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A PROPERTY OF SOME FOURIER-STIELTJES
TRANSFORMS

HIROSHI YAMAGUCHI

Helson and Lowdenslager extended the classical F. and M. Riesz
theorem as follows:

Let G be a compact abelian group with the ordered dual G. Let \x be
a bounded regular measure on G which is of analytic type. Then fxa and
/i5 are of analytic type.

Doss extended this theorem for a LCA group with the algebraically
ordered dual. On the other hand, deLeeuw and Glicksberg obtained an
analogous result for a compact abelian group G such that there exists a
nontrivial homomorphism from G into R. In this paper, we prove that the
theorem of Helson and Lowdenslager is satisfied for a LCA group with
partially ordered dual.

1. Introduction. Let G be a LCA group with the dual group G. We
denote by mG the Haar measure on G. Let M(G) be the Banach algebra of
bounded regular measures on G under convolution multiplication and the
total variation norm. MS(G) and L\G) denote the closed subspace of
M(G) consisting of measures which are singular with respect to mG and
the closed ideal of M(G) consisting of measures which are absolutely
continuous with respect to mG respectively. We denote by Trig(G) the set
of all trigionometric polynomials on G. For a subset E of G, ME(G)
denotes the space of measures in M(G) whose Fourier-Stieltjes transforms
vanish off E. E~ (or E) means the closure of E. Let M+ (G) be the subset
of M(G) consisting of positive measures. For /x E M(G), \ia and fis denote
the absolutely continuous part and the singular part of fx respectively. For
a subgroup H of G, H1^ means the annihilator of H.

Helson and Lowdenslager extended the classical F. and M. Riesz
theorem as follows:

THEOREM A (cf. [8], 8.2.3. Theorem). Let G be a compact abelian group
with ordered dual, i.e., there exists a semigroup P in G such that (i)
P U (-P) = G and (ii) P D (-P) = {0}. Let /x be a measure in M(G) such
that (L(y) = 0 for y < 0. Then

(ft (La(y) = (Ls(y) = O for y<0;
(II) 0,(0) - 0.

In [3] and [4], Doss extended Theorem A for a LCA group.

243



244 HIROSHI YAMAGUCHI

THEOREM B ([4], Lemma 1). Let G be a LCA group such that G is
algebraically ordered, i.e., there exists a semigroup P in G such that (i)
P U (-P) = G and (ii) P D (-P) = {0} (we do not assume the closedness of
P). Let fi be a measure in M(G) such that (i(y) — 0 for y < 0. Then

(I) (la(y) = (is(y) = 0 for y<0;
(II) 0,(0) = 0.

REMARK 1.1. In Theorem B, when G is noncompact, (II) is obtained
from (I) and the fact that 0 is an accumulation point of Pc.

On the other hand, deLeeuw and Glicksberg in [2] obtained an
analogous result of Theorem A for a compact abelian group G such that
there exists a nontrivial homomorphism \p from G into R (the reals). That
is,

THEOREM C (C/. [2], Proposition 5.1, p. 189). Let G be a compact
abelian group and \p a nontrivial homomorphism from G into R. Put
Ma{G) = {/* E M(G); jfi(y) = 0 for y 6 G with $(y) < 0). Let JU be a
measure in Ma(G). Then fxa and iis belong to Ma(G).

REMARK 1.2. In general, however, the conclusion of Theorem C can
not be strengthened to "/2,(0) = 0".

Our purpose in this paper is to prove that an analogous result of
Theorem C is satisfied for a LCA group with partially ordered dual. We
state the main theorem of this paper.

MAIN THEOREM. Let G be a LCA group and P a closed semigroup in G
such that P U (-P) — G. Let [i be a measure in MPc(G). Then [ia and fis

belong to Mpc(G).

COROLLARY. Let G be a LCA group and P a semigroup in G such that
P U (~P) = G. Then the following are satisfied:

(I) for ju G MP(G), fia and fis belong to MP(G);
(II) for ix G MPc(G), \ia and fxs belong to MPc(G).

Proof of Corollary. Since (II) is easily obtained from the Main Theo-
rem, we only prove (I). We note the following:

ju = O on(-P\P)

«* (L = 0 on y - P for all y G (-P)\P

<=» (y^Y =0 on-P for all y G P\(-P)

«(y[ ly =0 on (-P)~ for all y G P\(-P).
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Hence, by the Main Theorem and the fact that {y}i)a — Yjua, we obtain the
corollary.

In §2, we prove Main Theorem for a a-compact metrizable locally
compact abelian group by using the theory of disintegration. In §3 we
prove the theorem for a general locally compact abelian group by using a
certain lemma which is due to Pigno and Saeki ([7], Lemma 4). The author
would like to thank the referee for his valuable advice.

2. a-compact metrizable case. In this section, we prove Main Theo-
rem for a a-compact metrizable locally compact abelian group. We need
the theory of disintegration. The following lemma can be found in ([1],
Theoreme 1, p. 58).

LEMMA 2.1. Let G be a o-compact metrizable LCA group and H a closed
subgroup of G. Let m be the natural homomorphism from G onto G/H. Let [x
be a positive measure in M(G) and put TJ = TT(/X) {continuous image under
7r). Then there exists a family { A ^ e c / / / consisting of positive measures in
M{G) with the following properties:

(1) x H> X^(f) is a Borel measurable function for each bounded Borel
measurable function f on G,

(2) suppCA^) C v-\{±}),
(3) IIX^H < 1,
(4) /jt(g) — IG/H^X(S)^V(X) for each bounded Borel measurable func-

tion g on G.
Conversely, let {^}jtGG/H be a family of positive measures in M(G) which
satisfies (1), (2) and (4). Then we have

LEMMA 2.2. Let G, H and TT be as in Lemma 2.1. Let \i be a positive
measure in M(G) and put r] = TT(/A). By (2) of Lemma 2.1, X^ can be
represented as follows:

(1) Xf = Vi*8xfor some v% G M+{H) and x G G with TT(X) = x^.
Ifvk E MS(H) a.a. x(r}), we have /x G MS(G).

Proof. It is sufficient to prove the lemma when /x has compact
support, so we can assume 77 supported by K compact. Suppose {/„} C
C0(G) is dense. Let e be a positive real number. Then for each n Lusin's
theorem says x h-» X^(/w) is continuous on a compact subset En of K with
r\(K\En) < e/2n. Weput£ = n™=lEn. Then Eis compact, i j(K\E) < e
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and x H> A^(/n) is continuous on E for all n. Hence x i-> Xx(h) is continu-
ous on E for all h G C0(G). By the hypothesis we may assume that
IIXjj|| = 1 and vk E MS(H) for all x E E. Hence f o r x G f we can choose
f = ft E CC(G) with 0 < / < 1, 1 = 1IAJI < A ^ / ) + * and 8x*mH(f) < e
(x E <rr~\{x})). Then both inequalities are held on some neighborhood of
x in E, say A .̂ Since E lies in Nij9...,iV^, with fi,...,fk the correspond-
ing / ' s , we set g = / , on TT'\N^\ = / 2 on TT'^N^N^. . . , = /* on
Tr-̂ iV^X U ^ l j i ^ ) and = 0 on T T " 1 ^ ) . Then g is a Borel measurable
function on G with 0 < g < 1 satisfying 1 — e < Ai(g) and 8x*mH(g) < e
for all x G £ (x e w({x})). Thus ju(g) = JG/H\^g)dri(i) > 1 - 2e and
mG(g) < emG/ii(K)' Since this holds for each e > 0, ju, is necessarily
singular.

LEMMA 2.3. Z^/ G be a LCA group and H a closed subgroup of G. Let IT
be the natural homomorphism from G onto G/H. Let /A be a measure in
M+ (G). If nil*.) belongs to MS(G/H), /x is singular with respect to the Haar
measure on G.

Proof. Since Tr(fji) E MS(G/H), there exists a a-compact subset E of
G/H such that TT(JU,)(£C) = 0 and mG/H(E) — 0. Then /x is concentrated
on 7r~\E). Therefore it is sufficient to prove that ir~\E) is a locally null
set. For a compact set K in G, we have

= f I XK(* + y)x«-\E)(* + y)dmH(y)dmG/H{x)f I
/ XE(*) I XK(* + y)dmG(y)dmG/H{x)
G/H JH

= 0.

Hence ir~\E)v&* locally null set and the proof is complete.

LEMMA 2.4. Let G be a o-compact metrizable LCA group and P a closed
semigroup in G such that P U (-P) = G. Put A = P D (-P) and H = Ax .
Let 7T be the natural homomorphism from G onto G/H. For a measure
ju, G M(G), we assume that there exists a family {^X}XSG/H *n M(G) with
the following properties:

( l ) i n AJ.(/) is a Borel measurable function for each bounded Borel
function f on G,

(2) supp^) C TT-\{X}),
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(3) | |AJ|<1,
(4) M(#) — IG/H^-X(S)^V(X) for each bounded Borel measurable func-

tion g on G,
where r\ = ir{\ ju. |). Then the following is satisfied:

(5) //JU(Y) = 0 on P, k^y) = 0 on P a.a. X(TJ).

Proof. First we note

(6) P + ACP.

For/ G L\G) with supp(/) C P, we have

(7) O=jjl(y)f(y)dy

= jj(x)dn(x)

= / XAf)dv(x).
JG/H

On the other hand, for y* E A, by (6), we have supp(/y ) C P , where
fy(y) = /(Y - Y*). Hence, by (7), we have

G/H

= / f fy(x)d\,(x)dV(x)
JG/H JG *
/ f
JG/H JG

(by (2) and y# G A)

Since y^ is an arbitrary element in A, we have

(8) 0 = / /K*)X*(/)<M*) for all^(x) E Trig(g/if).

Since Trig(G/H) is dense in L^TJ) and xv^X^f) is a bounded Borel
measurable function, we have

(9) M / ) = 0 a.a. X(TJ) for/ E L!(G) with supp(/) C P.
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Hence, for/ G L\G) with supp(/) C P, we have

(10) 0 = [ f(x)dX.(x)
JG

On the other hand, since G is a-compact and metrizable, there exists a
countable subset # = {/„} of L!(P) = {/G £*((?); supp(/) C P} such
that it is dense in L\P). By (10), for each m G JV (the natural numbers),
there exists a Borel set Km in G/H such that i){Kc

m) — 0 and

Put # = nj° Jfm. Then i){Kc) = 0 and

(12) 0=fk±(y)fm(y)dy for a l i i G ^and / m G ffi.

Hence,

(13) 0 = / X ( Y ) / ( Y ) < / Y forallx

which yields

Y) = ° onPa.a. X

This completes the proof.

LEMMA 2.5. Let G be a o-compact metrizable LCA group and H a closed
subgroup of G. Let m be the natural homomorphism from G onto G/H. Let
{^X}XSG/H be a family in M + (G) with the following properties:

(1) x v-> A^(/) is a Borel measurable function for each bounded Borel
measurable function f on G,

(2) supp(X,) C v-\{*})9

(3) 11X̂ 11 < 1 .
By (2), Xj = vx*8x for some v% G M + (J^) and x G G with IT(JC) = x. We
define measures \% Xs% G M + (G) as follows:

(4) X$ = v?*8x, X* = v?*8x,
where v? and vs% are the absolutely continuous part and the singular part of v%
with respect tomH respectively. Then the following is satisfied:

(5) x H> A^(/) and x h^ X^(/) are Borel measurable functions for each
bounded Borel function f on G.
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Proof. For x G G/H, let Ll(ir~\{x})) be the space of functions on
TT~1({X}) which are integrable with respect to m^, where m^ is the measure
on the coset K~1({X}) which is given by translating mH on IT~\{X}).

Step 1. There exists a countable dense subset & of LX(G) such that
& !„-!({*}) is dense in L\ir~\{x})) for each x G G//f.

Since G is a-compact and metrizable, there exist open sets Un in G
with compact closures such that Un C Un+l and U™ Un = G. Then, for
each n G JV, there exists a countable set &n in CC(G) such that

(6) supp(/) C Un for/ G &n, &n \Un is dense in Cc{Un) with respect to
the supremum norm.

Now we put & — U °̂ &n. Then, by (6), & is a countable dense subset of
L\G). Put S M - ir-!({i}) H £/n and ^ ^ = {11 e Q ^ i } ) ) ; supp(W)

1. &n \s . is dense in Bn ̂ .
In fact, let u be a function in Bn % and e a positive real number. By Tietze's
extension theorem, there exists a bounded continuous function kn on G
such that kn\? = w |« , where Sn • is the closure of Sn + in TT~\{X}). We
choose an open set Ĵ  in G and a nonnegative continuous function /?„ on G
with the compact support such that

VnCUn and supp(w)cFw ,

and II/JJIQO ^ 1. Put «w(x) = kn(x)pn(x). Then MW is a continuous func-
tion on G such that supp(wn) C Un. Moreover, by the construction of un,
we have un\s^ = u\s ^ Since &n\a is dense in Cc(Un)9 there exists a
function/^ in Sw such that \\fn\u—un\u\\0Q<e. Hence we have

<£.

Thus Claim is proved.

We return to the proof of Step 1. Let/be a function in Ll(ir~x({x}))
and e a positive real number. Since U™ Sn ^ = ^ ( { J C } ) , there exists a
positive integer n such that /(^^-l/t^) | dm^y) < e/3. We can also
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choose a function fn E Bn- such that fSnJ\f(y) - fn{y) \ dm.{y) < e/3.
By Claim 1, there exists a function gn E &n such that \\gn \s .— fn\s .11^
< e / % m . ( S n ^ ) + 1 ) . N o t i n g g n \ w ^ W ) ( y ) = 0 if y G ffij'
have

\f(y) - gn(y)\dm,(y)

Thus Step 1 is proved. In order to prove the lemma, it is sufficient to show
that x H> X^(/) is a Borel measurable function for each/ E C0(G).

Step 2. For a nonnegative function / E C0(G), i h-> A^(/) is a Borel
measurable function.

Let & be the countable subset of L\G) obtained in Step 1 and % a
countable dense subset of C0(G). Then we have

(8)

= inf sup \\t(fh) - {Xir-\{x})g)(h)\

— inf sup

ll£lf

g(z)h(Z)dm,(z)

We note that j^{^])g{z)h{z)dm^z) = jHg(x + y)h(x + y)dmH{y).
Hence, i h-> Jv-\^Jt^g(z)h(z)dmjt(z) is a continuous function on G/H.
Therefore, by (l)and (8), Step 2 is proved.

By Step 2 , i n A^(/) is a Borel measurable function for each bounded
Borel measurable function / on G. This completes the proof.
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LEMMA 2.6. Let G be a o-compact metrizable LCA group and P a closed
semigroup in G such that P U (-P) = G. Let ju, be a measure in Mpc{G).
Then [ia and ps belong to MPc(G).

Proof. Put A = P D (-P) and H = A x . Let m be the natural homo-
morphism from G onto G/H, and put 77 = TT(| /X |). Then, by Lemma 2.1,
there exists a family {i^]^G/H in M+ (G) with the following properties:

(1) x H> £^(/) is a Borel measurable function for each bounded Borel
measurable function/on G,

(2) supp(^) C *-'({*}),
( 3 ) 1 1 ^ 1 1 ^ 1 ,
(4) |f*|(g) = /G///£jt(g)^rK-*:) f° r e a c ^ bounded Borel measurable

function g on G.
Let /i be a unimodular Borel measurable function on G such that ju =
h I JU I . By (2), there exists a measure v% E M+ (H) and * G G such that
TT(JC) = x and ^ = v£ * 8X. Let v? and ̂ j be the absolutely continuous part
and the singular part of v% with respect to mH respectively. We define
measures £% and § in M+(G) by ^ = v$ * 8, and ^ = ^| * 8 .̂ Put

v = Va + ^ where ijfl G L\G/H) n M+{G/H) and TJ, G MS(G/H) n
M+ (G /^ ) . Then, by Lemma 2.5, we can define O^, $5a, O, G M+ (G) as
follows:

(5)
JG/H

*.( / ) = / UfUVs(i) for/GC0((7).

1. $Jfl e M/G) n M
We define a measure fj £ MS(G) (1 M+(G) as follows:

(0/11611)6 if 11611^0,
* [0 if 11611=0.

Then we have $sa(f) = jG/H^(f)\\i%\\d'qa{x) for/G C0(G). By Lemma
2.5, we can define a measure rfa G L\G/H) n M+(G/H) by ij^(£) =
/E II6II<*i]a(*) for a Borel set £ in G/i/. Then we have 7r($ia) = f)'a. In
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fact, for g e C0(G/H), we get

= Is ° w(

=/
JGG/H

G/H

Hence, for {fjliec///a n d *?«> w e h a v e

(6) *(*„) = !£,
(7) A: H> f | ( / ) is a Borel measurable function for each bounded Borel

function/on G,
(8) supptfj) C ^-'({JC}),

(10) O5^(g) = IG/H^KS)^^^) f° r e a c ^ bounded Borel measurable
function g on G

and
(11) fJ * 8_x E MS(H), where x is an element in G such that TT(X) — x.

Hence, by (6)-(ll) and Lemma 2.2, Claim 1 is proved.

Claim 2. $5 G M,(G) n M+(G).
This is obtained from Lemma 2.3.

Claim 3. <&„„ E L\G).
Let £ be a Borel measurable set in G such that mG(E) — 0. Then, since

0 = m c (£ ) = f [ XE(* + y)dmH{y)dmG/H{x),
JG/H JH

[
JG/H JH

there exists a Borel set JF in G/H with rnG/H(F) — 0 such that
ra^is D ^"^{x})) = 0 if x & F, where m^ is the measure on the coset
TT~\{X}) translated mH on ir~l({x}). Then we have

G/H

fF

= 0.

Thus Claim 3 is proved.
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We define a measure Â  G M(G) by X-(f) = ^(hf) for / E C0(G),
where h is the unimodular Borel function on G such that ji — h\fi\. Then
the following are satisfied:

(12) i ^ \ . ( / ) is a Borel measurable function for each bounded
Borel measurable function/on G,

(13) s u p p ^ ) = supp(k) C TT-^X}) ,

(15) [i(g) = jG/H\t(g)dr)(x) for each bounded Borel measurable
function g on G.

We define measures X% Xs* G M(G) by X*. = /*£? and Â  - /i£ respec-
tively. Then we have

X; = Â  4- ^ for x G G/H, and

(16) Â  a n (i ^c a r e absolutely continuous and singular with respect to
m i respectively.

By (13), there exist an element x in G with TT(X) — x and a measure
^ G M(//) such that Xjt = ajt* 8X, Xa^ = u? * 8X and Â  = «J * 5 ,̂ where
co| and co| are the absolutely continuous part and the singular part of cô
with respect to mH respectively. Since /x(y) = 0 on P, by Lemma 2.4, we
have

(17) M Y ) = 0 onPa.a.x(i | ) ,

hence

(18) cbi(y)=:O onPa.a.x(ij).

Let jS be the natural homomorphism from G onto G/A. Then j8(P) is a
closed semigroup in G/A. We note that fi(P) induces a totally order on
G/A, and moreover, /?(P) = {/?(y) G G/A; j8(y) > 0}. Hence, by (18)
and Theorem B, we have

(19) «f (Y) = «{(?) = 0 onPa.a.x(r?),

hence

(20) ^ ( Y ) = ^ ( Y ) = 0 onPa.a . i ( i ) ) .

On the other hand, by Lemma 2.5 and the construction of Â  and A5
i?

xi-»A^(/) and i h ^ A ^ / ) are Borel measurable functions for each
bounded Borel measurable function/on G. Hence we can define measures
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ju, £ M(G) (i = 1,2,3) as follows:

(21) ]",(/)=/ K
JG/H

Ka
G/H

\i(f)di,s(x) for fEC0(G).
G/H

Then JU = JUJ + /x2 + ju-3, and, by the construction of Xi? X^ and X ,̂ we
have

V>\**aa> M2«$™ and / x 3 « ^ -

Therefore, by Claims 1-3, we have iia = j ^ and JU5 = JU2 + /x3. By (20) and
(21), we can easily verify that ju, E MPc(G) (i — 1,2,3). Hence we have
lia, fis G MPc(G) and the proof is complete.

3. Proof of Main Theorem.

LEMMA 3.1. Let G be a metrizable LCA group and P a proper closed
semigroup in G such that P U (-P) = G. Let [xbe a measure in M(G). Then
there exists a o-compact open subgroup Gx of G such that (1) supp(ju) C Gx

and(2) 6 | c P n ( - P ) .

Proof. Put A = P(1 i~P), and let fi be the natural homomorphism
from G onto G/A. Then ft(P) is a closed semigroup in G/A such that (i)
P(P) U (-jB(P)) - G/A and (ii) jB(P) n (-fi(P)) - {0}. Hence, by ([8],
8.1.5. Theorem), we have

(3) G/A = D, or G/A = R 0 Z>,

where Z> is a discrete abelian group which is torsion-free. Put H = A±.
Then, by (3), if is a a-compact closed subgroup of G. Since /x is regular,
there exists a a-compact open subgroup Go of G such that supp(ju) C Go.
We put GX — GQ + H. Then Gt is a a-compact open subgroup of G which
satisfies (1) and (2). This completes the proof.

LEMMA 3.2. Let G be a metrizable LCA group and P a closed semigroup
in G such that P U (-P) = G. Let [i be a measure in Mpc(G). Then [ia and
[is belong to Mpc(G).
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Proof. We may assume that P C G. Let Gx be the a-compact open
subgroup of G obtained in Lemma 3.1. Let m be the natural homomor-
phism from G onto G/Gf. Then, by (2) in Lemma 3.1, *n(P) is a closed
semigroup in G/Gf such that 7r(P) U ( -TT(P)) = G/Gf. We can regard JU,

as a measure in M^p^^Gj). Since Gx is a-compact and metrizable, by
Lemma 2.6, we have [ia, [is G M^p^^Gj), which yields [ia, [is G Mpc(G).
This completes the proof.

Now we prove the main theorem of this paper.

THEOREM 3.3 (Main Theorem). Let G be a LCA group and P a closed
semigroup in G such that P U (-P) — G. Let /x be a measure in Mpc(G).
Then [ia and ns belong to MPc(G).

Proof. It is sufficient to show that [is G Mpc(G). Let y0 be an element
in P. Since /x5 is a singular measure, there exists a a-compact subset E of G
such that m G (£ ) = 0 and | fis\ (Ec) = 0. Then, by ([7], Lemma 4), there
exists a a-compact open subgroup F of G containing y0 such that

Let 77 be the natural homomorphism from G onto G / r x . Then, by (1), we
have

(2) »(/0, = »(/»,)•

Put P r = P Pi F. Then P r is a closed semigroup in T such that P r U
( -P r ) = T, and 7r(ju) belongs to Mp^G/r-1) . Since G/T± is metrizable,
by (2) and Lemma 3.2, we have 7T(JLÎ ) = TT(IX)S G Mp^G/T"1), so that
#s(Yo) ~ *KMsMYo) = 0- Since y0 is an arbitrary element in P, we have
ju5 G Mpc(G). This completes the proof.

REMARK 3.4. In the proof of Lemma 2.6, when G/A is not discrete,
we needed Theorem B. However, in this case, we have G/A = if © D and
p(P) =£ {(jc, d) G i? © D; d > 0, or J = 0 and x > 0}, where Z> is a
discrete ordered group (cf. [8], 8.1.5. Theorem). Using Theorem A and our
method, we can prove Theorem B if P is closed. Hence the Main Theorem
can be obtained by employing only Theorem A.
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Appendix. The author has recently extended Theorem A(II) as follows
(cf. [10], Lemma 1.2):

THEOREM 3.5. Let G be a LCA group and P a semigroup in G such that
p u (-P) = G. Put A = P H (-P) and H = A±. If P is open, then we
have

(*) mH*{MP(G) D MS(G)} C MP(G) n MS(G).
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