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FINITE GROUP ACTION AND EQUIVARIANT
BORDISM

S. S. KHARE

Conner and Floyd proved that if Zί acts on a closed manifold M
differentially and without any fixed point, then M is a boundary. Stong
gave a stronger result proving that if (M,Θ) is a closed Z^-differential
manifold with no stationary point, then (M, θ) is a Z*-boundary. In the
present note, we discuss this problem for a finite group in detail. Let G
be a finite group. By the 2-central component G2(C) of G, we will mean
the subgroup of G consisting of the identity element and all the elements
of order 2 in the center of G. We prove in this note that the fixed data of
the 2-central component G2(C) of G determines G-bordism.

1. Preliminaries. Throughout the note we will take G to be a finite
group. By a G-manifold we will mean a differential compact manifold
with a differential action of G on it. A family J*"in G is a collection of
subgroups of G such that if H e J^, then all the subgroups of H and all
the conjugates of H are in &. Let &' c J^be families in G such that 3 a
central element a in G of order 2 such that

(i) a <£ H,VH e &- &'
(n)H G F => [ # U ( f l } ] G f

(iii) The intersection S of all members of &- &' is in &- &'. We
call such a pair (J^, J^') of families an admissible pair of families in G
with respect to a e G.

EXAMPLE 2.1. Let G be a finite group. We can write the 2-central
component G2(C) as Z£ = [/l9... ,tr\ where ίl9... ,tr are generators of Z£
with ^2 = the identity element and tjj = tjtr Let J ^ be the family of all
subgroups of G not containing Z*, 0 < /c < r, where Z£ denotes the
subgroup of G generated by the first k generators tl9...9tk. Then

^Ίc) ^s a n admissible pair with respect to tk+ι, 0 < k < r.

2. Stationary point free action of G2(C) and G-bordism. The object of
this section is to show that if (M, θ) is a G-manifold with the stationary
point free action of G2(C) then (M,θ) is G-boundary. Following the
notation of Stong [2], let 9ϊ*(G; &9 &') denote the (J^", J^>free G-
bordism group for a pair (J^, Ĵ *') of families in G. For a given family J^
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in G and an element g in G, let J ^ denote the smallest family in G

consisting of all subgroups [H U {g}], H ^ ^.

THEOREM 3.1. // (^", J^') ώ α« admissible pair of families in G with

respect to a in G, then an (J*", ^Ύfree element in 9^*(G? J^, J*~') w zero in

Proof. Let [Λf, θ] be in ^ ( G , J*", J^')- Let i 7 denote the fixed points

set of S in Af, S being the intersection of all the members of J^— J^'.

Since J^— J^ ' is invariant under conjugation, S is normal in G and hence

the action θ onM induces an action on F which we denote once again by

θ. Let v be the normal bundle of the imbedding of F in the interior of M

and D(v) be its disc bundle with the action θ* of G on D(v) induced by

the real vector bundle maps covering the action θ on F. Since F is fixed

point set of S, a £ i/, V/f e Ĵ "— J^"' and no point of F is fixed by the

subgroup [S U {a}] generated by S U {a}, a will act freely on F and

hence on D(v). Let F' = F/[a] and D\v) = D(v)/[a]. Since a is central
the actions θ and 0* on F and £>(*>) induce actions θ' and 0*' on i*7' and

D\v) respectively. Let Cγ and C2 be the mapping cylinders of the

equivariant double covers qλ: F -* Ff and q2: D{v) -> !>'(>) respectively

and ψx and ψ 2 be the induced actions on Cλ and C2 respectively. We have

the following commutative diagram

4 « 4 v' ,

where α: C2 -» Cx is the map induced from vf\ D\v) -> F' by going to

mapping cylinders. Clearly 3C\ is homeomorphic to i% α ' ^ β Q ) is homeo-

morphic to D(v) and the action ψx on α"1(3C1) is isomorphic to the action

0* on D(v). Consider

W= (MX [0,1]) U C 2 / ~ ,

where ~ is the equivalence relation in W obtained by identifying D(v) X

{1} with α ' ^ S Q ) . Let the action φ of G on W be given by φ | M X [0,1]

= 0 X 1 and Φ I C2 = ψx. Take K to be (dM X [0,1]) U (M X {1} -

(Z>0) X {1})°) U (3C2 - (cΓ^SQ)) 0 ), where ° denotes the interior oper-

ator. Since S is the intersection of all the members of J^— J*"', V will be

(J^ r , J^')-free. Also W is ( ^ ' , J^')~iϊ e e and 3Ŵ  is homeomorphic to

M U V by identifying dV with dM. This shows that [M, θ] is zero in
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Let 3ί denote the family of all subgroups of G and J ^ denote the

empty family. Then following the notations of Example 2.1 and using the

above Theorem, one immediately gets the following.

COROLLARY 3.2. For every k, 0 < k < r, the homomorphism

&k) -* 9ίϊ*(G:; 3ί, &k) induced from the inclusion map

Proof. Since ( ^ + 1 , ^k) is admissible pair of families with respect to

tk+1 for 0 < k < r and no point of the submanifold V in the above

construction is fixed by Z*. Theorem 3.1 gives the Corollary immediate-

ly. D

COROLLARY 3.3. Let P be the family of all subgroups of G which do not

contain G2(C). Then the homomorphism 9£*((?;?) -> 9?*(G; 3ί) induced

from the inclusion map P -> δί ω /Â  ẑ r<9 homomorphism.

Proof. By Corollary 3.2, one gets that

is the zero homomorphism, 0 < k < r. Consider the exact bordism se-

quence for the triple

where y % is the homomorphism induced from the inclusion j : (3ί, J ^ ) ->

(81, « ]̂k+i)- Since /„, is the zero homomorphism, y* will be a monomor-

phism. Therefore the composite

W*(G; 3ί9 ^ ) -> ^ * ( G ; a , ^ ) -* - - »*((?; 3ί, J^ )

is a monomorphism and hence by the exact bordism sequence of the triple

(31, &r9 J^o), one get that 9?*(G; ^ &o) ~* ^ * ( G ; 81, J^o) is the zero

homomorphism. This completes the proof since J^ = P and J^o = 0 . D

COROLLARY 3.4. If G2(C) acts on M under θ without any stationary

point then (M,θ) is a G-boundary.

3. The stationary points set FGi{C) and the normal bundle. In the

last section we dealt with the case when FG^C) is empty. In this section we

consider the case when FGi{C)Φ 0. For this we introduce the concept of
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equivariant trivial normal bundle and use this concept to settle the case

Fc2(C) =£ & in the form of Theorem 4.2.
Let (M n , θ) be a closed G-manifold. Consider the decomposition of

F = FGi{C)(Mn) as F = UjLoi77, where Fι denotes the /-dimensional com-
ponent of F. Let 2{vt) be the normal disc bundle of Fι in Mn with the
induced action θt of G on i^( *>,).

DEFINITION 4.1. .Fis said to have an equivariant trivial normal bundle
in Mn, if G/G2(C) acts trivially on F and 3 some positive dimensional
G-representations (Wl9 φ,), 0 < / < n, such that in 9ΐ*(G; 3ί, P)

D(Wt) being the unit disc of Wt.
Let {F^, Ψfc}i<A:<m ^ e Λe finite set of all irreducible representations

of G. Let Z + be the set of all non-negative integers. Then any (/-represen-
tation can be written as (V(f), ψ(/)) for some map /: {1?... ,m} -> Z +

where V(f) = Θ™=1(J^, ψJ / ( / c ) , (KΛ, ψ^) / ( / : ) being the direct sum of
f(k) copies of (Vk, ψΛ). Let us denote the unit disc and the unit sphere of
V( f) by D( f) and S(f).

THEOREM 4.2. If F has an equivariant trivial normal bundle in Mn, then
F is a boundary and(Mn, θ) is a G-boundary.

Proof. Since F has an equivariant trivial normal bundle in Mn

9 we
have

for some positive dimensional G-representations (W,, <#>,), 0 < / < n. Also
,, φ,) = (V(f,), ψ(/,)) for some map/,: {1,... ,m) -» Z+ . Therefore

Let /*: 9Ϊ*(G; 91) -» Sϊ^G; 9ί,P) be the homomorphism induced by
the inclusion map i: (91, φ) -»• (9ί, P). Then

Therefore

/ = 0

»,θ] = t[F'][S(f,),4>(fι)]=0
/=0
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in 9?*(G; P), where 3*: 9?*(G; »,P) -> 9ϊ*(G; P) is the boundary homo-
morphism. Therefore 3 a P-free G-manifold (D,η) such that

( 1 ) ( Θ Z > , η ) = U ( ^ " )
/=0

Since (W/9 φ7) is positive dimensional G-representation, V/, 3 a member
k(l) in the set {1,... ,m} such that/7(/:(/)) # 0. Consider the irreducible
G-representation (KΛ(/), ψA:(/)). Let (KΛ(/), ψ^(/)) be an irreducible compo-
nent of the G2(C ^representation induced by the G-representation
(Vk{iy ΨΛ(/)) Then 3 a subgroup / / ^ of G isomorphic to Zip1 which
fixes Vk{ly G2(C) being Z 2. Let us fix some β, 0 < β < n.

From the equation (1), we get

FH• (dD, η) = F ( U (F'x(S(f,), ψ(/ y)))).
\/=o /

Let FHkm{D) = F* and Z 2 / ? « Z 2 be the complement of Hk(β) in G2(C)
= Zj- Then one gets

/ = 0

where a is the antipodal involution and the integer Δ(/, β) is the nonnega-
tive integer depending on / and /?. Since Hk(β) fixed Vk(β) and fβ(k(β)) Φ 0,
one infers that Δ(β, β) > 1. Since D is P-free, Z 2 ) g will act freely on i7*
and therefore [3F*, TJ |Z 2 ) β] is zero in 9ΐ*(Z2)g; J^), J ^ being the family
consisting of only trivial subgroup of Z 2 β. This gives

/ = 0

in 9?*(Z2/?; J^). But ^ * ( Z 2 ^ ; J^) is free 9^-module with a set
{[Sn, α], n e Z+} of generators. This together with the fact that Δ(β, β)
> 1 gives [F^] = 0 in VI*. By varying β, one gets [i7^] = 0, Vβ = 0,... ,n.
Hence [i7] = 0 in 3Ϊ*. Therefore

] [ ( / / ) ? Ψ ( / / ) ] = 0
/=o

But from Corollary 3.3, one infers that iy. 9^*(G9 9ί) -> 9?*(G; 3ί,P) is
an injection. Therefore [AT, ^] is zero in 9?*(G; 2ί). D
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