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FINITE GROUPS WITH SMALL UNBALANCING
2-COMPONENTS

ROBERT GILMAN AND RONALD SOLOMON

In this paper we supply one link in a chain of results
which will prove the following two conjectures:

£(G)-Conjecture. If H is a 2-local subgroup of a finite
group G, then [L(H),O(H)]QO(G).

Unbalanced Group Conjecture. If G is a finite group with
O(Cff(ί)) g O(G) for some involution teG, then O(CG(t)) acts
nontrivially on L/Z*(L) where L is a 2-component of G with
L/Z*(L) isomorphic to one of the following simple groups:

(1) A simple Chevalley group or twisted variation over
a field of odd order;

(2) An alternating group of odd degree;
(3) PSL (3,4) of He, the simple group of Held.

In 1973 John Thompson, inspired by the Standard Component
Theorem of Michael Aschbacher, formulated the i?(G)-Conjecture.
Daniel Gorenstein and John Walter had previously verified that the
J3(G)-Conjecture held in a wide variety of circumstances, but they
had not formulated a general conjecture. The history of the B(G)-
Conjecture is discussed in Chapter VI of Gorenstein's survey article,
The classification of finite simple groups, I, II, which will appear as
a monograph of the American Mathematical Society.

In 1974 converstions among Michael Aschbacher, David Goldschmidt,
John Thompson, and John Walter directed attention toward the more
general Unbalanced Group Conjecture. In § 4 we show how these
various results fit together and how completion of some standard
component problems will supply the missing link. Before discussing
our work further we set up some notation.

For any finite group G, O(G) is the largest normal subgroup of
odd order, O2(G) is the largest normal 2-subgroup, O2/,2(G) is the
inverse image in G of O2(G/O(G)), and Z*(G) is the inverse image in
G of Z(G/O(G)). Sylp(G) is the set of Sylow ^-subgroups of G, and
Inv (G) is the set of involutions of G. The 2-rank of G is denoted
by m(G).

G is quasisimple if G is perfect and G/Z(G) is simple. If G is
simple, G stands for any quasisimple extension of G, (including G
itself). A component of G is a subnormal quasisimple subgroup, and
a 2-componentt J, of G is a perfect subnormal subgroup with J/O(J)
quasisimple. L(G) is the product of all 2-components of G, F(G) is
the fitting subgroup of G, E(G) is the product of all components of
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G, and F*(G) = E(G)F(G). The properties of components and 2-com-
ponents are discussed in [2], [8], [13] and [26]. In particular each
2-component of G is normal in L(G) by [13, §2].

A 2-component J of CG(a), αelnv(flr), is standard in G if
(1) J is quasisimple;
(2) [J, J9] Φ 1 for all g e G;
(3) If g e G with | CG((J, J9)) | even, then J = J9.

The standard component (or standard form) problem for J is to identify
(KH) whenever K is a standard component of H and K is isomorphic
to J.

If a 2-group A acts on a group iV, define NA = L(CN(A)). For
cyclic groups write ΛΓ<α> as Na. By [13, §§3 and 4] we know that
NA Q L(N). Further if A and B are 2-subgroups of G which normalize
each other, and if J is a 2-component of NG(A) with [J, B]g=O(J),
then JB = 2^ where i£ = <L4> for some 2-component L of Nσ(B). We
refer to these results as L-Balance and we say that L corresponds
to J. If L = <Z/> and J 5 covers L/O(L), then J also corresponds to
L, and we will say in this case that J and L correspond isomorphic-
ally.

If a and 6 are commuting involutions of G and if J and 1£ are
2-components of CG(a) and CG(6) respectively such that K corresponds
to J (and necessarily [J, 6]£O(J)), we will write J-^ K. We define
a relation -» on the set of 2-components of centralizers of involutions
of G by L -» ilf if and only if L = Lt —> L2 —> -* Lw = M for some
sequence of 2-components. J is maximal with respect to <? if and
only if J-»ΛΓ implies J/Z*(J) = M/Z*(M).

Finally an unbalanced group is one satisfying the hypothesis of
what we shall refer to for brevity as the ί/.G.-Conjecture.

Now we return to our discussion of the context of this paper.
A short argument using L-Balance together with the properties of
the simple groups listed in the C/.G.-Conjecture shows that the U.G.-
Conjecture implies the i?(G)-Conjecture. The advantage of the former
is the inductive leverage provided by the following lemma, which
incorporates results of Gorenstein and Walter [13], Gorenstein and
Harada [12], and Aschbacher [1].

LEMMA 1.1. Let G be an unbalanced group. Either G satisfies
the Unbalanced Group Conjecture or G possesses a pair of commuting
involutions (α, x), such that for some 2-component J of CG(a)

( * ) [J, 0{CG(x)) Π CG(a)] = J=[J,x].

By an unbalancing triple of G we mean a triple (α, x, J) with
α, xy J as in Lemma 1.1 and satisfying (*). We refer to J as an
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unbalancing 2-component of G. G is a minimal unbalanced group
if every proper section of G satisfies the £/.G-Conjecture and G has
an unbalancing triple. By Lemma 1.1 it suffices to prove the U.G.-
Conjecture for minimal unbalanced groups.

We catalog the current work on the U.G.-Conjecture.

THEOREM 1.2 (Aschbacher [4]). Let Gbe a finite group with F*(G)
quasisimple. Suppose that αeΙnv(G), J is a 2-component of CG(a),
m(J) = 1, and aeJ. Then F*(G) is isomorphic to a known group;
in particular if G is unbalanced, F*(G)/Z(G) is isomorphic to a
Chevalley group or twisted variation over a field of odd order.

THEOREM 1.3 (Aschbacher [3], Solomon [25], [27], [28]). Let G
be a finite group with F*(G) quasisimple. Suppose that a e Inv (G)
and J is a 2-component of CG(a) with J/Z*(J) ~ An for some odd
n ^ 9. Then F*(G)/Z(G) is isomorphic to Am for some odd m or to
Lyons1 simple group.

THEOREM 1.4 (Thompson, Burgoyne [5], Griess, Solomon [14,
Theorem 2.22]). Let G be a minimal unbalanced group with F*(G)
quasisimple. Suppose that a 6 Inv (G) and J is an unbalancing 2-
component of CG(a) with JjZ*(J) isomorphic to a simple Chevalley
group or twisted variation over a finite field of odd order. Suppose
further that J/O(J)^L2(q). Then G satisfies the conclusion of Theorem
1.2 or Theorem 1.3.

THEOREM 1.5 (Harris, Solomon [16, 18]). Let G be a finite group
with F*(G) quasisimple. Suppose that αeΙnv(G) and J is a 2-com-
ponent of CG(a) with a Sylow 2-subgroup isomorphic to D8. Suppose
that CG(J/O(J)) has cyclic Sylow 2-subgroups. Then F*(G) is isomor-
phic to one of the following simple groups:

(1) A8, Sp(4, 4), L5(2), ί/5(2) or HiS with J/O(J) ~ A6;
( 2) A, or He with J/O(J) = A7;
(3) L3(4) or HJ with J/O(J) = L2(7);
(4) L2(q2), Lz(q) or Uz(q) with J/O(J) = L2(q);
(5) PSp(4, ? ) , L4(q) or U,(q) with JjO(J) = L2(q>).

THEOREM 1.6 (Griess, Solomon [14]). Let G be a minimal un-
balanced group with F*(G) quasisimple. Suppose that a e Inv (G) and
that J is an unbalancing 2-component of CG(a) with J/O(J) isomor-
phic to He or to a covering group of L3(4). Suppose that G has no
unbalancing triple (6, y, k) with K/Z(K) ^ L2(q) for q ^ 27. Then
F*(G)/Z(F*(G)) is isomorphic to He or L3(4).
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The next result assumes the solution of certain standard form
problems. Specifically, the following hypothesis is needed.

Hypothesis S. Let H be a finite group satisfying
(1) F*(H) is simple.
( 2) All sections of H satisfy the Unbalanced Group Conjecture.
(3 ) H has a standard subgroup, L, such that one of the follow-

ing holds:
(a) L/O(L) = PSL(3, 4).
(b) L/Z*(L) = PSL(4, 3), PSU(4,3), PSp(4,3), Ω7(3), Ω+(8, 3),

Ω~(β, 3).
Then F*{H) is a known simple group.

THEOREM 1.7 (Foote [7], Harris [17]). Let G be a finite group
with F*(G) simple. Suppose that the following conditions hold:

(1) Proper sections of G satisfy the Unbalanced Group Conjec-
ture.

( 2 ) There exists t e Inv (G) and J a 2-component of CG(t) such
that J/O(J) = A7 or L2(q), q odd, and J is maximal in G.

(3) Proper sections of G satisfy Hypothesis S.
Then either I or II holds:
I. J/O(J) = L2{q) and F*(G)/F(G) is isomorphic to one of
( a ) L2(q2), t a field automorphism;
(b) L3(q), t a graph automorphism;
( c ) Ud(q), t a field automorphism;
(d) L4(q), t a graph automorphism;
( e) L4(p), t diagonal or graph, q = p2;
( f ) U4(q), t a graph automorphism;
(&) U4(p), t diagonal or graph, q = p2;
(h) PSp(4, q), t inner or outer (2 classes);
( i ) PSp (4, p), t outer, q = p2;
( j ) Re*(tf), t inner;
(k) L2(16), t a field automorphism, q — 5;
( 1 ) ί/3(4), t field with q = 7 or t graph with q = 5;
(m) U73(4), t outer with q = 5;
( n ) A7, A8, t outer with q = 5,9 respectively;
( o ) A9, Alo, t inner with q = 5, 9 respectively;
(p) Ju t inner with q = 5;
(q) HJ, t inner with q = 5 or outer with q = 7;
( r ) J3, t outer with q — 17;
( s) M12, t inner or outer with q = 5;
( t ) HiS, t inner with q — 9;
(u) Sp(4, 4), t outer, q = 9;
(v) GL(5, 2), t outer, q = 9;
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( w ) E7β(2), t outer, q = 9;

(x) β~(8, p), t outer, q = p\
II. J/O(J) = A7 and F*(G)/F(G) is isomorphic to one of
(y) A9, t outer;
( z ) An, t inner;
(zz) He, t outer.

THEOREM 1.8 (Aschbacher [2], Seitz [23], Nah [22], Griess and
Solomon [14]). Let G be a finite group satisfying the U.G.-Conjec-
ture. Suppose that F*(G) is simple. Assume that J is a component
of CG{t), t e Inv (G), with J/Z(J) ~ L3(4) or J ^ He and that either
CG(J) has cyclic Sylow 2-subgroups or Z(J) has even order. Let J
be maximal in G. Then F*(G) is isomorphic to one of

(a) L,(16).
(b) He.
( c) O'NS, a sporadic simple group of 0'Nan-type.

In order to state our results we make some further definitions.
A maximal unbalancing triple of G is an unbalancing triple (a, x, J)
such that if 6 6 Inv (CG(a)), [J, b]Qθ(J), and J corresponds to the 2-
component L of CG(b), then

(1) If (δ, y, L) is an unbalancing triple in G for some y e CG(a) Π
NG(J), then J corresponds isomorphically to L, and,

( 2) If S e Syl2 (CG(a) n Nβ(J)) and b e Z(S), then S e Syl2 (Cβ(b) Π
NG(L)).

A restricted simple group is one isomorphic to L2(q), q odd, Suz,
or one of the groups listed in the conclusions to Theorems 1.7 and
1.8. A group K is of restricted type if K/Z*(K) is a restricted simple
group.

Theorem B below is our contribution to the proof of the Un-
balanced Group Conjecture. In § 4 we show how Theorem B, all the
work previously mentioned, and some additional results recorded
below imply the validity of the Unbalanced Group Conjecture under
the assumption of Hypothesis S. We formulate this observation as
Theorem A.

THEOREM A. Hypothesis S implies the Unbalanced Group Con-
jecture.

THEOREM B. Let G be a minimal unbalanced group satisfying
the following conditions:

( a) (a, x, J) is a maximal unbalancing triple of G;
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( b ) J/O(J) = L2(q), q odd, or J/O(J) = A7, or J/Z*(J) = L3(4);
( c) The solution to the standard component problem for L2(q),

q odd, A7 and L3(4) in core-free proper sections of G is a central
product of quasisimple groups of restricted type.

Then one of the following conclusions holds:
( 1 ) G satisfies the conclusion of the Unbalanced Group Conjec-

ture, or
( 2 ) J/O(J) = L2(q) and there exists b e Inv ((?) and r an odd

prime power with Lb/O(Lb) = L2(r2) and <6> e Sγ\2(CG(Lb/O(Lb))), or
( 3 ) ( a ) If be Inv(CG(a)) with [J, b] £O(J), then J corresponds

isomorphically to a 2-component K of CG(b); and
(b) If b is as in (a) and S e Syl2 (CG(a) Π Nβ(J)) with b e Z(S),

then S e Syl2 (CG{b) Π NG(K)).

COROLLARY C. Let G be a minimal counterexample to the Un-
balanced Group Conjecture with F*(G) simple, αeΙnv(G) and J a
^-component of CG{a) with J/O(J) = AΊ. Suppose that there is a 4-
subgroup E of CG(a) f] NG(J) with Δ = CG{a) Π (n.β*tO(Cσ(e))) and
[J, Δ\ - J. Then F*(G) = An for some odd n ^ 11.

We remark that Theorem B and Corollary C are used in the proof
of Theorem 1.6. We use Theorem 1.6 only in § 4 in which we show
how Theorem A follows from hypothesis (3) of Theorem 1.7 together
with all the theorems in this section.

2* Properties of the restricted simple groups* In this section
we collect the properties of the restricted simple groups which we
shall need in the proofs of Theorem B and Corollary C.

PROPOSITION 2.1. Assume that H is a group such that
( a ) LQHQAut(L) with L simple of restricted type.
(b) α e l n v ( i ϊ ) , J~L2{q), A7 or L3"(4), a component of CH(a),

such that J is standard in H. Pick Se Syl2 (CH(a)) and let P = CS(J),
D = S Π J . The following conditions hold:

(1) P — <α> except in the following cases:
( i ) J = An, H= An+4 (^e{5,6,7}), P = E4.
(ii) J = Aδ, H^AutM12, P ^ E4.
(iii) J = L2(q2), L ^ L<(q) or U,{q), CL(J) = Zq+£ with e = ±1,

q + ε ΞΞ 0 (mod 4).

(iv) J/Z(J) ^ L3(4), L = Suz or He, P = E4.
( v ) J=A5, L = HJ, P=E4.

( 2 ) Pf] Z(S) = <α> except when
( i ) J = Aδ, H = Aut M12, or
(ii) J=Aδ, H= HJ.
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PROPOSITION 2.2. Same hypothesis as Proposition 2.1. Let z e
Inv CD(S). Then a ~Haz except in the following cases:

(1) L ^ L2(q2) and H does not contain a diagonal automorphism
or a field-type automorphism (of order divisible by 4) acting non-
trivially on D/[D, D].

(2) Cases (l)(i) and (l)(iii) of Proposition 2.1. In these cases
a ~ z in L. Moreover if ax 6 Inv P, then a1 ~ z in L.

(3) J = Any H = Sn+2 (n e {5, 6, 7}). Then a ~ σ in H where σ
acts as a transposition on J.

( 4 ) J = L2(q2), H = Aut PSp (4, q). Then a ~aσ for some σ e
CL(a) inducing a field automorphism on J.

( 5 ) J = Z4 LS(£), L of OyNan-Sims type. Then a ~ y in L for
every y e Inv(J).

Moreover, if case (l)(v) of Proposition 2.1 holds, then at ~ axz in
CL{z) for all a, e P*.

We will be confronted with a slightly more general situation
arising from the application of I/-Balance to a group in which the
i?(G)-conjecture holds. If H is such a group and J is a component
of CH(a), then (JL{H)) will be quasisimple or a central product of two
quasisimple groups permuted by (a). Let aelnv(H) and let / be a
2-component of CH{a) with J/O(J) = L2{q), A7 or L3(4). Take z, S, P, D
as above.

PROPOSITION 2.3. Assume that H is a group such that:
( a ) The B(G)-Conjecture holds in H.
(b) J is standard and not subnormal in H = HIO2,,2(H).
(c) L(H)jZ*(L(H)) is a product of restricted groups.

The following conclusions hold:
(1) p = <α>(P Π O2,,2(H)) except as listed in 2.1(1).
(2) P n Z(S) = (α)(PnO 2 . 2 (iϊ)) eαcepί as ίώίed in 2.1(2).
( 3 ) a ~ # az except in the following cases:

( i ) The five cases listed in 2.2.
( i i ) L/O(L) = SL(2, g)*SL(2, q) with a - a^, yeInvZ*(L).
(iii) J=L2(5) or L2(7), L/Z*(L) ~ L3(4) wiίΛ a~azy, ye

InvZ*(L).
(iv) J ^ L2(g2), L/Z*(L) = L4(?), C74(g) or β"(8, ̂ 1/2) w i t t a -

(v) J ^ LΓ(4), L/Z*(L) = Suz with a - a«», 2/ 6 Inv Z*(L).
( 4 ) 1/ JO(iϊ)/O(ίί)~SL(2, q) and a^az in H, then LjZ* (L) is

isomorphic_ to one of SL(2, g)*SL(2, g), L2(g2), A7, A8, A9, A10, L3(4)
PSp (4,1/7), L/VT), ^(τ/7) or Ω~(8,

Propositions 2.1-2.3 incorporate all of the facts we need about
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restricted simple groups other than A8, A1Q, PSp (4, q), L4(q), U4(q) or
β~(8, g), which we treat more fully later.

Proposition 2.1 is easily checked for all of the listed groups. We
remark that H may be taken to be AutL except in the following
cases:

(1) J = An, L — H = An+4. J is not maximal in Sn+4.
( 2 ) J ^ L2(9), L = HiS. J is not maximal in Aut HiS.
(3) PSp(4, q), L4{q), U4(q) discussed below.

Moreover the case J = L2(g), L = PSp (4, q) does not occur, since in
this case J is not standard in L, even though J is maximal in L.

If L/Z(L) = An, then as | Z(J) | is odd, | Z(L) | is odd. The prop-
erties of An are well-known. If L/Z(L) ^ L12(16), L3(q) or Ud(q) (q
odd), U3(4), Sp(4, 4), L5(2), C75(2), Refa), Jlf J3, Held's group or a group
of O'Nan type, then | Z(L) \ is odd. If L ^ J, or Re(?) or of O?Nan
type, then α 6 L and L has one class of involutions. In the other cases
La has one class of involutions. So Propositions 2.2 and 2.3 hold for
all of these groups.

If LjZ{L) ^ HiS, we refer the reader to [15] for the desired
properties of L.

If L/Z(L) = L3(4), then Proposition 2.3 only makes an assertion
about fusion modulo Z(L). As each coset of InnL in AutL has at
most one class of involutions, this is clear.

We now treat Mlif HJ and Suz.

PROPOSITION 2.4. (a) Suppose that L/Z(L) = M12. Then J ^ A5

and CAutL(J) - P^E4 with | PΠ InnL | = 2. NkntL(J) = (P x /)<δ>
with | CP(b) | = 2. If ae CP(6)*, then a ~ az in CL{z).

(b) Suppose that L\Z{L)~Ή.J. I / α £ I n n L , then J ^ L2(7),
CAM L(J) — (a) and a ~ az in <L, α>. If aeL, then J = A5 and
CAutL(J) — P = E4. If aλ e P*, then a ~ aγ and a ~ az in CL(z).

(c ) Suppose that L/Z(L) = Suz and J/Z(J) = L3(4). Then Z(L) £
Z{J). Also C^atL(J) = P = EA and a1 ~ aλz in L for all αxe P%.

Proof. Let L = LjZ{L) and identify L with Inn L.
(a) AutL contains a 4-group, P, with CAutL(P) = Px J and

NAniL(P) = (P x J)<6> with <P, 6>_^ A, <J, δ> ̂  S5. AsJP x 5)<6> ί
Syl2 (Aut L) and ΰ # = zAutL n ( P x ΰ ) , there exists y e JVz(Px D) Π^z(J5)
with PΓ) P* = 1. Thus if <α> = CK&), then άy = z and ^ = 2. If
a1eP — <ά>, then αf1 = α ^ for some zxeD — <̂ >, y1eNzφ). Thus
αx — α^ in Nχ(D). Suppose that | ^(L)x = 2. Now 6, α and ab are
noncentral involutions of L. So (a, b} = Q8 and α ̂  α^ in CL(z). Also
αx ~ άάi So αx and aa1 have the same order in L. Thus ĉ  inverts
a and αx ̂  α^ in NL(D).

(b) Suppose that a $ Inn L. Then Lα has only one class of in-
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volutions. Thus we may assume that Z{L)Φl. Now Cz(a)=J(s) with
s a noncentral involution. Thus s has order 4 in L. As α~αs, a and
as have the same order in L. So a inverts s. Thus a~az in <L, α>.

Now suppose that a e Inn iL Then J ~ A5 and CzG/) = P = E±.
As a ~ &! for all ^ G P1, P x J = Cz(αO for all άt 6 P*. Thus there
exists reCi(J) ΓΊ Nχ(P) permuting the elements of P* and (P, r) x
/ = ΛΓz(P). Let i? e Syl2 (P x J ) . Then Nτ(P) Π iNΓz(#) has three orbits
on E* with lengths 3, 3, 9. As aτΓ)D = 0 and j£e Syl2(L),
12. Thus iVz(#) Π Cz(S)/# = A, and Nτ{E) n Cz(S) =
Thus αt ~ ά ^ in CZ(D) Π Nτ(E) for all αx e P*, ^ e Zλ If Z(L) ^ 1,
then P ~QS and JVL(2£) Π CL{D) is the full inverse image in L of
Nτ(E) (Ί Cz(5). Thus αx - α ^ in CL(D) for all a.eP- Z(P), z.eD.

(c) Let Suz be the six-fold cover of Suz and let p be a 12-
dimensional complex representation of Suz. We wish to show that
the inverse image, /, of J in Suz is a six-fold cover of L3(4). Now
CsuλJ) = P=E4 and iSΓ^(P) = (Λ x L8(4)) Z2.

Also P ~ Q8 and Z(JP) acts as —/. So P must act on a sum of
six isomorphic 2-dimensional modules. Then Cpis^z)(p(P)) is isomorphic
to a subgroup of GL(6, C). Then, by Lindsey [18], J is a six-fold
cover of L3(4). Thus Z(K) Q Z(J). If S 6 Syl2 (JSΓZ(P)), then S c f e
Syl2(L) and PΠ PJ - 1 for yeNΨ(S) - S. As aτ Π / = 0 and z J -
Inv J, α ^ az in L. As P = Q8 in S£^, we see as before that a ~ az
in L.

PROPOSITION 2.5. Lei K be isomorphic to A8 or to PSp(4, q), q
odd. Let N = SB in the former case and let N be the extension of
PSp(4, q) by a diagonal automorphism in the latter casef i.e., N =
SO(5, q) in the latter case.

(a) If feAutK — N of order 2, then K = PSp(4, qi), f is a
field automorphism and L(Cκ(f)) ~ PSp(4, gx).

(b) N has four classes of involutions, two in K and two in
N — K. N has exactly one 2-central class of involutions.

(c) If s is a 2-central involution of N, then O2(CN(s)) =
SL(2, #)*SL(2, q) if K= PSp(4, q) and CN(s) is solvable if K ~ A8.

(d) If aeK is a non-2-central involution, and ε = ± 1 so that
4 I q + ε, then

CN(a) = PGL(2,q) x D2iq+ε)

with q = 3 when K = A8.
Also Cκ{a) = ( L x F)(a) with L = L2(q), (L, a) ~ PGL(2, q), F ~

Dq+ε and (F9 a) ^ D2{q+ε).
If ze Inv L, then a ~ z in K.
(e) If e 6lnv(iV — K), then O\CN(e)) is isomorphic to L2(q) or

L2(q2), with q = 3 when K = A8. If L(CN(e)) is a maximal component
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in N, then L{CN{e)) = L2(q2). IfO\CN(e)) = L2(q), then Cκ((e, O\CN(e))» =
Dq_ε with ε as in (d).

( f ) No proper covering of K has an involutory automorphism
whose centralizer has an L2(q) component.

Proof. The properties of S8 are well-known. The conjugacy of
all involutory field automorphism is a well-known consequence of
Lang's theorem. Properties (b)-(e) may be found in [10], [11] or
deduced directly by matrix calculations in N = S0(5, q). Elements
of Ω(5, q) with exactly two eigenvalues — 1 are known to lift to ele-
ments of order 4 in Spin (5, q). (See [24, Lemma 3.1].) If M is an
L2(q) component in K, then the involutions of M have exactly two
eigenvalues — 1, whence M=SL(2, q) in Spin (5, g).

PROPOSITION 2.6. Same hypotheses as Proposition 2.5. Take
a e Inv K with a non-2-central and take e e Inv (N — K) with L =
L(Cκ(e)) = L2{q2). Take SeSγ\2(CN(a))> SczRe Syl2(JV). Let P =

sncN(j), ΰ = s n J , s0 = snK, PQ = Pnκ 9 RO = RΠK.
( a ) [i?0, Ro] is nonabelian; R = Ω^R), Ro = Ω^R^).
( b ) When K— PSp(4, q), all elements of Inv(P0 — <α» are 2-

central.
( c ) I R: SI = I Ro: So \ = 2. For any r e Inv (R - S), α r = z, 2;r - α.
(d) d0 contains E = E16 and all such E are conjugate in N.

NN(E)/CN(E) ~ Sδ or S3 2 Z2, according as K = PSp (4, q) or A8.
( e ) Pick Q e Syl2 (CN(e)) with Q^Te Syl2 (N) and z e Inv (CL(Q)).

Then Cκ(e) = L(τ} with τ a non-2-central involution in K, τ acting
as afield automorphism on L. Further e9 = eτ for some g e NT(Q) — Q
with g2 e Q. Also zτ is 2-central in K and zτ, z, e, ezτ represent the
N-classes of involutions.

Proof. We refer the reader to [10], [11] and direct matrix
calculation.

PROPOSITION 2.7. Let K = PSL(4, q), q odd. Let Nbe a normal
complement in Aut K to the cyclic group of field automorphisms.

( a ) If N Φ O2' (Aut K), then (Aut K) — N has two classes of
involutions whose fixed points on K contain PSL(4, qιn) and PSU(4, q1/2)
respectively.

( b) // q = 3 (mod 4), then Aut if/Inn K is abelian.
( c ) N has six classes of involutions.
(d) If s is a 2-central involution in N, then O2(CN(s)) =

SL(2,g)*SL(2,g).
( e ) N has two classes of diagonal involutions with representa-

tives a and aγ. L(CN(a)) ~ L2(q2) and L(CN(aJ) = L3(q). Also a is
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inner if and only ifq = S ( m o d 4 ) . C<x > α>(α) = « ί > x / ) < σ > with
(t) = Zg+1, J ^ L2(q2), σ inverting (t) and inducing a field auto-
morphism on J. Also if ze Inv J and ae K, then a ~ z in K. If
a 0 K, then a ~ az in (K, α).

( f ) N has three classes of graph automorphisms of order 2 with
representatives b, c, d. L(CN(b)) ~ PSp (4, q)9 L{CN(c)) = L2{q2) and
O2(CN(d)) = L2(q) x L2(q). Let M be a subgroup of N containing (K, a}
such that L(CH(a)) is maximal in M. Then b&M and (t) = CM{J).
Let Mλ be a subgroup of N containing (K, c) such that L(Cκ(c)) is
maximal in Mx. Then b$Mx and (c) = CMι(L(Cκ(c))). Every involu-
tion of Kc is K-conjugate to c. In particular, if zeInv(L(Cκ(c))),
then c ~ cz in (K, c).

(g) The full coverging group K of K does not admit an in-
volutory automorphism whose centralizer has an L2(q) component.
Also Z(K) is cyclic of order 2 or 4.

Proof. Most of these facts may be found in [6] and [20], [21].
The rest follow by direct matrix calculation. It is helpful to recall
that L4(q) ̂  Pi2+(6, q). The existence of precisely three classes of
graph automorphisms may be found in [6]. Both b and d lie in the
coset of Pi2+(6, q) by a diagonal matrix with precisely one eigenvalue
— 1. It follows that all involutions in Kc are iΓ-conjugate to c. Fact
(g) follows as in Proposition 2.5 from the properties of Spin (6, q).

PROPOSITION 2.8. (1) Let K = PSU(4, q), q odd and N= Aut K.
The assertions of Proposition 2.7 remain true after replacing (b) by:

(b') Ifq = l (mod 4), then Aut K/Inn K is abelian.
And replacing (e) by:

(e') N has two classes of diagonal involutions with represent-
atives a and ax. L{CN(a)) = L2(q2) and L{CN{aJ) = U3(q). Also a is
inner if and only if q = 1 (mod 4). C<K>ay(a) = ((t) x J)(σ) with
(t} = Zq_19 J = L2(q2), σ inverting (ΐ) and inducing a field auto-
morphism on J. If ze Inv J and ae K, then a ~ z in K. If a& Kt

then a — az in (K, ay.
( 2 ) Let K — Am N = Sί0. N has one class of involutions with

representative a satisfying L(CN(a)) = A6. CN(a) = S6 x D8. Gκ(a) =
(J x P)<<7> with J = A5, P = E» J<σ> ^ S6, P<σ> = D8. N has one
class of involutions with representative b satisfying L(CN(b)) = As.
Cκ(b) — S8 and b£K. A10 does not admit an involutory automorphism
whose centralizer has a subnormal subgroup isomorphic to A4 or A6.

Proof. (1) is handled like Proposition 2.7. The assertions about
S10 are trivial. An involution r in an A4 or A6 subnormal in CG(s)
for some s e Inv S10 has the property that r is a product of two
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transpositions. Then r lifts to an element of order 4 in Alo.

PROPOSITION 2.9. Let K = Al09 L4(q) or Z74(g) with notation as in
2.7 and 2.8. Suppose that aeK, i.e., K = Al0 or K = L4(q), q = 3
(mod 4) or K= U4(q), q = l (mod 4). Let S e Syl2 (CN(a)), SaR e Syl2 (AT).
Let Ro = Rf)K, D = SnJ, P= CS(J). Then

(1) [i?0, 22O] is nonabelian.
(2) Γfcere eαiβίβ t e NBQ(S) - S with t2 e So and DD* = D x D* =

So.
(3) \Dι\ Dt n PI = 2 and de D* — P αcίs as a JΐβZd automorphism

or transposition on J.
(4) (D* f) P)(b) is dihedral with center (a).

Proof. Direct calculation. Note that Ro ̂  A* 2 ̂ 2 with 2n \ \ q2—1.
Here g - 3 if K = A10.

PROPOSITION 2.10. Leέ K be a finite quasisimple group with
K = £/Z(ίΓ) ^ ώ8~(g).

(1) Z(K) is cyclic of order 2 or 4.
(2) There is a unique class of involutory automorphisms with

representative a such that J = L{Cκ(a)) = L2(cf). If be Inv Aut K with
Cκ(b) having a maximal component isomorphic to L2(r) for any r,
then b e aκ.

( 3 ) Inv (Ka) — aκ. In particular, if z e Inv (J), then a ~ azy
in <JKΓ, α> /or some 1/ 6 Z(K). Also <α> 6 Syl2 (CAntκ(J)).

(4) There is no involution a in K with O2XCκ(a)) of2-rank 1.

Proof. We refer the reader to [6].

PROPOSITION 2.11. Let G be a finite group of sectional 2-rank 4
with F*(G) simple. Suppose that G has an involution a with L(CG(a)) =
L2(q2) for some odd q ̂  3. Suppose also that G^GX of index 2 and
b 6 Inv CGί(a) with either L(CG(b)) = PSp (4, q) or q = 3 and L(CG(b)) =
A8. Then F*(G) = L4(g), U,(q) or Alo.

Proof. We may check the list of conclusions to the Main Theorem
of [12].

PROPOSITION 2.12. Let K=?Sv(4,q), L4(q), U4(q) or fl~(8, g), g
odd. Suppose that a is an involutory automorphism of K with
L(Cκ(a)) = l. Then K ^ PSp (4, 3), L4(3) or C/4(3). Moreover Cκ(a)
involves AA.

Proof. The information for PSp (4, g), L4(g) and Z74(g) may be
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read off from Propositions 2.5, 2.7 and 2.8. For fl"(8, q) one may
check the information in [6] or compute directly in O~(8, q).

3* Preliminary results. We are principally concerned here with
properties of 2-components. We begin with a reduction of the Un-
balanced Group Conjecture.

LEMMA 3.1. Suppose that every proper section of G satisfies the
Unbalanced Group Conjecture, then either G satisfies the Unbalanced
Group Conjecture or F*{G) is simple.

Proof. Suppose G does not satisfy the £/.G.-Conjecture. Take
a?eInv(G) with D = O(CG(x))£O(G). Minimality implies O(G) = 1,
and by [26, Lemma 2.5] G has an (unbalanced) component L such
that L = [L, D] — [L, x\. By minimality again G — <L, D, x) whence
L = F*(G). It remains only to show Z{L) = 1. Suppose Q = Z{L) Φ 1.
Q is a 2-group, so CQ(x) ^ O2(CG(x)) implies [CQ(x), D] = 1. By Thomp-
son's A x B lemma, [Q, D] = 1. Now Z(G) = CQ(x) Φ 1, and one sees
easily that G/Z(G) is an unbalanced group. (Note that x $ Z{G) else
D ζZ O(G) ~ 1.) Since the Unbalanced Group Conjecture holds for
G/Z(G), and L/Z(G) = L(G/Z(G)), we conclude that L is simple.

Next we wish to develop a particular property of 2-components.
Suppose / is a 2-component of CG(a), αelnv(6r), with aeZ(S), Se
Syl2 (NG(J)). Let P = CS(J); for any 2-group B g P , B h a s a conjugate
S ^ S P such that Q = Ns(Bx)eSγl2(NG(Bx) Π NG(J)). If (5 satisfies
the 2?((?)-Conjecture, then JB» = J centralizes O(CG(BX)), and Qe
Sylϊ(JVσ(Bβ)ΠiVr

G(JB»O(CG(Bs)))). Lemma 3.3 shows that this result
holds if (T is a minimal unbalanced group. The next lemma is used
in the proof of Lemma 3.3.

LEMMA 3.2. Suppose all 2-local subgroups of G satisfy the B(G)~
Conjecture. Let J be a ^-component of CG(Q), Q a 2-subgroup of G,
and let P and R be 2-subgroups with PQRQCG(Q) Π CG(J/O(J)).

Define H = CG(P), H = H/O(H). The following conditions hold:
( i ) JP = JR;
(ii) If Q^R, then TP = O2\JRO(CG(R))).

Proof. [J,P]QO(J) implies JP = O2\Cj{P)). Likewise JR =
O2'(Cj(R)); and it follows that JB^JP and JR covers JP/O(JP). As
J P is quasisimple by the i?((τ)-Conjecture, JR covers JP/Z(JP). Since
JP is perfect, JR — JP and (i) holds.

We prove (ii). By L-Balance JP = JR is a component of Cn(Q).
Let F=O(Cβ(Λ)). As P Q £ ^ , F g C ^ Q ) . [JΛ, F] £ [CG(R), F] Q F
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implies [JB, F]QFin 3. Since F permutes the components of Cs(Q), F

normalizes JR. Thus O2\JRF) = ΎB — 1ΓP.

LEMMA 3.3. Let G be a group with all 2-local subgroups satisfy-
ing the B(G)-Conjecture. Suppose J is a 2-cornponent of CG(a), a e
Inv (G), and Se Syl2 (Cβ(a) Π NG(J)). Let P = Cs(J/O(J))f and assume

For every b e Inv (CP(S)) ,

SeSyl2(CG(b)Γ\NG(JbO(CG(b)))).

Then for every BQP there exists xeG such that
( i ) x = x, xt and <(J3*i-**-i)<**>> ς p , 1 ^ i ^ t;
( i i ) Ns(Bχi'~χt-i)Xi £ S, l ^ i ^ t ;

(iii) JB«O(CG(B*)) = [JBO(Cβ(B))] ;

(iv) NS(B') e Syl2 (NG(B*) f) NG{JBXO{CG{B*)))).

Proof. First we show that (i) implies (iii). By induction on t
we may let x = yxt and suppose JByO{CG(By)) = [JBO(CG(B))]y. Let
xt = z, E = By and T = (E<z>); by (i) T £ P . By Lemma 3.2 (i)
JEO(CG(E)) = JTO(CG(E)) and likewise JEzO(CG(Ez)) = JτO(CG(Ez)). Now

Z - JTZO(CG(E*))

= JE*O{CG{E*)) - JB.O(Ca(B )) .

We will now use induction on \P:B\ to prove Lemma 3.3 (i), (ii),
(iv). Let X=JBO(CG(B)) and suppose Q = NS(B) $ Syl2 (NG(B) Π N0(X)).
Pick a 2-group Q, with Q^Qίf Qφ Qί9 and Q.QN^B) f] NG(X). If
B — P9 then Q = S and ζ>x centralizes some 6 e Inv (CB(S)). Qt nor-
malizes O?/(X)O(Cί?(δ)) - JbO(CG(b)) by Lemma 3.2 (ii) contradicting (**).
Thus BΦP. Let T = Q Π P; we have JS c T. By induction we may
assume JV5(Γ) 6 Sγl2 (NG(T) n NQ(JTO{CG(T))))9 Q, normalizes Γ =
CQ(X/O(X)) and CX(Γ) By Lemma 3.2 (i) X = JTO(CG(B)) whence
CX{T) = JT{O(CG{B)) n CG(T)). It follows that Q, normalizes JTO(CG(T)) =
CX{T)O(CG(T)). Thus Q,^NG{T) n NG(JTO(CG(T))) and these exists
xeNG(T)f)NG(JτO(CG(T))) such thatQϊ£iNk(Γ). Clearly (B<*>)QTQP
and Qϊ S JV5(B?) £ iVβ(Bβ) Π NG(JB*O{CG{B*))). As | Qx | > | Q |, repeating
our argument a finite number of times gives (iv).

LEMMA 3.4. Let Jbea 2-component of CG(a), a e Inv ((?). Suppose
m(J) ^ 2 and b e Inv (C^α)) with [J, 6] £ O(J). Pίcfc S 6 Syl2 (CG(a) Π
NG(J)) with (a, b} ^ <S, αwώ Zβί P = CS(J/O(J)). Let J correspond to
the 2-component K of CG(b). Either J corresponds isomorphically to
K or there exists e e Inv (P) such that the following conditions hold:

( 1 ) Cs(6)gC5(e);
( 2 ) If J corresponds to the 2-component L of CG(e), then
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I L: O(L) \>\J: 0{J) \ or m(CG(e) Π CG(L/O(L))) > m(CG(a) n CG(J(O(J)))).

Proof. Suppose J does not correspond isomorphically to K. Pick
e e Inv (P) so that Cs(b) £ Cs(e) = Q and Q is maximal with respect to
inclusion among choices of e for which J does not correspond isomor-
phically to a 2-component of CG(e). By L-Balance either L Φ La or
|L:O(L)| > I J :O(J) | . We may assume L Φ La and | L: 0(L) | =
1 J: O(J) |. Define M - Cσ(e), M = M/O(M). L = Je implies LL* =
L x L\ By [13, Lemma 2.14], J e = {^^ | ^eL} is isomorphic to L.
As Γ = Q n P centralizes JJO(Jβ), T acts on Ll? and centralizes J e.
It follows that T = <α> x #, Λj= CT(LL*). Pick J]e Syl2 (L) so that
<F, Q> is a 2-group. As L n L ^ l , F F * = F x F~ and C?(α) = 1
implies F Π 5 = 1. It follows that m(Cβ(e) Π Cff(L)) ^ m(F) + m(5) ^

2 + m(5) as m(J) = m(L)^2. Since m(?) = l + m(Λ), m(CG(e)nCβ(L))>
m(T). If m(Γ) = m(P) then (2) holds, so assume m(Γ) < m(P) and
pick weNP(Q) - Q with ίϋ2e3P. T = CP(β) implies | Γ| ^ 4, and if
I Γ| = 4, then P has maximal class and m(P) = m(T). Thus | T\ ̂  8,
I i21 ^ 4, and i? Π Rw Φ 1. As i2 ̂  Q, iϊ n R" ̂  <Q, w> and we can
pick ^Glnv(jR) with (Q, w)QCs(z). By choice of e, J corresponds
isomorphically to a 2-component V of CG(z). Let Jo = J<btZ>. It is easy
to see that (J0

L(Co{z))) -= Fand <J0

L(^(6))> = LL\ Likewise the normal
closure of JQ in (LLa)z is (LLa)z whence (LLa)zQL(CG(z)) implies

(LLa)z £ < J 0 ^ < ' » > = F . But I LLa: O(LLa) \>\J: O(J) \ - | V: O(V) \

and we see that | T\ ̂  8 forces T — P and establishes (2).

LEMMA 3.5. Suppose J is a 2-component of Ca(a), a e Inv (G),
Se Syl2 (Ĝ Ca) n NG(J)). Let P = CS(J/O(J)). Assume that for every
b e Inv (P) J corresponds isomorphically to a 2-component L of CG(b)
and that if be Inv (CP(S)), then S e Syl2 (CG(b) Π Na(L)). Under these
conditions J is maximal in G.

Proof. We must show that if J-» K, then J/Z*(J) = K/Z*(K).
We are given a sequence of 2-components J = Llf — , Jr = if such
that for each pair Li9 Li+1 these are involutions avy 6<+1 satisfying

(1) L€ is a 2-component of CG(αJ;
(2) L i+1 is a 2-component of CG(6i+1);
(3) [a,,5i+1] = l;
(4) L4-*L< + 1.
We will show that L, corresponds isomorphically to Lί+1, 1 ̂  i ^

r — 1, which will suffice for the proof of the lemma. Assume r is
minimum such that for assertion fails. For any i with 2 <̂  i ^ r — 1
and xe NG(Lt) we may replace aά by α*, i ^ j ^ r — 1, and ί̂  , Ly by
6̂ , I/-, respectively ΐ + 1 <; i ^ r to obtain another sequence of length
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r for which our assertion fails. By (3) we can choose x such that
(fli-\j bj, af) is a 2-group. Thus we may assume (at_lf biy a*> is a 2-
group for all i with 2 <̂  i <; r — 1.

Pick α?< e Inv (Z((a^u bίy α<») and let L ^ correspond to the 2-
component if* of CG(Zi). As ΐ < r, each term in the sequence Lx, ,
Li_1? ^ corresponds isomorphically to the next term. A straight-
forward argument using L-Balance shows that Kt corresponds to Lt

and Li+1. Thus by replacing bu Lt by zi} Kt respectively we may
assume bt e Z{(μt^u biy α<».

We wish to apply Lemma 3.3. If 6 6 Inv (CP(S)) and J corresponds
to the 2-component L of Ca(b), then by hypothesis S e Sγ\2(CG(b) Π Nβ(L)).
Thus S normalizes JhO{CG{b)) = LO(Cσ(b)). As L = L(JhO(CG{b))) is
characteristic in JbO(Co{b))f it follows that condition (**) of Lemma
3.3 holds.

Pick T e Syl2 (JNΓβ(J)) with S £ Γ. S = CΓ(α) implies Z(Γ) £ Z(S),
so for 2 6 lnv(Z(Γ)) our hypothesis implies S e Syl2 (CG(z) Γϊ NG(L))
where J corresponds isomorphically to the 2-component L of CG(z).
But T normalizes Jz whence T normalizes L, and it follows that
S = T. In particular (alf bz}

xQP for some xeG and replacing our
sequence of 2-components and involutions by their ^-conjugates we
may assume (a19 b2) £ P. Clearly we may further assume ax = a. As
ί>2 e P, our hypotheses force r ;> 3.

Apply Lemma 3.3 to <ί>2>. These exists xeG such that for e =
(62)* we have

( 1 ) eeP;
( 2 ) C8(e) £ Syl2 (Cσ(e) Π Nσ(JΛO(Cσ(e))));
( 3 ) J.O(Pβ(e)) = (JhO(Pσ<J>J)) .

By (3) L(JeO(CG(e))) = (La)% a 2-component of Cβ(β). Replacing 6y by
6*, L5 by (!/,)% 2 <; α? ̂  r and replacing aά by α , 2 ^ i ^ r - 1, we
may deduce from (2) that

Q = Cs(b2)eSy\2(CG(b2)nNG(L2)).

As r ^ 3, we have b2e Z((a, b29 α 2 ». Whence (a2)
yeQ for some ye

CG(b2) Π NG(L2). As before we may assume a2e Q. [a, a2] = 1 implies
that we may replace b2 by α2 and assume b2 = α2. Since 63 normalizes
L2 and centralizes a2,bξeQ for some wβCG(a2) Π NG{L2). Again we
may assume 63 e Q. Now by hypotheses J corresponds isomorphically
to L3. Thus r ^ 4 and the sequence J = LL, L3, , Lr = if contradicts
our choice of r .

LEMMA 3.6. Lβί G be a group in which all 2-local subgroups
satisfy the B(G)-Conjecture. Suppose J is a 2-component of CG(a),
a 6 Inv (G), and S e Syl2 (CG(a) Π NG(J)). Let P = CS(J/O(J)). Assume
the following conditions:
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( i ) If b 6 Inv (CP(S)), then S e Syl2 (Cβ(&)) Π NG(JhO(CG(b))).
(ii) For some δeΙnv(P), J does not correspond isomorphically

to any 2-component of CG(b).
(iii) m(J) ^ 2.

Under these conditions these exists a 2-group B, 1 Φ B £ P for which
the following conclusions hold where H — NG{B), H = H/O2,t2(H), V =

(1) JB is a component of Cn(a) and is standard in H;
(2) V = [V, a] = L(H);
(3) Be Syl2(PH(V/O(V))) and NS(B) e Syl2 (NG(B) n

(4) If EQP with \E\ > \B\ or with \E\ = | B | αwώ | i V ^ ) | >
I NS(B) I, ίfcew / corresponds isomorphically to a 2-component of NG(E).

Proof Pick Bλζ=P maximal in the partial order indicated in (4)
such that H, = Nσ(Bλ) and V1 = (Ji;^^) satisfy ^ = [F^ α]. By (ii)
and L-Balance we have that Bx Φ 1 and (4) holds. By Lemma 3.3 we
can find xeG such that for B' = B we have

( a ) NS(B) e Syl2 (JVσ(B) ΓΊ NG(JBO(CG(B)))).
( b ) NsWQS.
( c) JBO(CG(B)) = [J^OίC^B,))]-.

Let i ϊ = iSΓG(β) and F = <J#(/f)>. Ff is the normal closure of ( j y
in L(H). By (c) V;Q((JBO(Cσ(B)))LιS)}. As Fί is a product of 2-
components of L(fί), it follows that VfQ V. In particular | V,: Z
I J: Z*(J) I implies the same for V whence V=[V, a]. Let Q =
By (a) On 0^(7/0(7)) eSyl, (0^(7)0(7)), and maximality of \B\ =
£, I implies J5 = CQ(VI0(V)). Now (2) and (3) are immediate and (b)

implies (4). Also by (3) Be Syl2 (Ot,%(H)).
JB is a 2-component of CG(B) n Cσ(α) = CG(B(a}). Consequently JB

is a 2-component of NG(B(a}). From the structure of if, NH(B(a}) =

Nϋ(B(a)) = Cχ(a). Thus JB is a 2-component of C^(ά). As i ϊ satisfies

the β(G)-conjecture, [JB, 0(J s)] C 0(J5Γ) whence JB is quasisimple and

/^ is a component of Cs(<ϊ) We claim that if ? e Inv (CH(JB))9 then

Λ is a component of Cz(t). Let Γ = JB0z,,2(H). As JB0(H) = 0( Γ)L( Γ)

is characteristic in F, (3) implies QeSyl2 (NH(Y)). Accordingly Qe

Syl2 (NH(JB)) and we may assume ί 6 CQ(JB) projects onto t. We have

ί2 6 Q Π OZ.Λ(H) = S. Let T=(t,B); by maximality of |JB|, iVβ(Γ)

has a 2-component L with Jτ £ L, JTO(L) = L. Repeating the argu-

ment we used for B(a), we see that L is a component of C#(Γ). Since

L is quasisimple, L = JTO{L) implies L = J Γ . Likewise JB = J Γ = L

and our claim is proved.

Now by [8, Proposition 4.1] Theorem 5 of [2] applies to a maximal

product of pairwise commuting ίf-conjugates of J. From (2) and
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hypothesis (iii) we have [/, Jκ] φ 1 for any EeH. Further if t e

CH(J) Π Cji(Jh), then J and Jh are components of Cn(t), which forces

J - Jίι (else [J, Jκ] = 1) whence (1) holds.

LEMMA 3.7. Let G be a group with commuting involutions a and
x, and let D = O(CG{x)) Π CG{a). Either DQθ(CG(a)) or there is a 2-
component J of CG(a) such that [J, D] •==• J — [J, x\.

Proof. See [28, Lemma 2.5].

LEMMA 3.8. Let (α, x, J) be an unbalancing triple ofG. If be
Inv (CG(a)) with [δ, x] — 1, [&, J] £ O(J) and J corresponds to the 2-
component L of CG(b), then (δ, x, L) is an unbalancing triple of G.

Proof. Let F = O(CG(x)) n CG(a). F acts nontrivially on J/O(J)
and as [J, b]Qθ(J), [F, b] centralizes J/O(J). [x, b] — 1 implies that
δ acts on F, so F — CF(b)[F, b] and E = C^(δ) acts nontrivially on
J/O(J). Hence S acts nontrivially on JJO(Jb) and LLa/O(LLa). Note
that LLα = {J^ΛCG[h))) implies that E normalizes LLa. Likewise (x)
acts nontrivially on LLa/O(LLa). Now apply Lemma 3.7 to the group
LLaE(a, x, δ> to obtain the desired conclusion.

LEMMA 3.9. Let G be a group such that all 2-local subgroups
satisfy the B(G)-Conjecture and such that for every unbalancing
triple (α, x, J), m(J) ^ 2. For any unbalancing triple (a, x, J) there
exists a maximal unbalancing triple (δ, y, L) with J -» L.

Proof. It suffices to show that if (α, x, J) is not maximal, then
there is an unbalancing triple (δ, y, L) with J > L such that one of
the following occurs:

( 1 )
( 2 )

L: O(L) I >
L: O(L) I ^

J: O(J)
J: O(J) and m(CG(b) Π CG(L/O(L))) >

m(C f i(fl)nC f l(J(O(J)))):;
( 3 ) I L: O(L) I ̂  | J: O(J) \ and m(Cσ(δ) Π Cβ(L/O(L))) ^

m(Cff(α) Π Cβ(J(O(J)))) and | C^δ) n JV*(L) |8 > I Cβ(α) ΓΊ iVσ(J) |2.
Pick δ e Inv (CG(a) n CG{JjO{J))) so that condition (1) or (2) of the
definition of maximal unbalancing triple fails. Pick S 6 Syl2 (CG(a) Π
ΛΓG(J)) with Q - C5(6) e Syl2 ( C « α , δ» n Nσ(J)). Let P - CS(J/O(J)).

If condition (1) fails, G has an unbalancing triple (δ, y, L) such
that J corresponds to L and y e Ca{a) Π NG(J). Thus # 6 CG«α, δ» Π
NG(J) and we may assume yeQ. If condition (2) fails, then δ 6 Z(S),
and as we may assume by conjugation in CG(a) Π NG(J) that x e S,
Lemma 3.8 guarantees that (δ, a?, L) is an unbalancing triple where
L is any 2-component of CG(b) to which J corresponds. In either case
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if J does not correspond isomorphically to L, apply Lemma 3.4 to find
&! 6 Inv (P) with Q £ Cs(b^) such that J corresponds to the 2-component
A of GQQ>ύ and either (1) or (2) above holds with bt and Lt in place
of b and L respectively. By Lemma 3.8 again either (b19 y, LJ or
(&!, x, I/J is an unbalancing triple.

Thus we may assume that J corresponds isomorphically to L.
Thus it is condition (2) which fails; b e Z(S) but S $ Syl2 (CG(b) n NG(L)).
But again (δ, x, L) is an unbalancing triple, and as / corresponds
isomorphically to L, it is clear that (3) above holds.

Finally, the following result from [25] will be used. For any
group G let G2 = (g2\geG).

LEMMA 3.10. Let G be a group with Pe Syl2 ((?) and Q£Pweakly
closed in P with respect to G. Suppose x e Inv (Q Π G2) — NG(Q)\
Then there exists a group SQQ such that

(1) OQ(x)£S.
( 2) The transfer VP^s(x) £ Φ(Q).

4* Proof of Theorem A* As we noted after Lemma 1.1 it
suffices to prove the Unbalanced Group Conjecture for a minimal
unbalanced group G. Let (α, x, J) be an unbalancing triple in G.
By Lemma 3.1 we may assume JP*(G) is simple whence F =
<#, O(CG(x)) Π CG(a), J) is a proper unbalanced subgroup of G as YQ
CG(a)aG. Applying the U.G.-Conjecture to Y, we see that J/Z*(J)
is isomorphic to one of the simple groups listed in the conclusion of
the U.G.-Conjecture. By Theorems 1.2-1.5 J/O(J) is isomorphic to
L2(Q)9 Q odd, A7J LΓ(4) or He.

By Lemma 3.9 we may assume that (α, x, J) is a maximal un-
balancing triple in G. Assume Hypothesis S holds. By Theorem B,
either we have the hypotheses of Theorem 1.7 satisfied by G or we
have the hypotheses of Lemma 3.5 satisfied by J and G. In any
case, by applying Theorem 1.7 we may assume that

(1) Either J/Z*(J) = L3(4) or J/O(J) ^ He.
( 2) J is maximal in G.
(3) If (&, y, K) is any unbalancing triple in G, then K/Z*(K)

is isomorphic to L2(5), L8(7), L8(4) or He.
Now G satisfies the hypotheses of Theorem 1.6. Thus F*(G) is

isomorphic either to L3(4) or to He. Thus the Unbalanced Group
Theorem is proved.

5* The proof of Theorem B, Part 1* Throughout this section
and the next, G will be a fixed counterexample to Theorem B and
(α, x, J) will be a fixed maximal unbalancing triple of G with J/O(J)
isomorphic to A7 or to L2(q), q odd, or J/Z*(J) isomorphic to L3(4).
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Pick Se Syl2 (CG(a) n Nβ(J)) with a? e S and define 2) = S ΓΊ J, P =
CS(J/O(J)). Conclusion (3)(b) of Theorem B is part of the definition
of maximal unbalancing triple, so we assume that (α, x, J) does not
satisfy conclusion (3)(a). Choose BQP to satisfy the conclusion of
Lemma 3.6, and let V = (J£{NG{B))). From conclusion (1) of Lemma
3.6 and Hypothesis (c) of Theorem B we have that 7/02.)2(7) and
hence V itself are products of groups of restricted type. In fact by
L-Balanee, V = KKa where K is a 2-component of NG(B) and if
K Φ K\ then KjZ*(K) ^ J/Z*(J). We prove Theorem B by consider-
ing the possibilities for K and showing that each possibility leads to
a contradiction. By Lemma 3.1 we may suppose that F*(G) is simple.

LEMMA 5.1. Bf)Bx = I.

Proof. If not, then as x2 = 1, we may choose b e Inv (CB(x)). By
Lemma 3.8 and the definition of maximal unbalancing triple, / cor-
responds isomorphically to a 2-component L of CG(b). In particular
[L,a]QO(L). Now

JB = O2\Cj(B)) £O2\Cj(b)) = Jh^L.

As L(NG(B)) = L(CG(B)) and L(CG(B)) Q L(CG(b)) by L-Balance, we have

From Lemma 3.6, KKa = [KK% α], whence KKaQ[L, a]Qθ(L), which
is impossible. We conclude that B Π Bx = 1.

We now know that G satisfies the following hypothesis with G
in place of H.

Hypothesis 5.2. H is a group such that
(1) All proper sections of H satisfy the i/.G.-Conjecture;
(2) The solution to the standard component problem for L2{q),

q odd, A7 and LΓ(4) in proper sections of H is a central product of
groups of restricted type;

( 3) There exists a e Inv (H) and J a 2-component of CH{a) with
J/O(J) ~ L2(q), Q odd, J/O(J) = A7, or J/Z*(J) = L3(4);

( 4) For any S 6 Syl2 (CH(a) Π NH(J)) with P = CS(J/O(J)), there
exists J B S P with £ Φ 1 such that for W = NH(B) and J?= W/O%,Λ(W)9

JB is a component of Cs?(a) and is standard in W; and further
(5) For KKa = <J|(TF)>, we have iίJία = [KK\ a] = L(W);
(6) Be Syl2 (Cw(KKa/O(KKa)));
(7) If # £ P with either |J5| > | S | o r | J δ 7 | - | J B | and \NS(E)\ >

I N8(B) I, then J corresponds isomorphically to a 2-component of NG(E);
(8) There exists a e S with B d Bx = 1 and x2e NP(B);
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( 9 ) NS(B) contains a Sylow 2-subgroup of L{W) Π NH(JBO(W)).
By the hypothesis of Theorem B, G satisfies conditions (l)-(3) of

Hypothesis 5.2. Hypothesis (a) of Theorem B, Lemma 3.6 and the
assumption that G fails conclusion (1) of Theorem B give (4)-(7) and
(9). Lemma 5.1 implies (8).

The advantage of Hypothesis 5.2 is that it is inherited by certain
sections of H. Thus we may argue in certain sections of G which
do not have an unbalancing triple.

LEMMA 5.3. Let H satisfy Hypothesis 5.2 and let a9 e S — P for
some geNH(B). The following conditions hold:

(1) B = CP(a')ΓίCP(J'IO(J'));
(2) α'gC

Proof. Let a9 = e. Since g e NH(B), clearly BQCP(e) n CP(J9/O(J9)).
Suppose that

BcίgCp(e) n CP(J9/O(J9))

with I E: B \ — 2. By 5.2(7) J corresponds isomorphically to a 2-com-
ponent L of CH(E). As [e, E] = 1 = [e, a], e normalizes JE and so
Le — L. Likewise e e S—P implies L = [L, e]. Let M = J9 correspond
to the 2-component N of NG(E). Our conditions imply N Φ L Φ Ne,
else N= Ne = L and M/O(M) = J/O(J) = L/O(L) would force e to
centralize L/O(L). Thus [MEj JE] Q O(N), and defining Y = (ME, JE),
we have

Y/O(Y) = MEO(Y)/O(Y) x JEO(Y)jO{Y) .

Further, 0{Y)^0{L{NH{E))) = 0{L{CH{E))).
Let V = NH(B) and V=V/O(V). Since \E:B\ = 2, EQV. Since

Cy{E) = C^E) = CjE), L(CH(E)) = L(CΨ(E)). By 5.2(1) V satisfies
the B(G)-Conjecture, whence

[L(CH(E))9 O(L(CH(E)))] = 1 .

Consequently [F, O(F)] = 1 and Ϋ is the central product of JE and
ME. By Lemma 3.2, JE = JB and ME = MB = MBg = {JBf. Thus
[/B, JΪ] — 1 contradicting 5.2(4). This proves that there is no such
E and (1) holds.

Suppose eeC<Dlβ>(a0. If x normalizes M — J9, then x normalizes
B by (1). But B Π Bx = 1 by 5.2(8), so Mx is a 2-component of CH(e)
distinct from M. Thus L(CH(a)) is a product of 2-components JLγ Lt

with ί ^ 1 and we may take Lt to be a CH(α)-conjugate of J. Further
e centralizes Lt/O(Lt), l ^ i ^ t . Let Pt = P n ̂  e Syl2 (L,).

Suppose (LO* = L ;̂ then a? normalizes PiPj, so PiJjgB. As ee
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<Z>, α>, [PiP,-, β] = 1, so by (1) PiPύ must act nontrivially on M/O(M).
By L-Balance, (L<)β or (Ls)β is a 2-component of L(CMMa(a)). As M/O(M)
is known by 5.2(3), L(CMMa(a)) has at most one component, and it
follows that t = 1 or t = 2 and L2 = {L,)\

In either case, the 2-components of CH(a) are all conjugate in
CH(a) and hence isomorphic. We may assume that Px acts nontrivially
on M/O(M). By L-Balance, (Lι)eQMMa. If Λf = Λfβ, then A cor-
responds isomorphically to M, whence aeB by (1). But this is not
the case. If M Φ M\ let y = a9"1. Clearly [#, α] = [a, e]9~ι = 1 and
[J, Jy]Qθ(L(CG(a))). But now since yeNH(B), we may argue as in
the proof of (1) with (B, y} in the role of E and reach a contradic-
tion to 5.2(4).

Lemma 5.3(2) puts a severe restriction on the fusion of a in NG(B).
Using this fact and the properties of K listed in Proposition 2.3, we
can immediately rule out many possibilities for K.

LEMMA 5.4. Let H satisfy Hypothesis 5.2. The possibilities for
J/O(J) and KKa/O(KKa) are as follows:

J/O(J) KKaIO(KKa)

( 1 ) Any n = 5, 6, 7 ( 1 ) A n + 2 , A n + A , A n * A %

( 2 ) I/2(5), L2(7) ( 2 ) A proper covering group of L3(4)
( 3 ) LΓ(4) ( 3 ) -4 proper covering group of Suz
( 4 ) L2(q2), q odd ( 4 ) A proper covering group of L4(q),

U4(q) or Ω~(βf q
1/2)

( 5 ) L2(q), q odd, q > 3 ( 5 ) L2(q2) with no diagonal automor-
phism

( 6 ) L2(q), q odd q > 3 (6) a central product SL(2, q) * SL(2, g)
( 7 ) L2(q>), q odd. ( 7 ) PSp(4, g) .

In the remainder of this section we shall develop some more
general lemmas and use these to eliminate cases (l)-(4) on the above
list with the exception of the case J/O(J) = A6, K/O(K) ^ A8. Cases
(5)-(7) cause the greatest difficulties and are deferred to the next
sections.

We fix the notation Q = NS(B), T = Q Π P.

LEMMA 5.5. Let H satisfy Hypothesis 5.2. Then KKa/O(KKa) £
Suz and Z(J/O(J)) = 1.

Proof. By Lemma 5.4, the first assertion implies the second.
Suppose KKaIO{KKa) = Suz. Then K =Ka and by Lemma 5.4, | Z*(K) \
is even. By Proposition 2.4(c), Z*(L(Cκ(a))) has even order and lies
in Z*(K). From L-balance, Z*(J) has even order. As B centralizes
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J/O(J), QnJeSγl2(J) and Qn Z*{J) eSyl2(Z*(J)). Thus Qn Z*(J) =
S ί Ί ^ V ) is normalized by x. But Q n Z*(J)Q Z*(JB)Q Z*(K),
whence Qn Z*(J)QB by 5.2(6), contradicting 5.2(8).

LEMMA 5.6. Let H satisfy Hypothesis 5.2. The following con-
ditions hold:;

(1) CP(S) = (a)
( 2 ) J ^ CG(α) αwd S G Syl2 (Cσ(α));

(3) If L is a 2-component of CG{a) distinct from J, then
Z(L/O(L)) Φ 1.

Proof. From 5.2(9) we see that Q contains a Sylow 2-subgroup
of L(W)nNB(JBO(NH(B))). As JBO(NH(B)) is characteristic in
JBO2>,2(NH(B)), Qf)L(W) projects onto a Sylow 2-subgroup of NTΪW)(JB)

in the notation of 5.2(4). From 5.2(6) we have

B = CQ(KKaIO(KKa)) = CQ(KKa/O2,,2(KKa)) .

It follows now from Proposition 2.3(2) that

Q(a, B) .

Now (1) follows from Lemma 5.1. If L is as in (3), then i21(CP(S)) Γ)
<L5> Φ <1> implies that α e ( L 5 ) , whence Z((LS)/O((LS))) Φ 1 and (3)
holds. Then (3) and Lemma 5.5 imply (2).

LEMMA 5.7. Let H satisfy Hypothesis 5.2.
(1) If g 6 J\^(J3) ami a9 e S - P, then Cs(a9) £ Q.
( 2) If geH and a9 e <J, α> - <α>, ίftew P n P ' = l.

Proo/. Let L = a9 and E = Cs{e). By Lemma 5.6(2), J9 ^ Cβ(e);
so £7 normalizes J9. By Lemma 5.3(1), EQNS(B) = Q. This proves

(1).
Suppose F = P |Ί P9 Φ 1 in (2). As FQP, JF covers J/O(J) and

j F = O2'(Cj(F)). As e e C<J>α>(F), e e <JF, α>; likewise JD 6 Syl2 (JF). By
Lemmas 5.4 and 5.5, J has one class of involutions. Hence by replacing
g by gh for some he JF we may assume that ee (CD(S), α) — <α>.

By Lemma 5.6(2), S e Syl2 (CG(α)). Likewise as SQCG(e), Se
Syl2 (CG(e)) and S acts on J9. Thus Z7 = (Fs) centralizes J/O(J) and
J9/O(J9). Consequently UQP Π Cs(J9/0(J9)) and t / ^ S implies ί/Π
Z(S) Φ 1. From Lemma 5.6(1) applied to CH(α) and to CH(e) we obtain
<α> = Ω^CuiS)) = <e>, a contradiction. We conclude that PfΊ P" = 1.

At this point we know little about the structure of P. When
p<^Q = Ns(B), Bx normalizes B and as Bx Π B = 1, we have £ £ * =
J5 x Bx. Thus -B is isomorphic to a subgroup of T/-B; in particular,
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if \T: B\ — 2, then \T\ — 4 and P has maximal class. In the case
where P§£Q, we attempt to recover this advantage in a section of
G. We define an element xoe S as follows:

x0 = x if J5 ̂ g P

xQe P — NP(B) otherwise

with xl e J

We let Bo = B n £*°, So - iV,(J50), Po = So n P, ^ = Λ0,_G0 =
and Go = GJB,. Note [D, Bo] = 1 implies D = S o n J ί o . Go will be the
appropriate section of G.

LEMMA 5.8. Go satisfies Hypothesis 5.2 w i t t i ί replaced by Go,
a by a, J by Jo, B by B, S by So, if 6̂ / ^ 0 and a? 6?/ ^0

Proo/. We consider conditions (l)-(9) in turn; 5.2(1) and 5.2(2)
are immediate. As a e 5 0 , a $ Bo, a e Inv (Go) Jo is a 2-component of
CG((B0, α » and hence of NG((B0, α » . It follows that J o is a 2-com-

ponent of iVG«J50, α » Π Go = C^0(ά). Clearly J/Z*(J) ^ JQIZ*(J0), so
5.2(3) holds. Since iΠfα = L(NG(B)), [KKa, B] = 1. Thus jOCα =
L(NGo(B)). As iSΓo0(S) = JNkotB), it is straightforward to check 5^(4)-
5.2(6) and 5.2(9). To check 5.2(7) suppose EQPQ with \E\>\B\ or
E\ = \B\ and \Nso(E)\ > \Q\. Letting E be the inverse image of

E in Po, we can apply 5.2(7) to obtain that /corresponds isomorphic-
ally to a 2-component L of NG(E). As [L, J50]S[L, £ ] = 1, L is a
2-component of NGo(E) whence L is a 2-component of NQO(E). AS

/^ = La lies in CGύ((a, E)) and covers JQIO(J0) and L/O(L), it is clear
from L-Balance that J o corresponds isomorphically to L. Finally 5.2(8)
is immediate from our choice of x0 and Bo and Lemma 5.8 is proved.

It is easy to see that if H satisfies Hypothesis 5.2, then so does
H/O(H). By Lemma 5.8, GJO(GQ) satisfies Hypothesis 5.2 and, by our
choice of x0 and BQ, G0/O(G0) satisfies the following hypothesis.

Hypothesis 5.9. H is a group such that in the notation of
Hypothesis 5.2

( 1 ) H satisfies Hypothesis 5.2;

( 2 ) O(H) = 1;
( 3 ) Either xeNP(Q) or PQQ, X2 = 1 and O(Cj(x))£O(J).

LEMMA 5.10. Let H be a group satisfying Hypothesis 5.9. Then
F*(H) is simple.

Proof. Let L = (JL<H>); by L-Balance, L = LJA where Lx is a
2-component of L{H). As O(£Γ) = 1, Lt is a component. From 5.2(5),
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KKa = (J§κa)QL ,

as KKa £ L(H) by L-Balance. If L Φ Llf then [KKa, a] = KKa forces
KKa = L and BQCH(L). However we claim CH(L) = 1, whether or
not L — Lγ. As O(jff) = 1, it suffices to show | CH(L) | is odd. Pick
UeSyl2(H) with S £ Ϊ7. If £ ^ F £ [7 with [KKa, V]£O(KKa), then
VQNH(B) implies 7 = 5 by 5.2(6). Thus B = Cu{KKaIO{KKa)),
whence CV{L) £ £. By 5.2(8), CV{L) n ^(L)* = 1. As # normalizes J,
L = L* and we have (^(L) = 1. Because L is subnormal in H, our
claim is proved. But now L = Lγ and CH(L) = 1 imply that the lemma
is valid.

By the argument of the preceding proof we have

LEMMA 5.11. // H satisfies Hypothesis 5.2, then

BeSyl2(CH(KK«/O(KK«))).

LEMMA 5.12. Let H satisfy Hypothesis 5.9. The following con-
ditions hold:

(1) (B,Bx) = Bx Bx;
(2) B is isomorphic to a subgroup of T/B;
( 3 ) If \T: B\ = 2, then P is dihedral or semidihedral and T =

<α, 6> where B = <6> has order 2. Further [S, S]QD x P, [S, S] is
a direct product of two cyclic groups and (a) Q Όi([S, S])Q (z, a)
where ze Inv (CD(S)).

Proof. By 5.9(3), (B, Bx) = B x B\ As Bx £ Γ = Qf] P, (2) holds
and implies the first part of (3). By Lemmas 5.4 and 5.5, D e Syl2 (J)
is dihedral. Pick cyclic groups (d) and (p) to be of maximum order
in D and P respectively and normal in S. As J/O(J) = L2(q) or A7,
the structure of Aut (J/O(J)) forces [S, S] Q (d)P. As S/Cs((p)) is
abelian,

[S, S] £ <d>P n Cs((p))

If I P\ ^ 8, CP((p)) — <p> and we are done, so assume P = T = <α, 6).
As Γ ^ S , [6,a?] = α and S = <#>Q where |S:Q| = 2. (Recall Q =
NS(B).) Consider S =_S/D; it suffices to show [S, S]£<α>. From
knowledge of J/O(J), S/T is isomorphic to a subgroup of Z2 x Z2m.
In particular [S, S ] £ Γ . By 5.2(8), ίc2eΓ, whence Λ;2G CΓ(a?) = <α>.
Thus xΓ is an involution and S = <ίc>Q implies

S/f = <ά>f/f x Q/f .

In particular Q/T is cyclic, forcing Q to be abelian. As x acts as an
automorphism of order 2 on Q, x inverts [Q, x]. As x does not invert
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b or bά, [Q, x] Q (a), and the desired conclusion follows.
Now we return to consideration of the possibilities for K.

LEMMA 5.13. If K = Ka, then K/0(K) is not isomorphic to AΊ,
A, or An.

Proof. Suppose the contrary. By Theorem 1.1 of [25], G has
no 2-subgroup, Bί9 and 2-component, Klf of CG{B^) with KJO(K^) ^
A2n+1 for any n ^ 9. In particular, K/0(K) - A7. Recall that T =
Qf]P= NP(B). As | Γ : S | = 2 by Proposition 2.3(1), |J5| = 2 by
5.12(2). By Lemmas 5.10 and 5.11, Theorem 1.5 is applicable to
G0/O(G0) and yields L(G0)/O2,2(L(G0)) ~ A9 or He. As K = IP, we have
J/O(J) = A5 by Lemma 5.4. Since He does not admit an action of a
with L(CHe(a)) having a component of type Aδ, L(G0)/O2,.2(L(GQ)) ~ A9.
Hence L(G0)/O(L(GQ)) is isomorphic to a covering group of A9. As
0(L(G0))L(Cσo(α))/0(L(G0)) = Λ, we have L(G0)/O(L(GQ)) = A9, contra-
dicting Theorem 1.1 of [25].

LEMMA 5.14. The case K/Z*(K) = L3(A) does not occur in G.

Proof. Assume the contrary. We have J/O(J) = L2(5) or L2(Ί)
and by Proposition 2.3(1), | T: B\ = 2. By Lemma 5.8 and Hypothesis
5.9, Lemma 5.12 applies to Go, so it suffices to show that the assump-
tion that there is a group H satisfying the hypotheses of Lemma 5.12
with K/Z*(K) = L3(4) leads to a contradiction. Assume the notation
of Lemma 5.12 and Hypotheses 5.2 and 5.9.

By Lemma 5.4, Z(K/0(K)) Φ 1 and so Z*(K) = B0(K) by Lemma
5.11. As I B| = 2, m(K) = 5 > 4 = m(S) from Lemma 5.12. Thus
S<Ue Syl2 (H) and we can find u e NV(S) - S with u9 eS. As au Φ a
and <α> = Pf] Z(S) by Lemma 5.5, Pu Π P = 1 and Pacts faithfully
on J/O(J). Since P has maximal class, P is dihedral of order ^ 16.
In particular, / = L(CG(a)).

By the structure of 2/8(4), there exists # 6 iΓ with α*7 e azB. By
Lemma 5.7, a9 = α̂& where <6> = JB. Since 6* = αί>, δ**7 = α̂ ;. Let
Y = CH«α, «» and I P ' = L(CG(az)). Note that S 6 Syl2 (Γ). If a acts
as an inner automorphism on Kxg, then F Π Kxg = Cκχg(a) has 2-rank
5, contrary to m(S) = 4. Thus α is outer on Kxg whence a ί [S9 S],
contrary to Lemma 5.12(3).

LEMMA 5.15. The case K/0(K) ~ A1Q does not occur in G.

Proof. In this case T/B ̂  E± by Proposition 2.1(1), and as in
Lemma 5.14 it suffices to show that no H exists satisfying Hypothesis
5.9 with K/0(K) = Al0.
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Suppose such an H exists. By Lemma 5.12(2) B is elementary
abelian of order 2 or 4. By Hypothesis 5.9(3) either x e NP(Q) and
BX^T = NP(B) or B^P, BX^P and P = T. In either case J 5 ^ Γ ,
Bx ^ Γ and J5 Π Bx = 1 imply T = E8 or E16. Also a? normalizes Γ in
both cases.

We claim α is not fused to any element of B, for if so, then for
some weH,aeBwQS. Let L = L(CH(BW)) = JΓ . Zr/O(L) = A10 and
by Lemma 5.11, £ w eSyl 2 (CH(L/O(L))). But then as J and L are
distinct components, D = S Π JS=BW, whence |2? | <£ 4, not the case.

Now consider N = NH(T) and let A= TnK~E4. Then Γ =
A x B with Nn K inducing an S3 on A and centralizing B. If α 6 A,
then α ~ z in KQCH(B), contrary to Lemma 5.7. Thus α e Γ - 4 .
Further, x acts on Γ and B Π #* = 1.

Suppose first that A = Ax\ we see that x normalizes <A, a) =
<A, &> for some 6 6 B. But then all elements of (A, a) — A are con-
jugate under <JVΠ K, x), contrary to a rh b.

If J A n Ax I = 2, then AA* s J27e and | CAA*{x) 1 = 4. If Γ = AA%
then α 6 CΓ(aj) £ AA% while if Γ = E16, then 151 = 4 and T = B x Bx

implies | Cτ(x) \ = 4 and again α 6 AAX. But AA35 = A x <&> for some
beB and (NΠ K, x) acts as GL(3, 2) on AA* contrary to a Φ b.

Finally suppose | B \ = 4 and Γ = A x AΛ. If A1 = JB, then JVH(5)
contains a 2-element acting nontrivially on B. By Hypotheses 5.2(4)
NH(B) does not contain an element acting as an outer automorphism
on K/O(K), so by Lemma 5.11, KB contains a Sylow 2-subgroup of
Nff(B). Thus no 2-element acts nontrivially on B, and | Ax f] B\ <; 2.
If A37 Π B = 2, then <iV Π iΓ, a;> acts as Sδ on T and every element of
T is fused to B contrary to aφB. Similarly if Ax Π B = 1, then
all involutions oί T - B are fused by <iVn iζ x> and ΰ n 5 X Φ 1,
again a contradiction.

LEMMA 5.16. The cases K/Z*(K) ~ L4(q), K/Z*(K) ~ U4(q) and
K/Z*(K) ~ fl-(8, q1/2) do not occur in G.

Proof. Suppose one of these cases occurs. By Lemma 5.4,
J/O(J) = LJtf).

Consider first the possibility that α acts as an outer automorphism
on K/O(K). By Proposition 2.3(3), a - azZ*(K) in Na(B), so Lemma
5.3 implies O^czZ^iK)^ As a is outer on K/O(K), we have | T: B\ = 2.
Passing to the section Go of Lemma 5.8, it suffices to show that no
group H exists satisfying Hypothesis 5.9 with K/Z*(K) ~ L4(q) or
USΆ) or β"(8, qm), a outer on K/Z*(K) and \T:B\=2.

Suppose H exists. By Propositions 2.7, 2.8 and 2.10 and Lemmas
5.11 and 5.12, Z*(K) = 0(K)B with B = (b) cyclic. Further, as
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I T: B I — 2, B has order 2, P has maximal class and a ~ azb in Cn(h).
Thus b~ab~az in H. Consider Y = (^((α, as». Clearly S e Syl2( Γ)
and S acts on L = L(CH(az)) = K. Now let M = O2'(CL(α)) =
O2/(CL((7ii(α))(α^)). As J<3CH(a), GL{a) acts on J and a Sylow 2-sub-
group of O2'(CL(a)) must centralize J/O(J). Thus a Sylow 2-subgroup
of <Λf, α> is isomorphic to a subgroup of P, a group of maximal class.
Let ϋ?eSyl2 (M"). As [R, a] = 1 and <jβ, α> is of maximal class, αe
Z(R). Thus α e ^ ( I ) and M/O(M) = SL(2, r), r odd, or A7. By
Propositions 2.7, 2.8 and 2.10 there is no involutory automorphism a
of L with aeO2'(CL(a)) = SL(2, r) or A7, a contradiction.

We have proved that a does not act as an outer automorphism
on K/0(K). Thus K/Z*(K) is isomorphic to L,(q) with q = 3 (mod 4)
or to ί74(g) with q = 1 (mod 4). By Hypotheses 5.2(6) and the structure
of if, Γ Π if is cyclic of order at least 4. Again it suffices to show
that no H exists satisfying Hypothesis 5.9 with K and a as above.

Suppose such an H exists. As J/O(J) ™ L2(q2), Z*(K) = O(K).
If α e K, then α — « in K by Proposition 2.2, contrary to Lemma 5.3.
Thus a 6 KB — B. By Proposition 2.1, T/ί? is cyclic; so by Lemma
5.12, B is cyclic. We have KB = K x B, T = (Γ Π JSΓ) x B and <αδ> =
fliCΓΠ i"O. As <x> normalizes Γ = iSΓP(β) by 5.9(3), 6* = αδ implies
5 ^ r n JBΓ.

From the structure of KjO(K) we know T f] K = Z2s where
2s || q + ε with ε - - 1 when Z/O(ίΓ) = L4(?) and ε = 1 when K/0(K) ~
U4(q). If S £ Syl2 (H), then we could find Ue Syl2 (jff) with S c Σ7 and
ueNLr(S) - S. As before P w would act faithfully on J/O(J). But
T ~ Z2s x Z2s cannot act faithfully on L2(q2).

Thus SeSγ\2(H). By Proposition 2.2(2), (ab)g = «. As 6X = αδ,
bxa = «. Consider the action of S on L = Kxg^CH(z). By Proposi-
tions 2.7 and 2.8 and the congruences on q, the outer automorphism
group of L/O(L) is abelian. As a e [B, x] Q [S, S], a is inner on L/O(L).
Let Lo = O2'(CL(α)). By Propositions 2.7 and 2.8, LQ/O(L0) is isomor-
phic to SL(2, g)*SL(2, q) or to L2(q2). As ze J, we argue as before
that either [J, L0]£θ(Cff(α)) or Lo is solvable and if iϋoe Syl2 (CG(L0))f

then [J, /e0] C O(CG(a)). Thus either [D, Lo] C O(L0) or [D, Ro] = 1 for
some jB0eSyl2(Cσ(L0)). Since ΰ ^ = CS(L/O(L)) is cyclic with (z) =
Qx{Bxg), (a,e) acts faithfully on L/O(L) for any ee Inv (D - <«».
From [Lo, e] £ O(L), we deduce by Propositions 2.7 and 2.8 that
L{CL/0{L){e)) ^ PSp (4, q). But by 5.2(4), JB projects to a standard
component in K/0(K), whence NH(B) does not contain an involution
/ with L(Cκ/0{κ){f)) ~ PSp (4, q). This contradicts the existence of e,
completing the proof of Lemma 5.16.

We conclude this section by collecting the results of Lemmas 5.4,
5.5 and 5.13-5.16.
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LEMMA 5.17. The possibilities for J/O(J) and KKa/O(KKa) are
as follows:

j/θ(j) κκηo{κκa)

(1) A7 or L2(q), q odd, q > 3 (1) A central product A7*A7 or
SL(2,g) SL(2,g)

(2 ) L2(q), q odd, q > 3 (2) L2(q2) with no diagonal auto-
morphism

(3) A6 = L2(9) (3) As
(4) L2(g2), q odd. (4) PSp (4, q) .

An immediate corollary of Lemmas 5.11 and 5.17 and Proposition
2.3(1) is the following.

COROLLARY 5.18. NP(B) = 5 x <α>.

6* The choice of Bo. In this section, we do some technical
refinement of the choice of Bo which is useful in the remaining cases.
We first pick x0 as follows:

x0 = x if B ^ P

xQ e (Zt(S) Π P) - Np{B) otherwise .

with i minimum and

xleNP(B).

Assume henceforth that B^2P. By Corollary 5.18, we have
NP(B) = B x <α> and <α> = Z(S) Π P. Thus ΐ ^ 2 and if i = 2, then
[J5, x0] = <α>. Suppose that i > 2. Then Z2(S) Π P S δ x <α>. As
[Z2(S) n P, α?] £ O> and S f f l 5 = l, we have Zt(S) C) P = (a, b) with
62 = l, bx = αδ. Repeating this argument we see that #8(S) ΓΊ «5, α» =
<α, δ>. Thus ^ e Z3(S) Π P, »J e <α, δ> and [5, a?0] S <α, δ>.

DEFINITION. If i — 2, let 6 = 1. If i = 3, let b be the element
of B* n ^a(S) described above.

LEMMA 6.1. One of the following holds:
( 1 ) x0 6 Z,(iS) Π P α^d [5, α?o] = <a).
( 2 ) α ? 0 e ^ 3 ( S ) n P , ^ 2(S) n P = <α, 6>, δ e BQ, [B, xQ] S <α, δ

Proof. It remains only to show that δ 6 i?0. If not, then δ*° =
αδ and D = <δ, cco> is dihedral of order 8. A s ΰ ^ S and <α, δ> ^ S ,
every element of S induces an inner automorphism on D. Thus S is
a central product D*CS(D). If PfΊ CS(D) Φ <α>, then as P ^ S, ^2(S) Π
P Π C5(Z>) S <α>, contrary to fact. Thus P = D and α?0 6 ^2(S) Π P.
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We would like to have

( * ) N8(B0) 6 Syl2 (NG(B0) f] CG((a)[B, x0])) .

NOTATION. Set E = (a)[B, x0]. Note that E = <α> or E = <α, δ>.
Assume that (*) does not hold and let Te Syl2 (NG(B0) f] CG(E))

with NS(BO) Q T. Note [S, 6] £ <α>, so [iSk(J30), 6] £ <α> Π JS0 = 1. Pick
geCG(E) so that T*QCS(E) e Syl2 (CG(E)). Replace 5 by B9, x0 by
aj, Bo by 50

g. Since J ^ Cσ(a), JE ^ Cβ(JBf) and CG(JE/O(JE)) f] CG{E) ^
Cβ(£7). Thus, as geCG(E), B9QCs(JE/0(JE)) n CS(E) = CP(S). It
follows that i?*7 satisfies the conclusions of Lemma 3.6. In particular,
Ns(B) Q NS(BO), so I N8(B') \ = | iSΓ̂ (B) |. We have proved the follow-
ing.

PROPOSITION 6.2. We may choose B, x0 and BQ in such a way
that the following hold:

( 1 ) Hypothesis 5.2 holds for G.
( 2) Hypothesis 5.9 holds for Go.
( 3 ) NS(BO) 6 Syl2 (NG(B0) n C,(^)), wλere £7 = <α>[B, aj0].
(4 ) £ ^ e r [B, a?0] = <α> or [5, a?0] = <α, δ> m t t 6 e C5(ίP0), <α, δ> =

Z2(S) n P.

7. The cases K/O(K) ~ L2(q2) and ϋΓ ̂  iiΓ\ In this section we
obtain the following reduction of Theorem B.

LEMMA 7.1. The cases K/O(K) = L2(q2) and K Φ Ka do not occur
in G.

Combining this with Lemma 5.17, we have the following im-
mediate corollary.

COROLLARY 7.2. J/O(J) ^ L2(q2) and either K/O(K) = PSp (4, q)
o r ? = 3 and K/O(K) ~ A8.

We continue the notation and hypotheses of § 5. Moreover we
assume throughout this section that eithen KjO(K) = L2(q2) or K Φ
Ka. We prove Lemma 7.1 via a sequence of reductions.

( 1 ) | B | > 2 .

Proof. Assume that \B\=2. If K/O(K) = L2(q2), then by Lemma
5.11, one of the conclusions of Theorem B holds. If K Φ Ka, then
m(K) = 1 by Lemma 5.4 and F*(G) is known by Theorem 1.3. Again
Theorem B holds.
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( 2 ) Bo Φ 1. B = <&,> has order 2. F*(G0)/O(F*(G0)) is isomorphic
to PSp (4, ςr).

Proo/. We have \T:B\ = 2; so £ Π B = 1 implies TaP. Thus
Go is proper, BQ Φ 1 and # = <&!> has order 2. If K/O(K) = LJjf),
Lemma 5.11 and the conditions of Lemma 5.8 imply that K is a
standard component in Go. Now | Po: Bo | ^ 8 and by Lemma 5.12(3),
PQ has maximal class. By Lemma 5.8, Po contains a Sylow 2-sub-
group of CFHQQ)(a) Π CFHGo)(JQ/0(J0))_. By the hypotheses of Theorem
B, if K/O(K) s W ) , then F*(G0)/O(F*(G0)) is simple of restricted
type and we conclude

F*(G0)/O(F*(G0)) = PSp (4, g) .

If Kφ Ka, then m(jff) = 1 and Theorem 1.3 lead to the same con-
clusion.

( 3 ) We may assume that Kφ Ka.

Proof. Assume K/O(K) = L2(g2). We shall find B, £ Po satisfying
the conclusions of Lemma 3.6 and with ((JBl)

L{C^βι))) = K,Kΐ with K,
of 2-rank 1.

By Lemma 5.12(3) and the structure of AutPSp(4, q), it is clear
that

( * ) Po e Syl2 (Cφ) n C^o(J0/O(/0))) .

Further our knowledge of PSp (4, q) tells us that Po contains an in-
volution δ2 which is 2-central in Go. Pick δ2 e Po so that 62 projects
to b2 and define E2 = <62, 5>. Clearly

(**) [J,B2]QO(J), and

Let Q2 = NSo(B2). AS (6^ 62> £ Po and Po is of maximal class (with
<α> = Z(PQ)), ISo: C^0(62) \ = \S0: CφJ |, whence | & | - | Q |. We claim

(***) Q2 e Sγl2(NG(B2) n Nσ(JBiO(CG(B%)))) .

If not, apply Lemma 3.3 to find a conjugate, E3, of B2 with JBSCP
and |JVβ(B,)| > |Q, | = | Q | . By Lemma 3.6(4) applied to B, JBz must
correspond isomorphically to a 2-component of NG(BS)9 not the case.
Thus (***) holds and as Q 2 SG 0 , the structure of PSp (4, q) implies

(****) B2 e Syl2 (CG(L(CG(B2)))/O(L(CG(B2)))) .

Finally the conclusions of Lemma 3.6 follow easily from (**), (***)

and (****).

NOTATION. Let L = L(CG(B0)). Note that by Proposition 6.2,
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S n LeSy l 2 (CL(a)).

( 4 ) NG(S)QCG(a).

Proof. Suppose that NG(S)£CG(a). We have CP(S) = (a) by
Lemma 5.5 and CL(a) contains an involution acting on L(CL/0(L)(a)) and
hence on J/O(J) as an outer diagonal automorphism. Accordingly,
Z(S) = <z, a) and au e {z, az}, for some u e NG(S). Then (P Π Z(S)) Π
(P t t Π Z(S)) = <α> n (au) = 1. So P n PM = I and P M acts faithfully
on J/O(J). Consequently P is isomorphic to a subgroup of Aut (L2(q)).
As NS(BO) contains a Sylow 2-subgroup of CL(a) we may see in L that
ΛΓp(J50) 2 A X -Bo with A ^ Z>. The structure of Aut (L2(q)) forces
|JB0| = 2 and DQPP\

Let F = J.(S). As PP M = P x PM, m(S) - 6 and FQ PP\ Like-
wise D x DWQF. Let # 0 = <δ>. Since δw acts on JJO(J) as a field
automorphism, \D\ ^ 8. We have F = D x (bu) x Du x <δ>. If α
is fused in G to αz, then we may take au = αz, whence P " Π JD = 1,
Pu centralizes D and by the structure of Aut (L2(q)), | Pu \ £ 4. As
IPI ;> I JO I IBQI ^ 16, we see that a is not Cr-conjugate to az. Thus
αu = z and w2 e S.

Pick 17G Syl2 (G) with <S, ^> £ C7 and ^ ( ί 7 ) e Syl2 (NG(F)). Our
conditions imply <α, ̂ > = ^([-F7, JP7]), whence | ^ ( F ) : S | = 2. It follows
easily that JP = Je(Nu(F)) and | Z7: S | = 2. Consequently fusion in
Z(F) = <α, z, 6, &u> is controlled in NG{F). We have au = z, bx = α6
and &"* = 6M2;. The last equation holds because first [bu, x] e zP by
properties of Aut (La(g)) and second, [δw, x] 6 PM n ^ ( F ) = <s, 6M>. So
far we have the following fusion information:

(A) aGf)Z(F) = {a,z}.
(B) (αz)* n Z(F) - {α^}.
(C) b ~bu ~buz~ ab.
(D) &αz - δuαz - 6wα - 6«.
(E) bbu - 66ttα« and 6δwα - δδus.

Pick i2 6 Syl2 (CG(b)) with C5(6) S R. Since α e [JP, F] and FQCs(b) £
J?, aeR'QL and #(#) = <αz, δ>. Z(Z7) = <α2J>, so δ is not 2-central
in G and # c F 6 Syl2 ((?). Let v 6 NV(R) - 2 2 . As 2^ ̂  F, a? centralizes
<αz> = [F, F] n #(22) and we have bv = δαz. Thus C& = {δ0} Π Z{F)
contains at least 8 involutions. If | Cb | = 8, then | U: Cu(b) | = 8. But
δM acts on J/O(J) as a field automorphism, and [S, δπ] £ P w implies
I S: Cs(bu) I = 2. Thus | Ϊ7: Ĉ (&) 1 = 1^: Cu(bu) \ = 4 and | C61 > 8. Our
conditions imply | Cb \ = 10 or 12. As NG(F) normalizes the series 1 £
[JP, 2H Q Z{F), no element of order 5 can act nontrivially on Z(F),
whence | Cb \ — 12 and

(F) bG n Z(F) =
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Let N= NG(F) and N= N/CN(Z(F)). N_ normalizes the series l £
<αz> £ <α, z) £ Z(F) and we have S = O2(iNΓ), JV/S = S8. Suppose XeN
with I λ I = 3 and | λ | = 3m for some m ̂  1. Clearly λ centralizes α,
and it follows that λ acts on J and normalizes D = F f] J and ί 7 n P =
CF(J/O(J)). But then λ normalizes <α, δ> = Z(JP) n P, whence | δ * | =
4, a contradiction.

( 5 ) Zf(S) n P = <α, δ> , x0eZ3(S)nP, beB0.

Proof. If not, then by § 6, x0 e Z2(S) and [x0, B] = (a), [x0, BQ] £
Bo n <α> = 1. Then B = (B f] KKa) x £ 0 with B Π ίΓϋΓα £ L. But
then <α> = [Bίl if^α, xo]QL and α — « in L. Then α — z in
not the case.

( 6 ) abeL and α6 — s in

Proof. [B Π i ί i ί α , α;0] £ 1/ Π <α, δ>. As 6 e J50, δ 6 L. The argu-
ment in (5) shows agL. Thus abeL and αδ ~ 2 in L.

NOTATION. U - Cβ(αδ), iSΓ = NG(Z(U)), C = CN(Z{U)).

( 7 )

Proo/. We have | S: U\ = 2 and iNΓs(50) normalizes 5 0 n ?7 = <δ>,
so NS(BQ) £ J7. NS(BQ) contains a 2-element acting as an outer diagonal
automorphism on J/O(J), so Z(U)<Σ=(z}P where (z) = CS(D). Also

C {̂Γ7)(α;) - <z, α>, forcing Z(I7) = <s, α, δ>.

(8) NjC ~ S3. The G-classes of Z(U) are:

a ~ zb ~ azb b ~ ab ~ z az .

Proof. First, by the structure of PSp (4, <?), <αδ, >̂ is normal in
a Sylow 2-subgroup; R, of L. (Note that L/O(L) ^ PSp (4, q) not
Sp (4, g) because KKa/O(KKa) = SL(2, g)*SL(2, q).) Further, for some
r e Inv (JB), (αδ)r = zf whence r normalizes <αδ, z} and centralizes δ e Bo.
Thus r e i V and (αδ)r = z. Now S £ i V and | S : S n C | = \S:U\ = 2,
so I iSΓ: C|2 = 2. Further NG(S)QCG(a) and the structure of CG(a)
imply that none of the involutions in Z(S) are G-conjugate. Thus
N = <r, α?, C>, JV/C ^ S3 and the G-classes of Z(U) are as described.

(9) Z(U) has at most two G-classes of involutions.

Proof. As CQCG((a, z}), C acts on J and centralizes z. It follows
that C/CC(J/O(J)) has a normal 2-complement. Further if X is the
largest subgroup of CC(J/O(J)) normal in iSΓ, then CC(J/O(J)) n Z(U) =
<α, δ> forces Xn Z(U) = 1, whence XQθ(C). We conclude that C =
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UO(C) and U acts faithfully on a direct product of 3 copies of J/O(J).
Roughly speaking each pair of copies generates a PSp(4, q).

Let N, = NG(U). Clearly N, covers NjOiC) and xe Nt. Further
rw = geN± for some weO(C). As g centralizes B0O(C)/O(C) and
normalizes U, (g, r> centralizes Bo and acts on L. Also g2 centralizes
U and we can find a conjugate, y, of g such that (g, y) acts on U
as a dihedral group of order 6. In particular, (g, y) covers N/C and
we may assume that [y, a] = 1.

It follows from y e GG{ά) that D = Dy whence | Nt: NNl(D) | = 3.
As 2) Π Z{U) = <z> and D* n Z(U) = (ab), DD9 is a direct product.
Let Px = ZλD* Π P. As ZλD*SL,δί DD*, whence ZλDff n Dgv = 1 and
j£ == DD9D9y = D x D9 x D9y. Looking in PSp (4, q) we see that
DD9 = Dx P, with <αδ> = PL n ^(17). Since P t ^ Z7 and (αδ)y = 6,
PiPf = Pi x Pi £ P(Ί ΐ7, as y normalizes Pn 17. Thus | PίΊ ?71 ^ I Pi I2 =
ID|2 and a s ΰ P = ΰ x P , we have E= D x (PΓ)E). We claim Bx =
(PΠE)f](Pf]E)9QB0. Indeed, since [Bo, flr] = l, 5 0 £ ( P n ?7)ίΊ(Pn ί/)ff.
Suppose Bo ^ F £ (P Π U) Π (P Π Z7)'. Then F centralizes //Oί/) and
Jg/0(J9). Consequently V centralizes JBJO(JBo) and J9

BJO{Jg

Bo). But

(JBQO(L)/O(L) , JJ0O(L)/O(L)> = L/O(L) .

It is immediate from Lemma 5.11 that Bo e Syl2 (GG(L/O(L))) and we
conclude that Bo = F, whence (P n U) Π (P Π U)9 C β 0 and our claim
is valid.

Now IB: Bt \ ̂  | D |2 and i) x D9 Q L force E = D x Dg x B, with
Z> = jB/.D£)ff ^ J5,. Then DD9^L implies B, = E f] Bo. As J5X ̂  ?7
and [βr, £ J = 1, we have | Nλ: NNι(Bt) \ = 1 or 3. As JS n Z(U) = <6>,
JS^f = B, x Bi and | N,: NNl(B,) \ = 3. Now J ^ f £ P, so E= Dx
(Ef]P) = D x B,x By

x. Also P^Bβϊ and DD9 = PJ?i imply DQ
<J5<y'5>>. We conclude

E = Bτx B? x BΓ .

Pick a foursgroup A1 in J5lβ Since [J5L, g] = 1, we have

A = <A<^>> - Λ x A? x Af ^ Eu .

Consequently A n L ^ i Π ^Di)̂  = E16 and, looking in PSp (4, q), we
see that NL(A ^ DD9) = NL(A) acts as A5 or S5 on Af]DD9 and
centralizes Ax. More precisely we have:

(a ) A n DD9 Π P = IλD' Π (A n P) = DD9 Π ΛAf = A?.
(b) Every involution in DD9 is iSΓL(A)-fused into A?.
( c) A\ contains two L-classes of involutions.

Repeating this argument with AfAΓ in place of AγA\, we see that
all the involutions in A are NL(A)-fused into A\9, whence A intersects
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at most 2 G-classes of involutions. As Z(U)QA, we are done.
Since (8) and (9) contradict each other, we have proved Lemma

7.1.

8. The case K/O(K) = PSp (4, q) or A8. In this section we
handle the remaining possibilities for K and thus complete the proof
of Theorem B. In Lemma 8.1, we determine the structure of Go in
the case when \P\ ̂  8. In particular, this determines G if \P\ ̂  8
and \B\ = 2, since G = Go if | B \ = 2. In Lemma 8.2, we use this
information to completely eliminate the case | P \ ̂  8 and in Lemma
8.3 we treat the case \P\ = 4.

LEMMA 8.1. Suppose that | P | ̂  8. Then F*(G0/O(G0)) ̂  A10, L,{q)
or U4(q).

Proof. For simplicity of notation, we shall write H = Go and
use the notation of Hypothesis 5.9. Our first task will be to determine
a Sylow 2-subgroup of H. By Lemma 5.12, T ~ E4 and P has maximal
class and [S, S] is abelian. Looking in K, we see that SίSyl2(H).
Since J/O(J) = A6 or L2(<f), we must have Z*(K) = 0(K). Let F =
Je(S) and pick OreSyl1(£Γ) with SaU and Nϋ(F)e8γlt(NH(F)).

(1) | t ^ : S | = 2 .

Proof. Let 5 = <6>. As we have noted in similar circumstances
above, Q e Syl2 (CH{(a, ί>»). Looking in K we see that Q ^ Q π K{a, b) —
D x <r> x <α> x <6>, where τ is a non-2-central involution of iΓand
T acts as a transposition or field automorphism on J/O(J). For later
use we record the existence of g e NK(Q) with a9 = αr, (ατ)* = α.

Returning to 5, we have m(S) = 5 and F=Dx (τ)(FΠ P). Since
(a, b)QCP(τ), either τ or τb centralizes a cyclic subgroup of order
at least 4 in P. Thus \Ff]P\ ^ 8 , a n d a s F Π P^P, \P:Ff] P\ ̂  2.
Consequently Ω&F, F]) = Ω&S, S]) = <α, z). (Note that | D\ ^ 8.)
From <α, z)^Nu(F), we deduce | iV^(F): S | =2. We claim F=J,(Nσ(F)).
If not we could find A ~ # 3 2 with x e A, ve NV(F) - S. Since P n
Pυ = 1, A Π P = 1 and A n S acts faithfully on J/O(J). But this
is impossible because m(A Π S) = 4. Thus F = Je(Nu(F)), whence
| t f : S | = 2.

( 2 ) Z(F) = <α, «, τ6>. We can divide Z(Q)* into the following sets
of Jϊ-conjugates:

Cx = α* n Z(Q): a? - α - ατ - τ

C2 = (α^)ff Π Z(Q): az -

ατδ ~ ab ~ b
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C 4 : aτbz ~ abz ~bz ~ τb
C6: τbz.

Proof. Picking v e U — S, we have av — z or av = az. In the
latter case, P n P = 1 = P" Π A whence Pυ acts faithfully on J/O{J)
and centralizes D, forcing | Pv | <; 4. Thus av = z. As Pv still acts
faithfully on J/O(J) and has maximal class, | P * | = | P | ^ 2 | Z > | .
Further az is 2-central in H.

Let <jt>> be the cyclic subgroup of index 2 in P and consider how
the fours group (τ, b) acts on (p). If <τ, 6> acts unfaithfully, then
F= Dx Je((τ)P) = Dx ( τ ^ P ) , and Z{F) = <z, σ, α> with σ e {τ, τb).
If <τ, δ> acts faithfully, F = D x (τ, b)(p2) and again ^(JF 7) = <z, σ, α>
with σ 6 {τ, τδ}. As ^(JP 7 ) controls fusion in Z(F) and Z(F) Π [ί7, JF7] =
<z, α>, we see

( * ) a11 n £ ( ^ ) = {α, 6} (α^)^ n ^( ί 7 ) - {αz} .

Consider the action of (x, g) on Z(Q) = <«, τ, α, 6>. As (z) =

A([O, Q]), we have

^ = z 9 b9 = 6 , αff = ατ , (ατ)9 = α .

In particular, aτ ~ a implies aτ £ Z{F), whence σ — τb. Since τ
normalizes NP((a, b)) = <α, δ, x) and <α, 6, cc> = D8, it follows that
xeF and |>, σ] = 1. We have

z* = z , bx = ba , ax = α , τx = τa .

Since o = τδ 6 Z(-F), ατδ e ^(JP7) and we can pick i2 e Syl2 (CH(azb))
with . F c K . As α τ δ - 6 and <δ> e Syl2 (CH(K/O(K))), we know that
Z{E) ^ £"4. Thus {az) = 0̂ .(12) and α — 2; in i2. Consequently

τδ = α(ατδ) ~ zατδ

in i?. This gives all of the desired fusion. Since Cs through C5 have
representatives in Z(F)9 we have aH n ^(Q) = Clf (az)H (Ί Z(Q) = C2.

( 3 ) C 3 ^ C 4 .

Proof. Suppose that C3 — C4; then δ — δz. Let 3Γ = CH((a, bz)).
We will show that Y/0(Y) is a 2-group, contradicting any possible
action of a on L(CH(bz)) ^ K.

If L(CH(a)) Φ J, then as P has maximal class, Lemma 5.6 implies
that L(CH(a)) contains a single additional 2-component, L, with L/O(L)
isomorphic to A7 or SL(2, gx) for some odd prime qx. Further α e
Syl2 (£*(L)) and P is semidihedral with (a) = CP(L/0(L)). Now Γ =
Np((b)) = 5^ implies δ acts as an outer diagonal automorphism on
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L/O(L). We have

is a product of two dihedral groups. As JLO(CH(a))/O(CH(a)) is self-
centralizing in CH(a)/O(CH(a)), it follows from the structure of AutL2(g)
that YJO(Y) is a 2-group.

If L(CH(a)) = J, Pcontains a Sylow 2-subgroup of CH{a) Γ) CH(J/O(J))
and CH(a) Π CH(J/O(J)) is 2-constrained. Clearly a e Oz,,2(CH(a)) and as
b Φ α, we obtain

CB(a)ΠCπ(JIO(J))/O(CB(μ))^P or S4

with 6 ί Or,2{GH(a)) in the latter case. Thus

fl))£zEt or S 3 .

Again α o6 6 precludes the possibility that a 3-element acts on the i?4.
Again we achieve Y/O(Y) a 2-group.

(4) Ct = (τb)Hf)Z(Q).

Proof. As NG(F) stabilizes the series 1 £ <αδ> £ <α, £> £ <α, 2, τδ>,
NG(F) acts on Z(JP) as a 2-group. Two elements of the coset <α, z)τb
are iί-conjugate and two are not. The only further fusion possible
is τba ~ τbz.

(5) P=D and PQF.

Proof. We have F = D x (P Π F) x <σ> and as z is fused to α
in NG(F), we have D ~ PΠ JP. It suffices to show | P\ ^ | D\. As-
sume the contrary. As Pv acts faithfully on J/O(J) and P has maximal
class, I P | = 2 I JD |. Further | P: CP(σ) | ^ 2; so [P, σ] Φ 1 implies σ -
σα, i.e., τb~τbα, not the case. Thus P and <P, Pv} centralize Z{F) =
<α, 2, o1). As ί7 acts as a field automorphism on JfO(J)9 <P, P*> acts
as inner or field automorphisms, but not as diagonal automorphisms.
Thus <P, Pv) = P x P v Q D x <(7> x P forces | P | ^ | D |.

( 6 ) We may assume that bH n #(Q) = C3 U C5.

Proof. Suppose not. Then τbα is 2-central in NH(F), so 6 is 2-
central in H. We know that α acts as an outer automorphism on K
and that the Z-classes of involutions in K{α) are represented by α,
αzz, z, zτ. Thus every involution in K(α) is iϊ-fused into Cx U C2.
In particular, 6 η^ K{α). If a 2-element rj acts on if as a field auto-
morphism, then m(F) = m(H) = 5 implies ί?i«^» = <δ>, elsem(CH(δ)) = 6.
Pick 37 with I (η) \ as large as possible. If no 2-element acts as a
field automorphism, set rj = 6. We see that K(α}(η} contains a Sylow
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2-subgroup of CHφ) and of H. A s a - zeKQθ\H) and 6 Φ K(a),
transfer gives (K, a, η) Π O\H) — (K, a). As K(a) has sectional 2-
rank 4, we have by Lemma 5.10 and Proposition 2.11,

L£q), U4(q) or Al0 ,

and we are done in this case.

(7) There exists y e U with (τbz)y = τba, with Cz{F)(y) = (a, z) and
with y acting nontrivially on both Dj[D, D] and P/[P, P], P-

Proof. As (τbzτ, ba) £ Z{F) and U covers NH(Z(F))/CH(Z(F)),
there is an element y e U such that (τbz)y — τba. At this point the
action of NH(Z(F)) on Z(F) is completely determined. In particular
UICU{Z{F)) = E4 and we can choose y so that either Czm(y) = <α, z>
or so that CZ(F)(y) = <ατ, α^>. We choose it so that CZ{F)(y) = (a, z).

Now 2/ acts on / and normalizes D. Further since τbz acts as a
field automorphism on JjO(J) and (τbz)y = τba, the structure of
Aut (J/O(J)) forces y to act nontrivially on D/[D, D],

Cleary y normalizes P. As aτb e Z{F), NH{F) contains a Sylow
2-subgroup of CH(aτb). Since NH(Z(F)) acts as a 2-group on Z(F),
any Sylow 2-subgroup of NH(Z(F)) contains a Sylow 2-subgroup of
CH(aτb). In particular R = Cu(aτb) e Syl2 {CH(aτb)). As we have seen,
we can choose v 6 ϋ? such that av = ^. Note that Z7 = S'i? with S Π
i2 - Cσ(Z(F)) and | J7: S | = | J7: Λ | = 2. Now ΰ v 6 Syl2 (Jv), so the
reasoning in the previous paragraph shows that y acts nontrivially
on Dυj[D\ Dv]. Let E = D<α ,̂ αrδ>. We have Z ) ^ = F and D1' n
E — <α>. Since ]/ normalizes D\ y acts nontrivially on the com-
mutator quotient of FjE. But also PE = F and P Π E = <α> = [P, P],
so our claim is valid.

( 8 ) WCSΓ) = PSp (4, g) for some odd q ^ 3 .

Proof. Suppose KjO{K) = AB. Then L/O(L) ^ A8 where L =
L(CH(aτb)). Now R Π L(aτb) contains A = En with

Further NL(A) fuses every involution in CΛf]L(Cj(aτb)/O(Cj(aτb))) to α.
Thus every involution in CA(J/O(J)) — <ατ&> is fused to a or τb. But
CA(J/O(J)) — Af] P ~ E4f and so must contain two involutions fused
to 5, contrary to a Φb Φ τb.

(9) L(CH((az, α») = 1. If q - 3, Cf/«αz, α» = Cx(az)S, where X -
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Proof. As PeSy\2(CH(J/O(J))) and P is dihedral with InvP =
(PfΊ &*) U {α}, CH(J/O(J)) has a normal 2-complement. Thus by the
structure of AutL2(g2),

O*\CH{a)IO{CH{a))) = SJO(CH(a))/O(CH(a)) .

Moreover if g - 3 , CH{a)IO{CH{a))^SJO(CH{a))IO(CH{a)). As Cj/OiJ)(az)
is dihedral and is of order 8 if q = 3, the claims follow.

NOTATION. Set ί7 = CH{az), F = F/(O(F)(az)), L = L(CH((az,

(10) g = 3 .

Proof. Suppose that g > 3. As GF(aτb) covers a subgroup of
index 2 of Cj{aτb), L is subnormal in C^(αrδ) and we conclude that
L(Cj(aτb)) = L = L2(?) x La(ϊ)- Suppose that L is not subnormal in
JP. Let Jo be a summand of L which is not subnormal in F. As a
normalizes Jo, <z normalizes a Sylow 2-subgroup, P19 of Cj(J0). Let
S b e a maximal <ά>-invariant subgroup of PL satisfying:

Jo is not subnormal in Np(E) .

As P satisfies the J5(G)-Conjecture, it follows easily that Jo projects
to a standard component of Nj(E)/E. Thus Ko — (J0L(Nj(E))} is a
central product of restricted quasi-simple groups. Let e be an in-
volution of order 4 in F, aτb ^ aτbe. By Proposition 2.3(4), the
possibilities for KQ are:

SL(2, g)*SL(2, q), L2(q2), A7, A8, A9, Λo ,

L3̂ (4), PSp (4,1/7),

Now α normalizes ^ , hence ^ 0 . As L(Cgo(α)) = 1, a quasisimple
component of JRΓ0 must be isomorphic to SL(2, ^)*SL(2, q), L2(g2), A79

A8, A9, AίQ, L8(4), PSp (4, 3), Z,4(3) or ?74(3) by Proposition 2.12. As
az e Z(K0), Ko £ An ΐor n ^ 8 by Theorem 1.1 of [22].

If iξ, = If3(4), then as β has order 4 in F, KJO(K0) is a 16-fold
covering group of I/3(4). As ^ satisfies the i?(Cr)-Conjecture, this is
impossible by [22]. Suppose that K0/O(KQ) has a component isomor-
phic to SL(2, q), SL(2, q2) or A7. If this component is subnormal in
F/0(F), then it is intrinsic and H is known by the main theorem of
[4]. This we may repeat our earlier argument to produce a com-
ponent Kx with Kx not isomorphic to SL(2, g), L2(q2) or A7. But then
we must have Kx ~ PSp (4, 3), L4(3) or Z74(3). Then necessarily q = 9
and J = L2(81). It follows that CH((a, az}) is 2-nilpotent, but the
fixed point subgroup of every involutory automorphism of PSp (4, 3),
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Z/4(3) or Ϊ74(3) involves A4 by Proposition 2.12, a contradiction.
Thus L is subnormal in F and, again, H is known by the main

theorem of [4].

(11) qΦZ.

Proof. Let R = Cv{aτb). Since q = 3, K(a)(b) contains a Sylow
2-subgroup of CH(b). Thus R^L(r)(aτb) for some r e Inv (22) with
r — α. We see that R = β^ϋί) and we can pick v e Inv P n i ) ~ f )
with FΠ L<r> = 2^ x (Fx)\ Fx ~ D. The coset vF contains 2\D\
involutions and j R: CR{v) | = | D |. If C^O) = C (̂t ), then | U: Cv{v) | =
2 | D | and all involutions in vF are conjugate. By inspection v ~La
or αz and, correspondingly vaτb ~Lτb or rδz. As a Φ τb and az η^
τbz, we conclude that v Φ vaτb. Thus GR(v) c ^(v) . It follows that
U = FCu(v) and S = JPC5(I;). A S F ^ P X F X <αrδ>, we have S -

Recall that there exists y e U with <α, a;> £ Cσ(y) and (ατδ)y = ^r6.
As q = 3, we must have S/P isomorphic to a full Sylow 2-subgroup
of Aut (J/O(J)). It is now clear that we can choose y so that y e
Inv (Cs(v)) and 7/ acts as a diagonal automorphism on J/O(J).

Now Z7= PCtf(i ) and as v$Φ(U), Ca(v) = Sx x <̂ > with 2?x iso-
morphic to a Sylow 2-subgroup of Aut L2(9). Let Px = CPPv(v). Then
Px ~ D8 and P, ̂  Cf7(^). As

(P.ατδ, P ^ , P,v)

with [αr6, 2/] 6 Pt and v g CcW, we have C^vyP, = E8~ U/PP\ In
particular, aτb$Φ(U). We have seen that iV7/(F) = O(NH(F))U and
J?7 is weakly closed in U. Thus as aτb e Z(F) and ατδ £ NH(F)rNπ(Fγ,
we have ατ6 g i ϊ ' by Lemma 3.10. As aτ ~ ze H, b g £Γ'. Thus
P Π if' = ^ and J is maximal in iϊ . Thus H is of restricted type
and our conclusion follows by inspection of the possibilities.

As (9) and (10) exhaust all cases, we are done.

LEMMA 8.2. \P\ =4.

Proof. Suppose that \P\ ̂  8. By Lemma 8.1, ] B\ ^ 4 and, as
B Π Bx - 1, I P | ^ 16. Further, | NP(B):B\ = 2, so B is not normal
in P.

We let x0, BQ be as in § 6. As 4 ^ P, Proposition 8.2 holds for
B, x0 and £ 0. Let L = L(CG(β0) ̂  Go = 2Vff(B0). As α e Z((xQ, 5 » , α
acts as an inner automorphism on L. Thus, by Lemma 8.1, we hav£

L/O(L) ~ Llq) q~S ( m o d 4) , o r

U4(q) q == 1 (mod 4) , or

Λ10 .
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By Proposition 6.3(3),

NS(BO) 6 Syl2 (NG(B0) n CG((a)[B, x0])) ,

where [B, x0] £ (a, δ>. It follows from the structure of L as described
in Proposition 2.9 that there exists an element t with the following
properties:

(a) teNL(SQ) - S o and t2eS0.
( b ) DD* = Dx D* = LΠSO.
( c ) Όι acts on JjO{J) as a field automorphism.
(d) Dtf]P= CDt(J/O(J)) is cyclic of index 2 in D\
( e ) (D* Π P)£/J30 is dihedral and a e (Ω^D* Π P))J?0 - #o.
We assume for the next few steps that NG(S)QCG(a).

(1) x0 acts nontrivially on D\

Proof. Clearly ajo6Po = S o n P, so xQ acts on JD* ^ S O . Further
Po/Bo has maximal class by Lemma 5.12 and (x0, B)/Bo ̂  Z>8. As
D e Π P is cyclic of order at least 4 and projects isomorphically onto
Po/Bo, either xQ inverts D* Π P or a?06(J3* Π P)J?0. In the latter case
xog(a,Bo) implies that x0 acts nontrivially on ΰ*.

(2) Let <αo> = Z(D*). Then b e Bo n ^2(S) and α0 = ab.

Proof. Now <αo> C [D*, x0] £ [S, a?0] Π P. If x 0eZ 2(S), then as
<α> = ^(S) Π P, a0 = a, whence a is fused to z in NG(S), contrary
to NG(S) £ CUα). Thus xQ e ZZ{S) and α0 6 [S, xo]f)P= (a, b). As
b G JB0> ^o = ub.

( 3 ) Let A = <α, 2, 6>, iSΓ = iVG<A>, C = ^ ( α ) . Then N/C s S3 and
« ^ α^ ̂  δ, a ~ bz ~ baz in N; az e Z(N).

Proof. Let U = Cs(aQ). Clearly | S: U\ = 2. Now ί interchanges
2J and α& and fixes δ. Since <α, 2;>£Z(S), A^Z(U) and Z7 = C5(A).
Picking yeS— U, we have αy = α, ̂  = 2; and as <α, δ> ̂ S , δy = ab.
Thus <i/, t> acts on A as S3. Since NG(S)QCG(a), NG(S) centralizes
(a, z). So a Φ z rh &% in G. The conclusion follows.

We may copy the argument in the proof of Lemma 7.1 to conclude
that C acts on J and centralizes z. Thus C/CC(J/O(J)) has a normal
2-complement.

(4) C = UO(C) .

Proof. Let X be the largest subgroup of CC(J/O(J)) which is
normal in N. Clearly G/X has a normal 2-complement. We claim
X\ is odd. If not, then 1 Φ X Π U^ U implies E = Xn Ωy.(Z{U)) Φ1.
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As X centralizes J/O(J), XΠ U^P so that EQP. S acts as an in-
volution on E and CE(S) £ Z(β) Π P implies CE(S) = <α>. Thus \E\£
4. But X<1 N implies E^N whence | E\ ^ | (aN) \ = 8, a contradic-
tion.

( 5 ) Let N, = NG(U), E = (DNί). Then E = D x Όι x Dty. Every
involution in DDl is conjugate to 2; or α.

Proof. As Nx covers N/O(C), NJCNl(A) = S3. As D^SfD has
3 iVΊ-conjugates with centers (z), <α6>, <6> and as each conjugate is
normal in U, E is a direct sum of the conjugates of D. Since t e N,
one of the A/ -conjugates of D projects onto JDΌ(C)/O(C). But Ώι Q
S 0 £Z7and U projects isomorphically onto UO(C)/O(C), so Dι is one of
the JVrConjugates of D. Since y normalizes U, we have E = D x

Dl x Since ΌΌι £ L, Inv
our claim is valid.

( 6 ) az° n

Q zL U

Φ 0

As α in ΛΓ,

Proof. Pick v e ^ so that (v) covers O(NJCNl(A)) = Z3 and so
that I v I is a power of 3. From the structure of JV, v3 e Nt Π O(C)
forces v*eCN(U). Since Dι acts on J/O(J) as a field automorphism
of order 2, we can pick Eo = <z, ex> £ JD SO that

I J&O n xκσχi> )) 1 = 2 .

Letting {eu e2, e3} be the (v)-conjugates of e19 we see that (v) normalizes
F = <2, βi, α6, e2, 6, e3> = 7̂64, and we may assume that with respect
to the basis {z, eu ab, e2, 6, β3}, v is represented by

10
01

\
10
01

10 \
01

/

where omitted entries are zero. F acts on J as a group of order 8
and Nj(F) acts as S, on F. We can pick r e ND(F) - F so that r
acts as

Mr =

j 11
01

10
01

\

10
01 /
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and we can pick weF so that \w\ is a power of 3 and (r, w) acts
on Eo as Sd. Clearly w centralizes F Π PΏ (ab, δ> and by our choice
of EQ, [w, e2] Φ 1. From the structure of Aut L2(q2), w must centralize
e2z. Likewise w centralizes e3 or eBz. We have F = Eo x CF{w) with
CF(w) equal to (ab, b, ezz, es) or (ab, b, e2z, edz). In either case the
action of w on Eo determines its action on F, and we may assume

( 0 1

11

01
01
10
01

Oe \
Oε

10
01 )

where ε = 0 or 1. In any event

But now (5) and (6) yield a contradiction, as z Φ az η^ α. Thus
Nβ(S)$Cσ(a). NG(S) acts on (a, z) - [S, S] n Z(S). If au = α^ for
% e JVG(S), then PunP=l = PunD implies [Ptt, D] = 1, whence Pu

acts faithfully on J/O(J) as a fours group, contrary to | P\ > 8. Thus
we have the following.

(7) Let J7eSyl2(G) with ScI7 . Then | Nu(S): U\ = 2 and if we
S, then α% = z and P w acts faithfully on JjO(J).

( 8) Bo = (b) with 62 = 1 .

Proof. Recall the existence of t e NL(NS(BO)) with D x D* =
NS(BO) n £ and £>* Π P cyclic of index 2 in 2?*. [(2)* n P) x BQ]U acts
faithfully on J[O(J). The claim is immediate from the structure of
Aut (L2(q*)).

( 9 ) bu acts on J/O(J) as a field automorphism and b ~ 6α.

Proof. The first assertion is clear. As 6 g Z(S) n P, 6U ί Z(S) ΓΊ P u ,
whence some element, y, oί S acts as a diagonal outer automorphism
on J/O(J). Considering the action of y on Pu we have

bu ~ bnz

and conjugating y by u gives

(10)

6 ^ δα .

Z(Je(S)) = <», 6% α, 6> and 117: S | = 2 .
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Proof. Since P* is faithful in J/O(J), m(P*)=m(P)^3. [D,
1 implies Du must act on J/O(J) as a subgroup of <z, bu). As <z,
(a, b) £ P, <z, 6U> C P , whence

Now P n £(S) = <α> and P* n Z(S) = <z>, so Pf]Pu = 1 and PP W =
P x P \ Further, £><&*> n P = 1, as £><&*> acts faithfully on J/O(J).
Thus Pu contains a subgroup isomorphic to D(bu), whence m{Pu) —
3 = m(P) and m(S) = 6. Clearly Je(S) = J#(P) x J e(P*) ^ J9 x <δ*> x
D x <6W>. In particular Z(Je(S)) = E16. Also exactly as in the proof
of Lemma 7.1, \U:S\=2.

Set F = J e(S), A = Z(F). Fusion in A is controlled by NG(F)
and (α, z) = [F, F] Π A is invariant under NG(F). Thus

(αzf Π A = {az}

aG Π A = {α, ̂ } .

The following fusion occurs in U:

ab ~ b ~ bu ~ buz , zb ~ azb - azbu - abu .

(11) α - s in iV f f(F) Π Cσ(b). Thus ab ~ bz .

Proof. CG(b) = Go and we know t h a t ί7*(G0/O(G0)) is simple, where
Go = Go/(b). As F S £ 0 , ά e [ F , F ] £ L . Thus aeL or abeL. In
t h e l a t t e r case a — 6, cont rary to α ^ ί l i ^ {α, z}. Thus α e L and
a ~Lz. Thus α — z in NGo(F).

Now 8 ̂  I &G n A I ̂  12. CΛw) = <α^, 66M> and, as bbu acts on J/O(J)
as a field automorphism, bbu g Z(S). Thus CA(U) = (az). Consequently
any involution in A which is 2-central in G is fused to az, and so 6
is not 2-central in G. Since <6, α> = A Π P ^ S and | ί7: S | = 2 ,
I U: Cv{b) I ̂  2 I S: Cs(b) \ = 4. Thus | 6G ΓΊ A | = 10 or 12. Clearly no
5-element acts on F, so | bG π A | = 12 and

6G n A = A - <α, ̂ > .

Consequently there exists XeNG(F) of order 3α acting nontrivially
on A. As λ centralizes {α, &}, λ must normalize P(Ί A = <α, 6>, whence
λ centralizes <α, z, 6>, a contradiction.

This completes the proof of Lemma 8.2.

LEMMA 8.3. \P\ Φ 4.

Proof. Assume that | P\ = 4 and let P = <α, &>. It is clear that
x, the unbalancing involution, acts nontrivially on P with [6, x] = α.
Thus a acts as an outer diagonal automorphism on J/O(J). Since Q =
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NS(B) 6 Syl2 (CG(a) n Nσ(B)), we know from the structure of PSp (4, q)
and A8 described in Proposition 2.6 that there exists g e NK(Q) — Q
such that g2 e Q and a9 = aτ where τ is a non-2-central involution of
K acting on J/O(J) as a field automorphism and τz is 2-central in K.
In particular, Ω,{S) = DP(x, τ>.

( 1 ) beF*(G).

Proof. By the minimality of G, G = <F*(G), £> with JP*(G)

simple. Thus if b$F*(G), then F*(G) is a balanced group. Then
J is simple and <α> = CFHG)(J). Thus J is a standard component in
F*(G), whence G satisfies one of the conclusions of Theorem B.

( 2 ) ? = 8 .

Proof. Suppose q Ξ> 5. We have δ353 = (ba)9 — bar. Consider H —
CG((a, bar}). Since | P\ = 4 and α T 6 6, CCGia)(J/O(J)) is 2-constrained;
so

CCaUJ/O(J)) = O(CG(a))P .

It follows that L(Cj(baτ))P covers L(H)O2,,2(H)/H Γ) O(CG(a)). In par-
ticular

( a ) O(H)QO(CG(a)), and
( b ) P(H n O(Cβ(α)) = GH{L{H)IO{L{H))).

Now look at the action of α on L = L(CG(baτ)). Let L = L/O(L) =
PSp (4, g). As L(H)/O(L(H)) = L2(q), q^5, we know by L-Balance
and structure of Aut (PSp (4, </)) that Cχ(α) contains L(H) x Z{q+ε)/2

where ε = ± 1 . If q + ε is not a power of 2, then HΓ)O(CG(a)) covers
the odd part of the Z{q+ε)/2 whence (δαr, a, L) is an unbalancing triple,
contrary to the hypothesis of Theorem B. Thus q + ε is a power of
2 and, as the Z{g+ε)/2 must be isomorphic to a subgroup of P, we have
q + ε = 2 or 4, whence g = 3 or 5. Further, we know by the action
of a on K that there is a conjugate, e of a acting on L as an outer
diagonal automorphism on L. If a acts as an inner automorphism
on L, then C<L,β>/oα)(α) contains a cyclic group of order 4. Since P
is elementary, we conclude that a acts as an outer automorphism.
In this case q + ε = 2 and g = 3.

( 3 ) S = DP(x, τ) and Q = DP<r> = A x E^. Z(Q) = <z, α, 6, τ> and
we have

( l ) a ~ aτ ~ aτz — αz

(ii) b ~ ab ~ abτ ~ τbz

(iii) τϊ> — τ^αδ ~ abz ~ bz
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(iv) τz ~ τ ~ z .
K

Proof. Everything but the fusion is clear. Recall that in
NK(Q) — Q we have an element g with g2eQ and a9 — aτ. Further
b9 = δ, τ9 — τ and zg = z. We know bx = ba, ax = α, 2* = 2; and from
the structure of Aut (L2((j2)), τ* 6 τzP. Since | x \ — 2, τx e {τz, τza).
In the latter case (τz)xg = (τa)9 = a. But | S | = 2 7 , while K(a,b)
contains a Sylow 2-subgroup of CG(b) of order 28 and r# is 2-central
in K(a, δ>. Thus a η^Gτz and τ* = τz.

Likewise a ΦGb. Further τz lies in the commutator subgroup
of a Sylow 2-subgroup of CG((τz, δ», while δg[Cβ(δ), Cσ(δ)]. Thus

We now see that (x, g) acts as a dihedral group of order 8 on
Z(Q) with the indicated fusion. Further z ~ τ in K.

( 4 ) No two of α, 6, bz, τz are fused in G.

Proof. From the remarks in (3), it suffices to show that bz is
not fused to any of the other involutions. Pick R 6 Syl2 (CG(b)) with
<Q, #> £ i2. #0 - C^δz) e Syl2(CU<6, bz))) with RQ^D8x D8x Zz. If
bz ~Ga, then | JR0 | = | S | implies i?0 e Syl2 (CG(bz)). But α 6 [S, S] while
62 ί [i?0, Ro], so α ̂ G δ^.

Suppose δ ~G bz and consider i ϊ = CG((a, bz)). As in (2), we see
that H/H Π O(CG(a)) is a 2-group. On the other hand, α cannot act
on L = L(CG(bz)) in such a way that CL(α) = O2',z(CL(a)). Thus δ ̂ G δ ;̂.

Finally, suppose bz~Gzτ and pick Γ e Syl2 (CG(bz)) with RQQT.
We know sτ - G 2 and 2 e Z«Q, a?, flr». Thus | T\ ^ 29. In particular,
JBOC: Γ. Let v e NT(RO). Since v normalizes ΰ\R0) = < ,̂ τ> and b~Gbz~
bτ (and b φbv), we have δr = δzτ. Hence

I iVr(£0): JBol = 1 iVΓ(i?0): NT(R0) f] Cτ(b) \ - 2

and J?o = Je(Nτ(R0)). But now Γ = NT(RO), whence | T\ ^ 28, a con-
tradiction.

( 5 ) Let Eo be the unique S l β inRπK. Let £7 = <£Ό, δ>, N =
JV = N/CN(E). Then # ^ S6.

Proo/. iV Π ϋΓ<α> ̂  S5 or S3 2 Z2 according as K/0(K) ^ PSp(4, 3)
or A8. Further \R\ — 28 implies δ is not 2-central in G, so we may
pick Ue Syl2 (G) with Λ c U and ^ ( J B 7 ) e Syl2 (N). Pick t; 6 2^(Λ) - R

with ι;2ei2. As Z{R) = <a;τ, δ>, δv = δ sτ. The iV Π l£<a>-classes of
involutions are represented by z and zτ in Eo and δ, δ ;̂, δ^ τ in E — JS?0.
We see that Eo is strongly closed in E with respect to G. Further
bzφGbzτ. Letting Cbz denote the Nf] EΓ<α>-class of bz, etc. we see
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that Cbz and Gbzτ U {6} are JV-classes.
Suppose K/0(K) ^ PSp (4, 3). Then | C,r | = | Czrb | = 5 and | Cz | =

\Cbz\ = 10. Further <Cδzτ, δ> = E so that, considering the action of
N on Cδ3r U {δ}, we see that ΛΓ acts as a subgroup of SG. As
ΪVΓnΈ<α> ~ S5 and ~Nf]K(a) c # , it follows that JV" ̂  S6.

Next suppose K/0(K) ~ A8. Then | Czτ | = | CU1 - | C2rδ | - 9_and
I C* I = I C&21 = 6. Now (Cbz) = i£ and considering the action of N on
Cδz we again obtain JV" = S6.

( 6]) I>efine C = {βx, β2, β8, β4, e5, e6} to be the elements of the JSΓ-class
of size 6 in E - EΌ. Let TΓ = i^(JB). Then CW(E) = £; and if

acts as a transposition on C, then T F ^ α , b or δz.

Proof. Since JV acts as S6 on C, it is clear that as an S6-module,
E is the quotient of the permutation module by its 1-dimensional
fixed subspace. In particular, all involutions of EQ are fused in N.

One shows by direct calculation that | [Eo, a]\ —2. Indeed
I [EQ, v]\=2 for any v e Inv (R - (Rf]K)E). As [a, b] = 1, | [E, a] \ = 2
and α acts on C as a transposition. Let W = Nu(E). Since ^(JB/) =
# and Cw(E)QCG(b), we have £7 - C^S).

Let w be any involution of JV acting as a transposition on C.
Clearly w is JNΓ-fused to aCw(E) = aE. The iΓ<α>-classes of Ka are
represented by a and αzr. Thus any involution in aE is jδΓ<α>-con-
jugate to α, ab, azτ, azτb or &. The claim follows.

(7) WΦU.

Proof. Assume W — U and let No be the inverse image in G of
JV\ Since aeN — No and ae [S, S], it follows that a has a G-con-
jugate in NQ. No contains just one class of involutions and from the
structure of N Π K(a) it follows that NQ Π K contains involutions.
Thus ~R Π K contains involutions, whence a is conjugate in N to ee
Rpi K. It follows that a — e e (R Π if)J57. But every involution in
(R n K)E is iΓ<α>-f used to 2, sδ, «r, ̂ rδ, or δ none of which is G-con-
jugate to a. Thus W Φ U.

( 8 ) Let y e ΛΓ̂ ( W) — W. Then we may assume that
( i ) E' = <(12), (34), (56)>
(ii) ^ = <(12)(84), (12)(56)>
(iii) S n ^ l f = <ei + eI,βa + O
(iv) JS ĴB^ is isomorphic to a Sylow 2-subgroup of L3(4).

Proof. We may assume that W acts on C as <(12)(34), (13)(24),
(12), (56)>. Every involution in Eo is fused to z, whence Ef contains
no transpositions. Suppose | E Γ) Ey \ = 16. Then eyeEy — E acts on
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E as a transposition and every involution of Eey lies in Ey. Then
we may assume that ey ~ α, not the case as e ~ z, b or bz. As W =
Z)8 x Z2, E

y is elementary of order at most 8 and Ey <2 W. One now
verifies the claim in a straightforward way.

(9) \NΌ{W)ιW\=2.

Proof. Let ueNu(W) — (W\J Wy). Since y was arbitrary in
(8), Ey = Eu and E Π Ey = E f] Eu = Ef] Euy~\ Thus | J57̂  Π ̂ 7̂  | =
\EΓ) Eu I = 4. Since all involutions of £Ό#oy lie in EUEy, this yields
#* Π EOEQ* 1=4. We know from the fusion of involutions that E0^N.

Thus EoEoJ is normal of index 4 in EEy. Our conditions imply
= EEU, a contradiction.

(10) EEy is weakly closed in NV{W) with respect to G.

Proof. Let ί7 = £ A be a G-conjugate of E with FCiV^TF) and
î o = Eo

h. Suppose F£W. Then F n j&^y lies in X, the inverse image
in EEy of CEEy/EC]Ey(f), where feF-W. Now | X: £7Π JS'Ί = 8 and
I : I ( Ί E Ό ^ 1 = 2 . As all involutions of I n ^ Ό ^ lie in Eo Π ̂ oy =

EΓ\Ey, we conclude | X n - P | ^ 8 . As \Nσ(W):EE*\ = 24 and | F | =
25, we must have \Xf]F\ = 8 , whence EΓ\EyQF. But also F covers
Nu( W)/EEy and ^£7^ = Cw(Epι Ey) c TF, a contradiction. Thus i^£ TΓ.

We assume F£EEy. Then F is elementary and F^F~y, so F
contains at least one of

(13)(24) (13)(24)(56) (14)(2S) (14)(23)(56) .

The last two possibilities are handled in the same way as the first
two, so assume F contains (13)(24) or (13)(24)(56). Consequently

CE(F) C CΛ«(13)(24)» = <βx + β8, e2 + e4, e5)

or

CE(F) C C^«(13)(24)(56)» = <βl + e3, e2 + β4,

In either case EΠ FQCE(F) implies

^8 and

If I F\ = 8, then F = <(12)(34), (13)(24), (56)> a_nd | CE(F) \ = 2, forcing
| J F Ί ^ 1 6 , not the case. Thus EnF=CE(F). As_(e, + e8, e2 + β4,
βi + e2 + βδ> is not centralized by a fours group in W, we must have
CE(F) - <βl + e8> e2 + β4, 65> and F = <(13), (24)>.

We know that Eo is strongly closed in E whence EΓ\.F0ΩE0.
Thus
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whence FQ = F. But then some element of Fo acts as a transposi-
tion on E and so some element of Eo is G-fused to α, 6, bz, not the
case.

(11) U=Nu(W).

Proof. By (10) it suffices to show Nσ(W) = Nu(EEy). Assume
not and pick we(Nu(EEy) Π Nu^N^W))) - NV(W), with w2eNv{W).
E" contains no element acting on £ as a transposition, whence E™ £
EEg. Likewise Eo

wy Q EE0\ whence Eo

w £ Ey~ιE, = EyEQ. Thus Eo

w £
EEo

y Π -Ero/^ro = E0Ef. Replacing w by wy if necessary we may assume
EQ

W = Eo. As W acts faithfully on 250, we have

Ew^CEEy(EQ) = E ,

contrary to our choice of w.

(12) 6 £ G2 .

Proof. Let ikf = NG(EEy). For any weikf the preceding argu-
ment has shown 2£0

w £ JE^o*- Since the same argument shows Eg* £
ίfo^y, we conclude EoEo

y<lM. Let M = M/EQEo

y. Since E f] Ey =
Z{EEy) ^ ?7 and T7 acts nontrivially on £f l 2?*, we have

( a ) C7
(b) U0

In particular, any element of ?70 — EEy permutes E and Ey, whence
UQ ̂  A- Further E^W, EV^W imply that W is abelian, and it
follows that U = A x Z2 or A * ^ Let β e Inv (J5 - Eo). We have
in either case eg f72. Also CM(EEV)/EEV has a Sylow 2-subgroup of
order two, whence CM(EEV) has a normal 2-complement. Once we
show M/CTi(EEy) ^ Z2, we have M = C7O(iίί) and e e M2. The only
other possibility is M/CM(EEV) ~ S3, in which case λeJIίof order 3m

with λ acting nontrivially on EEy/E0EQ

y. But the structure of EQEo

y

implies that λ normalizes EQ and ϋy, hence normalizes E = CEEy(E0)
and #*. But then λ acts trivially on EEy/E0E

y.
Now suppose e € G9 and apply Lemma 3.10. There exists V c EEy

such that

(1) CES,(e)QV and

(2 ) The transfer VEEy^v(e) ί Φ(EEy) .

Choosing e=eδeE—E0,we see that | i? !^: CEEy(e5) \ = 2 and Φ(CEEy(eδ)) =
J5ΊΊ Ey=Φ(EEy). Thus Vr=C^y(eβ) and | ̂ ^ ^ F | =2. Hence VSE^r(eδ) e



104 ROBERT GILMAN AND RONALD SOLOMON

Φ(EEy) = Φ(V), contrary to Lemma 3.10. Thus e^G\
Now eδ is NG(E)-fused to b or bz. As z e G2, we conclude in either

case that b$G\ But by (1), 6eF*(G) = G2, a contradiction.
This completes the proof of Lemma 8.3. As Lemmas 8.2 and 8.3

are mutually contradictory, the proof of Theorem B is complete.

9* The proof of Corollary CX In this section G will be a fixed
counterexample to Corollary C and (a, x, J) will be a fixed unbalancing
triple satisfying

(1) J/O(J) = A7.

(2) x 6 E, a fours subgroup of Cβ(a) Π NG(J) with A = CG(α) Π

(fΊ O(Cβ(β))) and [J,J] = J'

( 3 ) I CG(a) Π iVβ(J) |2 is maximal subject to (1) and (2).

Suppose that (α, x, J) is a maximal unbalancing triple in <?. Then
either conclusion (1) or (3) of Theorem B must hold. If (1) holds,
then as G is not 2-balanced, JF*(G) = An for some odd n ^ 11. If
(3) holds, then by Lemma 3.5, J is maximal in G. Now by Theorem
1.5 and the main theorems of [7], [16] and [18], F*(G) is isomorphic
to A*, An or He. Again, as G is not 2-balanced, F*(G) = An.

Thus we may assume that (a, x, J) is not a maximal unbalancing
triple in G. Thus one of the two conditions in the definition of
maximal unbalancing triple must fail to hold. Let S e Syl2 (CG{a) Π
NG(J)) and let P = CS(J/O(J)), D = SΠ J. Let beInvCP(S) and let
K be a 2-component of ( J L ! ^ ( 6 ) ) ) . The proof of Lemma 3.8 shows
that if Λ = CΔ(b), then [K, A] = K = [iΓ, E]. Thus #„(#) is not 2-
balanced and, as G is a minimal counterexample to the Unbalanced
Group Conjecture, K/Z*(K) = Aw for some odd n ^ 7. By [25] and
[28], K/0(K) ~ A*. Thus (6, α;, K) has the same properties as (a, x, J)
with I CG(b) Π Nβ(K) |2 ^ | S|. It follows from the choice of (α, x, J)
that S 6 Syl2 (CQ(b) n iVG(iί)) for all 6 e Inv CP(S). Thus condition 1 in
the definition of a maximal unbalancing triple fails to hold.

Now pick BQCP(X) to satisfy the conclusions of Lemma 3.6 and
let K be a component of <J#(C^(j5))>. Then NG(K) is unbalanced and
as above K/Z*(K) & An for any n. On the other hand JB projects
onto a standard component of K/Z*(K). Thus K/0(K) ^ £Γe. As m
§ 5, iVp(2?) = (a) x B and B f] Be = <1> for some e e S , since Aut iϊe
is 2-balanced. Thus <α> = CP(S). Also α ~ αz in K(a). Hence a~az
in NG(S). Let n 6 JVβ(S) with an = α«. Then P n -Pw = <1> = D Π P*.
Thus Pn acts faithfully on J/O(J) and centralizes 2). So P* is iso-
morphic to Z2 x Z2. But EQD x P and .£7 does not centralize 2?, a
contradiction.
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