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ANALYTIC H-SPACES, CAMPBELL-HAUSDORFF
FORMULA, AND ALTERNATIVE ALGEBRAS

J.P. HOLMES AND A. A. SAGLE

Analytic H-spaces are shown to be local analytic loops
(satisfying the cancellation laws). Then power associative local
analytic loops are investigated and these are shown to be ex-
actly the class to which a local loop belongs if there is a choice
of coordinate system, f, for which the multiplication obeys
Vi(sx, tx) = sx + tx. Here x is near 0in R", each of the numbers
s, t and s+ ¢ is in [0,1] and V is the pulldown of the local
loop multiplication via f. Homomorphism of such local loops
are investigated and the set of such automorphism is shown
to be isomorphic to a certain group of linear maps. Also gen-
eralizing the Lie group-Lie algebra situation, certain anti-com-
mutative algebras are introduced to study these local loops.
Finally these results are applied to local loops whose multipli-
cation is induced by a power associative algebra. A Campbell-
Hausdorff formula is shown to hold when the algebra is alter-
native and is related to the inverse property in the local loop.
A relationship between S? and simple Malcev algebras is given.

Introduction. As given in [15], an H-space is a set M with
multiplication function m: M X M — M having an identity element
e. As a variation of this and local groups, the triple (M, E, m) is
said to be a local analytic H-space provided M is an analytic mani-
fold, E is an open set of M containing e, and m is an analytic func-
tion from E X E to M satisfying m(e, x) = m(x, ¢) = x for each x € K.
We show in §1 that these local analytic H-spaces satisfy the two-
sided cancellation laws locally so that they are actually local loops
and inverses exist locally.

Suppose (M, E, m) is a local analytic H-space and z is in E. Let
2°=e¢ and if 2" is in E, let 2" = m(x, ). Then (M, E, m) is
power associative if and only if for positive integers m, n

mx", ™) = 2"
whenever each of z" and xz™ is in E and z™*" exists. Power associ-
ative analytic loops include Lie groups as well as seven-sphere S’
with multiplication induced from the Cayley numbers.

In describing the structure of analytic local H-spaces it is con-
venient to choose a coordinate system f with domain a neighborhood
of ¢ so that f(e) = 0. There is then a neighborhood D of 0 in R*
so that the equation

V(f(x), f(y) = f(m(x, y))
105
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defines analytic function on ¥V on D x D. The triple (B*, D, V) is
a local analytic H-space locally isomorphic with (M, E, m) at e. The
first main result is the following.

THEOREM 0.1. Suppose (M, E, m) is a local analytic H-space.
There is a meighborhood C of e in M such that (M, C, m|C x C) 1is
power associative if and only if there is a coordinate system f at
e with f(e) =0 and a meighborhood D of 0 in R"™ such that

m(f~'(tx), £ (sx)) = f((t + s)w)

whenever x is in D and each of s, t and s + t is in [—1, 1].

In §1 we prove this theorem and use the resulting “canonical
coordinate” system f for power associative local analytic H-spaces to
study analogues of Lie group-Lie algebra theorems which hold in
this setting. Thus in §2 we identify homomorphisms and kernels
and show that the group of local automorphisms of (M, E, m) is a
matrix group.

In §8 we apply the previous results to power associative local
analytic H-space with the multiplication being induced from an
algebra with identiy. The results are similar to those for the general
linear group and we concentrate on the analogue of the Campbell-
Hausdorff theorem for Lie groups.

Thus suppose A4 is a finite dimensional power associative algebra
with identity 1 over the real field. From results in §1, there is a
neighborhood D of 0 in A and a coordinate function f defined on a
neighborhood of 1 in A so that the multiplication V: D X D— A
defined by

V(f (@), f(¥) = f(xy)

is analytic and satisfies
V(sx, tx) = (s + )@

whenever s, t, s + ¢ is in [0, 1] and ||z|| is sufficiently small. (Here
2y is the product in A.)

If V is defined in this way, then the second derivative of V at
(0, 0) is given by

V20, 0)(x, v), (x, ) = 2y — yx =[x, y] .

We investigate the Taylor’s series of V in which the higher order
derivatives V* for n > 2 can be written in terms of V* analogous
to the Campbell-Hausdorff theorem.

We obtain that the Taylor’s series for V is given by the
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Campbell-Housdorff formula if and only if A4 is an alternative algebra.
We consider the more general problem as to when V? can be written
in terms of V* and obtain algebras quasi-equivalent to an alternative
algebra. This is related to the inverse properties holding in the
local loop. Also we discuss the general problem as to when finitely
many derivatives V', V? ..., V¥ actually determine the Taylor’s
series for V.

1. Canonical coordinates. Let (M, E, m) be a local H-space as
discussed in the introduction. If % is a homeomorphism from some
neighborhood of ¢ in M onto a neighborhood of 0 in R™ with h(e) = 0
then, h is said to be a coordinate system at e provided that there
is a neighborhood D of 0 in R™ so that the function W defined by
W(h(x), h(y)) = h(m(z, y)) has domain containing D X D. For such a
D the triple (R", D, W) is a local H-space which is said to be induced
by h. From the definition of W it is clear that L is a local isomor-
phism from (M, E, m) to (R", D, W).

Let || || denote a norm on R" and if d is a positive number let
R(d) denote the ball centered at 0 with radius d. If T is a linear
transformation from R” or R X R" to R" let |T| denote the operator
norm of T.

We now show that (M, E, m) satisfies local cancellation laws, and
hence that analytic H-spaces are local loops.

THEOREM 1.1. If (M, E, m) is a local H-space then a coordinate
system h may be chosen so that for some meighborood D' of 0 in R"
the local H-space (R™, D', V) induced by h satisfies local cancellation
laws. Thus (M, E, m) is a local loop.

Proof. Let f be any coordinate system at e, and let (B", D, V)
be induced by f. If y is in D there is ¢ in E such that y = f(x).
Thus V(y, 0) = f(m(z, e)) = f(x) =y and similarly V(0,y) =y. If z
isin R™ and hz is in D, then V’(0, 0)(0, x) = lim,_, [V (0, hx) — V(0, 0)]/h =
lim, ., 1/h-hx = x. Hence

V'(0, 0)(x, ) = V'(0, O)(x, 0) + (0, »)] = @ + ¥

using the linearity of the derivative V’(0, 0) on R* X R".
Choose the positive number d so that R(d) is contained in D and
if each of z and v is in R(d), then |V'(z, y) — V'(0, 0)]| < 1/4.
Suppose each of z, ¥ and z is in R(d). Then

Ny — 2|l — [V, v)O, y — 2)|| = [V, 0) — V'(z, IO, ¥y — 2)]|
= WDy — =1 .
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Hence (3/4)lly — 2|/ = [|[V'(x, ¥)(0, y — 2)||. Thus,

BG/Dlly — 2| — [|[V(x, y) — V(z, 2)||
= ||V, y) — Ve, 2) — V'(x, )0, y — 2)||

; Hg: at[V'(x, z + t(y — 2)) — V'(z, )0, y — z)“ '

Each of z, ¥y and 2z + t(y — 2) is in R(d) so this last term is
= (1/4)|ly — z||, using |V'(z, y) — V'(0, 0)] < 1/4. Hence we have

1/2)ly — 2|l = [|V(=, y) — V(z, 2)]|
and similarly
1/2)ly — 2[| = [|[V(y, ) — V(z, )| .

Thus, a choice of 2 = (f|f(R(d))) satisfies the conclusion of
Theorem 1.1.

NoTATION. We shall use “loop” instead of “H-space” to emphasize
the local cancellation laws.

A variation of the following result was proved in [5] for C!
power associative loops. We extend it to the analytic case. It is
used to construct the canonical coordinate system of Theorem 0.1.

THEOREM 1.2. Suppose (M, E, m) is a power associative local
loop and (R", D, W) s induced from it by some coordinate system.
There are positive numbers r and d such that for each x in R(r),
there 1is a wunique continuwous map T,:[0,1]— R(d) satisfying
T.0) =0, T.(1) =2 and W(T.(s), T,(t) = T.(s + t) whenever each of
s, t and s+t 1s in [0,1]. Moreover, the function T, is analytic
on [0, 1].

The proof uses a differential equations theorem, which we para-
phrase below.

THEOREM 1.8. ((10.7.5) of [3]). Suppose each of A and B is an
open set in R" and h: A X B— R"™ is analytic. Then, for each (a, b)
in A X B and each number t, there is a segment J centered at t, and
a ball T centered at b such that there is a unique continuous fumnction
u:J X T — R™ with u(t, 2) = a and u(t, 2) = h(u(t, 2), ). Moreover,
u 18 analytic on J x T.

Proof of 1.2. Define h: D X R*— R™ by h(x, z) = W'(z, 0)(0, 2)
and note that % is linear in the z-variable. Since W is analytic on
D X D, h is analytic on D X R".
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Using 1.8 we may choose a segment J centered at the number 0
and ball T centered at 0 in R with unique continuous %:J X T — R*
satisfying (0, z) = 0 and w,(¢, 2) = h(u(t, 2), ). Moreover u is analy-
tic on J X T. Now choose ¢ in (0, 1) so that ¢ is in J and define
i: [0, 1] X T — R" by #(t, 2) = u(tc, z#). Then we have from the defini-
tion of % and the chain rule that (0, ) = 0 and #.(¢, 2) = cu,(tc, z) =
h(i(t, ), cz), using the linearity of % noted above. Thus, from the
uniqueness part of Theorem 1.3 we have #(t, 2) = u(t, cz) if ¢t is in
J. Hence, we may assume in our application of Theorem 1.3 that
J and T are chosen with [0, 1] contained in J.

From Theorem 1 of [5] we may choose positive numbers », and
d, so that for each z in R(r, there is a unique continuous map
T,: [0, 1] — R(d,) satisfying T,(0) = 0, T,(1) = x and W(T,(¢t), T.(s)) =
T.(s + t) whenever each of s, ¢t and s + ¢ is in [0, 1]. From [6] each
T. is continuously differentiable. Now using the chain rule,

%sz + 1) = Tis + t) = W(T,(2), To(s))(0, Ti(s))

and hence T.(t) = h(T,(t), T.(0)), using the definition of . Thus from
uniqueness, we have u(t, T7(0)) = T,(t) whenever ¢ is in [0, 1] and
T!(0) is in the ball T.

By Lemma 1 of [5] there is M > 0 such that if z is in R(»)
then || T,(¢)|| < M||x||. Choose 7, > 0 so that if each of x and y is
in R(r,) then |[W'(0, 0) — W'(x, )| < 1/2. Let d = »,/2M. If x is in
R(d) then

[ T0)| — || = || T20) — T.(1)]]
= Hgidt[W'("' 0) — W'(T.(), 0))0, TL0)) !
= (1/2)[| TX0) ,

using || T.(0)|| = M||x|| < 7, Thus [T.(0)|| < 2[|z]].

Hence we may choose » > 0 so that if z is in R(r) then TJ(0)
is in the ball T. Thus for x in R(r) we have T,.(t) = u(t, T.(0)) and
since the right side of this equality is analytic in ¢, T, is analytic
on [0, 1].

REMARKS. Let G be a Lie group in canonical coordinates so
that the corresponding local multiplication function W is given by
the Campbell-Hausdorff series:

W, v) =@ + y + 1/2)[x, ¥] + Tlg[x[x, Wl + —llg[y[y, 21 + -

for x, y near 0 in the Lie algebra g of G. Then T,(t) = tx so that
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the funection g given by g(x) = T.(0) (= z) is an analytic diffeomor-
phism at 0. Now in general, we can use the notation of Theorem
1.2 to define a function on the ball R(d) by g(x) = T,(0). Then g
can be used to actually obtain a canonical coordinate system on a
power associative local loop. First we show the following result.

THEOREM 1.4. There are neighborhoods D, and D, of 0 in R"™ so
that g 1s an analytic homeomorphism from D, onto D, and (g|D,)™*
18 analytic on D,.

Proof. Choose w and T as in the Proof of Theorem 1.2. Define
K: T— R" by K(z) = u(1, 2). Note K(0) = 0 since h(x, 0) = 0. Next

K(z) = u(l, 2) = u(0, 2) + S:dtut(t, 2) = S:dt W (u(t, 2), 0)(0, 2) .
Thus
K'(z)(w) = S:dtW"(u(t, 2), 0)((0, 2), (u.(t, 2)(x), 0))

n S:dt Wu(t, 2), 0)(0, ) .
In particular K'(0)(x) = S:dtW'(O, 0)(0, z) = .

Since K'(0) = I, the identity function on R", we may apply the
Inverse Function Theorem [3, Theorem (10.2.5)] and choose neighbor-
hoods U, and U, of 0 so that (K|U,) is an analytic homeomorphism
onto U, and f = (K|U)™* is analytic on U,.

From the proof of Theorem 1.2 we may choose d’ > 0 so that if
2 is in R(d’) then T 0) is in U, and T,.(¢t) = w(t, T.(0)). Using this,
we have K(g(x)) = K(T.(0)) = u(, T)(0)) = T,(1) = . Thus, since f
is the inverse of K|U, we see f(x) = TJ(0) = g(x), R(d') is contained
in U,, and the choice D, = R(d’) and D, = f(R(d")) satisfies the con-
clusion of Theorem 1.4.

We now combine Theorems 1.2 and 1.4 to obtain a proof of
Theorem 0.1. Thus we show the existence of a canonical coordinate
system which characterizes power associativity of the corresponding
local multiplication function V by V(sx, tx) = sx + tx.

Proof. Suppose (M, E, m) is a power associative loecal loop, % is
a coordinate system, and (R", D, W) is a local loop induced by h.

Let 7, and T, be as in the conclusion of Theorem 1.2 with »
chosen in addition, wusing Theorem 1.4, so that the function



ANALYTIC H-SPACES, CAMPBELL-HAUSDORFF FORMULA 111

g: R(r) — R* defined by g(x) = T/(0) is an analytic homeomorphism
onto a neighborhood D’ of 0 and so that ¢! is analytic on D'.

Note that if « is in R(r), s is in [0, 1] and p(¢) = T,(st) for each
t in [0, 1], we have p(t + t') = W(p(t), p(t')) whenever each of ¢, ¢,
and ¢+ ¢ is in [0,1]. For this case we also have p(0) =0 and
p(1) = T,(t). Moreover, p'(0) = sT/(0). Hence, from the uniqueness
part of Theorem 1.2, if T,(s) is in R(r) then we have

(1.2) 9(T.(s)) = sg(x) .

Choose d’ > 0 so that if x is in R(d") then T,(s) is in R(») for
each z in [0, 1]. (Lemma 2 [5] again.) Let D' = h~'(R(d')) and define
f:D'— R* by f(x)= g(h(z)). Choose D” so that the equation
V(f(x), f(¥) = f(m(x, y)) defines V with domain D” x D”. Then using
this and the definition that % is a coordinate system, we have

fm(z, v)) = g(W(h(x), k(y))) = V(g(h(x)), 9(h(y))) .

Thus V(z, y) = ¢g(W(g~'(x), g7(¥))). Hence V is analytic on D" x D"
and fis a coordinate system at e. Suppose x is in D”. Then y = g~'(x)
is in R(d') and using (1.2) we obtain ¢g(T,(s)) = sg(y) = sx for each s
in [0, 1]. Suppose each of s, t and s + ¢t is in [0, 1]. Then V(sz, tx) =
V(g(T (s)), 9(T,(8))) = g(W(T,(s), T,(1))) = g(T,(s + t)) = (s + t)x which
also uses the above equation involving p(t + t') = W(p(¢), p(t")).

If d > 0 is chosen so that R(d) is contained in D” then d will
satisfy the conclusion of Theorem 0.1 except that we have V(sz, tx) =
(s + t)x only for each of s, t and s + ¢ in [0,1]. The rest of the
conelusion will follow from (1.5).

DEFINITION A. A coordinate system f with induced loop
(R*, R(d), V) satisfying the conclusion of Theorem 0.1 is called a
canonical coordinate system for (M, E, m).

In terms of higher derivatives of ¥V we have the following charac-
terization of a power associative local loop.

THEOREM 1.5. Suppose (M, E, m) s a local loop. There is a
neighborhood E' of e in M so that (M, E', (m|E' X E')) s power
associative if and only tf there is a coordinate function f such
that in the induced loop (R", D, V), we have the derivatives
V®(0, 0)(sz, te)* = 0 for each x in R™ and each s, t in R and k < 2.

Proof. Suppose (M, E, m) is a local loop and there is a coordinate
system f at e such that for some open D containing 0 the induced
multiplication V satisfies V*(sx, tx)* = 0 for all  in R", numbers s
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and ¢, and £ = 2. (The notation V* is used for V*(0, 0).) Choose
d > 0 so that the Taylor’s series for V converges to V on R(d) x R(d)
and R(d) is contained in D. Then

Visz, tx) = (s + t)x + S:, 7017 VE(sz, tx)t = (s + t)x

whenever s, t are in [0, 1] and z is in R(d). If E' = f~(R(d)) then
(M, E', (m|E’ X E")) is power associative.

Conversely if (M, E’, (m|E' x E')) is power associative for some
neighborhood E’ of ¢ we may use Theorem 0.1 to choose f so that
the induced local loop (R", R(d), V) satisfies V(sz, tx) = (s + t)x for
appropriate s, ¢t and . If d is chosen in addition so that the Taylor’s
series for V converges to V on R(d) x R(d) we have 0 = X7 V¥*(sx, tx)*.
This implies V*(sz, tx)* = 0 for all numbers s, ¢, and all x in R*. We
thus have a proof of (1.5) and the sufficiency of power associativity
for the conclusion of 0.1. The necessity follows easily.

There are C” power associative multiplications on R' which are
not associative (simply disturb the graph of + so that it cuts the
XY plane in a nonsymmetric curve without disturbing it on
R* X R*UR™ X R7). Thus analyticity is a necessary hypothesis
for 0.1.

Next we consider anticommutative algebras associated with a
local loop which are analogous to the Lie algebra of a Lie group.
In §3 we shall investigate how these algebras determine the Taylor’s
series for V analogous to the Campbell-Hausdorff Theorem.

COROLLARY 1.6. Suppose (M, E, m) 1s a power associative loop
with canonical coordinate representation (R, R(d), V).

(@) If alx, y) = Vi(z, 0), (0, ) then a(z, y) = Vi(x, y)*/2, and a
1s bilinear and anticommutative. Thus a induces the structure of
an algebra on R™ denoted by (R, +, a).

(o) If (R*, D, W) is another loop induced by some coordinate
system on (M, E, m) such that b(x, y) = Wz, y)}/2 1s bilinear anti-
commutative, then the algebras (R", +,b) and (R", +,a) are iso-
morphic.

(¢) If (M, E, m) is a Lie group then (R, +, a) is its Lie algebra.

Proof. Using the bilinearity of V* on (R" X R")* we expand

Vi(sz, tx)* = V¥(sx, tx), (sx, tx)]
= V*[(sz, 0) + (0, tx), (sx, 0) + (0, tx)]
= $*V¥(x, 0)* + 2stV*[(x, 0), (0, )] + tV(0, x)* .

Since V*(sz, tx)* = 0 we obtain
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Vi(x, 0)" = V*[(x, 0), (0, #)] = V*0, )" =0 .

Using these we have

1 9 o __ _1_ 2
?V (z, ¥)* = 3 Vi, v), (x, y)]
- _21_Vf-'[<x, 0) + (0, ), (z, 0) + (0, )]

= %Vﬂ(x, 0) + Vi(x, 0), (0, y)] + %VZ(O, Yy

= V¥(x, 0), (0, y)]

= a(x, ¥) .
Clearly a is bilinear and a(z, x) = V*[(x, 0), (0, )] = 0 so that a is
anticommutative, i.e., a(x, y) = —a(y, ).

Suppose (R*, D, W) is induced from (M, E, m) by coordinate system
h and fis the canonical coordinate system which induces (B", R(d), V).
Suppose furthermore that b(z, y) = Wz, )*/2 is bilinear anticommu-
tative.

Let g = foh™' on some neighborhood of 0 in R*. Then ¢ is
analytic and V(g(x), g(y)) = g(W(x, y)) for all (x, y) sufficiently near
(0, 0).

If f, W, and V are expanded in Taylor’s series about 0 and (0, 0),
then the above equation yields the following identity

a(g'(0)(x), ¢"(0)(w)) — ¢'(0)(b(, ¥)) = 29" (0)(=, ¥) .

Since the left side of this is anticommutative and the right side
is symmetric we have

a(g'(0)(x), g'(0)(¥)) = ¢"(0)(b(x, ¥)) .

Since & and f are coordinate systems ¢’(0) is an isomorphism.

Part (c¢) is standard Lie theory [13].

Theorem 1.5 suggests the following method of constructing
examples. Suppose for k= 2,3, ..., that a, is symmetric k-linear
on (R® X R™* and satisfies a,(tx, sx)* = 0 for all ¢ and s in R and =z
in R*. Suppose furthermore that there is a positive number ¢ so
that the series V(z, y) = x + y + D, a,(x, ¥)* converges on R(c) X R(c).
Then for some d < ¢, (B", R(d), V) is a power associative local loop
for which the identity function is a canonical coordinate system.

2. Homomorphisms and automorphisms. We now examine
homomorphisms and kernels in the loop setting. In the case of Lie
groups, differentiable group homomorphisms are analytic and are in
one-to-one correspondence with Lie algebra homomorphisms. Similar
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results hold for power associative loops, and we enumerate some of
these below.

DEFINITION. Suppose each of (M, E, m) and (P, U, w) is a local
H-space and & is an analytic function from some neighborhood of ¢
in M into a neighborhood of the identity element ¢ in P. & is said
to be a homomorphism if h(e) = ¢’ and there is a neighborhood D of
e such that h(m(z, y)) = w(k(z), h(y)) whenever each of x and y is
in D.

If (P, U, w) = (M, E, m) and each of » and 2" is a homomorphism
then we say h is an automorphism. Two automorphisms are said
to be equivalent if they agree on some neighborhood of e. This
defines an equivalence relation on the collection of all automorphisms
of (M, E, m). Let [h] denote the equivalence class containing the
automorphism % and denote by G the set of all such equivalence
classes. Define *: G X G — G by [h,]*[h,] = [h,oh,]. An easy argu-
ment shows that (G, *) is a group. Our next theorems give analogues
to the Lie group theorems mentioned above and show that (G, *) is
isomorphic with a matrix group.

THEOREM 2.1. Suppose each of (M, E, m) and (P, U, w) is a power
associative local loop and h is a function from a neighborhood of e
wn M to a neighborhood of € in P which is continuous and satisfies
he) = €'. If h is differentiable at e, and there is a meighborhood E
of e so that h(m(x, y)) = wh(x), h(y)) whenever each of © and y is in
E, then h is a homomorphism. Moreover im(h) N\ U is a local sub-
manifold of P at €. '

Proof. From the definition of homomorphism, it suffices to show
h is analytic. Thus choose canonical coordinate functions f and ¢
for (M, E, m) and (P, U, w) respectively which induce local loops
(R, D, V) and (R™, F, W). Let N be a neighborhood of ¢ in M such
that if z is in f(N) then j(x) = g(h(f'(x))) exists. It is easy to see
that j satisfies j(V(z, y)) = W(j(x), j(y)) whenever each of x and y
is sufficiently close to 0 in R*. Since & is differentiable at e we have
that j is differentiable at 0.

Since each of f and ¢ is a canonical coordinate function we have
from the uniqueness part of Theorem 1.2 that j(tx) = tj(x) for all x
sufficiently close to 0 and all ¢ in [0, 1]. Differentiating both sides of
this equation with respect to ¢ and setting ¢ = 0, we obtain j(x) =
7'(0)(x) for all x in some neighborhood of 0; thus j is analytic on N.
It then follows from the definition of j that A is analytic on N.
Moreover, since, near ¢’, the image of 2 = g~'(¢m(5)) we have im(h)
is a local submanifold of P at ¢'.
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COROLLARY 2.2. If h 1s a homomorphism from (M, E, m) to
(P, U, w) then (with j defined as above) j is linear and j(V*(x, y)*) =
W (5 (), 7(y)* whenever each of x and y is in R" and k is a positive
integer.

Proof. It is immediate from the Proof of Theorem 2.1 that j
is the restriction of the linear map 5°(0). Since j is 2 homomorphism
from (R", D, V) to (R™, F, W) we have

S WDV A, 99 = (3 ARDVHE, )
= §(V(w, v)) = W), i)
= 3 A/RD W), J@)* -

The rest of the conclusion of the corollary follows from this equality.

Thus analogous to the Lie group case where a homomorphism
of Lie groups induces a homomorphism of Lie algebras, this corollary
shows that a homomorphism of local loops induces a homomorphism
of the multi-linear systems (R", V*) to (R™, W*). The next result
shows the converse.

THEOREM 2.3. If j: R*— R™ is continuous and j(V*(z, y)") =
We(j(x), J(y)* for each positive integer k, them there is a neighbor-
hood Q of 0 in R* so that if h(z) = g~'(J(f(®)) for all x in f(Q)
then h is a homomorphism of (M, E, m) to (P, U, w).

Proof. j(x + y) = j(Vi(x, v)) = W'(G(), 3(v)) = j(x) + j(y). Since

j is continuous, it follows from this that j is linear. Using j is
linear and the hypothesis, we see

iV, y)

Il

i( WrDVHe, »*)
= (S @rDIi(VH, u))
= 3 WEDWHGi), J(w)*

= W), i)

if each of = and y is sufficiently near 0. It is easy then to see from
the definition of 7 that 2 is a homomorphism.

THEOREM 2.4. The group (G, *) is tsomorphic with a closed sub-
group of GL(R™), the group of itnvertible linear transformations of
R™.
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Proof. Suppose each of h, and %, is an automorphism of (M, E, m)
and &, is equivalent to h,. Let j,(x) = f(h,(f*(x))) for ¢ =1, 2, and
x sufficiently close to 0. By Corollary 2.2 j, is the restriction of a
linear transformation and let j, denote this linear transformation.
Since %, and k, agree on a neighborhood of ¢, 7, and j, coincide on
a neighborhood of 0 and hence, by linearity, 7, = 7,.

Thus, we may define the function F:G — GL(R") by F([r]) =
(fohof™)(0). By the preceding argument, F' is well defined. Using
the notation of Corollary 2.2 for j = foho f~!, we see that 5 = 5/(0).
Consequently if F([h,]) = F([h.]), then j, = j, and therefore [A,] = [A,].
Thus F' is one-to-one. Next, from Theorem 2.3, the map 7T is in
the image of F if and only if T(V¥z, y)*) = V*(Tx, Ty)* for all z
and y in R" and all positive k. It follows that the image of F is
closed in GL(R").

If each of [n] and [g] is in G, then F([r]=[g]) = F([h-g]) =
[fothog)o f71O) = [(fohofNo(fogeof™I0) = (fohef)(0)o
(fogof~9'(0) = F([h]) > F(g]). Thus F is an isomorphism onto Im (F).

The next theorems identify all possible homomorphisms defined
on a power associative local loop.

THEOREM 2.5. Suppose each of (R*, D, V) and (R™, E, W) is a
power associative local loop in canonical coordinates, and j: D — E
18 @ homomorphism. Then there is a linear transformation T from
R™ to R™ such that(T|D) =37 and for each k=12, ... we have
TV ¥, - - -y (@, ) = WH(T,, Ty, ---, (T, Ty,)] whenever
each of X, -+, Tpy Yy, =+, Yp 18 in R™.

Proof. Since (R, D, V) and (R™, E, W) are in canonical coordi-
nates, we may choose the maps f and g in the Proof of Theorem 2.1
to be the identity maps. Consequently, from that proof, T is 5'(0).
From Corollary 1.8 we have T(V¥x, y)*) = W¥Tx, Ty)* whenever
k=1 and each of x and y is in R". Let gz, y) = T(V¥z, y)*).
From the chain rule, g is analytic. If each of x, y, #, and %, is in
R"™ then

9@, y)@, y,) = lim A/W)g(@ + ha,, y + hy,) — 9(x, Y)]
— tim (1/3) [z (i‘)h*T(V"(x, WG, 1)) — TV, y)")}
= b T(VH(, 95, )
+ lim b S (Is")hh—*—*T(V”(x, Y)'(®,, ¥)*)
= ET(V*(x, »)*, (%, y))) -

—2
0
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A continuation of these calculations yields

gk(x) y)[<x1; yl)’ Tty (xk’ yk)] = k! TVk[(wly yl)! Ct (wky yk)] .

A similar calculation shows

gk(xr y)[(xly yl), tt (xkr yk)] = k! Wk[(Tmly Tyl); tt (Txk) Tyk)] .

COROLLARY 2.6. Let L = T-'({0}) be the kernel of T. If each of
%, — o, and y,—y, s in L for i =12, ...,k then V*(x, v.), -+,
(@, y)] — V@I, y1), -+, (@, yi)] s in L.

Proof. T(VH(2y, ¥ - -+, (@ y))) = WH(Ty, Ty), - - 5 (T2n, Tyi)] =
Wk[(TxL Tyl,)) Tty (Txl’c; TyIIC)] = Tvk[(xir y;)r ) (xl,cy yl::)]'

A converse to this is the following theorem.

THEOREM 2.7. Suppose (R, D, V) is a power associative local
loop im camonical coordimates. Suppose L s a limear subspace of
R™ so that if each of x;, — x; and y, — y, is im L for 1=1,2, ..., k
then V(@ 4y, - -+, @ y)] — V@&, v), - -, @i, yi)] @8 in L. Then
there is a power associative local loop (R™, E, W) in canonical co-
ordinates and a linear transformation T: R® — R™ so that for some
neighborhood D' of 0 in R™ we have (T|D') is a local loop homomor-
phism from (R, D, V) to (R™, E, W). Moreover L = T-*{0}).

Proof. Let R™ = (R"/L) be the linear coset space corresponding
to the subspace L of R and 7: R*— R" be the natural projection
map defined by n(x) =2 + L.

If t=1,2, ... and each of #;, and y, is in R*fort=1,2, ..., k
let V* be defined on (R* x R")* by

Vﬁk[(“’l + L, Y1 + L)r ] (xk + L7 Y =+ L)]
= ch"[(“"l, yl)y Tty (wky yk)] .

It is clear from our hypothesis on L that V* is well defined and
clear from V*s definition that it is k-linear and symmetric.

If ¢ is in R™ let || + L|| = inf {||z]||# — 2 is in L}. This defines
a norm on R" and for that norm we have ||zxz|| < |||

Choose D’, a neighborhood of 0 in R" so that the Taylor’s series
for V converges absolutely to V on D’ x D’. Since =« is linear and
onto, 7 is an open map. Thus D = x(D’) is open in R™ and contains
7(0). Suppose each of & + L and y + L is in D. Choose z’ and ¥’
so that each of 2’ and %' is in D’ and #n2’ =« + L and 7y’ = y + L.
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Then
le eI V¥ + L, y + L)*|| < 3. Q/kD|| V', y')* ||

= S A/EDIVH, Y] < oo .

~Ms =3

Thus the series V(rz, ny) = 3¢ (1/k!)V¥(wx, 7y)* converges absolutely
to an analytic function V on D x D. Also V* is the kth derivative
of V at (L, L) and V¥(snz, tnx)* = xV*szx, tx)* = 7(0) = 0 in R™ when-
ever nx is in B* and k= 2. Thus by Theorem 1.5, (R*, D, V) is a
power associative local loop and V(zx, 7y) = 7V(z, y).

From elementary linear algebra, the dimension of R* is n —
dim (L) = m. Choose S to be a linear isomorphism from R* onto R™
and let T = Sox. Let E = S(D) and define W on E X E by
W(Srx, Sty) = SV(nx, ny). Clearly (R™, E, W) is the local loop sought
in the conclusion of Theorem 2.7 and T is the correct linear trans-
formation, since TV(x, y) = SxV(x, y) = SV(x, y) = W(Srx, Sty) =
W(Tx, Ty) for =, ye D'.

REMARKS. Let G be a Lie group so that its multiplication, in
terms of canonical coordinates, is given by V(z, y). From the
Campbell-Hausdorff Theorem [13] we have

oo k k
Ve, y) = @ + y + Lo, y] + 3, LG 0"
2 =3 k!

where V*x, y)* = [, y] is the multiplication on the Lie algebra g of
G. Also each V¥, y)* is a homogeneous polynomial in the Lie
subalgebra of a g generated by « and y. Thus if j is an automorphism
of the Lie algebra g, we automatically have V*(jz, jy)* = jV*(x, y)*.
Thus by Theorem 2.3 (or directly), 7 induces a local automorphism
of G; see [13].

In §8 we shall investigate local loops so that the derivatives
V¥(x, y)* for k = 3 are determined by a(x, y) = V*(x, y)* and the cor-
responding anti-commutative algebra (R", +, a). The corresponding
nonassociative local loops are closely related to the Cayley numbers
and the sphere S’.

The results of Theorems 2.5, 2.6 and 2.7 are also related to
“jdeals” as in the case of Lie algebras and Lie groups. Thus using
the notation of Corollary 2.6, let L be the kernel of the homomor-
phism T (where (T'|D) = j). Then for the anti-commutative multipli-
cation a given above, we have for xeL and ye R
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Ta(z, y) = TV(x, 0), (0, »)]
= W(Tz, 0), (0, Ty)]
= W0, 0), (0, Ty)]
=0.

Consequently a(x, y) € L and since a(zx, ¥) = —a(y, ©), we see L is an
ideal in the algebra (R", +, a). Thus, as expected, these calculations
show we have generalizations of normal subgroups and ideals as
kernels of homomorphisms.

These results, those of §3 and the Campbell-Hausdorff Theorem
lead to the following general problem: What conditions on the local
loop (M, E, m) and the coordinate function % imply there exists an
integer N so that the terms V*(z, y)* for £k < N determine the terms
Vz, y)* for m > N and consequently determine the corresponding
multiplication function V. By “determine” we mean that for every
x, ye R*, V™, y)» for n > N is the subsystem of the algebraic
structure (R*; V', V3, ..., V¥) generated by = and y.

3. Alternative algebras and the Campbell-Hausdorff Theorem.
In this section we discuss H-spaces induced by nonassociative algebras
and prove results analogous to those for the general linear group,
GL(n), its Lie algebra, ¢gl(n), and the Campbell-Hausdorff formula.

Suppose (4, +, -) is a finite dimensional power associative algebra
over the real field with identity element 1. Let || || be a norm on
A. Since - is bilinear it is analytic and (4, A4, -) is a power associ-
ative local loop. Since A is power associative, we can define the
exponential function EF on A by E(x) = 3.2 (1/k!)x*. This series
converges absolutely on A and we will show in this section that
the function V defined on a neghborhood of (0,0) in A X A by
E(V(x, y)) = E(x)- E(y) is induced by a canonical coordinate represen-
tation for (4, A4, ).

Let V* = V%(0, 0) and choose D a neighborhood of 0 in A4 so
that V(z, y) = > (1/k!)V*(x, y)* converges on D X D.

As in the case for GL(n) we can consider the power series
expansion for E(V(xz, y)) and multiply the series E(x)-E(y) in the
algebra A. Since E(V(zx, y)) = E(x)-E(y) in A, we then equate terms
of the same degree to obtain various formulas for the terms V*(z, y)~.
In particular,

Vix, y)' =x-y — y-x =[x, y]

for each (z, y) in A X A and later in this section we use differenti-
ation to compute more of these terms. Now if A is associative
then the Campbell-Hausdorff theorem says for k& = 2 that V*(z, y)*



120 J.P. HOLMES AND A.A. SAGLE

is a specific homogeneous polynomial of degree %k in the [, ] multi-
plication. It is easy to see that this is also the case if (A4, +, ) is
alternative which we do in Theorem 3.1. In this section we explore
the consequences of assuming that V*® is a homogeneous polynomial
of degree 8 in the [ , ] product and obtain some sufficient conditions
for (4, +, ) or its complexification to be quasi-equivalent with an
alernative algebra.

Suppose (4, +, -) is a finite dimensional power associative algebra
over the real field with identity element 1 and || || is a norm on A.
Sinee . is bilinear there is a number m so that ||z-y|| < m|lz||-||¥]]
for all =, y in A. It follows that for each 2 in A that |[z*| <
m*||z||* for » =1, 2, .... Hence the power series E(z) = > (1/k!)z*
converges absolutely on A.

For each positive integer k and each z in A let Py x) be the
linear transformation on A defined by

where each summand has one y and k¥ — 1 2’s. In particular,
P@)y) =y and  P()(y) = oy + yz .

Note || P,(x)(9)|| = km*||z|*!||y|] and hence the series >, (1/k!)P,(x)
converges absolutely in the space of linear transformations on A
with operator norm.

Since the multiplication function on A is bilinear it is analytic.
Hence the kth power function f;:« — «*, which is well defined by
power associativity, is analytic on A. Using some arithmetic and
the choice of m we obtain for z and % in A and % a positive integer,

2" — y* — Pyla)(@ — y)|
=@ — (b + D)ym |y — 2|’ max {||]], |y — =|[}**.

Thus, if f,(x) = 2* then fi(x) = Px). It follows from the standard
theorem for term by term differentiation of convergent sequences
of functions that E'x) = X2 (1/k!)P,(x).

Let m(x, y) = x.y. An easy calculation shows m'(z, y)(a, b) =
a-y+ x-b and hence m'(x, 1)(0, 2) = z.2. If wu(t, 2) = E(tz) then
#(0, 2) = 1 and

u,(t, 2) = E'(tz)(2)

= 3 (UkDP(t)()
= i N
= E(tz)-z .
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Thus, making allowances for having identity element 1 instead of
0, we have from the Proof of Theorem 1.2

E(tx) E(sx) = E((t + s))

for all x sufficiently near 0 and all numbers s, ¢ in some segment
centered at 0.

Since u(1, z) = E(z) it follows from Theorem 1.4 that there are
neighborhoods D, and D, of 0 and 1 respectively so that (¥|D,) is a
homeomorphism onto D, and the logarithm function L = (E|D,)™" is
analytic on D,. Choose a positive number d so that the funection V
defined by E(V(x, y)) = E(x)E(y) is defined on R(d) x R(d) and has
absolutely convergent Taylor’s series there. L is canonical coordinate
function constructed in Theorem 1.5 and V is the canonical coordinate
representation for (A4, A4, -) near the identity element 1 which is
given by V(z, y) = L(E(x)-E(y)) as in the case of GL(n).

An algebra (4, +, ) is said to be alternative provided that
(x, x, y) = (y, z, ) = 0 whenever each of x and y is in A. Here
(x, ¥, 2) = (xy)z — x(yz) is the “associator function.” From [14], any
power associative algebra satisfies

(@, x, y) + (@, ¥, ) + (y,®, ) =0,

so if (A, +, -) is alternative we have also that (x, y, ) = 0. Again
from [14] if (A4, +, -) is alternative then A(z, y), the subalgera of
A generated by z, ¥ and 1, is associative.

THEOREM 3.1. If (4, +, -) is alternative and V is the canonical
coordinate representation for - constructed in the preceding para-
graphs, then V* determines V im the sense that V*, for k > 2, is
the specific homogeneous polynomial im the V?* multiplication on A
given by the conclusion of the Campbell-Hausdorff theorem.

Proof. Suppose each of x and y isin A. Since A(z, y) is associ-
ative, the Champbell-Hausdorff theorem holds for A(x, y).

As before, define the function E on A(z, y) by E(z) = 3.2 (1/k!)z",
and let W be defined on an appropriate neighborhood of (0, 0) in
Az, y) X Az, y) by E(W(z, z,)) = E(z,)-E(z,). From our previous
argument, W is a canonical coordinate representation of the multipli-
cation on A(x, ¥). From the definition of W we have W = (V' |dom (W)).

From the definition of the derivative we have V¥(z, y)* = W¥(x, y)*
for each positive integer k. Thus, from the fact that the Campbell-
Hausdorff formula holds for W we have that it holds for V.

Conversely, we shall see below that if the explicit formula for
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V* given in the Campbell-Hausdorff theorem holds for (4, +, -) in
the power associative case then (A4, +, .) must be alternative.

Toward this result we compute several terms of the Taylor’s
series for V. This can be done by the multiplication of power series
as indicated before, or by computing derivatives as follows. Thus,
let g(z, y) = E(V(x, y)) = E(x)-E(y). We compute the derivatives
9z, y) for 1 =1, 2, and 3.

From the chain rule we have

9'@, y)a, b) = EX(V(x, y))(V'(z, y)a, b))
and from the product rule
9'(z, y)(a, b) = E'(x)(a)- E(y) + E(x)-E'(y)®) .

Recall, if h(x, y) = g'(x, y)(a, b) then g¢*(x, y)(a, b)* = h'(x, y)(a, b).
Thus, from the product rule and the chain rule

g, y)a, b)° = B (V(x, y))(V(z, y)a, b))’
+ EX(V(z, )V, y)(a, b))

and recalling the notation (2)* = (z, ..., 2) with 2z occurring k times,

9@, y)(a, b)* = E*(x)(a)"- E(y) + 2E'(x)(a)- E'(y)(®)
+ E(x)- E*(y)(b)" .

Similarly,

9’(x, y)(a, by’ = E*(V(z, y))(V'(x, y)a, b))’
+ 3E(V(x, )(V'(=, y)(a, b), V(z, y)(a, b))
+ E'(V(x, y)(Vi(z, y)a, b))

and

9°(x, ¥)(a, b)’ = E'(x)(a)’- E(y) + 3E*(x)(a)"- E'(y)(b)
+ 3E'(z)(a)- E*(y)(0)* + E(x)- E*(y)(b)" .

We wish to evaluate the preceding derivatives at (0, 0) so to do
this we compute E*(0)(z, v).

EX0)(x, y) = lim L(E ()@ — EO@)
= lim /A3, Wk DP)@) — =)
= lim (ZPW)@) + b 3 B kD P)E)

_1
= 2(wy+yx)-
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Putting (z, ¥) = (0, 0) in the expression for g'(x, y)(a, b)" and using
E*0)(x)* = " we have

(3.2) V0, 0)(a, b) = a + b
(8.3) (@ + by + V0, 0)(a, b)® = a* + 2ab + b

(3.4) (¢ + b+ (3/2)[(a + b)- V0, 0)(a, b)* + V*(0, 0)(a, b)*-(a + b)]
+ V%0, 0)(a, b = a® + 3a%b + 3ab* -+ b° .

From (3.8), V0, 0)(a, b)* = ab — ba. Substituting this in (3.4) and
computing yields

2V(0, 0)a, b)* = 6a’b — ba(ab) + a(ba) — 3(ab)a — 2ba’* + 3(ba)a
+ 4ab* — 5b(ab) + b(ba) — 3(ab)b + 3(ba)b .

To arrange this in more comprehensible form let [a, b] = V¥(a, b)* =
ab — ba and recall the power associative identity [14]; (a, a, ) +
(a, b, @) + (b, a, a) = 0.

Using this notation the above expression becomes

(3.5) V30, 0)(a, b = Via, b)’
— 4(a, a, b) + 20, a, @) + —;—[a, [a, b]]

— 206, b, @) — 4(a, b, 5) + {6, b, all .
We summarize these calculations as follows.

THEOREM 3.6. Suppose (A4, +, -) is a power associative algebra
with tdentity 1 and V 1s the canonical coordinate representation of
(4, A, .) induced by the exponential function E. Then with the nota-
tion (x, 0)7(0, y)°'=((x, 0), ---, (x, 0), (0, ), - - -, (0, ) with (x, 0) occurr-
ing r times and (0, y) occurring s times, we have

(8.7 Vi, y) =2 +y
(3.8) Vi@, y)’ = [z, y] = vy — yx

(3.9) Vi, 00, y) = 4/3(x, x, y) + 2/3(y, x, ¥) + 1/6[z, [, y]]

(310) V(g 0)0, z) = —%(x, 2, ) — %(y, 2, x) + %[x[x, ol .

Proof. The first two of these are immediate from our calcula-
tions. To see (8.9) and (3.10) we observe from (3.5) that
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UstV(ts, sy)* = t{a(x, @, v) + 2w, 3, ) + 21, [+, ¥1I}

+ s{—2(u, Y, ) — 4=, y,9) + %[y, Ly, w]]} ,

if each of s and ¢ is a number. But from Theorem 1.5 and the fact
that V? is symmetric trilinear we have also that

1/stVi(te, sy)® = 3tV3i(z, 0)%0, y) + 3sV3(x, 0)(0, y)* .

The remainder of Theorem 3.6 is immediate from these two
formulas.

COROLLARY 38.11. (A, +, ) 8 alternative if and only if
Vix, 0)%0, y) = V(y, 0)(0, 2)* = (1/6)[=, [, y]].

Proof. If (A, +, .) is alternative, the expressions V* are im-
mediate from Theorem 3.6 and (z, x, ¥) = (y, , ) = 0.

If we have the indicated expressions for V* then from Theorem
3.6 we have

2x, 2, y) + W, x,2) =0 and —(x,2,y) — 2y, x,2)=0.

The only solution to this system is (x, z, ) = (y, , ) = 0 so that
(4, +, -) is alternative.

We now investigate some of the consequences of V* determining
V®. Thus assume V*(z, ¥)® may be written as a polynomial expression
in terms of V2 Since V*z, y)* =[x, y] we shall investigate the
hypothesis H: There are real numbers a and b such that

Vi(x, y)* = 3alw, [, 1] + 3bly, [y, =] .
Conditions which imply hypothesis H are discussed in Theorem 3.31.
Since Vi(z, y)* = 3V?¥[(x, 0% (0, v)] + 3V (x, 0), (0, ¥)*] we see that
H implies
Vi[(x, 0), (0, ¥)] = alx, [z, y]]  and
ViI(y, 0), (0, z)'] = blw, [, y]] -

In view of Theorem 8.6 this is the same as saying the power associ-
ative algebra (A4, +, .) satisfies the identities

(3.12) @ %,9) = (a + = = 2)m, [2, v1]

(3.13) @, vy, 7) = -é—(b — )z, [z, y]
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(3.14) W, 3,0 = (=0~ %+ L)l o, ol
Since undetermined a, b enter into the identities for A4, we take up
the slack by considering quasi-equivalent algebras.

DEFINITION. Let A be an algebra and let u, v be numbers so
that v + v =1 and u — v # 0. Let A° denote the algebra with vector
space A and multiplication zoy = uxy + vyx. A is said to be quasi-
equivalent to an algebra B in case there are numbers %, v so that

A" = B as algebras.

We shall now consider the possibility that if A satisfies hypothesis
H, then it is quasi-equivalent to an alternative algebra. Denoting
(xoy)oz — xo(yez) by (x, y, x)° an easy calculation shows

(@, y, )’ = (u — v)(®, ¥, ®)
= (v — w)qlx, [z, y]]

(x, x, ) = u(z, x, y) — v(y, x, v) + wolz, [z, y]
= (pu — rv + uv)lz, [=, y]]

where p =a + b/2 —1/4, ¢ =(1/2)b—a) and r = —b — a/2 + 1/4.
Also note that if A is power associative, so is A°.

If A° is to be alternative, then noting % #* v we must have
a=2>b or [x,[x,y]] =0 for all x, y in A. In the second case A is
alternative if A satisfies H. Thus we now consider a case when

a = b.

LemMMA 3.15. If A is a power associative algebra which satisfies
condition H and if A contains an idempotent e¢ nmot im the center
of A, then a =b. In this case A° satisfies (x, y, ©)° =0 for all z, y
in A°.

Proof. Suppose the idempotent ¢ of A is not in the center of
A. Define the linear transformation 7 on A by T(x) = (1/2)(ex + xe).
Then from [14, p. 181] T satisfies 27° — 3T* + T = 0 and consequently
T has the three simple characteristic roots 0, 1, 1/2. Thus A has the
direct sum Peirce decomposition

A:A0+A1+A1/2

where A, = {x: T(x) = 12} for + =0, 1,1/2. From [14, p. 131] it fol-
lows that x € A, for ¢ = 0, 1 if and only if ex = xe = iw. Also x€ A4,,

if and only if xe + ex = x.
As in Lie algebras, let ade be defined on A by

ade(x) = [e, x] = ex — xe .
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If xis in A, or A,, then ade(x) = 0. Since ¢ is not in the center of
A we must have some x,, in A, so that ade(x,,,) # 0 and consequently
A, is not the zero subspace.

Choose y in A,, with y = 0. Then using identity (8.12) with
x =¢ and ey + ye = y we obtain

p(ade)z(y) = (6, ¢, y)

= ey — e(ey)
= ey — e(y — ye)
= e(ye) .

Similarly using identity (38.14) with © = ¢ we obtain

r(ade)(y) = (v, ¢, €)
= (ye)e — ye
= (¥ — ey)e — ye
= —(eye .
But

(ade)(y) = ade(ey — ye)
= e(ey) — e(ye) — (ey)e + (ye)e
= e(y — ye) — e(ye) — (ey)e + (y — ey)e
= ey — 2e(ye) — 2(ey)e + ye
=y — 2p(ade)’(y) + 2r(ade)’(y) .
Consequently (1 + 2p — 2r)(ade)(y) = ¥y # 0 since we have assumed
y # 0 in A,,. Thus we may conclude that 1 + 2p — 27 = 8a + 8b = 0

and using the direct sum A = A, + A, + A,, we see (ade)* has a
matrix of the form

0 0 0
(0 0 0 )
0 0 A

where A = 1/(1 + 2p — 2r). Thus trace (ade)® += 0.
Now defining endomorphisms L and R on A by L(x) = ex and
R(x) = xve we see from identity (3.13),
(RL — LE)(®) = (¢, 3, €) = = — a)ade)(x)

so that RL — LR = (1/2)(b — a)(ade)’. Since trace (RL — LR) = 0 and
trace (ade)® = 0 we obtain b — a = 0 which proves the lemma.

THEOREM 3.16. Let A be a power associative algebra which
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satisfies condition H. If A contains an idempotent e which is not
in the center of A, them A or the complexification of A 1s quasi-
equivalent to an alternative algebra.

Proof. From Lemma 3.15 we have (z, ¢, ) = 0 and consequently
(x, y, 2)° = 0 for any u, v used to define A°. Thus to make A° alter-
native it suffices to choose u and v to make (z, z, ) = 0. This uses
again the identity (z, x, %) + (x, ¥, )° + (9, z, 2)° = 0, since A° is also
power associative.

We do this as follows. Since (z, x, ¥)° = (p + wv)|z, [z, y]] with
u + v = 1 it suffices to choose u so that

O=p+ull—u)=p+u—u.

From the lemma, a = b 5= 0 and therefore p = (3/2)a — 1/4. Thus the
discriminant of the quadratic equation is 6a. So if a is positive we
may choose % = 1/2+(1/2)16a to obtain the conclusion.

If a is negative we use the complexification 4, =C x A of A.
Thus A, can be regarded as formal linear combinations x + iy for
x,ycAand i =1 —1. Next since A is power associative, so is A.
From identities (3.12), (3.13), (3.14) we replace x by z + z and simplify
to obtain the identities

(3.17) (x, 2, y) + (2, 2, ) = plx, [2, yll + plz, [2, y]]
(3.18) (@, y, 2) + (2, y, ©) = qlz, [2, yl] + alz, [, ¥]]
(3.19) (y, @, 2) + (y, 2, ®) = 7lx, [2, yll + 7[z, [=, ¥]

where p, q, v are as before. Using these, a straightforwad calcu-
lation shows A, also satisfies the identities (3.12), (3.13), (3.14) which
define A. Thus for A, we also have (z, y, ) = 0 in A?. By choosing
u = 1/2+(1/2)16a in C we obtain (z, z, ¥)° = 0 in A} so that (47, +, °)
is alternative.

As previously noted when A is alternative, a local loop induced
by the multiplication in A satisfies the Campbell-Hausdorff Theorem.
The above theorem shows that if a Campbell-Hausdorff Theorem holds
—or actually just the dependency of V® on V®, then the idempotent
condition implies A is essentially alternative. We now replace the
idempotent condition with that of semi-simplicity to obtain additional
results.

LEMMA 3.20. Let I be an ideal of (A, -, -). Then I°=1 (as
sets) is an ideal of (4, +, o). Conwversely, if I’ is an ideal of (A, -, °)
then I s an ideal of (A, +, ).
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Proof. Let xel and yc A, then since xy, yrel we see that
from the definition of zoy that zoy and yox are in I. Thus I is
also an ideal of A°.

Conversely, if I° is an ideal of A° then since quasi-equivalence
is symmetric, I is an ideal of A.

Using the previous notation (z, v, 2)° and [z, ]’ = xey — yoz in
A’ we note

[z, 9]’ = (w — o)z, y] and [ [z, y]T = (u — 0)[, [2, ¥]] .

Thus let A be a power associative algebra satisfying condition H.
Then A satisfies equations (8.12), (8.13), (3.14) and, with », ¢, » as
before, we see A° satisfies similar identities

(@, z, y)' = 2L =T L UV [, y]T"

(u — v)
(@, y, ) = —L [, [, Y]]
U — v
(y7 x} x)o = (’ru — pv - u’v) [x’ [x) ,-y]o]0
(u — v)*

where w +v =1, u — v+ 0. We now choose u, v such that

0=ru— pv— uv
=w+@r+p—Lu—0p.

Thus if 2p — 21 + 1 == 0, then « #= 1/2 and for v =1 — u # u we see
A’ satisfies

(3.21) (Y, &, %)’ =0
(322) (%’, €, y)o = 7\,[%‘, [(E, y]O]O

where x = (pu — v + wv)/(u — v)* = (p + 7)/2u — L) usingu +v =1,
u # 1/2 and ru — pu — uv = 0.

Algebras satisfying these identities were considered in [4] from
which we use the following results. Let M be the subspace of A
spanned by the associators of the form (x, x, ¥) and (z, y, ) for all
z,y€A. Then M is an ideal of A such that M* = 0. Consequently
if A is simple or, more generally, semi-simple (i.e., a direct sum of
simple ideals), then M = 0 and therefore A is alternative. Using
the fact that our algebra A° and its complexification (A.)° satisfies
these identities (note the proof of Theorem 8.16) we use Lemma 3.20
to obtain the following result.

THEOREM 3.23. Let A be a power associative over the real num-
bers such that A or A, is semi-simple. If the algebra A° satisfies



ANALYTIC H-SPACES, CAMPBELL-HAUSDORFF FORMULA 129

the identities (3.21) and (8.22) above, then A° is a semi-simple alter-
native algebra.

REMARKS. Using Theorems 3.16 and 3.20 we can obtain further
information about the original algebra A depending on the two cases
A== 0 or x =0 for \ given in equation (3.22).

Case )\ = 0 implies from [4] that A° is a direct sum of associa-
tive, commutative integral domains. Since A° is finite dimensional,
this implies A° is a direct sum of fields isomorphic to the reals or
complex numbers [14]. Since A° is commutative with zoy = uay +
vyx, we see xy = xoy and (x, ¥, 2) = (x, ¥, 2)° = 0. Consequently A
is commutative and associative. Thus A is a direct sum of fields
isomorphic to the real or complex numbers and V(x, y) =« + y.

Case )\ = 0 implies

O0=x=( +7)2u—1

using the formula following equation (3.22). Thus » = —7 and from
the definition of » and » (preceding Lemma 3.15) we see ¢ = b. Thus
using equations (3.12), (3.13), (3.14) the original power associative alge-
bra A satisfies

(@, y,2) =0 and (x,2,9) = %[x, [z, y]]

where » = (3/2)a — 1/4 and %*— u — p = 0. (We can assume p = 0
using Corollary 3.11.) Algebras satisfying these identities are studied
in [7] and they need not be alternative.

From Theorem 3.23 the algebra A° is alternative. Consequently
for the induced local loop (R", D, V°) we have V° given by
E'(x)o E'(y) = E°(V(», y)) where E° is the exponential map in A°.
But since the powers in A and A° are equal, E(x) = E°«x) and
therefore

E(V(x, y)) = uli(@)E(y) + vE(y(Ex)
= ul(V(z, y)) + vE(V(y, x)) .

From this we obtain a formula for the original V(x, y) in terms of
V*(x, y) and consequently in terms of the Campbell-Hausdorff formula
by E(V(z, v)) = (u/(w — v))E(V (x, y)) + (v/(v — u)E(V(y, x)).

In the case that the original semi-simple algebra is alternative,
A=A ---PA, as a direct sum of simple associative algebras or
simple 8-dimensional Cayley algebras. If some A, is the 8-dimensional
Cayley numbers, then the invertible elements of A, form a Moufang
loop and consequently induces a local loop (D, V;). The anti-commu-
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tative algebra induced by Vi(x, ¥)* is the 8-dimensional Malcev algebra
A7 (i.e., the vector space A, with multiplication [z, ¥;]). If R denotes
the real numbers, then the algebra A; has the one-dimensional center
R1. The simple 7-dimensional anti-commutative algebra A;/R1 is
the “tangent algebra” to the 7-sphere S7, in A, consisting of all those
vectors of norm one [10].

We now summarize the general results as follows.

THEOREM 3.24. Let A be a power associative algebra with 1 so
that A or A, is semi-simple. Let (R*, D, V) be the canonical coordi-
nate representation of (A, A, ) as before. Then hypothesis H holds
if and only if A 1is quasi-equivalent to a semi-simple alternative
algebra.

Proof. If hypothesis H holds for (R®, D, V) then A is quasi-
equivalent to an algebra A° satisfying equations (8.21) and (3.22).
Thus by Theorem 3.23, we obtain the desired conclusion.

Conversely, if A is quasi-equivalent to an alternative algebra
A°, then using the equations preceding Lemma 3.15 we obtain

0=(zy 2 =@uw—vFy,x
so that (x, y, x) = 0. Using this and A is power associative we have
(@, @, y) + (y, x, ) =0.
Consequently,

0=(z, 2 9)°
= u(®, 2, y) — v(y, x, ) + wolz, [z, y]]
= (u + v)(z, x, ¥) + wvlz, [z, y]]
= (z, », ¥) + wolz, [, y]] .

Thus from equation (3.9) and the above formulas we obtain

W@W@w=immw+i@%w+%mmm1

%mww+—WMyn

= (3 = Zuo)lz, [, v1]

afz, [x, y]]
where 3a = 1/6 — (2/3)uv. Similarly

fl



ANALYTIC H-SPACES, CAMPBELL-HAUSDORFF FORMULA 131

Vi@, 0)(0, y)* = by, |y, ]

so that hypothesis H is satisfied.

We now investigate conditions on a power associative local loop
so that it satisfies “hypothesis H”. Thus we have seen that if the
canonical coordinate multiplication function V satisfies hypothesis H
and if the local loop multiplication is induced from an algebra A,
then A is essentially an alternative algebra. Next note that an
alternative division algebra A also satisfies the inverse property
identities

v (wy) =y = (yx)x!

for all nonzero z, y in A; see [1, 2, 8]. We shall make a similar
assumption on a local power associative loop and observe that hy-
pothesis H is satisfied.

Thus let (R", D, V') be a local power associative loop in canonical
coordinates. Then using V(sx, tx) = (s - t)x we see that the local
inverse of x is —a and the inverse property identities become

We shall assume this holds for the local loop and show this implies
hypothesis H as stated in Theorem 3.31 and Corollary 3.32.
As before let

< I I
Ve, g) =+ y + ol y) + 3 LEU
o3 o1

where we have seen a(x, y) = (1/2)V(x, y)* satisfies a(x, y) = —a(y, x)
and in general for s, £ in R and &k = 2,
Vi(sz, tx)t =0 .

This implies for &~ = 3 that

0 = 3V?[(sw, 0), (0, t2)] + 3V7((sx, 0), (0, tx)’]

= 3s'tV’[(x, 0), (0, 2)] + 3s*V’[(x, 0), (0, 2)°]

which implies
(3.26) Vi, 07, (0,2)] =0 and V', 0), (0, 2)"] =0.

Next we expand equation (3.25) into its Taylor’s series up to terms
of order 3 to obtain

y = Vx, V(—=,v))

=2+ V(—2, y) +alx, V(—2,9) + Viw, V(=a, y))’ + ---

3!
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3—— 3 o o o
=x+<——x+y+a(—x,y)+v( x’gy')"' )

Vi, —2 + g + -
3!

+a(, —x +y +a(—x,y) + )+

V(=29 Vi, —z +y)
3! 3!

=y + — ofx, a(x, y)) - - - .

This implies

Vi, y) | Vi, —2 +y)

a(z, al@, ) = = ;

and using multi-linearity to expand the right side of this equation,
we obtain

3! a(=, alz, ¥)) = 3V*[(—x, 0, (0, »)] + 3V°[(—=, 0), (0, »)]
+ 8V¥(x, 0)°, (0, —2 + y)] + 8V*[(=, 0), (0, —2 + 9)’]
= 3V*[(=, 0", (0, 9)] — 3V°[(x, 0), (0, »)’]
— 3V7[(, 0y, (0, #)] + 3V*[(=, 0)*, (0, »)]
+ 3V¥(x, 0), (0, —x + ¥), (0, —2 + »)]
= 6V7[(=, 0", (0, )] — 6V°[(x, 0), (0, @), (0, )]

using equations (3.26). Therefore

3.27)  a(x, alz, v)) = V[, 0)*, (0, »)] — V°[(=, 0), (0, @), (0, ¥)] .
Similarly expanding y = V(V(y, —x), £) we obtain

(3.28)  a(a(y, ), x) = V°[(y, 0), (0, 2)'] — V*[(y, 0), (=, 0), (0, »)] .
Next in (8.26) we replace # by # + ¥ and use multi-linearity to obtain

0=V + 9,000,z + y)]
= V¥{(=, 0%, (0, )] + V’[(=, 0%, (0, y)]
+ 2V¥[(x, 0), (g, 0), (0, 2)] + 2V°[(x, 0), (¥, 0), (0, )]
+ V?[(y, 0)%, (0, 2)] + V°[(y, 0, (0, )] .

Now using (3.26) and considering terms of the same degree in x and
Yy, we obtain

(3.29) ViI(=, 0), (0, »)] + 2V*[(y, 0), (z, 0), (0, x)] = 0.
Using the other equation in (3.26) we similarly obtain
(3.30) V:[(y, 0), (0, 2)°] + 2V7[(x, 0), (0, x), (0, »)] = 0.

Substituting (3.29) into (8.28) and (3.30) into (3.27) and using anti-
commutativity, we obtain
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a(z, a(z, ) = V°[(y, 0), (0, 2)7] + %Vg[(w, 0, (0,)] and

a(e, a(z, y)) = %VS[(y, 0), (0, ] + V¥[(z, 0%, (0, )] .

These can be regarded as a system of equations in the V* and have
solution

Vel(, 0%, (0, y)] = —g—a@c, a(w,y) and

V[, 0), (0, 2)] = %a(x, alw, v)) .
Denoting a(zx, y) = (1/2)Vi(x, y)* = (1/2)[x, y] this gives
Vi, 00, y) = V(y, 0)(0, z) = %[x, [z, y]] .

With the above equations, we obtain from Corollary 3.11 and the
definition of “hypothesis H” the following result.

THECREM 3.31. Let (R", D, V) be a local power associative loop
given in canonical coordinates. Suppose the inverse properties (3.25)
are satisfied. Then hypothesis H is satisfied. In case the local loop
(R", D, V) is induced by a power associative algebra A, them A is
alternative.

Combining previous results with those in {1, 2] gives the following.

COROLLARY 3.32. Let the local loop (R*, D, V) given in canonical
coordinates be imduced by a power associative algebra A. Then A
is alternative if and only if the Campbell-Hausdorff formula holds
Sor V if and only if (R", D, V) satisfies the inverse property identities.
Thus in this case the first two derivatives of V at (0, 0) determine
the Taylor’s series for V and the corresponding local loop is a local
Moujfang loop.
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