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CARTAN SUBALGEBRAS OF BANACH-LIE ALGEBRAS
OF OPERATORS

HuMBERTO R. ALAGIA

A method to determine the Cartan subalgebras of certain
real Banach-Lie algebras of operators is described. The
algebras in question are the real, simple, separable, infinite
dimensional L*-algebras, realized as algebras of Hilbert-
Schmidt operators.

1. Introduction. Banach-Lie algebras appear in many different
contexts. One particularly interesting class of examples is provid-
ed by L*-algebras, first studied by Schue ([7], [8]). An L*-algebra
L is a Lie algebra (over the real or complex field) whose underly-
ing vector space is a Hilbert space together with a “star map”
x> 2* satisfying the condition ([z, ¥], 2> = (¥, [2*, z]) for every z,
y,z€ L. Here (,) denotes the inner product in the Hilbert space
L and [,] the product in the Lie algebra L.

If L is a finite dimensional semisimple Lie algebra over the
complex field, then every compact real form L, of L determines a
structure of L*-algebra. Indeed, if ¢ denotes the conjugation of L
with respect to L, define an inner product by <z, ¥) = B(x, a(y)) for
every x, y € L, where B is the Killing form of L, and set z*=—o(x).
Then it is easily checked that (L, {,>, *) is a complex L*-algebra.

Infinite dimensional examples are provided by the associative
H*-algebras of Ambrose [1], considered as Lie algebras by setting
[, y] = 2y — yz.

An L*-algebra is semisimple if its center is {0}. This paper is
concerned with infinite dimensional, separable L*-algebras which are
moreover simple (i.e., do not contain any closed ideals different from
{0} and L). For all definitions and basic facts of the general theory,
see [7], [8], [5].

Let 27 denote an infinite dimensional, separable complex Hilbert
space. The set L,(5#) of all Hilbert-Schmidt operators on 54 has
a structure of L*-algebra, where {,> is the usual inner product de-
fined on L,(2#) and the =-operation is the operation of taking the
adjoint of an operator T. This L*-algebra will be denoted by L,;
it is a simple L*-algebra of type A and all other simple L*-algebras
are isomorphic (up to a multiple of the inner product) to a (real or
complex) L*-subalgebra of L,. In particular L, and L, will denote
the simple, complex L*-algebras of type B and C respectively, con-
sidered as subalgebras of L,. For details see [7], [3], [4], [10].

In the following list I denotes a simple complex L*-algebra (L,,
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Ly or L), 6 an involutive automorphism of I and L the real form
associated to 6. 6, is the automorphism of I defined by T — UTU-
and @, is the automorphism of L defined by T — —JTJ-*. (Concern-
ing the group Aut(L) of automorphisms of an L*-algebra see [3],
[4], [10].) All the operators act on the fixed Hilbert space S7.

Type A.
L =L, ={T: T is a Hilbert-Schmidt operator on S5#}.
Al : 0 = ¢@,, J fixed conjugation on 57
L=L,={TeL,TJ=JT}
All: 60 = ¢,, J fixed anticonjugation on 57
L=L,,={TeL,:TJ=JT}
AIll: 6 = 6,, U unitary operator on &7, U* = I,
oA = {we o7 Ux = x} dim 25" = m, n = 1 or infinite.
L =Lyu., ={TeL, T*U + UT = 0}

Type B.
J¢ denotes a fixed conjugation on 57 and
L=L,={TeL;T*J°+ J°T = 0}
BI: 60 =6,, U unitary operator on 57, UJ° = J°U, U* =1
dim 577 = n, n = 1 or infinite
L =Ly, ={TeL;:T*U + UT = 0}
BII: 4 = 6,, U unitary, UJ° = J°U, U*=—1
L=1Lg;={TeL,T*U + UT = 0}

Type C.
J? denotes a fixed anticonjugation on 57
L=L,={TeL, T*J* + J°*T = 0}
Cl: 6 =6y, U as in BII
L=Ly={TeL;:T*U+ UT = 0}
CIl: 6 =46,, U as in Bl
L = Loy = {TeL,;: T*U + UT = 0}

Now let L be a semisimple L*-algebra and Aut(L) its group of
L*-automorphisms. If L is complex and finite dimensional a clas-
sical result states that any two Cartan subalgebras are conjugate
under Aut(L). The result does not hold for real Lie algebras but
still there is only a finite number of conjugate classes ([6], [9)).
For complex, infinite dimensional, separable L*-algebras it is shown
in [2] that any two Cartan subalgebras of a simple L*-algebra of
type A or C are conjugate, whereas in type B there are two con-
jugate classes (a consequence of the fact that in infinite dimensions
the classical Cartan types B and D coalesce).

This paper concerns the determination of the Cartan subalgebras
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n real simple L*-algebras up to conjugacy wnder the full group of
L*-automorphisms. Using the realizations listed above, the problem
reduces to the determination of Cartan subalgebras of L*-algebras
of Hilbert-Schmidt operators, which are commutative families of
compact normal operators. Thus the problem is amenable to treat-
ment by elementary operator theory techniques.

The method can be applied more generally to other Banach-Lie
algebras of operators as pointed out in [5]. The reader is referred
to this work as a general reference to the whole subject.

Since the actual determination of the Cartan subalgebras be-
comes rather tedious and repetitive, the details will be restricted
mainly to algebras of type A. This will be sufficient illustration of
how the method works. In the other cases, the results will simply
be listed.

2. Db-eigenvalues and automorphisms. Let § be a real abelian
L*-algebra of Hilbert-Schmidt operators acting on the complex
separable infinite dimensional Hilbert space &#. Let H* denote the
space of all bounded linear functionals on the real Hilbert space y
and let (9*)¢ denote its complexification. The elements of (H*)¢ are
of the form p = a + 18, with a, ebh*. (H*)° is the space of all
bounded <Z-linear maps p: 9 — C.

An element pe (§*)¢ is said to be an p-eigenvalue if the closed
subspace of o7

ot ={xeF Hy = w(H)x Vv Hel}

is #{0}. 5% is the corresponding Y-eigenspace.

The existence of )-eigenvalues follows from the spectral theorem.
In fact, § is a commutative set of compact normal operators acting
on 57 and thus can be simultaneously diagonalized.

PROPOSITION 2.1. The Hilbert space 57 admits the direct sum
decomposition into orthogonal Y-eigenspaces SF = D, 57 where
ranges over the whole sequence of Y-eigenvalues. Fach subspace
57 18 D-imvariant and finite dimensional, except possibly when
r=0.

Proof. If p is an Yh-eigenvalue then p(H) is an eigenvalue for
the operator H, for all Hel) and 5#4C 54, = H-eigenspace cor-
responding to p#(H). If X\ is another H-eigenvalue with ¢ # ) choose
H such that p(H) + \(H). Then S#44u and 54y are mutually
orthogonal. Thus 5%, and 5% are mutually orthogonal. Since 57
is separable, there are at most countably many Y-eigenvalues. Each
eigenspace is finite dimensional (except possibly if = 0) because
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every He) is a compact operator. ]

Consider the decomposition ) = H+ + §~ where h* = {H: H*=— H}
and )~ = {H: H* = H} the so called “x-decomposition” of ) as sum
of its “toroidal” part H+ plus its “vector part” Y~ (see [9]). Then for
an D-eigenvalue p, #(H) is real if HeY)~ and p(H) is purely imagin-
ary if Heb .

An Y-eigenvalue g+ 0 is said to be real (resp. tmaginary) if
vt R (resp. u(h)ciR). If p¢ is neither real nor imaginary it will
be called complex.

Consider an automorphism ¢ of the L*-algebra L, of all Hilbert-
Schmidt operators on 5 and let §, = o(§). Then %, is also a real
abelian L*-subalgebra of L,. The unitary operator o induces an
orthogonal map (again denoted by o), 0: ) — ¥, which in turn induces
a linear map o*: (§7)¢ — (H*)¢ defined by o*(¢t') = to0, for g e (b¥)C.
It is easily verified that ¢* is a norm-preserving isomorphism.

It is known that the automorphisms ¢ of L, can be of one of
the following types:

(1) 6=0,2T—UTU, (2) o=, T—> —JTJ*

where U is a unitary operator on 57 and J a conjugate unitary
operator (see [3], [4], [10]).

For Hel let H = o(H)el, and for an D-eigenvalue p/, let
1= o*(t).

First assume (1) holds; then H'=UHU ' and if ye o7, HU 'y =
UH'y = U'pWH )y = WHYU 'y = foo(H)U 'y = o*(W)H)U 'y
i.e.,, HU'y) = (H)U'y. Hence p is an B-eigenvalue and o# =
U-'s#. If (2) holds a similar argument shows that HJ 'y=—
M(H)J'y. Thus, —g¢ is an H-eigenvalue and 5#4 = J54..

To unify the notation, ¢* will denote either ¢* or —o* accord-
ing to whether ¢ =6, or @, respectively and ¢’ = o*(¢) for an
b-eigenvalue p¢. Thus one has the following

PROPOSITION 2.2. Let § be a real abelian L*-subalgebra of L,
and let o€ Aut(L,). Then the map p+— p° establishes a one-to-one
correspondence between o(b)-eigenvalues and Y-eigenvalues. If S
denotes the o(9)-eigemspace corresponding to tt then o, = U2
or J 157 according to whether ¢ = 0, or @;, respectively. More-
over t is real (imaginary, complex) if and only if p° is real (im-
aginary, complex).

Given § as above, let k (resp. p, s) denote the number of real
(resp. imaginary, complex) H-eigenvalues. Then b is said to be of
type (k, p, s). One has 0 < k, p, s =< oo and since 57 is infinite dimen-
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sional at least one of &, s or p is .

COROLLARY 2.3. Let Y) be a real abelian L,-subalgebra of L,
and let o€ Aut(L,). Then § and %, = () are both of the same
type. In other words, the type of § is an invariant of conjuga-
tion under the group Aut(L,).

3. Cartan subalgebras of real L,-algebras of type A, Let J
denote a fixed conjugation on & and let L={Tec L,: TJ=JT}. The
elements of L are called J-real operators. If 52 = {xeF: Jx = x}
then 57 is a real Hilbert space and 5% = 24 + 1.54. An ortho-
normal basis for 5% is also an orthonormal basis for £#°. With re-
spect to such a basis, L can be realized as the set of all Hilbert-
Schmidt matrices with real entries. This is a real form of type
Al

Let § be a Cartan subalgebra of L. The problem is to deter-
mine the conjugate class of § under the group Aut(L). Let p be
an P-eigenvalue and let x € 97, x + 0. Then

HJx = JHx = Ju(H)x = p(H)Jx VHe).

Since Jx %= 0 it follows that #Z, defined by #A(H) = p(H), is an
h-eigenvalue and that 57 = Jo#.

Next notice that ¢ =0 is not an b-eigenvalue. Indeed, let
KerY) = {xe5#: Hx = 0 VHe ))}; this a closed subspace of 5% which
is b and J-invariant. If Ker ) {0} consider the orthogonal decom-
position & = Ker §) + (Ker §)*. Any J-real operator T = 0 and vani-
shing on (Ker §)* commutes with ) and does not belong to §. Since
) is maximal abelian, this is a contradiction. For each )-eigenvalue
y set B, =57, + 5. If p=+ [, this is an orthogonal decomposi-
tion. If =g, ¢ is a real eigenvalue and #, = 5#. It follows
that .2, is a closed subspace of 57, invariant under § and J. In
particular

%‘u = %yo + ia@yo

with &) = Z#. N 5%. Since ¢ =0 is not an [-eigenvalue, 57 is
finite dimensional. Hence dim, .2, = dim; .2, is finite for all p. 2,
is even dimensional except when g is real. Furthermore if T is
any J-real operator and x € 5%, JTx = TJx = Tx. In particular 2!
is h-invariant. Combining these observations with Proposition 2.1,
one obtains an orthogonal decomposition of the real Hilbert space
A

3.1 = 20
©
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wnto b-invariant finite dimensional subspaces, where p ranges over
the whole sequence of )-eigenvalues.

If p is a real eigenvalue then any H € b+ (i.e., H skew-symmetric)
vanishes on &2, and hence on .2’. It follows that the restriction
of any Hel to <&/ is a scalar matrix pu(H)I (velative to any basis).
Assume that dim .2z} > 1; then any operator = 0 en 5% which is
diagonal on .22/, but not a multiple of the identity, and =0 on
(#)*- commutes with §) but does not belong to §. This contradicts
the maximality of . Therefore, if ¢ is real, dim &%, = 1.

If p is complex (neither real nor imaginary), consider the re-
striction of § to the finite dimensional Hilbert space .2#.. This is a
commutative set of normal operators; hence there is an orthonormal
basis of .2 relative to which the matrices of HeY), restricted to
. consist of 1/2 dim .2 diagonal blocks of the form

h a
(8.2) [—a h}

where ) = y(H-)e R, a==*i¢(H*)e R. A maximality argument as
above shows that there is only one block. Hence, dim .22 = 2, when
1 is complezx.

Finally, if ¢ is imaginary, b acts on .22 as a commutative set
of skew-symmetric operators. Again there is an orthonormal basis
relative to which the restrictions of He)) to <2, consist of diagonal
blocks as above but with # =0,a=+y(H)c R. But this situation
is imposible since any operator =0 on (<Z.))", with a matrix like the
above on .2 but with nonzero diagonal, would commute with b.
Hence, there are no imaginary 9H-eigenvalues.

Let )\ range over all real eigenvalues and ¢ over all complex
ones. Then the decomposition (3.1) can be rewritten:

(3.3) S =D, B+ ; K22
y

with dim &2 = 2, dim &2 = 1.

The type of 0 (see §2) is (k, 0, s) with 0 < k, s <  and at least
one is oo,

Construet an orthonormal basis of 5% by taking a unit vector
in each <29 \ real, and an orthonormal basis of 2., for each com-
plex p¢ such that each Hel restricted to this subspace has the
form (8.2). This is also an orthonormal basis of 5 and by means
of this basis Y) is realized as an algebra of Hilbert-Schmidt matrices.
The form of the matrices is determined by the pair (%, s) according
to the following possible cases:

(a) 0= s < o, k= . By suitably ordering the eigenvalues,
write
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(3.4) o= Gy + > G
=1 J=25+1
and construct an ordered orthonormal basis as deseribed above.
Then ) consists of matrices with s diagonal blocks of the form (3.2)
and an infinite diagonal (g, +-- - - ). The maximality of ) implies
that ) consists of all such matrices with real entries.
(b) 0=k < o,s= . In this case, construct the basis accord-
ing to
k =)
(3.5) Ty = 2L+ D G -
j=1 ’ i=k+1
Hence { consists exactly of all matrices with real entries, beg-
inning with a finite diagonal (h,, ---, h,) followed by infinitely many

diagonal blocks of the form (3.2).
() k= oo,s=co. Put

(3.6) =, B+ S B,
g=1 J=1

and obtain a basis relative to which § consists of all real matrices
with two diagonal infinite blocks, the first consisting of infinitely
many diagonal blocks of the form (3.2), the second an infinite dia-
gonal matrix.

Each of the matrix realizations obtained depends only on the
type of . Such a matrix realization will be called a standard
matriz realization of ) and the associated orthonormal basis of 57
will be called compatible with 5.

THEOREM 8.1. Two Cartan subalgebras § and § of L are con-
jugate under the group Aut(L) if and only if they are of the same

type.

Proof. Assume 0 and [ are of the same type. Let @ and &’
be bases of £# compatible with § and 0§’ respectively. Then the
corresponding matrix realizations are identical. Let U be the uni-
tary operator of 7 defined by Up; = ¢}, p;€ @, p;€@’. Since U
leaves 57 invariant, UJ = JU. Therefore the automorphism of
L, 6,:T— UTU leaves L invariant. Thus, its restriction to L,
again denoted by 6,, is an automorphism of L. Obviously 6,.(§)= Y .

Conversely, let o € Aut(L) be such that § = o(). Extend ¢ to
an automorphism of L,, again denoted by o¢. It follows by Corol-
lary 2.3 that ) and §)' are of the same type. ]

If § is of type (o, 0,s) it follows from case (a) above that
dim H+ = s. Hence
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COROLLARY 3.2. Let ) and % be two Cartan subalgebras of L
satisfying dim bt = dim )t < . Then bH and 9§ are conjugate
under Aut(L).

The real forms of type AII can be dealt with in a similar
fashion. It turns out that any Cartan subalgebra is of type (0, 0,
). Theorem 3.1 is valid in this case and hence any two Cartan
subalgebras are conjugate under Aut(L). This result also holds for
finite dimensional real simple Lie algebras of type AIL ([9)]).

The real forms of type AIII present some interesting new fea-
tures. Let U be a unitary involution of 57, i.e., U is a unitary
operator with U? = I. Then 57 admits the orthogonal decomposi-
tion

F = S+ S

with £#,* = {xe &#": Uxr = +2}. The involutive automorphism 64, of
L, gives rise to the real form

L,=L={TeL,,T*U+ UT = 0}

of type AIII. If V is another unitary involution of 227, then L,
and L, are conjugate under Aut(L,) if and only if either

(i) dim £+ = dim 2#* and dim 52~ = dim 25~
3.7) or

(ii) dim 5%+ = dim 2%~ and dim 2#,- = dim 5%+,

(see [3], [4], [10]).

Since L, = L_, it may be assumed without loss of generality
that dim 24+ = . Hence L, and L, are conjugate if and only if
dim 57~ = dim 57~

For each » = 0 or n = « let U be such that dim 54~ = n; then
(Lt = Ly:m =0 or =} gives a complete set of representatives
of conjugate classes of real forms of type AIIl. If »n=0,U=1
and L, is the “compact® real form of L,. We shall assume U = I.)

Let ) be a Cartan subalgebra of L =L, and let 2 be an
p-eigenvalue. Since HU=—UH?* for all He, one has

HUxs=—UH*x=—UpH*x=—pH*Ux , V€ F .

This shows that z defined by fi(H)=—u(H™*), is also an h-eigenvalue
and 57 = Us#.

Since for every p, p(H) = p(H*) one has f(H) = —p(H), i.e.
f=—p. In particular p = f if and only if ¢ is imaginary. Thus,

(3.8) B = 54 + Fx

is a closed subspace of S#-invariant under ) and U. This is an
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orthogonal decomposition, unless ¢ is imaginary in which case .2, =
o = G5
Since &2, is U-invariant, there is an orthogonal decomposition

.%‘u = u%y-,- + «g/?#—
where

v@yi = <@ymyﬁi .

First notice that an argument similar to that used in case AI
shows that ¢ = 0 is not an Y-eigenvalue.

If the eigenvalue g is not imaginary there exists Heb~ such
that p#(H)==0. In this case H:.&.*— .2~ is an isomorphism.
Indeed, any self-adjoint T e L maps S5%,* into S54,~; it follows that
Hel maps .+ into .<Z,~. This mapsis 1:1. Let v e .<Z,* and write
v =2+ % according to (3.8). Then Hv = pu(H)x+ f(H)% = (H)(x—%).
Hence Hv = 0 if and only if # — & = 0, i.e., if and only if v = 0.

To see that H is onto let we ..~ and write w =y + ¥, ac-
cording to (3.8). Set v = (1/u(H))(y — ¥), then ve.&Z, and Hv = w.
One can easily check that U» = v and so v e .ZZ." .

Therefore dim .22, = 2dim .ZZ.* = 2dim .Z2.~, is even if [t is ot
Tmaginery.

Using that 5#°y = US#., choose an orthonormal basis of .2,
O, = {p;:1 = j = 2q}, 29 = dim .ZZ,, such that ¢,.; = Up;1 = j < q.

If Hebh*, then Hp; = p(H)p;,1 < j < 29. On the other hand
if He Y,

Hop; = t(H)p; ; Hppj=—p(H)Py;, 1=7=q.
Define a new orthonormal basis of ., ¥, = {y;: 1 < J = 29} by

Yop—1 = 171——2"—(ng + 1/:—_1¢q+k) s Yo = 171?(1/__1‘;% + ¢'q+k) ’

1=hk=q.
An easy computation shows that, if Hebh*
Hy;=pH)p;, 1=7=2¢
and that if Hep~
Hyjryp ==V =1p(H)p 5 Hoprop = V' =1 H)opg—,

for 1=k < q.
Moreover

Urpojms = Yo ; U“llec:’l/fzkﬂ 1=k=gq.

Therefore relative to ¥, the matrices of the restrictions of H
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to &2, consist of ¢ diagonal blocks of the form

h a
(3.9) [_a h}

with h = p(H+), a = 1¢#(H~), whereas the matrix of U consists of
g diagonal blocks of the form

01
(3.10) [1 01.

—

Then the maximality of §) implies that ¢ = 1, i.e., dim.=Z, = 2.
Remember that this is valid under the assumption that g is not
wmaginary. Using this one concludes easily that there are no real
etgenvalues.

If ¢ is imaginary, then #, = 5#, = 5~ and it can be easily
shown that dim .2, = 1.

Summing up, there is an orthogonal decomposition

%=Z%y
;1

where p ranges over all b-eigenvalues complex and imaginary and
where the subspaces Z. are ) and U-invariant and dim &2, = 2 if
L is complex, dim <2, = 1 if @ is imaginary.

Assume now that dim 5%,-=n< . Since .&Z,~ 1 .7, if the eigen-
values g, ) are different and since .Z,~C 5%, one has: 3,,dim .&Z,~ =
dim 52, = n.

By the preceding considerations, if ¢ is complex then dim .ZZ,~ =
1/2dim .<Z, = 1. Thus the number s of complex eigenvalues is <n
and any Cartan subalgebra is of type (0, «, s) where s < n. The
number ¢ = n — s is the number of imaginary eigenvalues v such
that &~ = # cC 5.

Proceeding as in the case Al one can construct a “compatible
basis for §” of the Hilbert space S# relative to which § consists of
all matrices in L beginning with s diagonal blocks of the form (3.9)
followed by an infinite diagonal (h,+,, ---), all entries being imagin-
ary numbers. Relative to the same basis the matrix of U consists
of diagonal blocks of the form (8.10) followed by an infinite diagonal
(-1, -+, =1, +1, +1, ---) where the number of (—1)’s is n — s.

THEOREM 3.8. Two Cartan subalgebras ) and ¥ of a real form
of type Alll(n), 0 < m < oo, are conjugate under Aut(L) if and only
if they are of the same type.
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Proof. The “only if” part follows from Corollary 2.3. Conver-
sely assume that ) and Y are of the same type. Let @ and @' be
orthonormal bases compatible with § and ¥ respectively. Let V be
the unitary operator of 57 mapping @ onto @'. The corresponding
automorphism 4, of L, maps § onto Y.

It remains to check that 6, leaves the real form L invariant.
This is an immediate consequence of the fact that the matrices of
U relative to @ and @' are identical. O

It follows that the conjugate class of ) is completely determin-
ed by dim )~ = s £ n.

COROLLARY 3.4. Two Cartan subalgebras of a real form L of
type Alll(n), 0 < n < o, are conjugate if and only if dimbh- =
dim %~ < n. There are exactly (n + 1) conjugate classes.

4. Cartan subalgebras of real forms of type AIIl(cc). Unlike
the real forms AIII(n), the conjugate classes of Cartan subalgebras
in the case AIII(«) are not completely determined by their type.
The difficulty arises from the fact that the (—1)-eigenspace of the
defining unitary operator is infinite dimensional.

In this case dim 5%,~ = dim S#,* = «. Proceeding as in the case
n < o, one obtains an orthonormal basis of 57 and a corespond-
ing standard matrix realization of a Cartan subalgebra Y. This re-
alization is completely determined by the type of ). But in this
case the number of complex eigenvalues can be arbitrary, finite or
infinite.

If § is of type (0, oo, 8), s < oo, the matrix of U relative to @
has necessarily infinitely many —1 in the diagonal. Thus it is com-
pletely determined by the type of ). However, if b is of type (0,
p, ), with p finite, the matrix of U relative to @ has as many
—1 in the diagonal as subspaces .&Z, are contained in 57~ (v imag-
inary eigenvalue).

To handle this case consider the orthogonal decomposition.
K =3, R, + D Where v (resp. ) ranges over all imaginary
(resp. complex) J-eigenvalues. One has dim Z,* =1 = dim &2,
dim &2 =1 and ZZ,c5%4*. Call an imaginary eigenvalue v positive
(resp. negative) if .2, C 97, (resp. #B,C5#,") and write v > 0 (resp.
y < 0).

If § is of type (0, p, s), then

(4.1) p=p++ p°

where p* (resp. p~) is the number of positive (resp. negative) im-
aginary eigenvalues. These three numbers p, p*, p~ can be arbit-
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rary, finite or infinite.
Let 27 be the closed subspace of &% defined by

(4.2) FH = Z R, = ZO. B, + %.@V .
&7, is invariant under § and U; set U, = U], .
Let % be another Cartan subalgebra of L of type (0, 9/, s).

Denote by a (resp. ©8) the imaginary (resp. complex) b'-eigenvalues.
Then as in (4.1),

(4.8) p ="+
and set
(4.4) = 5 e = D o+ 5, T

g7, is invariant under §) and U; set U, = U]..,.

LeMMA 4.1. The notations being as above assume that ) and o
are of the same type (0, p,s). Let p=1p"+p =p" + 9. If one
of the following two conditions 1s satisfied

(8 p*=9" and p~ = p"

(b) p* =9 and p~=p"
then O and § are conjugate under Aut(L).

Proof. Let @ and @' be orthonormal basis of 2#° compatible with
9 and b respectively. If (a) holds then the matrices of U relative
to ® and @' are identical. Then the proof of Theorem 3.3 is valid
in this case and ) is conjugate to §'.

If (b) holds, let W be an involutive unitary operator on 7
satisfying WU=—UW. Then W maps &7+ onto 57, and 57~ onto
&7+, (The operator W can be constructed since dim 275+ =dim 2#,~.)
It follows that the automorphism 6, of L, leaves L invariant. Thus
b, = 6,(9) is a Cartan subalgebra of L of type (0, p, s). The condi-
tion WU= — UW implies that p* = p; and p~ = p;. By (b), p'" = o/
and '~ = p{ and, by the first part of the proof, ) and %, are con-
jugate. Therefore §) is conjugate to ¥'. ]

Let b be a Cartan subalgebra of L of type (0, p, s). The signa-
ture of §) is the (unordered) pair {p*, »p~}. Notice that if p is finite,
the signature of § is the signature of the Hermitian form U, on
the finite dimensional Hilbert space 27.

Lemma 4.1 shows that if §) and Y are of the same type and
have the same signature they are conjugate. This condition is also
necessary, as shown below.
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Let o be an automorphism of L, such that

(1) o =10;

(2) o leaves L invariant.

By Corollary 2.3 § and I are of the same type (0, p, s).

Assume that ¢ = 6,, V an unitary operator on 5#. The follow-
ing arguments also hold with minor modifications if ¢ =@, J a
conjugate unitary operator.

According to Proposition 2.2 each imaginary l-eigenvalue « is
mapped into an imaginary {-eigenvalue v = a° such that 5£ =
V-Ys5#,). Therefore &2, = V(<) and the operator V maps the
subspace 57 onto 5% ((4.8), (4.4)). In particular 5%, and 5% have
the same dimension p < «. For 7 =1, 2 set

L, ={TeL,(2#): T*U, + U,T = 0}

where L,(5#]) is the set of all Hilbert-Schmidt operators on 7.
If p= o, L, is a real simple separable L*-algebra of type AIII.
If p < oo, then

8L, ={T e L,; trace T = 0}

is a real simple Lie algebra isomorphic to su(p*, p~) (resp. 3u(p’", ')
the Lie algebra of the special unitary group on S# relative to the
Hermitian form U..

PROPOSITION 4.2. Assume that ) and Y are comjugate under
Aut(L). Then they are of the same type and have the same signa-
ture.

Proof. The only thing to prove is that § and §’ have the same
signature. The algebras L,, L, defined above can be naturally iden-
tified with the subalgebras of L

(TeL: T(3£)c5% and T=0 on 27}, i=12.

With this identification L, and L, become L*-subalgebras of L and,
if p < o, so do 8L, and 3L,.

The automorphism 6, maps L, isomorphically onto L,. Indeed,
assume that T(s#)c 5% and T=0 on 5%*+. Since V is unitary
and maps 5% onto 5% it follows that S = VTV~ leaves 5% in-
variant and vanishes on 5% *.

Thus if » = «~, L, and L, are isomorphic real L*-algebras of
type AIII. By (3.7) it follows that §) and %’ have the same signa-
ture.

On the other hand if p < <, 6, sets up an isomorphism between
8L, and 8L,. By a well-known result, the signatures of U, and U,
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are equal. |
5. A summary of other results.

Type B. As remarked in the introduction, the complex
L*-algebra L, has two conjugate classes of Cartan subalgebras. If
[N) is a Cartan subalgebra of L, and if Ker ) = {He h:Hrx=0vaze S~}
then either (I) dimKerf =0 or (II) dimKer§ = 1. According to
whether (I) or (II) holds, § is said to be of type I or II respectively
([2]). If b is a Cartan subalgebra of a real form L of L, let b
denote its complexification. Then Ker § = Ker} and § is said to be
of type I or II according to the type of b. It follows easily that
if 9, b, are Cartan subalgebras of L such that 51, b, are not conju-
gate under Aut(L;), then b, b, are not conjugate under Aut(L).

If L is a real form of type BI and Y) a Cartan subalgebra then
¢ =0 is a an Yh-eigenvalue if and only if §) is of type II. Accord-
ingly § can be of “type I-(k, p, s),, or “II-(k, », s)”.

Let U be the unitary involution defining the real form L; for
each # = 1 or infinite there is a real form determined by dim 2#,=n.

If n is finite the determination of the possible H-eigenvalues
leads to the conclusion that there are necessarily infinitely many
imaginary eigenvalues and only a finite number of real and complex
eigenvalues. One obtains a standard matrix realization of ) which
depends only on its type (I—(k, o, s) or II—(k, =, s)). Two Cartan
subalgebras are conjugate under Aut(L) if and only if they are of
the same type.

If n = oo, dim 5%~ = « and it turns out that the values of
k, p, s can be arbitrary finite or infinite. This forces an analysis
similar to the one in case AIII(c0) which takes into account the
number of imaginary eigenvalues v such that the subspaces &# =
&+ 57 574 . The signature of a Cartan subalgebra can be simi-
larly defined. Two Cartan subalgebras turn out to be conjugate if
and only if their types and signatures are equal.

For real forms of type BII one shows that ¢ = 0 cannot be an
eigenvalue for a Cartan subalgebra ). Moreover there are no real
eigenvalues and any § is of type (0, o, s) with s < « or (0, p, =),
p < o. Again two Cartan subalgebras are conjugate under Aut(L)
if and only if their types are the same.

Type C. For a Cartan subalgebra of a real L*-algebra of type
C, ¢ = 0 cannot be an eigenvalue.
If L is of type CI, then a Cartan subalgebra 9 is of type (%,
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p, s) where the numbers %, p, s can be arbitrary finite or infinite
(subject to the condition that at least one of them be o). The
conjugate class of Y) is completely determined by its type.

If L is of type CII then one must distinguish two cases accord-
ing to whether dim 5%, = n < c or dim 5%~ = .

In either case there are no real H-eigenvalues.

If n < o, the conjugate class of § is completely determined by
its type. If m = o one proceeds analogously to cases AIII(e) and
BI(c0) defining the signature of §). The type and signature constitute
a complete set of invariants of the Cartan subalgebra.
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