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AN ALGEBRAIC CLOSED GRAPH THEOREM

GABRIEL M. M. OBI

In this work we consider the question as to when an
everywhere defined closed linear map from a quadratic space
H1 into another such space H2 is orthocontinuous. The
following: result is proved:

Let (H^Φi), (Hz,Φ2) be quadratic spaces whose J_-closed
subspaces are semi-simple. If T is an everywhere defined
closed linear map on Hx into H2 then T is orthocontinuous.

1* Introduction* In [1], [2] Piziak generalized, algebraically,
the geometry of Hubert space. He introduced the notion of quadratic
space and with this studied sesquilinear forms in infinite dimensions.
He showed that certain general results which are of pure algebra
imply standard topological results in the context of Hubert space
(e.g., an analogue of the Riesz representation theorem was proved
for these spaces and this implies the Riesz representation theorem for
Hubert spaces).

Now, in Hubert space an everywhere defined linear operator is
continuous iff its graph is closed. It is known that if T is an every-
where defined linear operator on a quadratic space and if T is ortho-
continuous then the graph of T is _L -closed. The question is whether
or not the converse of this is true. In [2] it is conjectured that
this may not be true in general but that it may be true if our
quadratic space is such that every JL -closed subspace is splitting.
In this work we show that this conjecture is true. In fact we show
that if every JL -closed subspace of our quadratic space is semi-simple
then T is orthocontinuous. We also consider other cases where T
is orthocontinuous but where Hlf H2 are neither both anisotropic nor
are both such that their ± -closed subspaces are semi-simple.

One of the implications of our results is that in the case of
inner-product spaces the completeness of the spaces is not necessary
for the "algebraic closed graph theorem" to hold. Thus the theorem
holds for pre-Hilbert spaces. Surprising as this may seem at first,
we point out that the algebraic closed graph theorem does not imply
the closed graph theorem. This is because there may be no context
in a quadratic space in which to discuss continuity. Even if such a
context exists it is possible for an orthocontinuous map not to be
continuous as Example 4 shows.
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2* Preliminaries*

DEFINITION 2.1. [2] A quadratic space is a triple (K9 H, Φ) where
K is a division ring with involution *, say, H is a left vector space
over K and Φ is a nondegenerate orthosymmetric sesquilinear form
on H with respect to the involutive anti-automorphism * of K.

DEFINITION 2.2. [2] Let (K, H, Φ) be a quadratic space. For
x, y in H we say a? is orthogonal to y and write x 1 y iff Φ(α?, T/) = 0.

We note that since Φ is orthosymmetric, x L y implies y L x
and conversely.

We shall in what follows suppress K, Φ if there is no danger
of confusion and refer to a quadratic space (K, H, Φ) as H.

DEFINITION 2.3. [2] Let H be a quadratic space. An element
a? in H is said to be isotropic iff x ± x and anisotropic otherwise.
If every element in H is anisotropic we say H is anisotropic.

For any subset A oί H put

A1 = {yeH:y ± x for all xeA} .

It is easy to see that A1 is a subspace of if for every subset A of

DEFINITION 2.4. [1] A subspace M of i ϊ is said to be 1-closed
iff M11 = Λf. If i ϊ = J l ίφ ML we say that If is a splitting subspace,
and if M Π .M1 = (0) we say that M is semi-simple.

We point out that while it is true that every splitting subspace
is l-closed and semi-simple it is not true in general that every
semi-simple [subspace is splitting. In fact a j_ -closed semi-simple
subspace of a quadratic space H may not split H, e.g., [1, Proposi-
tion 3.2.23]. If however H is finite dimensional then every semi-
simple subspace is splitting [1, Corollary 3.5.8].

As pointed out in [2] the nature of the scalars and the possibility
of existence of nonzero isotropic vectors are two main differences
between Hubert spaces and general quadratic spaces. (Isotropic
vectors play an important role in some physical theories, e.g., in
the geometry space-time with the Minkowskii metric [2].)

DEFINITION 2.5. Let (Hίf ΦJ, (H2, Φa) be quadratic spaces. Let
T: £Γi —> H2 be a linear map. T is said to be orthocontinuous if

for every subspace M of H^
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PROPOSITION 2.6. [2] Let (Hlf Φ,)t (H2, Φ2) be quadratic spaces
and T: i^ —> H2 be a linear map. Then the following are equivalent:

( i ) M = ML1 => T~\M) = T-\M)LL for all subspaces M of H2.
(ii) If M is a _L-closed subspace of H2 then T~\M) is a In-

closed subspace of Hx.
(iii) T(ML1)Q T(M)11 for all subspaces M of Hx.
(iv) {T-\M))LL ^T-\MLL) for all subspaces M of H2.
(v) T is orthocontinuous.

In Hubert space the restriction of a continuous map to a closed
subspace is continuous. This is not the case in general in a quadratic
space.

PROPOSITION 2.7. Let (Hlf Φx)f (H2, Φ2) be quadratic spaces and
T: Hλ —> H2 an orthocontinuous linear map. If M is a 1 -closed
semi-simple subspace of H^ and ΦM is the restriction of Φx to M then
(K, M, ΦM) is a quadratic space. Further the restriction of T to M
is orthocontinuous.

Proof. To show that (ikf, ΦM) is a quadratic space it suffices to
show that ΦM is nondegenerate. Suppose x e M and ΦM(%, y) = 0 for
all y 6 M. Then xeM1. But M Π M1 = (0); hence x = 0. Hence ΦM

is nondegenerate.
Now let A be a _l_ -closed subspace of H which is contained in

M. We note that

{x e M: ΦM{x, y) = 0 f or all y e A} = M Π AL .

Thus the closure in M of A is M Π (J l ί f l i 1 ) 1 . But

Mf](Mf] A1)1 = MΠiM1 V A11)

= MΓiM1 V A
= OVA .

i.e. Any i-closed subspace of H contained in M is j_ -closed in M.
If TM is the restriction of T to M and 2? is a _L -closed subspace of
H2 then 2VCB) = JlίΠ T~\B). Since M is l-closed in Hx and Γ is
orthocontinuous we have that T~~\B) Π M is a ± -closed subspace of
Hi which is contained in M and hence by the above argument is
JL -closed in M. Thus TM is orth ocontinuous.

3* Algebraic closed graph theorem*

DEFINITION 3.1. Let (Hίf Φt) i = 1, 2 be quadratic spaces and
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T: Hx -> H2 be a linear map. The graph of T, written G(Γ), is the
set

G(T) = {(x, Tx): x 6 Dτ £ Hx) .

PROPOSITION 3.2. Le£ (Hif Φt) i = 1, 2be quadratic spaces. Then
a subspace of Hx x H2 of the form A x B where A and B are sub-
spaces of ίZΊ and H2 respectively is JL -closed in Hx x H2 iff A is a
1 -closed subspace of Hγ and B a 1 -closed subspace of H2.

Proof. Let (a?, y)e(A x B)1. Then

0 = Φx 0 #,((», ?/), (w, v)) for all (u, v) e A x B

= Φ â?, u) + Φ2(#, t;) for all ( t t , v ) e i x δ ,

In particular for u = 0 we have that yeB^Q H2. Similarly a? 6 A1 £
jϊi. Hence (a?, y)eAλ x JB1. It is clear that if (x, y)eAλ x B1 then
(a?, ̂ /) e (A x B)1. Thus (A x B)1 = i i x δ i . If A x β is a 1 -closed
subspace of Hx x H2 we have that

(Ax B) = (Ax B)1L

= A11 x B11 .

So, A = A 1 1 and £ = JS11. Conversely if A11 = A and £ 1 X = £
then from (A x B)1 = A1 x B1 we have that A x B is a ± -closed
subspace of i ^ x .ff2.

COROLLARY 3.3. Let (Hi9 Φ<) i = 1,2 be quadratic spaces and let
π: HίXHi—*Hx (resp. τr2: Hxx H2~*H2) be the linear map defined
by

π((xf y)) = a?(resp. π2((x, y)) = ») /or αϊί (a?, y)eH1x H2.

Then for any subspace A of fΓ^rβsp. J5 o/ ίί2)τz:~1(A)(resp. π2\B)) is
1-closed in H^ x H2 iff A is ±-closed in H19 (resp. iff Bis 1-closed
in H2).

Proof. π~\A) = A x H2 for any subset A of Hx. This by Pro-
position 3.2 we have that A x H2 is a _L-closed subspace of Hx x H2

iff A is a l-closed subspace of Ht. (The proof for π2 proceeds
similarly.)

PROPOSITION 3.4. Let M be a splitting subspace of a quadratic
space (H, Φ). Then there exists a * sesquίlinear form Ψ on ΈL\ML

with respect to which (H/M1, Ψ) is a quadratic space. Moreover if
p is the canonical map p: H^H/M1 and if a subspace A of H/M1

is 1 -closed then p~\A) is a _L -closed subspace of H. If H is of
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the form (Hι x H2, Φγ φ Φ2) where (Hif Φi) i = 1, 2 are quadratic spaces
and M = Htx (0), say, then a subspace A of H/M1 is _L-closed iff
p~\A) is a 1 -closed subspace of H.

Proof. Since M is a splitting subspace it is semi-simple and
hence the restriction of Φ to M, ΦM, say is such that (M, ΦM) is a
quadratic space, by Proposition 2.7. Also since M is a splitting
subspace there exists a projection P on H such that ikf = Im(P) [1].
Thus ilί1 = Ker P and so there exists an isomorphism φ: H/M1 —> M.
For [a], [#] e H/M1 define

We then have that

^([*], [»D = 0 for all [x]

-=> Φ ^ ( M ) , ^([y])) = 0 for all ψ([x]) e M
<====> Φ([v]) — 0 since ΦM is nondegenerate and φ is onto

<=> [y] == 0 since ^ is 1 — 1 .

Therefore 3Γ is nondegenerate. It is easy to see that Ψ is orthosyin-
metric and * sesquilinear relative to the involutive anti-automorphism
* of K. So, (H/M1, Ψ) is a quadratic space. Let A

[x] e ^ « ΦM(Φ([x]), Φ([V])) = 0V[y] e A

From this we obtain φ(Aλ) = ^(A)1 and hence that ^ maps 1 -closed
subspaces of H/M1 into ± -closed subspaces of M. Therefore φ'1 is
orthocontinuous. Also if J51 1 = B in M, we have that there exists
an AQH/M1 such that A11 = A in H/M1 and φ(A) = 5. Indeed,
since ^ is onto there exists A Q H/M1 such that φ(Λ) = 5.

Hence

A =

= A 1 1

since ^ is a bijection. Thus every _L -closed subspace of M is the
image of a 1 -closed subspace of H/M1, i.e., if B is a 1-closed
subspace of M then ^(i?) is a _L -closed subspace of H/M1. Hence
φ is orthocontinuous. Now consider the following diagram:



204 GABRIEL M. M. OBI

H
\P

HjM1 -^-> M.

Suppose A is a JL -closed subspace of H/M1. Since

p~\A) = P~\φ{A))

and P being a projection is orthocontinuous [1] we have that p~\A)
is a _L -closed subspace of H. Finally suppose H = (JBΓt x H2y Φx φ Φ2)
then 1^ x {0}, {0} x H2 are ± -closed subspaces of H which split H.
Put M = i ^ x {0}. By Corollary 3.3 we have that if 5 is a subspace
of Hλ^ H,x {0} then P~\B) is ±-closed in H = i ^ x iί2 iff J5 is
1 -closed in Hγ. Therefore p~\A) = P~1(^(A)) is ± -closed in Hγ x H2

iff ^(A) is JL -closed in M iff A is 1-closed in H/M1.

COROLLARY 3.5. Let (Hi9 Φ%) i — 1, 2 6β quadratic spaces. Let
π: Hλ x JBΓ2 —•• B Ί δe defined by π((x, y)) = x for all (x, y) in HΫ x H2.
Then π maps j_ -closed subspaces of Hx x H2 onto ± -closed subspaces
ofHx.

Proof. Consider the following diagram:

Hλ x H2

Hx x HJπ~\0) - ί U ίίx

where p and ^ are the mappings defined in Proposition 3.4. Let A
be a 1 -closed subspace of Hx x H2. Then A = p" 1 ^) for some B
in jfft x H2/π~\ϋ). By Proposition 3.4 we have that B is l -closed
in Hx x H2/π-\0). Thus

τr(A) -

=
= φ(B)

is l-closed in

REMARK. We note that if M is a i-closed subspace of a
quadratic space H although it is not true in general that the inter-
section of a JL -closed subspace of H and M is l -closed in M it is
however true that every JL -closed subspace of M is l-closed in H.
Indeed if A£ikf then the closure of A in If is MΓϊ(MΠ A 1) 1 which is
a 1 -closed subspace of H. It follows therefore that if T is a linear
transformation on H which maps _L -closed subspaces into _L-closed
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subspaces, the restriction of T to any 1 -closed subspace, M, of H maps
_L -closed subspaces of M into JL -closed subspaces of the co-domain
of T.

THEOREM 3.6. Let (Hi9 ΦJ i = 1, 2 be quadratic spaces such that
every l-closed subspace of Hlt H2 is semi-simple. Let TiH^>H2

be an every where defined closed linear map. Then T is ortho-
continuous.

Proof. We first note that since every j_ -closed subspace of
Hlf H2 is semi-simple the same is true of every _L -closed subspace
of HγxH2. Hence, since G(T) is 1 -closed we have that G(T) fϊ
G(T)1 = (0) and that the restriction of any orthocontinuous linear
map on Hγ x H2 to G(T) is orthocontinuous. Let 7 :̂ JSi x H2—^Hx

be defined by n^x, y) = x for every (x, y) in ΈLX x H2. By Corollary
3.5 πx map? l-closed subspaces onto _L-closed subspaces. The restric-
tion of ίrt to G(T), πimτ), is 1-1, onto and by the Remark maps 1-
closed subspaces of G{T) onto l-closed subspaces of H^ Therefore
πΓιβtτ) is orthocontinuous. Also π2: Hx x H2—>H2 defined by π2((x, y)) = y
for all (x, y)^Hx x H2 is orthocontinuous by Corollary 3.3. Therefore
its restriction to G(T), π2ίG{τ)9 is orthocontinuous.

Now

1 X = 7Γ2/£(Γ) ° 7Γi/βί(r)(#)

which is orthocontinuous.

An observation of the proof of the theorem shows that if the
graph of T is semi-simple then T is orthocontinuous. We now
consider other cases where the conditions on Ήlf H2 imply this and
hence the orthocontinuity of T.

COROLLARY 3.3. Let (Hi9 Φt) i = 1, 2 be anisotropic quadratic
spaces. If T is an everywhere defined closed linear map on Hx

into H2 then T is orthocontinuous.

Proof. Since (Hi9 Φt) i = 1, 2 is anisotropic so also is (Ht x H29

Φi®Φz) as can be easily checked. Hence every l-closed subspace
of # ! x H2 is splitting. Since a splitting subspace is semi-simple we
have that every l-closed subspace of Hγ x H2 is semi-simple. The
result then follows from the theorem.

REMARK. Corollary 3.7 establishes Piziak's conjecture [2]

PROPOSITION 3.8. Let {Hi9Φ%) i — 1,2 be quadratic spaces over
a division ring K. Suppose there exists a subset R of K with the
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following properties:
(1) 0ε±R
(ii) RΠ -R = {0}.

If Φt(x, x), Φ2(y, y)eR for all xeHlf yeH2 and if Hλ is anisotropic
then an everywhere defined closed linear map T: Hγ —» H2 is ortho-
continuous.

Proof. In view of the observation made after the proof of the
theorem, it suffices to show that G(T) is semi-simple. Suppose
(x, Tx)eG(T)f)G(Ty then

Φ(x, x) + Φ2(Tx, Tx) - Φx 0 Φt((x, Tx), (x, Tx))

= 0 .

Λ Φ&, x) = -Φ2{Tx, Tx) .

But Φ^x, x) 6 R and Φ2(Tx, Tx) e R. Thus if (x, Tx) e G(T) Π G(T)L we
have that Φ&, x)eRΠ -JB. But RΠ -R={0}. Therefore Φx(a?, x) = 0.
Since Hx is anisotropic we have that x = 0 and so (», To?) = (0, 0) so
G{T) is semi-simple.

REMARK. (1) If in the above proposition T is 1-1 and H2 is
anisotropic while ί^ is allowed to be arbitrary the same result is
obtained.

(2) As pointed out in the introduction, our results imply that
in the case of inner product space the completeness of the spaces is
not necessary for an everywhere defined closed linear map to be
orthocontinuous. We pointed out also that even if there is a context
in which to discuss continuity it is possible for an orthocontinuous
map not to be continuous. We now give an example.

4. Example. Let K = R\ H, = H2 = R\ Define Φ,. on Hx by

and Φ2 on H2 by

Φ2((xlf x2, xs, xj, (yίf y2r y3,
1

Then (Hi9 Φ<) i = 1, 2 are quadratic spaces. In fact lϊ2 is a Hubert
space as is well known. Let ^~ be a collection of subsets of ΈLX

consisting of 0 , Hίf and all subsets A of H1 for which there exists
a l-closed subspace MQH, with A g ί ^ — M. Then

( i ) 0 , iϊ; e J ^ by definition.
(ii) If Aa e ^~ we have that \JaAa e
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Indeed since for each a there exists a _L -closed subspace Ma such
that A^H, ~ Ma we have \JaAa<^ U«#i ~ Ma = Hx~ Γ)aMa. But
Γ\aMa is i-closed. Therefore ( J « Λ * e ^

(iii) Ifil4fc = l, 2, - . . , neJ^thenClt^Ajcejr. Fox ΓiUιAkQAk

for all k = 1, 2, , w, and Ak Q Hx ~ Mk for some _L -closed subspace
Mk of ί ί l β

Therefore ^ is a topology for 1ZΊ. Let Ήf be the usual topology
of R4 which as is known arises from Φ2 in a natural way. Now let
I: (Hlf J H ^ (H2y %S) be the map defined by Ix = x for all x e H^
Then / is orthocontinuous since the inverse image of a _L-closed
subspace of (H2, Φ2) is a finite dimensional subspace of (H19 Φx) and
hence by [1, Corollary 3.5.2] is a 1 -closed subspace of (H19 ΦJ. But
I is not continuous for if it were ΓX{xeH2: \\x\\ < 1}) would be an
open set in (JBi, ̂ ~) and hence would not contain 0. This is a con-
tradiction since 0 e I~\{x e H2: \\x\\<1}).
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