQ and xneM such that
{xu} — PM(fn) for n ^ 1. Since {xn} is a bounded subset of I w e may
assume that xn—*x0 and xoePM(fo). Since xneM, it follows that
Pjrί/ - O - PjrίΛ) - a. c JF(AΓ) for n = 0, 1, 2, . . . . Thus PM(fn -
xn) = pF(fn - Xn) for n = 0, 1, 2, . However, by Theorem 5.1, PF

is l.s.c. Since each set PF{fn — xn) is a single point for n ^ 1, it
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follows that the limit set PF(f0 — x0) is also a single point. But
PF(/O — #o) — Pχ(fo — %o) which contains more than one point by
hypothesis.

To prove the converse, assume that for each / e Mθ, either PM(f)
is a single point or there is a g e PM(f) whose support does not consist
of a finite number of atoms. We will show that Mis almost Chebyshev.
It is sufficient to show that for any / e Mθ, there exist fne L\ /« —> /
such that PM(fn) is a single point. If PM{f) is a single point, we are
done. Otherwise, there is a gQ£PM{f) which has support not con-
sisting of a finite number of atoms. Hence either {s e Ω; gQ(s) > 0}
or {s e Ω; go(s) < 0} has this same property; call the relevant set C.
Using the absolute continuity of the integral and the fact that PM(f)
has finite dimension, say q, we can find, for any ε > 0, a set B c C

for which I | / — ^ l ^ ? " 1 for all gePM(f). It is an easy set-
theoretic argument that there exists a subset A of B, μ(A) > 0, for
which I | / — rgo\ is not a constant for 0 <^ r ^ 1. Hence Φ(g) ~

I / — g I is a convex function which attains its maximum only on
A

the relative boundary of PM(f) (see [10, p. 342]). Let g1ePM{f) be
a point where the maximum of Φ is attained. Define / * - fχAc + gxχA.
Then II / - / * || < eq'1 and g, e PM(f*) c PM(f) by Lemma 4.1. Let g
be in the relative interior of PM{f) The fact that Φ(g) < Φ{gx) can
then by used to show that | | / * - gx\\ < \\f* - g\\. Hence PM{f) is
contained in the relative boundary of PM{f). Since PM(f*) is convex,
it follows that the dimension of PM(f*) < tf Continuing in this way
we find a point, say /0, such that \\f— fo\\ <s and dimPM(fQ) = 0.
Thus PM(fo) consists of a single point and we are done.

The next characterization, though more complicated than the
former, has the virtue of being more quantitative in character (like
Theorem 5.1) and hence more readily applied to particular cases.

THEOREM 5.3. An n-dimensional subspace M of Lι{μ\ R) fails
to be almost Chebyshev iff there exists a φ e S(Mι) and a nonzero
gλ 6 F(M) such that (i) S(φ) is purely atomic and contains at most
n — 1 atoms, (ii) Z(gλ) contains S(φ), and (iii) for every g e M\F, if
Z(g) contains S(φ), then

μ{Z{gd n {s; g(s)φ(s) > 0}) > 0 .

Proof. Suppose there exists ψ and gx as in the theorem. Set
/ = φ I g11 so / G L1 and it can be shown, as in Theorem 2.1, that θ
and gx are in PM(f). If we can show PM(f) c F then, by Theorem 5.2,
we will be finished. Suppose g e PM(f), g$F. If μ(S(g>) Π Z(g)c) > 0,
then
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11/-ffll = ( \ψ\9ι\-g\
}Ω

= \ \ff\ + \ \<p\ffΛ-g\

>\ I Ψ 11 g\ + \ 1<PΊ Λ I - ψg\

Jβ )Ω

= 11/11

and so gίPM{f)- Thus (̂gr) contains S(<p). Note that

\ 110iI - φg\ > \ \9i\ - ψg
JΩ JΩ

for, if equality, then | g11 — φg ^ 0 or | g1 \ ̂  φg a.e. So, μ{Z{g^ Π
{s; φ(s)g(s) < 0}) = 0, contrary to hypothesis (iii). We therefore find
that

11/ - ΰ\\ = I I^Uil - 0l
Jβ

7i I - I ψg

= 11/11
so that g&PM(f)

To prove the converse, suppose M is not almost Chebyshev. Then
there is an element / in Mθ with more than one best approximation
such that PM{f) c F. Pick g0 e PM{f), 0O Φ 0, and define f0 =fχSuw(9Q).
By Lemma 4.1 both θ and g0 are in PM(fo) which is in PM(f) which
is in F, and Z(fo)z> Z(g0). Now we alter /0 so that the zeros will be
the same. Since supp(/0) consists of a finite number of atoms, we
may choose r, 0 < r < 1, so that

r max | go(i) | < inf | fo(i) \ .
-;esupp(/0) ίesupp(/0)

ThenDefine

( a )

( b )

/* — fo- rg,, and 9i

Fz

/
A

= -rg0.

Now via an argument of Phelps [9], there exists ^ e S(Mλ), such that
</*, φ) = | | / * (I, S(φ)czZ(g1)t and S(<p) consists of at most w - 1
atoms. Thus we have φ and 0X as in (i) and (ii). I t remains to prove
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(iii). Suppose geM\F and S(φ)aZ(g). Since </*, φ) = \\f*\\ and
II 9> | | = 1 it follows that f*(s)φ{s) = |/*(s) |; so S(φ)czZ(f*) and
S(φ)czZ(f* - rg) for all real r . If (iii) fails to hold, then Z(&) c
{se Ω; g(s)φ(β) ^ 0}. Choose r > 0 so small that

r max \g(i)\ < inf | / * ( i ) | .
£esupp(/*) iesupp(/*)

Since Z(f*) = Z(g,)9 then rφ(s)g(s) ^ 0 whenever f*(s) = 0; thus
I f*(s) I ^ r<^(s)#(s) for all seΩ. Thus

r ~rg\

ψ\\r ~rg\

= $ιι/ ι -
— I rφg

= J l/

Hence rg e Px(f*) c F which contradicts the assumption that g e M\F.
Thus (iii) holds, and we are finished.

For non-atomic measure, we were also able to conclude that there
were no continuous selections for the metric projection. Lazar [6],
however, has characterized those onedimensional subspaces of I1 which
have continuous selections, and we therefore can exhibit an almost
Chebyshev, non-Chebyshev subspace of I1 which has a continuous
selection; namely, the span of (1/2,1/4,1/8, •••). We know this is
almost Chebyshev by the above theorem; it fails to be Chebyshev
by a theorem of Phelps [9, Theorem 1] and Lazar's result implies it
has a continuous selection. We now know, of course, that there is at
most one continuous selection.

The previous theorem can be used to verify the following ex-
amples in l\ Let gι - (1, 1, 0, 0, 0, . . . ) , 92 - (1, 1, 1/2, 1/4, 1/8, •..),
g* = (1, 1/2, 1/4, 1/8, . . . ) , and g< - (1, - 1 , 1/2, 1/4, . . . ) . Then (a) M =
span of {g\ g2} is not almost Chebyshev, (b) M = span of {g\ gz} is
almost Chebyshev but not Chebyshev, and (c) M = span of {g\ g*} is
Chebyshev. We are also able to give an example of a three dimen-
sional subspace of I1 which is neither almost Chebyshev nor able to
support a l.s.c. metric projection. Let g1 — (0, 1, 1, 0, 0, •), g2 =
(1/2, 1, 1, 0, . . . ) , and g* - (1, 1/4, 1/8, - 1 , 1, 1/16, 1/32, . . . , 1/2-2, • •)•
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Let us sketch a proof of this last example: Apply Theorem 5.1 to
show that M = span of {g\ g2, gz) does not have a l.s.c. metric pro-
jection: Let φ = (0, —1, 1, 1, •) and g = 2g2 — g\ A simple check
verifies the conditions of Theorem 5.1. To show M is not almost
Chebyshev, let φ be as above and consider g\ Clearly gιe F,φe S(Mλ)
and (i) and (ii) of Theorem 5.3 hold. For (iii), suppose geM\F and
S(φ)czZ(g). So g(l) = 0. We want to show Z{gι) n {s; g(s)φ(s) >
0}Φ 0 . But Z^1) = {1, 4, 5, •} and {s: g(s)φ(s) ^ 0} contains 4 or 5
but not both. Thus M fails to be almost Chebyshev.

6* Applications to C(Γ)** We will now apply the results of
the previous section on almost Chebyshev subspaces and l.s.c. metric
projections to subspaces of C{T)* where T is a compact Hausdorff
space. We will identify C(Γ)* with the Banach space of regular
Borel measures on T. The set M will be an ^-dimensional subspace
genereated by μu , μn. For ve C(Γ)*, put σ, = \ v \ + | μt \ + +
\μn\ and let Jy be the isometry of L\σv; R) into C(T)* defined by

{Jvf)(E) = 1 fdσv. Note that Jυ maps onto the space to measures λ

absolutely continuous with respect to σ» (written λ<σ v ) . If λ<σ v ,
then Jr'(λ) = d\/dσu9 the Radon-Nykodym derivative of λ with respect
to σv. Now set Mv = [dμJdσU9 , dμjdσv]. Many of the ideas used
in this section were used by R. R. Phelps in [9].

LEMMA 6.1. McC(T)* is almost Chebyshev iff Mv<z.L\σy; R) is
almost Chebyshev for every veC(T)*.

Proof. Suppose M fails to be almost Chebyshev. Let U be an
open, nonempty, subset of C{T)* all of whose elements have more
than one best approximation. Let ve U. Clearly Jz\U) is an open,
nonempty subset of L\σv\ R) each element of which has more than
one best approximation out of Mv.

Conversely, suppose Mu is not almost Chebyshev for some v in
C{Tγ. For each λe C(T)*, let λ = λα + λs be the Lebesgue decom-
position of λ with respect to σv (so λα < σv and λs j_ σv); then | |λ | | =
Hλαl| + | |λβ | | . Suppose U is an open nonempty subset of Lι(σv]R)
each element of which has more than one best approximation. Then
{λeC(Γ)*; JΓXλJe U) is a nonempty open subset of C{T)* each ele-
ment of which has more than one best approximation.

This leads us to the following theorem.

THEOREM 6.1. An n-dimensίonal subspace M of C(T)* fails to
be almost Chebyshev iff there exists a Borel measurable function φ on
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T and a nonzero measure μoe M such that (i) Supp(μ0) consists of a
finite number of atoms Alf •••, Ap, (ii) \φ(t) \ S 1 for every t in T,
(iii) S(φ) contains at most n — 1 points tlf , tm9 (iv) \ φdμ — 0 for

all μe M, (v) | μ0 \ (S(φ)) = 0, and (vi) if μe M has support not con-
sisting of a finite number of atoms and \ μ \ (S(φ)) — 0, then there is

a Borel set Ed T\supp(μ0) with \ φdμ > 0.
JE

Before proving this rather formidable-looking theorem, we present
a rather brief corollary.

COROLLARY. Ifμί9 •••, μn are all non-atomic, then M = span of

{μly . . . ? μn} is almost Chebyshev.

Proof Since no nonzero measure in M can satisfy (i) of the above
theorem, it follows that M is almost Chebyshev.

REMARK. Corollary 2 of [9] teaches us that such subspaces are
not Chebyshev.

Proof of Theorem 6.1. Suppose that Mis not almost Chebyshev.
By the lemma, there exists a ve C(T)* for which Mv is a non-almost
Chebyshev subspace of Lι(σv\ R). By Theorem 5.3, there exists a
φ e L°°(σu; R) and a g0 in MU9 g0 Φ Θ, such that (i') supp (g0) is a finite
number of σ-atoms, (ii') | φ(t) | ^ 1 for t e T, (iii') S(φ) contains at
most n-1 points, (ivr) φeM^, (v') Z(go)i)S(φ) and (vir) if geM,
has support not consisting of a finite number of σ-atoms and σ[S(φ) Π
Z(g)c] = 0 then σ[Z(g0) Γ\{seT; g(s)φ(s) > 0}] Φ 0. By defining μ0 = JugQ,
conditions (i)-(v) of the theorem follow readily from the corre-
sponding conditions (i')-(v'). To prove (vi), let μ satisfy the conditions
given in (vi) and set g = J^iμ). Then g satisfies the conditions of
(vi'), and the conclusion of (vi') may be used to get the conclusion
of (vi).

To prove the converse, we suppose the conditions of the theorem
hold, prove that Mθ cLι{Σ \ μι\; R) fails to be almost Chebyshev, and
apply Lemma 6.1. In fact, ψ as given yields a φoeMβ and μQ yields
g% — dμJdΣ \μt\e Mθ which have all the properties of Theorem 5.3.

Using the methods developed above, we can use the result of
[7] on lower semi-continuity of the metric projection in L\μ; R) to
prove results in C(Γ)*. In fact, we have the following lemma and
theorem.

LEMMA 6.2. The metric projection onto M = span of {μu , μn}
is l.s.c. iff the metric projection of Mu in L\σv; R) is l.s.c. for each
v in C(T)*.
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THEOREM 6.2. The metric projection onto the n-dίmensional sub-
space M of C(T)* fails to be l.s.c. iff there exists a Borel measurable
function φ on T and a μQe M satisfying (i) | φ(t) | ^ 1 for te T, (ii)
S(φ) contains at most n — 1 points, (in) supp (μQ) is not the union of
a finite number of atoms, (iv) I μ0 \ (S(φ)) = 0, and (v) I φdμ = 0 for

JT

each μe M.

The proofs of the above assertions are straightforward applica-
tions of the techniques already used in the previous theorem.

Note added in proof. In a recent paper S. Ja. Havinson and Z. S.
Romanova have proven Theorem 4.1 in the special case of finite
dimensional subspaces of &(μ\ R). See Approximation properties of
finite dimensional subspaces in Lt. Mat. Sbornik, 89 (131) (1972),
3-15 (translated in Math USSR Sbornik, 18 (1972), 1-14).
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