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A UNIFIED APPROACH TO CARLESON MEASURES

AND ^ W E I G H T S . II

FRANCISCO J. RUIZ AND Josέ L. TORREA

In this note we find for each p, 1 <p < oo, a necessary and
sufficient condition on the pair (μ, υ) (where μ is a measure on R^+1 =
R" X [0, oo), and v a weight on Rw) for the Poisson integral to be a
bounded operator from L^(R", v(x) dx) into LP(R"^\ μ).

1. Introduction. In this note we find for each p, 1 < p < oo, a
necessary and sufficient condition on the pair (μ, v) (where μ is a measure
on Rπ

+

+1 = R X [0, oo) and υ a weight on Rn) for the Poisson integral to be
a bounded operator from Lp(Rn, v(x) dx) into Lp(Rn^\ μ).

Our proof follows the ideas of Sawyer [7] and the condition we find is

-"\x)dx< +oo

for all cubes in Rn (cube will always means a compact cube with sides
parallel to the coordinate axes).

For Jί we denote the maximal operator

(*) Jtf{x91) = sup 7̂ 7 f \f{x)\dx9 x 6 R « , ί > 0 5

Q \ΰ\ JQ

where the supremum is taken over the cubes Q in R", containing x and
having side length at least /.

As usual Q denotes the cube in R++1, with the cube Q as its basis.
Carleson [1] showed that Jί is bounded from Lp(Rn, dx) into

Lp(Rn^\ μ) if and only if μ satisfies the so-called "Carleson condition"

(1) μ(Q) < C\Q\ for each cube in R".

Afterwards, Fefferman and Stein [2] found that

(2) sup ~ ^ < Cv(x) a.e.x

is sufficient for Jί to be bounded from Lp(Rn

9 v(x) dx) into Lp{Rn+\ μ).
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Recently F. Ruiz [6] found the condition

to be necessary and sufficient for the boundedness of the operator^from
Lp(Rn, v(x) dx) into weak-L^R"/\ μ). The condition (3) will be denoted
by (Cp) as in [6].

The paper is set out as follows: in §2 we give results and some
consequences, whilst §3 contains detailed proofs.

2. Results. Throughout this paper, Q will denote a cube in R" with
sides parallel to the coordinate planes. For r > 0, rQ will denote the cube
with the same centre as Q diameter r times that of Q. \Q\V will denote
JQ v(x) dx.

We shall say that Q is a dyadic cube and we shall write Q e <©, if Q is
a subset of Rn of the form Π LJJC,, xt + 2*), where x e 2*Z^, with k in
Z. We define the dyadic maximal operator ̂ associated with the Poisson
integral by

(**) JTf(x91) = sup -Sry / \f(x)\dx9 x e R", / > 0,

where the supremum is taken over the dyadic cubes in Rn containing x
and having side length at least t.

The main results in this paper are the following:

THEOREM A. Given a weight v in Rn, a positive measure μ in RVΛ and

p, 1 < p < oo, the following conditions are equivalent.

(i) The operatorJίdefined in (*) is bounded from Lp(Rn, v(x) dx) into

ί [Jΐf(x,t)]Pdμ(x9t)<c[ \f(x)fv(x)dx.

(ϋ) The pair (μ, r) verifies (Fp).

THEOREM B. Given a weight v in RΛ, a positive measure μ in Rn^~\ and

p, 1 < p < oo, the following conditions are equivalent.

(i) The operator Λ"defined in (**) is bounded from Lp(Rn, vx dx) into
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(ii) The pair (μ, υ) verifies

J [jr^-p'XQγx,t)γ dμ(x,t) < c j υι~p'(x)dx< +00

for all dyadic cubes Q in Rn.

The above results have certain consequences. (I) In the particular case
in Theorem A where v(x) Ξ= 1? the condition (Fp) reduces to

f [-"(XQ)(X, 0 ] ' dμ{x, t) <Ξ Cf dx = C|β|

and since Λ?(χβ)(x, t) = 1 for (x, t) e Q, we see that Theorem A gives
us Carleson's result mentioned in the introduction.

(II) If the measure μ in Rπ

+

+1 = Rn X [0, oo) is of the form d(x) =
u(x) dx concentrated in Rn X {0}, then (Fp) is equivalent to Sawyer's
condition

(Sp) f [M(υι-P'χQ){x)\ PU(X) dx < Cf vl-r'{x) dx<+oo

where Mf denotes the Hardy Littlewood maximal operator.

Since Jΐf(x, 0) = Mf(x\ x e R". Then from Theorem A we obtain

THEOREM (Sawyer [7]). Let 1 < p < oo. Given weights u and v in Rn

the following statements are equivalent:
(i) (w, v) satisfies the (Sp) condition

(ii) /RΛ (Mf(x)Yu(x) dx < CpfRn \f(x)\pv(x) dx.

(III) Hunt, Kurtz and Neugebauer [3] have shown by a direct proof
that if a weight v belongs to the Ap class, 1 < p < oo, of Muckenhoupt,
i.e.

then v satisfies the (Sp) condition in (II) with u = v.

In our case it can be shown, see [6], that if the pair (μ, v) satisfies the
(Cp) condition, 1 < p < oo, and v belongs to the class Ap of Muckenhoupt,
then the operator Jί is bounded from Lp(Rn, v(x) dx) into Lp(Rf\ μ)
and this tells us that in particular (μ, v) will satisfy the (Fp) condition.
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In the particular case considered in (II), this suggests that for a pair of
weights (w, v) satisfying the Ap condition, 1 < p < oo, of Muckenhoupt,
i.e.

the fact that υ e Ap is sufficient for (w, υ) to satisfy the Sp condition.
(IV) If a weight v is given and we call Fp(v) (respectively Cp(υ)) the

set of measures μ on R++1 such that (μ, v) satisfies the Fp condition
(respectively the Cp condition) we can state that for 1 < p < q

Cx{υ) c Fp(v) c Cp(v) c c Fq{υ) c Cq(υ) c . . . .

The inclusion Cp(υ) c C^(t ) is proved in [6]. To see that Fp(υ) c
Cp(v) let us observe that for (x, t) SΞ Q

x, t) > ±f J-'(y) dy

and this implies for μ e Fp(v)

dx-

p

Now, given/? < q, and μ G Cp(υ)9 using the Marcinkiewicz interpola-
tion theorem between the boundedness of Jί from Lp(Rn, v(x) dx) into
weak-L^ίR"^1, μ) and the trivial L°° boundedness, we obtain μ e Fq(v).

REMARK. If, for a given /?, v belongs to the Ap class of Muckenhoupt,
then it can be shown that Cp(υ) = Cq(υ), p < q < oo, see [6]. This fact
and the fact that for v ^ Ap there exists ε > 0 such that υ ^ Ap_ε allows
us to obtain that

Fp{v) = Cp(υ) = Cq(v) = Fq(v), p < q < oo.

3. Detailed proofs. The proof of the implication (i) => (ii) is the
same in both Theorems A and B, the only difference being the use of non
dyadic or dyadic cubes.

Firstly, let us see that j Q υι~p'(x) dx < + oo for all cubes. If

ί vι-r'(x) dx= f {v-ι{x))pfv{x) dx = oo
JQ JQ

this would imply the existence of a function/ e Lp(υ) such that

ί f(x)dx= ί f(x)v-1(x)v(x)dx= +oo,
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and in particular Jtf{x, t) = + oo for (x, /) e R++1 which contradicts the
hypothesis:

ί [Jff(x,t)]pdμ(x,t)<c[ fP{x)υ{x)dx< +00.

To show the inequality in (ii) it is sufficient to choose f(x) =
χQ{x)v1~p{x) in the hypothesis.

Proof of (ii) => (i) in Theorem B. In order to handle a Calderόn-
Zygmund decomposition we introduce the operators

= sup

the supremum being taken over all dyadic cubes in Rw containing x and
having side length at least t and at most R.

Observe that^ΓΛ/(jc, *) = 0 for t > R and that

Lim JTRf(x9 t) = JTf{x, t)

with increasing limit.
Let ΩK be the set

LEMMA. For each k e Z ίΛere ejci5ί5 a family {Qj},j^J^of dyadic
cubes in ΈLn such that

(i)l/QiJβ,\f(x)\dx>2k.
(ii) The interiors of Qj are disjoints

(iii) Qk = V ~Q)

Proof of the lemma. If (x, t) e Ω̂  it means that there exists a dyadic
cube with xeQ, l(Q) > t, l(Q) <Ξ R and l / | β | / β |/(JC)| dx > 2k. This
implies the existence of a dyadic maximal ζ>* such that g c β^, /(βy) <
Λ, /(β*) > / and

In particular, (x, t) G β^. The fact that the interiors of Qj are
disjoint is an obvious consequence of the same property for the Qj 's.

Now let us consider the sets

, t):JrRf{x, t) >
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T h e n w e h a v e a family of sets { Ef } j k w i t h d i s jo int i n t e r i o r s a n d

[Λ *f(x,t)]pdμ(x,t)<Σ( \jr*f(x,t)]'dμ{xtt)

() (/)-i-(/ \f(x)\dxY.
j,k j,k \QJWQJ I

Following the ideas of Sawyer [7] and Jawerth [4], we introduce the
following notations:

σ(x) = vl~p\x), σ(β) = ί σ(x) dx
JQ

<(x)dx\
Jk \o{Q$)JQi °(x)

X = {(k, j): k ̂  Z,7 G / }̂ with atomic measure yjk.

Then we can write

= 2*jΓ y{(k,j):gjk>λ}dλ =

= ΊPC Σ M

yjk

>(e;) dμ(x,t)d\,

calling β, the maximal cubes of the family [Q1]: (k, j) e Γ(λ)}. This is
equal to

p

Σ r < λ ) / £

: Σ Σ

\QkA
dμ(x, t) dλ

(^•"(«χa)(x,O)'<*/•(*. O Λ
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by the disjointness of the Ef 's. This is less than

2'jΓ Σ / (Λ R(σχQι)(x,ή)Pdμ(x,ήdλ.

Following hypothesis (i) this is less than

o t \JQ,

= 2"/ σ( U Q1}) dλ.
V(A;,y)sΓ(λ) '

The definition of Γ(λ) states that

U Q

(feJ)eΓ(λ)

where

Nσ(x) = sup ——Y / g(x)σ(x) dx,

the supremum being taken over all dyadic cubes in R" containing x.
Then we have

f [Λ 'Ax, t)\'dμ(x, I) ί 2'jf* «{x: (jV.(lΛ)(Λ))' > λj dλ

since the dyadic maximal operator with respect to any positive measure v
maps Lp(dv), 1 < p < oo, into itself.

The proof ends by applying Fatou's lemma and observing that
oι~p = v.

Proof of (ii) => (i) in Theorem A. The proof of this part follows easily
from the ensuing lemma due to Sawyer [7].

LEMMA 2. Define for eachy e R"

ά ί / \f(u)\du9
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the supremum being taken in all cubes Q with x e Q, side length less than t

and such that the set Q — y = {u — y: u e Q) is a dyadic cube. Then,

jίf2kf(Ύ A < c ί yλΓf(γ A

where the constant C depends only on the dimension.

By JίR we mean the maximal operator obtained considering cubes
with side length less than R.

Observe that the proof of Theorem B can be repeated for the operator
VΓwhere the dyadic cubes are now of the type ΠjLi[jcf, x ί + + 2k) with
x -y<Ξ2kZn.

Then, by Lemma 2 we have

/ [Jt*f(xtt)\'dμ{x,t)

<cf dμ(x,t)\f """"- ^-^-
Jτyι + 1 | 'Γ_9^ + 2 *)k + 2-\n

M%.+ L i z , ,z, j

= cf\f(x)\Pv(x)dx.

By letting fc->oowe conclude (i) in Theorem A.

The proof of Lemma 2 follows along the lines of the corresponding
result in [7] and is therefore omitted.
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