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MEASURE-THEORETIC PROPERTIES OF
NON-MEASURABLE SETS

MAX SHIFFMAN

This article discusses the interior and exterior measures of two dis-
joint point sets S;, .S, and their union set S; US,. Besides well-known
inequalities on the six quantities 77,(S) and m.(S) for S = §;,S,,
and S| U S, further inequalities are obtained. Indeed, a complete
colleciton of inequalities on these six quantities is obtained, which
are both necessary and sufficient conditions. The complete collec-
tion of inequalities are expressible as: there are a certain six linear
combinations of the six quantities which are each > 0, and these six
linear combinations can be independently assigned any nonnegative
real value or oo, subject to their sum being < m(X), where X is the
entire space or a measurable set containing S| and S,.

1. Introduction. Consider any point set S on the real number line
or in Euclidean n-dimensional space. (That the space is Euclidean is
unessential; general measure spaces, subject to a limitation, will be
taken up in a separate article.) The set S has an interior Lebesgue
measure #;(S) and an exterior Lebesgue measure m,(S), which are
non-negative real numbers or co satisfying

(1.1) 0 < m;i(S) < m(S),

(1.2) mi(S) < mi(T), me(S) < m(T) forScT,

where S and T are two sets with S contained in 7. A bounded set
is Lebesgue measurable if m;(S) = m.(S), and the common value is
its measure m(S); an unbounded set .S is Lebesgue measurable if the
intersection of .S with every bounded interval is Lebesgue measurable
(then m;(S) = m,(S)). For two disjoint sets S| and S, i.e. S;NS, =D
where & is the symbol for the empty or null set, it is standard that if S
and S, are measurable, then S;US, is also measurable and m(S,US,) =
m(Sy) + m(S;). The present article considers any two disjoint sets .S
and S,, whether measurable or not, and obtains a complete collection
of independent inequalities on the six quantities m1;(.S) and m,(S) for
S =25,5, and §; US,.

A set S is non-measurable if m;(S) < m.(S), or if m;(S) = m.(S) =
oo and the intersection of S with some bounded interval is non-
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measurable. There are non-measurable sets, and indeed there are a
large number of them. This is well known [1] and shown in books on
measure theory, and also incidentally shown briefly in §7 here. For
two disjoint sets .S; and S, where S; NS, = O, it is known that

s { m;(S) USy) = mi(Sy) + mi(Sy),
(1.3) Me(S1 U S2) < me(Sy) + me(Ss).

In words, interior measure is superadditive and exterior measure is
subadditive. Place

(1.4) di(S1,82) = m;(S1 US2) — m;i(Sy) — mi(S2) >0,

(1.5) de(S1,82) = me(S)) + me(S2) — me(5;US2) >0,

for any pair of disjoint sets S;,S>,S5; NS, = &, having finite exte-
rior (and therefore interior) measures. The definition of d;(S,S>)
and d.(S,,S,;) when m.(S;) or m.(S,) or both are infinite will be
given in §3, formulas (3.1), (3.2), and (3.3). The quantities d;(S;,S>)
and d,(S;, S;) may be called the “differences” or “deficiencies” associ-
ated with the pair of disjoint sets S}, .S, and describe numerically how
far the interior and exterior measures differ from the exact additivity
property for measurable sets. In this article, the quantities d; and d,
will be studied and a simple relation between them found, namely

(1.6) di(S1,52) < de(S1,52).

Also, other inequalities for m; and m, of S;,S,,S; US, will be ob-
tained. Indeed, a complete collection of independent inequalities on
the six quantities m;(S) and m,(S) for S = 5y, S,, and S; U.S; will be
found. These are necessary conditions, and if six real numbers satisfy
this complete collection of inequalities, there are pairs of disjoint sets
S1,S, with these values of the six quantities. Additional set functions
of pairs of disjoint sets S}, .S, are introduced. These results are stated
in Theorems 5 and 10, or in the paragraph containing formulas (8.14)

and (8.15).
Define the average measure m,(S) of any set S by
(1.7) my(8S) = 5(mi(S) + me(S)).

The inequality (1.6) can be rephrased, by inserting equations (1.4),
(1.5) into (1.6), transposing some terms and dividing by 2, becoming

(1.8) Mq(S1 US2) < my(S1) + my(S2).
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This states that the average measure m, is subadditive (like exterior
measure and not interior measure). Indeed, it will be shown that if
one has a countable number of mutually disjoint sets S,,, v =1,2,...
to N or to oo, then

(1.9) myg (US,,) <Y ma(S)),

and so average measure is countably subadditive. It is known that
m,(S) is countably subadditive, and m;(S) is countably superadditive,
and m(S) for measurable sets .S is countably additive.

There are non-measurable sets, and indeed a large number of them.
It should be said that a non-measurable set .S is actually partially mea-
surable, having an interior measure »;(S) and an exterior measure
me(S) with 0 < m;(S) < m,(S). A measurable set S, of finite measure,
is just a set with m;(S) = m,(S). One could say that a non-measurable
set S has as measure an undetermined value between m;(S) and m,(S),
for instance m,(S), or that it has a range of values between m;(S) and
m.(S). A non-measurable set may be more appropriately called a
partially measurable set, having an interior measure and an exterior
measure satisfying (1.1), (1.2).

In a broad sense of measure, if one is thinking of applications, not
necessarily mathematical, an exact measurement might not be avail-
able for some process or subject. But a lower value and an upper
value might be available, like interior measure and exterior measure.
Finding properties of the lower and upper values would be of interest.
Or an estimate (such as average measure) could be considered.

2. Some lemmas. If S is any set, which may be non-measurable, it
is well known that if L is any measurable set C S then m(L) < m;(S)
and there is a measurable set B C S with m(B) = m;(S); and if L is
any measurable set D .S then m(L) > m,(S) and there is a measurable
set K D S with m(K) = m,(S). Some lemmas concerning any sets S,
whether measurable or not, will first be found.

LeMMA 1. If a countable number of sets S,, v =1,2,... to N or to
oo, are contained in mutually disjoint measurable sets L,, S, C L, for
allv=1,2,...,and L,NL, = for all u,v with u # v, then

m; (Us,,) =Y mi(S,), me (US,,) =Y me(Sy).
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Proof. Select a measurable set B C (U, S,) with m(B) = m;({, S.).
Then (BNL,) c (U, Sv)NLy) =U,(SyNL,) =S, since (S,NL,) C
(LyNLy) = forallv # u, and SyNL, = S,. Therefore, m(BNL,) <
m;(S,) forevery u=1,2,.... Now, B c (U, S») c (U, Lv), so that

(US ) =m(B) = (Bn (UL)) =m (LUJ(BHLV))
= ;m(BﬂLy) < Zy:mi(Su)-

But interior measure is countably superadditive mi(U, Sy) =

>, mi(S,), and the equality m;(lJ, S,) =), mi(S,) is estabhshed
Let K be a measurable set O (U, Sy) w1th m(K ) me (U, Sv). Then

K> (Kn(U,L) > (U,Sy), so that m(K' N (U, L)) = me(U, Sy)

also. Now, (KNL,)>S,, sothat m(KNL,)>m.(S,), and therefore

() = (en (Ue)) = m (es)
- Z,,: m(KnL,) > Xy: Me(Sy)

But exterior measure is countably subadditive, m.(U,S,) <

Y-, me(Sy), and the equality m.(U, S,) = >, m.(S,) is established.
Lemma 1 is proved.

A consequence of Lemma 1 is the following: if L and S are disjoint
sets, where L is a measurable set, then

mi(LUS) = m(L) + m(S),
(2.1) LNS =9,

me(LUS) =m(L)+ m.(S).
This is by Lemma 1, since S is contained in the measurable set (entire
space —L).

LEMMA 2. Suppose that S; U S, is measurable, where S| and S, are
disjoint sets, Sy NS, = . Then
m(S; US2) = m;i(Sy) + me(S2) = me(S1) + m;(Sy).
Proof. Let By be a measurable set C .S} with m(B;) = m;(S;). Then

(B1US,) C (S1US,), and B is disjoint from S, so that m(S; US,) >
me(By USy) = m(By) + m(S;) by (2.1). Thus,

(2.2) m(S1US2) 2 m;(S1) + me(S2).
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Let K, be a measurable set O S, with m(K;) = m.(S;). Then K, D
(K2N(S1US,)) D S, and m(K,) > m(K,N(S1USy)) > m,(S,), so that
m(K, N (S;US,)) = me(S,) also. Now for finite m,(S;), one obtains
from ((S; US,) — (K> N (S US,)) C S that

m;(S1) > m[(S;US2) — (K2N(S1USL))]
=m(S1US2) —m(Kr;N(S1US,)) = m(S1 USy) — me(S2).

Adding the finite quantity m.(S>) to both sides of this inequality gives
m(S1US,) < m;i(S)) +me(Sy). If m.(S>) is infinite, this last inequality
is still true, and together with (2.2), the first equation of Lemma 2 for
m(S1US,) is obtained. Interchanging the roles of S; and S, establishes
the second equation of Lemma 2 for m(S; US;). Lemma 2 is proved.
Another formulation of Lemma 2 is as follows. Suppose that S C L
where L is measurable. Then, if m.(S) is finite,
m;(L —S) = m(L) — me(S),
me(L —S)=m(L)—m;(S), ScCL.
This is from Lemma 2 for S; =S, S, = L—S. If m.(S) = oo, replace
(2.3) by Lemma 2 for S; = S, S$; = L — S, which reduces to just
me(L — S) + m;(S) = m(L) = co. Formula (2.3), or Lemma 2, states
a complementation property of interior and exterior measures.
Incidentally, above and subsequently, co is a possible value of an
interior measure, exterior measure, or measure, and has the properties:
oo + finite = oo, finite + co = 0o, 0o + 00 = 00, oo > finite, finite < oo,
oo —finite = 0o; co— oo is undetermined and has no meaning, and finite
—oo has no meaning as a measure, interior or exterior, since these have
non-negative values. The relations <, >, and = are mutually exclusive;
and the commutative and associative laws of addition hold.

(2.3)

LEMMA 3. Suppose that S C M, where M is measurable, and that
m;(M — S) = 0 (for finite m(M), m;(M — S) = 0 is equivalent to
me(S) = m(M)). If L is a measurable set C M, then

me(SNL)y=m(L) and m;(L—(SNL))=0.

Proof. L-(SNL)=(MnNL)—(SNL)=(M-S)NnL)c (M-2S).
Therefore m;(L—(SNL)) < m;(M-S) =0and so m;(L—(SNL)) =0.
By Lemma 2, m(L) = m,(SNL)+m;(L—-(SNL)) = m(SNL).
The statement in parentheses in Lemma 3 follows from Lemma 2:
m(M) = me(S) + m;(M —S). Lemma 3 is proved.

The next lemma refers to d;(S;,.5,) and d,.(S;,S,) for two disjoint
sets S; and S,, when the pair (Sy,.S;) is expressible as a countable
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union of pairs (S} ,S5) which are contained in mutually disjoint mea-
surable sets L”.

LEMMA 4. Suppose that S| and S, are disjoint sets, S;NS, = &, and
S1=U, 87,8 =U, Sy for a countable number of v = 1,2,... (to N
or to 0o). And suppose that (S} USy) C LY where L” is a measurable
set foreveryv = 1,2,..., and that the measurable sets LY are mutually
disjoint, i.e. L* N LY = @ for all u,v with u # v. Then

2.4)  di(S),S,) Ed V,8%),  de(S1,82) = de(SY

(2.5) my(Sy) = Z ma(SII/)-

Proof. The equality of (2.5) is true by (1.7) and Lemma 1. Inciden-
tally, (2.5) holds for any single set S by taking §; = §, Y =S¥ for all
v,and §; =9, 8§} = Q.

The equations for d; and d, in (2.4) are true when m,(S; U S,) is
finite, by using the homogeneous linear formulas (1.4) and (1.5) for
d; and d,, and Lemma 1. For then all the quantities »2,(.S) and m,(S)
when S = 81,5,,81US,, S¥,8%,S8Y US) are finite, and d,(S},S¥) =
m;(SY USY) —m;(S7) —m;(SY), and likewise for d,(S7,Sy). Summing
overallv =1,2,... (to N or to oo) gives

D di(SY,85) =) mi(SYuSy) - mi(Sy) - Y mi(S5),
since

(St = miS1), S mi(S5) = mi(Sy),  and

> mi(SY USy) = mi(SiUSy)

by Lemma 1, which are finite amounts; and so

> di(SY,85) = mi(S1 U Sy) — mi(S1) — my(S2) = di(S), $2).

Likewise for d.(S},.5,), and Lemma 4 is proved when m,(S; US,) is
finite, and in particular when S; and S, are bounded sets. The case
of Lemma 4 when m,.(S; US,) = oo will be taken up in the §3.

The formulas (1.4) and (1.5) for d; and for d, cannot be used if
a subtractive term in the formula is co. But d; and d, can still be
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defined, and the formulas (1.4) and (1.5) rewritten as

(2.6) { m;(S1 USy) = m;(S1) + mi(S2) +di(S1,S2),
. Me(S)) + Me(S7) = Me(S1USH) + de(S1,S2),
(2.7) di(S1,8y) >0, duo(S;,Sy) > 0.

The definitions of d;(S,S,) and d.(S;,S,) are in the next section.

3. Definitions when an exterior measure is infinite. The entire Eu-
clidean n-dimensional space of all points (x;, x5,...,X,), for all real
values of x,x;,..., and x,, can be written as the union | J;2, X” of
a countably infinite number of mutually disjoint bounded measurable
sets XV, v = 1,2,... to oo; for example, as U, Uy, - - Uy, T*i-kerko)
where [ (ki-k2.--k1) is the half-open unit interval of measure 1 consisting
of all points (x;,x3,...,x,) for which

ki<xi<ki+1, kh<x<k+1,...,k,<x,<k,+1,

and the k|, k,, ..., k, are integers which range over all integer values
from —oo to +oo independently. All the intervals J(ki-42---k) are count-
ably infinite in number, and can be arranged in some order as X” with
v=1,2,... to oo, so that

(3.1) entire space = | JX”, X*NX" =0 forall u,v with u # v,

where X” are mutually disjoint bounded measurable sets. Then, for
any two disjoint sets S| and S5,

Sy (S1nX”),

[
s

N
Il

[
s

Sh (SN XY).

Il
—_

v

The two sets S; N X”, S, N X” for any v are disjoint bounded sets,
and d4;(S; N XV,S, N X¥) and d.(S; N X”,S, N X”) can be defined as
in (1.4) and (1.5), and they satisfy (2.6) and (2.7) above. Then define
di(S1,52) and d,(S;, S2) by

(3.2) d,‘(Sl,Sz):Zdj(SlﬂXV,SzﬂXV),
v=l1
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(3.3) de(S),S,) = Z (S;NX”,S,NXY).

These being sums of non-negative numbers, note that co is a possi-
ble value of d;(S;,S>) and d.(S;,S;) when the corresponding infinite
series diverges to co, as well as a non-negative real number.

The formulas (2.6) and (2.7) are satisfied for the pair of disjoint
sets S; N XY, S, N X” for each v, and (2.6) is

m;((S;NXY)U(S2NXY)) =mi(S;NXY)+m(s;NXY)
+d;(S1NX",S,NnXY),

and similarly for (2.7). Summing for v from 1 to k gives

k
Y mi((S1US)NX”)
v=1

x~

k
=Zm,~(Sl nX”)+Zm,~(S2 nx")
v=1

v=1

k
+> di(SinX”,5NnXY),
v=1

and letting kK — oo, using Lemma 1 and the definition (3.2) gives
m;(S1 US2) = m;(S1) + mi(S2) + di(S1,52),

all the quantities being > 0 and only additions being involved. Simi-
larly for the second line of (2.6) and for (2.7). Thus, the formula (2.6)
and (2.7) are established.

If S| and S, are both bounded sets, then (2.6) and (2.7) imply (1.4)
and (1.5) since all the terms in (2.6) involving m; and m, are finite,
and so d;(S,S>) and d.(S;,S,) are finite by (2.6), and transpositions
give (1.4) and (1.5). Thus, the definitions of d;(S;,S,) and d.(S;, S>)
given in (3.2) and (3.3) agree with their definitions in (1.4) and (1.5)
when S| and S, are bounded sets. A further statement concerning the
definitions of d;(S),S,) and d,.(S;,S,) will be made in the paragraph
following the next paragraph.

Returning to the proof of Lemma 4 in §2, it has already been proved
when S| and S, are bounded sets, in §2. Now let S; and S, be any
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pair of disjoint sets, and S; = U, S, S2 = U, S5, and L” as in the
hypotheses of Lemma 4. One has, by the definition (3.2), d;(S},S%) =
>y di(SY N X#, 87 N X#) and likewise for d,. Therefore,

(3.4) > di(St.85) =Y (Z di(Sy N X*, Sy nX”))
v u

=Y (Zdi(Sl” nXx*,sy ﬂX")) ,
U v

this interchange of the order of summation being valid since all the
terms are non-negative. Likewise for d.. Since S; =J, S} and S, =
U, S%, one has $; N X* = |J, (S} N X#) and S, N X* =, (S§ N X#),
and for each u the pair S; N X# and S, N X# are two bounded disjoint
sets, so that Lemma 4 is applicable and therefore

(3.5) di(SlnX“,San/‘)=Zd,~(Si’nX",S§’nX"),
u
from (2.4) with Sy N X#,S, N X* replacing Sy,.S, in (2.4). From (3.4),

PIASIIEDY (Z d;i(S¥ N X*, Sy nX"))

n
=Y di(S1 N X, 8N X¥*) = di(S1,52),
un

by (3.5) and (3.2). This is the first equation in (2.4). Likewise for d,
in place of d; in this paragraph, which gives the second equation in
(2.4). Lemma 4 is proved.

If S; and S, are disjoint sets, and the entire space is expressed
as [J;2, Y” of another countably infinite number of mutually dis-
joint bounded measurable sets, as in (3.1) with Y” replacing X7,
then S| = UY,($1nY¥) and S$; = U,(S2 N YY), and Lemma 4
shows that d;(S;,S,) = Z;}):I di(S1NY", S NYY), do(S1,8) =
Yoor (S1NY?,SHNYY). Therefore, using Y, v = 1,2,... to oo,
in place of X”, v =1,2,... to oo, for the definitions of d;(S;,S,) and
d.(S1,S,) in (3.2) and (3.3) gives the same values of d;(S;,S,) and
d. (S}, S,) respectively.

Incidentally, note that d;(S;, S>) and d.(S;,S,) depend on the pair
of disjoint sets S;,S, and not on their order, so that d;(S,,S;) =
di(S1,82), do(S2,S1) = d.(S1,S2). And, if one of the sets S}, S, is the



366 MAX SHIFFMAN

empty set J, say S, = <, then
(3.6) di(S,2)=d;(D,S) =0, d.(S,9)=d.(3,5)=0.

This is by (1.4) and (1.5) if S is a bounded set, and by (3.2) and (3.3)
for any S. Also,

(3.7) di(S1,82) = de(S1,52) =0

if S| and S, are both measurable sets, by (1.4) and (1.5) when S} and

S, are bounded sets, and then by (3.2) and (3.3) for any measurable

sets S1,57. ((3.7) holds if one of S;,S, is measurable, by (2.1).)
This §3 will be completed by the following lemma.

LEMMA 5. For any set S there is a measurable set B C S for which
m(B) = m;(S) and m;(S— B) = 0, and there is a measurable set L O S
Jor which m(L) = m,(S) and m;(L - S) = 0.

Proof. 1t is well known that there is a measurable set B C S for
which m(B) = m;(S), and a measurable set L O S for which m(L) =
me(S). If m;(S) is finite, then m;(S — B) = 0 follows from (2.1)
applied to the disjoint sets B and S — B. If m.(S) is finite, then
m;(L — ) = 0 follows from (2.3). So Lemma 5 is proved for sets .S
with finite m;(S) or m.(S), and in particular for bounded sets S. For
m;(S) or m.(S) infinite, write the entire space as |J, X” as in (3.1).
For each v there are, by Lemma 5 for bounded sets, measurable sets
BY c (§NnX¥)and LY D (SN X?) for which m;((SNX?)-B") =0
and m;(LY — (SN X")) =0. Place B=J,B" and L =J,(L" N X").
Then

S-B= (U (Snx” ) (UB”) —U (SNX¥)-B")
and by Lemma 1,
m;(S — B) =Zmi((SnX”)—B”)=iO=O;

m(B) = m;(S) follows from (2.1) applied to the disjoint sets B and
S — B. Also,

L-S= (U(L” nX”)) - (U(SnX”)) =@’ nx”) - (snx)

v v
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and by Lemma 1,
mi(L-8)=> mi((L"nX")-(SNX")) Z
v v=1

since

(LYNX")—(SNnX"))c (LY - (SNX")) and

m;(L" — (SNX"))=0.
By Lemma 2 applied to the disjoint sets L — S and S, m(L) =
m;(L —S) + m.(S) = m(S). Lemma 35 is proved.

Concerning Lemma 3, it suffices to state merely m;(S — B) = 0 and
m;(L — S) = 0 as the properties of B C S and L O S. (Note that it is
m; that appears in both = 0 statements.) For, m(B) = m;(S) follows
from m;(S — B) = 0 by (2.1) applied to the disjoint sets B and S — B;
and m(L) = m,(S) follows from m;(L —S) = 0 by Lemma 2 applied
to the d1s;omt sets L — .S and S. Incidentally, in Lemma 5, the sets B
and L may be chosen as Borel sets.

4. An inequality for the differences. The first main theorem of this
article is

THEOREM 1. Suppose that S| and S, are two disjoint sets, S;NS, =
&. Then
0 < di(S1,82) £ de(S1,82).

Proof. Select measurable sets B; C S; and B, C S, as in Lemma §,
for which m;(S; — By) = 0 and m;(S; — By) =

Now, S; = B, U(S; — By) and S = B, U (S, — By), and (S; — B;) C
(the entire space —B) ), which is a measurable set disjoint from B, and
(S2 — By) C (the entire space —B,), which is a measurable set disjoint
from B,. By Lemma 4 for N = 2,

di(S1,82) = di(By,By) +di(S) — By,S, — By)
=d;(S — B1,S, - B;) and

de(S1,82) = de(By, By) + de(S1 — By,82 — B))
=de(S1 — B1,52 — By)
since d;(B,B;) = d.(B;,B;) = 0, by (3.7). The sets S; — B; and
S — B, both have interior measure 0, so to prove Theorem 1 it suffices

to prove Theorem 1 when both sets Sy, .S, of the theorem have interior
measure 0.
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Suppose that Z; and Z, are disjoint sets, Z;NZ, = &, and both have
interior measure 0, m;(Z,) = 0 and m;(Z;) = 0. Select measurable
sets Ly D Z, and Ly D Z, as in Lemma 5, with m;(L, — Z;) = 0 and
m,'(Lz - Zz) =0. Now,

LiUL,=(LiNnL))U(L; = (LiNnLy))N(Ly - (LyNLy)), and

Zj C (LyUL,;) forj=1and 2,
so that

(4.1) Zj=(Z;n(LiNLy)) UIZ;n(Ly — (L1 N Ly))]
U [Zj N(L, — (LN Ly))] forj=1,2.

The three measurable sets Ly N Ly, L; — (L N Ly), Ly — (L; N Ly)
are mutually disjoint, and the two disjoint sets Z;, for j = 1 and
2, are each expressed in (4.1) as a union of three sets, one in each
of these three mutually disjoint measurable sets. By Lemma 4, (2.4)
expresses d;(Z,,Z;) and d.(Z,,Z,) as sums of three d;’s and three
d.’s respectively, corresponding to the three terms of the right-hand
sides of (4.1). The last two terms in both these sums are zero. For,
ZyN(Ly—(LiNLy)) = since Z, C Ly and LyN(L; — (L NLy)) =<.
The pair of sets in the second expression on the right-hand sides of
(41)forj=1landj=2is Z N (L; — (L; N Ly)) and &, and

di(Zin(Ly - (L1 N Ly)),9)
=d.(Z;N(Ly - (LN Ly)),d)=0 by (3.6).

Likewise, the pair of sets in the third expression on the right-hand
sides of (4.1), forj=1and j =2,is J and Z, N (L, — (L N Ly)), so
that

di(@,ZyN(Ly — (Ly N Ly))) = de(D,Z2N (Ly — (L N Ly))) = 0.

There remains the terms in the first expression on the right-hand sides
of (4.1), for j = 1 and j = 2. The result is

{ di(Z,,Zy) =di(Z\n(LiNLy),Z,Nn(L; N Ly)),
de(Z),2Z3) =de(Z, N (L1 N Ly),Zy N (L1 N Ly)).

Now, m;(Z;N(L;NLy)) =0and m;(Z,N(L;NL,)) = 0 since both
these sets are contained in Z; and Z, respectively, and m;(Z;) = 0,
m;(Z,) = 0. The first formula of (4.2) and of (2.6) give

(4.3) di(Z,,2Zy) = mi((Z, U Z;) N (L N Ly)).

(4.2)
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The second formula of (4.2) and of (2.6) give

(4.4) de(Z1,2Z3) + me((Z1 U Zy) N (L1 N Ly))
=m.(Z; N (LN L))+ me(ZN (L N Ly)).

But m;(L, — Z;) = 0 by the selection of L; D Z;, and (L;NL,) C Ly,
so that Lemma 3 with M = L;, and S = Z;, and L = L; N L, gives
me(Z; N (L; N Ly)) = m(Ly; N Ly). Likewise, m.(Z, N (L; N Ly)) =
m(L{ N L,). Also,

Zin(LinLy) c ((ZyuZy)N(LiNLy)) C(LiNLy)
and m.(Z,N(LyN L,)) = m(L, N L,) shows that
me((Z1 U Z) N (Ly N Ly)) = m(Ly N Ly).
Placing these three equal values m(L; N L,) into (4.4) gives
(4.5) de(Zy,Zy) + m(LiNLy) =m(LyNLy)+m(L; N Ly).

If Z, and Z, are bounded sets, then m(L; N L,) is finite, and (4.5)
establishes that

(4.6) de(Z1,2Z,) = m(Li N Ly).
This and (4.3) yield
(4.7) di(Z,,2Zy) <d.(Z,,2Z,).

This inequality (4.7) is established when Z, and Z, are bounded
sets. For any disjoint sets Z;, Z, for which m;(Z,) = m;(Z,) = 0, use
the definitions of d;(Z,,Z;) and d.(Z,,Z;) in (3.2) and (3.3). For
each u, the sets Z; N X# and Z, N X* are bounded disjoint sets for
which m;(Z, n X#) = 0 and m;(Z, N X*) = 0 so that by (4.7)

0<di(ZiNnX*,ZyNnXH*) <d.(Z N X*,Z, N XH).

Summing over all positive integers x4 from 1 to oo, and using (3.2) and
(3.3) for the pair Z,, Z, gives (4.7).

Continuing with the proof of Theorem 1, it was shown above in the
first paragraph of the proof that it suffices to prove Theorem 1 for the
pair of sets S| — By, S, — B,, both of which have interior measure 0.
Theorem 1 is proved.
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A consequence of Theorem 1 is: if d.(S;,S>) = 0 then d;(S},S,) =
0. That is, if m.(S; U S2) = m.(S1) + me(S,), then m;(S; US,) =
m;(S1) + m;(S,). But d;(Sy,S,) = 0 does not necessarily imply that
d.(S1,8;) =0.

5. Average measure. Another form of Theorem 1, and a general-
ization, is stated in Theorem 2 immediately below, using the average
measure m,(S) of a set S, defined in (1.7).

THEOREM 2. The average measure my,(S) of a set S, defined by
ma(S) = $(mi(S)+me(S)), is subadditive, i.e., ma(S|US2) < my(Sy)+
my(S,) for any two disjoint sets Sy, S,. More generally, suppose that S,
v=1,2,... to N or to infinity, are a finite or countably infinite num-
ber of mutually disjoint sets, and consider the union |, S, of these sets.

Then
mg (U&) <D my(S

Proof. 1If S| and S, are disjoint bounded sets, insert the defini-
tions (1.4) and (1.5) of d;(S;,S,) and d,(S;, S,) into the inequality
di(S1,S2) < d.(S1,S,) of Theorem 1, transpose suitable terms and
divide by 2. The result is the first inequality of Theorem 2. For any
disjoint sets S} and S,, using (3.1),

ma((S1US) NXY) =ma((SiNXY)U (S, N XY))
<ma(S1NXY) + mu(S, N XY),
and summing for all » from 1 to oo gives m,(S; U S>) < m,(S1) +
mq(S,) by (1.7) and Lemma 1, and the terms in the infinite series are

all > 0. For any two sets S| and S,, one has S{US> = S1U(S2—(S2NS1))
so that

ma(S) U S2) < my(S1) + ma(S2 — (S2N81)) < mu(Sh) + my(S?)

since (S7 — (S2NS;)) € S5. The first sentence of Theorem 2 is proved.

For the second sentence of Theorem 2, if the number of sets S, is
finite, the theorem is proved by mathematical induction, as follows:
Supposing the theorem true for k sets, ma(U’,f=1 S)) < Z,’le mq(S)),
then for k + 1 sets

k+1 k k
My (U S,,) =my ((U S,,) uSk+1) < my (U S,,) + Ma(Sk41)
v=1 v=1 v=1

k+1

k
SZ a(Sy) + mq( SkH)_ZmaS)
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which is the theorem for k+ 1 sets. Since the theorem is true for 2 sets,
the theorem is true for any finite number N of sets, by the principle
of mathematical induction.

If the number of sets S, is infinite, v = 1, 2,... to infinity, note first
that Theorem 2 is true if ) .- | m,(S,) is divergent, or if any m,(S,) =
oo, since then ) >° | m,(S,) = oo. Suppose that )72, m,(S,) is con-
vergent. Since 0 < m;(S) < m.(S), one has from (1.7) that 0 <
$me(S) < my(S) < me(S), and the convergence of Y 52, m,(S,) im-
plies (and is implied by) the convergence of Y ,° ; m.(S,). Let K, be a
measurable set D S, with m(K,) = m.(S,). Then },° , m(K,) is con-
vergent, and given any positive number ¢ there is an integer k = k(¢)
such that -7, , m(Kv) < &. Now, for measurable sets it is known
that m(Up2,1 Kv) < Yook m(K,) < ¢ (indeed = holds if the K,
are mutually disjoint), one has m.(Uy2;,;S)) < m(Up2ii Kv) <
e. Then U2, S, = (U5_; S0) U (Usisr Sv), 50 that ma(U2, S,) <
ma(U’lf=1 S,) + &. But by the preceding paragraph, ma(Ul’f=l Sy) <

k m,(Sy,), so that

v=1

o0 k 00
(5.1) my (U Sy) <Y ma(Sy) +e < | ma(Sy) +e.

v=1 v=1 v=1
The terms involving m,( ) on the two extreme sides of (5.1) are certain
amounts, and (5.1) being true for any positive ¢, letting ¢ — 0 gives
ma(Up>1Sy) < 300 ma(Sy). Theorem 2 is proved. (Incidentally,
note that the inequality m,(UJ, S,) < >, ma(S,) holds for any sets
Sy, not necessarily mutually disjoint.)

In words, Theorem 2 states that the average measure n1,(S) is a
subadditive set funciton and indeed is a countably subadditive set
function, just as the exterior measure m,(S) is. It is interesting to note
that while the interior measure m;(.S) is super-additive for disjoint sets,
the average measure m,(S), which is % the sum of m;(S) and m.(S),
is subadditive like the exterior measure m,(S). For the sum m;(S) +
me(S), the subadditivity of m.(S) overcomes the superadditivity of
m;(S) resulting in the subadditivity of m,(S).

THEOREM 3. If' S C L where L is measurable, then
my(S) + my(L - S) = m(L) = my(L).

Proof. This is a consequence of Lemma 2 with S; = S and S, =
L —S. Add the two resulting equalities of Lemma 2, and divide by 2,
obtaining the equation of Theorem 3.



372 MAX SHIFFMAN

Theorem 3 is a complementation property of average measure, re-
ferring to the average measures of a set .S and its complement L —.S in
a containing measurable set L (such as an interval). Average measure
is also non-negative and monotone increasing, 0 < m,(S) < my(7T)
for S ¢ T; and m,(S) = m(S) for measurable sets S, and m,(S) =0
only for sets of measure 0. Note that exterior measure m1,.(S) does not
have this complementation property.

Also, note that m,(S) > 0 and if S is measurable, then m,(S) =
m(S). And, if m,(S) = 0, then S is a measurable set of measure 0.
For, since m;(S) < my(S), so m;(S) = 0 and then m,(S) = 0 from
ma(S) = 4mi(S) + yme(S).

6. More inequalities. Another main theorem concerning two dis-
joint sets S;, S, is

THEOREM 4. If S| and S, are disjoint sets, S1 NS, = @, then

m;(S1 US2) < m;(S) + me(S2) < me(S1US»),
m;(S1 US8y) < me(S1) + m;i(S2) < me(S1USy).

Proof. Pick a measurable set L D (S;US,) with m(L) = m,(S,US>),

and a measurable set B; C S} with m(B;) = m;(S;). The set (L—B;) D
S, since S, is disjoint from .Sy, so that ((L — B;)N(S;US,)) O S, and
me((L — B) N (S US,)) > me(S>). Now,

S1US =(B1N(S1US)UWL-B1)N(S1US))

=By U((L — B))N(S1USy)).

By Lemma 1,

me(Sy U S2) = m(By) + me((L — By) N(S1US?))

2 m;(S1) + me(S2),

and this is one of the inequalities of Theorem 4 for m.(S;US,). Inter-
changing the roles of S| and S, gives the other inequality of Theorem
4 for m.(S, U S).

Now, if m.(S; U S;) is finite, placing (1.4) and (1.5) into the in-
equality of Theorem 1 gives

m;(S1 USy) — m;i(S1) — mi(S7) < me(S1) + me(S2) — me(S; US),
which can be written as

Me(S1 U S2) — mi(S1) — me(S$2) < me(Sy) + mi(S2) — mi(51US,).
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The left-hand side of this inequality is > 0 by the proved inequality
in Theorem 4 for m.(S; U S,), and therefore the right-hand side of
this inequality is > 0. This is one of the inequalities of Theorem 4
for m;(S; US,). The other inequality of Theorem 4 for m;(S, US,) is
obtained by interchanging the roles of S; and S,. Theorem 4 is proved
when m,(S; U.S,) is finite.

Suppose that m,(S; U S;) = oo, and decompose the entire space as
in (3.1). By what has just been proved

m;i((S1USZ) NXY) =m((SiNX")U(S2NXY))
<mi(S1NXY)+ me (S, N XY).

Summing forall v =1,2,... to oo, Lemma 1 gives
m;(S1US2) < m;i(S1) + me(Sz).

This is one of the inequalities of Theorem 4 for m;(S; U S,), and
interchanging the roles of S; and S, gives the other inequality for
m;(S; US3). Theorem 4 is proved.

Besides the inequalities of Theorem 1 and Theorem 4, there are
the well-known inequalities (1.3), and (1.1) for § = S} and §, and
S1US,, and (1.2) for T = S; US,, S = 8 and S,. It will be shown
that all these form a complete set of inequalities for m;(S) and m,(S)
for § = S; and S, and S, U S, for every pair of disjoint sets .S; and
S,. But first, the large number of these inequalities will be written in
fewer and more manageable form.

For two disjoint sets .Sy and S,, introduce the quantities g,(S;,S>)
and g,(Sy,S,) defined by

81(81,82) = me(S1 USy) — mi(S1) — me(S2) >0,
(6.1) &2(81,82) = me(S1 USy) — mi(S,) — me(S) >0,
S1nNS, =43,

which are non-negative by Theorem 4. And introduce the quantity
h(S1,S,) defined by

(6.2)  h(S1,82) = de(S1,52) —di(51,82) 20,  S1nNS =0,

which is non-negative by Theorem 1. These are the definitions when
S and S, are bounded sets (and when m,(S; U S,) is finite). Their
definitions for any disjoint sets S; and S, are given the same way as
for d;(Sy,S>) and d.(S;,S>) in §3, by (3.1) and (3.2), (3.3), with the
quantity g;( , ) replacing d;( , ) or d( , ) in (3.2), (3.3), and likewise
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for g,( , ) and A( , ). Replace the formula (6.1) and (6.2) by the
transposed equations

81(S1,82)+m;(S1)+me(S2) = £(S1,52)+m;(S2) + m(Sy)
= me(S1US,),

h(S1,82) +di(S1,82) = de(S1,52),

81(81,82) 20, £(81,82) >0, h(S1,52) >0,

as (1.4) and (1.5) were replaced by (2.6) and (2.7) in §2. The defini-
tions of g,(Sy,S52), £2(51,5,), and A(S},S), by (3.1) and analogously
to (3.2) or (3.3), are shown to be consistent with (6.1) and (6.2), just
as was done in §3 for d;(S;,S,) and d.(S;,S,). This is by using (6.3)
for bounded sets and Lemma 1, thereby establishing (6.3) for any
pair of disjoint sets S;,S,; and when S; and S, are bounded sets (or
when m,(S,US3) is finite), transpositions in (6.3) give (6.1) and (6.2).
Also, Lemma 4 with g;( , ) or g»( , ) or A(, ) replacing d;( , ) or
de( , ) in (2.4) is proved just as in §§2 and 3. And the definitions of
g1(S1,82), £2(81,5,), and A(S;, S>) are independent of which decom-
position (3.1) is used, as in §3.

Incidentally, the expression for 4(S;,.S>) in (6.2) can also be written
as

(6.3)

h(S1,S2) = mi(Sy) + m(S1) + mi(S2) + me(S,)
—m;(S1USy) —me(S1USy) >0,

and also as
3h(S1,82) = ma(81) + Ma(S2) — Ma(Sy US2) = da(S1,S,) 20,

where d,(S},S,) is the average “difference” for the disjoint sets Sy, .S,.
Suppose S; and S, are any disjoint sets,

(6.4) Si1nNS, =3,
and consider their union S| U S;. Place

{al=mi(51), ay=m;(S,), a=m;(S1US,),

6.5
O3 by = me(S1), Bbr= me(S2), b= me(S1USH).

Concerning the six real numbers a,, b;, a,, b,, a, b, the superadditivity
of interior measure and subadditivity of exterior measure is, as in
(1.3),

(6.6) di=a-a,-a,>0, do=b+b-b>0
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where d; and d, are defined in (6.6), as in (1.4) and (1.5). The relations
(6.6) may be written

(6.6) di+ay+ay=a, de+b=b+b,, d; >0, d,>0.

The non-negativeness and connection between interior and exterior
measures (1.1), and the monotone increasing property (1.2), give

0<a <b, 0<ay<h,, 0<a<b,
{al <a, bi<b, ay<a, b, <bh.

In addition to these, Theorems 1 and 4 state

(6.8) di<d,, and

(6.7)

(6.9) a<a;+b,<b, a<ay+b <b.

The above large number of inqualities for a;, by, a,, by, a, b in
(6.6), (6.7), (6.8) and (6.9), 17 in all, will first be reduced in number
and form. Introduce d; and d, as in (6.6) and g, &>, and 4 as in (6.1)
and (6.2):

(6.10) gy =b—-a;-b, >0, g=b-a,-b,>0, h=d.,—d; >0.
The relations in (6.10) can also be written as

(6.11) g1 +a;+by=>b, g+ar+b=b, >0, £>0, and

(6.12) h+di=d., h>0.

From (6.6), by = (b — b)) +d. = & + a; + d. by (6.11), and (6.12)
gives (and likewise for b;)

(6.13) bi=ai+di+h+g, bh=ay+di+h+ g.
From (6.6) one has
(6.14) a=a;+ay+d; and b=a+a+d;+h+g + g.
The second equation in (6.14) comes from (6.6), (6.13) and (6.12) :
b=b +b,—d,
=(a+di+h+g)+(@+di+h+g)—(di+h)
=ai+ay+di+h+g +&.

Also, if the disjoint sets S}, .S, are both contained in a measurable set
X, which might be an interval or the entire space, then

(6.15) b < m(X).
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The relations (6.11), (6.12), (6.13), and (6.14) have been obtained
above when all the quantities involved are finite, or m.(S; U S,) is
finite. In particular, they hold when S; and S, are bounded sets. If
this is not the case, they still hold. Write the entire space as in (3.1),
and they hold for the pair of sets S; N X”, S, N X”. Then summing
these relations over all v = 1,2,... to oo, and using Lemmas 1 and 4,
and Lemma 4 with g;(, ) or g2(, ), or A(, ) replacing d;(, ) ord,( , )
in (2.4), these relations are established just as in the establishment of
(6.3) as in §3. Thus, (6.11), (6.12), (6.13) and (6.14) are proved in
general, so that the quantities a;, by, ay, b, a, b can be expressed in
terms of a, ay, d;, h, g1, & by (6.13) and (6.14), leading to the next
main theorem.

THEOREM 5. For two disjoint sets S| and S, which are both con-
tained in a measurable set X, all the relations (6.6), (6.6)', (6.7), (6.8),
(6.9),... through (6.15), for the quantities in (6.5), can be written as

(6.16) a;,ay,d;, h, g, areeach >0, and

(6.17) at+a+di+h+ g+ g <mX),

and the quantities by, b,, a, b expressed in terms of the non-negative
quantities a,, ay, d;, h, g1, & by (6.13) and (6.14), and d, from (6.12).

Proof. The inequalities (6.16) and (6.17), and the relations (6.12),
(6.13), and (6.14) have already been obtained. Conversely, given six
quantities (real numbers or o0) ay, ay, d;, h, g1, g satisfying (6.16)
and (6.17), and obtaining by, b,, a, b from (6.13) and (6.14), and
d, from (6.12), all the relations (6.6), (6.6)", (6.7), (6.8), (6.9),...
through (6.15) are satisfied. For, a; > 0 and a, > 0 are stated in
(6.16), and a > 0 comes from (6.14); and b, > a,, b, > a, are evident
from (6.13), and b > a from (6.14); these are the first line of (6.7).
The second line of (6.7) is evident from (6.14) and (6.13). And (6.6)’
comes from (6.14) and (6.12), (6.13), the second equation of (6.6)
from a calculation of d, + b and b, + b,; and (6.6) from (6.6)’ when
a,,a, and b are finite. And (6.8) comes from (6.12). Concerning
(6.9), ay+by = ay+ay+d; +h+ g, from (6.13), which is evidently > a
and < b from (6.14); and likewise for a, + by = ay +a; +d; + h + gi;
so that (6.9) is satisfied. And also (6.11) is satisfied by (6.13) and
(6.14); and (6.10) from (6.11) and (6.12) when a;, b, and a,,b; and
d; are finite. The formulas (6.12), (6.13), and (6.14) hold as stated in
the theorem. And (6.15) comes from (6.14) and (6.17). Theorem 5 is
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proved. Incidentally, in Theorem 5, d, in (6.12) gives d. +b = b; + b,
and d, > 0 in (6.6)’, so that (6.12) can be considered as the definition
of d,.

It will be shown in §8 that given any six non-negative numbers a;,
a, d;, h, g1, &, finite or oo, satisfying (6.17), and obtaining b;, b, a,
b from (6.13) and (6.14), there are disjoint sets S, S, both C X such
that (6.5) holds. Thus, the inequalities (6.16) and (6.17) are sufficient
as well as necessary conditions.

7. Some interesting non-measurable sets. To prove the statements
made in the preceding paragraph, some non-measurable sets will be
needed. These will be obtained in this section, and are interesting in
themselves. Consider first the real number line, and more particularly,
the half-open unit interval I of real numbers x, where 0 < x < 1, in
which addition is taken modulo 1. Or, consider the circumference 1
of a circle of radius 1/27 in the plane, whose length is 1; addition of
points on the circumference is defined by rotation of the cirumference.
In either description of 7, Lebesgue interior and exterior measure, and
measurability, are defined, and are invariant under rotation of the
circumference, or translation modulo 1 of the unit interval.

There is a standard construction of a non-measurable set Z in the
unit interval I, with m;(Z) = 0 and m.(Z) > 0. This is obtained by
considering two real numbers x and y, modulo 1, as equivalent if x—y
is a rational number, x ~ y if x — y = r where r is a rational number,
and forming the equivalence classes of real numbers. An equivalence
class is a set K of real numbers in I of the form K = {x + r, for
all r}, where x is a real number in 0 < x < 1 and r is a rational
number, and addition + is taken modulo 1. Two equivalence classes
K; = {xj+r, forall r}, j = 1,2, are different, and are also disjoint,
if X, — x; # a rational number, and are identical if x, — x; = a
rational number. Form a set Z by selecting one real number from
each equivalence class, for all the different equivalence classes, using
the axiom of choice. Define the set Z + r in the unit interval I as the
set of all real numbers z + r, modulo 1, for all z € Z (or, on the unit
circumference I, by rotating Z through the angle 2xr). Then,

(7.1) (Z+r)N(Z+r)=2 forr #r, modulo 1
(i.e., r; — ry # integer), and

(7.2) mi(Z +r)=mi(Z), me.(Z +r)=m.(Z).
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Take all the rational numbers r,, v = 1,2,..., in the unit interval I,
and form the set |J,(Z + r,). One has

1=m(I)=m; (U(Z + ry)> >y mi(Z+r)=) mi(Z),

v

> m(Z)= ng(z +r,)>m, (U(z + r,,)) =m(I) = 1.

v

These show that
(7.3) mi(Z)=0, m,(Z)>0,

and indeed Z is a non-measurable set.

Now, select a set Z more carefully. Consider the totality of all
closed sets of positive measure in the unit interval /. The number
of these has the cardinal number of the continuum (since their com-
plements in [ are all open sets of measure < 1, and all these have
the cardinal number of the continuum). Let C, designate a closed set
of positive measure in I, where « is an ordinal number; and for two
different ordinal numbers a;,a; the closed sets C,,, C,, are different
closed sets; and o ranges over all ordinal numbers < w where w is the
smallest ordinal number with the cardinal number of the continuum;
and the collection of C, for all a < w consists of all closed sets of
positive measure contained in the unit interval /. (One could also use
perfect sets.) Let Kz C I designate an equivalence class of real num-
bers modulo 1, where f is an ordinal number < @, and Ky NKp, =0
for two different ordinal numbers f;, f; and Ky for all f < w covers
all equivalence classes, so that U, ., Kpg = I.

Select x; € Cy, and the ordinal number f; < w such that x; € Kg,.
The closed set C, of positive measure has a continuum number of
points, and Kp, is countable, so that C; — (C; N Ky ) # &, and select
X3 € (G = (C2NKp,)) and B, so that x; € Kg,. Note that x; ¢ Kg
so that 8, # f;. Proceed by transfinite induction. Suppose, for an
ordinal number y < w, that real numbers x,, 0 < x, < 1, and ordinal
numbers S, < w, have been selected for all ordinal numbers a < 7,
with the properties

Xa, # Xa, and P, # o, forall o) <y,
(7.4) ap < y with ay # ay, and
Xo € (CanNKpg) forall a<y.

The set |J,., Kjg, has a cardinal number < X, where R is the cardinal
number of the continuum, since Kg is countable and y < w. The
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closed set C, is of positive measure and so has the cardinal number
R, so that C, — (G, N (U,<, K3p,)) # 9, and select x, € (C, — (G, N
(Ua<y K3.))), and B, such that x, € Kp,. Now, x, ¢ K foralla <y,
so that x, # x, for all o < y since x, € Kz . And B, # B, for all
a < y since x, € Kp and x, ¢ Kp for alla < y. And x, € G, so
that x, € (C, N K ). Thus, the real numbers x,, 0 < x, < 1, and
ordinal numbers S, < w, have been obtained for all « < y, having the
properties (7.4) for all « < y and all a; < p, a; < y with a; # a;.
By the principle of transfinite induction, therefore, real numbers x,,
0 < x, < 1, and ordinal numbers f, < w, can be selected for all
ordinal numbers a < w, having the properties stated in (7.4) with y
in (7.4) replaced by w.

Consider the set Z = {x,, for all @ < w}. Enlarge the set Z by
selecting for every ordinal 8 & {f,, for all @« < w} and S < w, a real
number xz € Kg, and uniting the set of all such xz together with Z,
forming the set Z:

(7.5) Z ={xs;a < w}U{xp; B & {Ba;a < w} and f < w}.

The set Z has exactly one point in common with K, for every y < o,
so that the set Z (and also Z) has a continuum number of points.

The set Z (and also Z) has interior measure 0, as shown in (7.1),
(7.2) and (7.3). And m.(Z) = 1 (also, m.(Z) = 1). For, let B be an
open set in the unit interval I for which B O Z. Then the complement
B’ =1—- B of B is a closed set in I. Now, for each ordinal number
a < w, Xy € Z so that x, € B and x, & B'. Also, x, € C,, so that
the closed set B’ is not C,. But the totality of C,, for all a < w, is all
closed sets of positive measure, so that the closed set B’ has measure
0. Therefore m(B) = 1, and so

(7.6) me(Z)=1, aswellasm;(Z)=0.

(Likewise m;(Z) = 0 since Z c Z, and m.(Z) = 1 since the above
proof holds for Z as well as Z.) Thus, equations (7.1), (7.2), (7.3)
hold for Z, with (7.3) stating m.(Z) = 1. (And (7.1), (7.2), (7.3) hold
for Z, with me(Z) = 1.)

Now, enumerate all the rational numbers , modulo 1, as r,, v =
1,2,..., and designate Z + r, by Z,. The following interesting result
has been obtained.

THEOREM 6. The half open unit interval I = {0 < x < 1}, of measure
1, can be written as the union of a countably infinite number of mutually



380 MAX SHIFFMAN

disjoint sets Z,,, v =1,2,...,
o0
I=\JZ, Z,NnZ,=0 forv, #uv,, for which
v=1

mi(Z,)=0, me(Z,)=1forallv=1,2,....
Note that m;(I — Z,) =0 (and me(I —Z,) =1) by (2.3), v =1,2,....

The above is on the real number line. For n-dimensional Euclidean
space, n > 2, take the Cartesian product of 7 and of each Z,, v =
1,2,..., by a half open unit cube in (n — 1)-dimensional Euclidean
space. Specifically, using coordinates (X, X,,...,Xy), take the set of
all points (x1,Xx2,...,X,) With0 < x, < 1,...,0<x,<land x; €1
orx; € Z, foreachv =1,2,.... Calling the resulting sets again / and
Z,,v=1,2,..., their interior and exterior measures are multiplied
by 1, and Theorem 6 holds for the half open unit interval (or cube)

I={(x1,x2,...,%Xn), where 0 < x; < 1 forj=1,2,...,n}

in n-dimensional Euclidean space.
By translating / and Z, c I, v = 1,2,..., to the half open unit
interval

Tk = (e < xp < ky+ 1,00 ky < Xp < kny + 1}
where k|,...,k, are integers, one obtains
Z,(kyy... k) c TRook) oy =12

and Theorem 6 holds in I(--%)  Enumerate all the n-tuplets

(ki,...,kn), for all integer values from —oo to +oo of ky,...,k,, and
designate the n-tuplets (k;,...,k,) as k, for u =1,2,... to oco. Place
Z, = U, Z,*, which is an abbreviated form for Up__ -

Uk =—oo Z%%)  Then Up=1 I = E where E is the entire Euclidean
n-dimensional space, and by Lemma 1,

[e.¢] o (e e}
mi(Z,) =Y mi(Z,*)=» 0=0, and E-Z,=|JU"™-2Z")
u=1 u=1 u=1

so that
. oo (o.¢]
mi(E-2,)=Y m(I*—-Z)=> 0=0.
u=1 u=1
The first sentence of the following theorem is established.
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THEOREM 7. The entire n-dimensional Euclidean space E can be
written as E = U2, Z,, where Z,, N\ Z,, = @ for all pairs v, ,v, with
v # 1, and mi(Z,) =0, mi(E —Z,) =0 foreveryv =1,2,... to .
For any measurable set X C E of positive measure,

X=J&xnZ), where

v=1

(7.6) mi(XnZ,)=0,m(XNZ,)=m(X) and
mi(X—-(XnZ,))=0

foreveryv =1,2,....

Proof. The first sentence of Theorem 7 has been established above.
For the second sentence, X NZ, is a subset of Z, and so m;(XNZ,) =
0, and the second and third equalities of (7.6) follow from Lemma 3,
for M=E,S=2,,and L = X.

Important consequences of Theorem 7 are:

THEOREM 8. . For any measurable set X of positive measure there
is a countably infinite number of mutually disjoint sets

(XnZ,)cX, v=2,3...,
dropping v = 1 (or any particular v), with
mi(XnZ,)=0, me(XnZ,)=m(X) and
mi(X-(XNnZ,))=0 forallv=2,3,..., and
m; (U(an}) =0;

v=2

(7.7) = N
Me (U(XOZV)) =m(X) andm; (X— U(XOZV)) =0.

v=2 L v=2

Proof. U2.,(XNZ,) =X — (X NZ), and the first and third equal-
ities in (7.7) follow from (7.6), and the second equality in (7.7) from
Lemma 2.

THEOREM 9. Let X be a measurable set of positive measure. For
any positive integer N there are N mutually disjoint sets Z;, j =
1,2,..., N, contained in X such that m;(Z;) =0, m.(Z;) = m(X) and
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mi(X —Z;) =0, forj = 1,2,...,N, m(UY, Z)) = 0, m.(UY, Z))
= m(X) and m;(X — UL, Z;) = 0.

Proof. Using Theorem 8, pick Z; =XNZ,,j=1,2,...,N, where
vj, # vj, for all j; # j,, 1 <j1 £ N, 1< j, < N. The first line of the
equations in Theorem 9 are stated in Theorem 8. For the second line
of the equations in Theorem 9, which involve Uj’il Z;, one has

N 00
XnzZ,)clyxnz,)cyXxnZz,).
j=1 v=1

By Theorem 8, both sides of these inclusions have the same interior
measure and the same exterior measure, namely 0 and m(X) respec-
tively, and likewise for X — the sets, so the second line of the equation
in Theorem 9 is established. Theorem 9 is proved. Note that when X
is the entire space E, the sets ZA,,J aresets Z;, j=1,2,...,N; and for
any measurable set X of positive measure, the sets X N Zv, are sets Z;,
j=1,2,...,N.

In the remainder of this article, Theorem 9 will be used for N = 2,
so that there are two disjoint sets Z;,Z, contained in X with the
properties stated in Theorem 9 for N = 2. It can be stated also that,
in obtaining Theorem 9 for N = 2, the sets Z; and Z, were chosen
as XN Z,, and X N Z,, for v; # v,. Picking another pair X N Z,, and
XNZ,,, with v # v4 and v3 # vy, v; and v4 # v, 15, gives another pair
Z, and Z, satisfying Theorem 9 for N = 2, which are both disjoint
from the first pair. Continuing, there are a countably infinite number
of pairs Z,,Z, C X satisfying Theorem 9 for N = 2 (also for any N),
and the various sets Z; U Z, are mutually disjoint.

Note that the above proofs do not make use of the continuum hy-
pothesis of set theory.

Incidentally, the sets Z; and Z, of Theorem 9 for N = 2 were ob-
tained by first selecting a set Z in the unit interval I as in (7.5) and
(7.6). Sets Z; and Z, satisfying Theorem 9 for N = 2 can also be
obtained from any particular set Z such as described in the paragraph
containing formulas (7.1), (7.2), (7.3), by a different kind of construc-
tion.

8. A complete collection of inequalities. The following main theorem
will now be proved.

THEOREM 10. Let X be a measurable set of positive measure. Given
any six non-negative real numbers or co, namely a,, ay, d;, h, g1, £,
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satisfying
(8.1) a+a+d+h+g + g <mX),
there are two disjoint sets Sy, S, obtained in X,

SicX, ScX, SiNS =49,

such that
m;(S1) =a;, me(S))=a+d;+h+g =b,
(8.2) m;i(S$2) = az, Me(S$2) =ay+d;+h+ g = by,
m,~(S1 USz) =a;+a +d,‘ =a,

R

(S1USY)) =a+ar+di+h+g +8&=0b.

Proof. Given the six non-negative real numbers or oo, namely a,
a, d;, h, g1, &, satisfying (8.1), six mutually disjoint measurable sets
Ay, Ay, D;, H, Gy, G, will first be constructed for which

(8.3) Ay, Ay, Di,H,G,G;, are all C X, such that

(8.4) {m(Al):ah m(d;) = ay, m(D;) = d;,

m(H)=h, m(G) =g, m(G)=g.

This is a consequence of the following Lemmas 7 and 8.

LEMMA 7. Let L be a measurable set and ¢ any non-negative real
number or oo which is < m(L). There is a measurable set K C L for
which m(K) = c¢. If m(L) = oo and ¢ = oo, there is a measurable set
K c L with m(K) = oo and m(L — K) = oo.

Proof. Consider first the case that ¢ < m(L). For the real num-
ber line, or Euclidean n-dimensional space (xy,...,X;,), form the sets
KK, = Ln{x}+---+x? <r?}, where r > 0. One has, for r, < r,
that K,, C K, and K, — K,, = LN {r} < x} + -+ x2 < r3}, so that

m(K,)=m(K,)+mLn{rt <x}+---+x2<r3}) and
0 < m(K,,) — m(Ky,) S m({rf <x{+-- +x; <r3}).
The right-hand side is a fixed multiple of (r§ — r]'), which — 0 as
ry — r; or r; — r,. Thus, m(K,) is a continuous function of r, and
monotone increasing, and m(Kjp) = 0, and m(K,) — m(L) as r — oo.
The last is true if L is an unbounded set, as is well known, and if L

is a bounded set m(K,) = m(L) for all sufficiently large r. Therefore,
for any value ¢ < m(L) there is at least one value of r for which
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m(K,) = ¢, and K is such a K,. (If ¢ = 0, take K = & or a single point
or several points in L; and if ¢ = m(L), take K = L.)

If ¢ = 00, and so m(L) = oo, write the entire space as | J, X” as in
(3.1). Then co =m(L) = m(U,(LNX")) =), m(LNX"), and there
is a measurable set K¥ C (LN X") with m(K") = %m(L N X”) and
m(LNX")—K") =4im(LNX"). Then K =J, K has

m(K) =Y m(K")=1Y m(LNX")= oo,

and

L-K=JLnx") -k =J(LnX")-K"), and

v

m(L-K)=Y m(LnX")-—K")=%> mLNX")=o.
Lemma 7 is proved.

LEMMA 8. Let L be a measurable set, and cy,c,,...,c, be k non-
negative real numbers or oo with Zfz (v < m(L). Then there are k

mutually disjoint measurable sets K,,K,,...,Ky, all C L, with m(K,)
=c, forv=1,2,... k.

Proof. Since ¢; < m(L), from Zl’le ¢y, < m(L), there is by Lemma
7 a measurable set K; C L with m(K;) = ¢;, and if ¢; = oo = m(L),
with m(K;) = oo = ¢; and m(L — K;) = oo. Since ¢; < ES:sz <
m(L) — ¢; = m(L — K;), and if ¢; = oo it is still true that ¢, <
Z,’le ¢, < m(L — K;) since m(L — K;) = oo, there is by Lemma 7
a measurable set K, C (L — K;) with m(K;) = ¢, and if ¢; = oo,
with m(K3;) = oo = ¢; and m(L — K; — K;) = oco. The set K, is
disjoint from the set K;. Continuing in this fashion, successively, one
obtains k (true for k = oo also) mutually disjoint measurable sets K,,,
v=12,...,k,all c L, with m(K,) =c¢, forv =1,2,...,k. The
lemma is proved.

Returning to the proof of Theorem 10, an application of this lemma
gives (8.3) and (8.4), by (8.1). Now, consider the case of Theorem 9
for N = 2, so that Z; and Z, are sets such as in Theorem 9 for N = 2.
Define the sets S| and S, contained in X by

(8.5) Si=AUuZiNnD)U(ZiNnH)U(Z,NGy),
(8.6) S,y =A,U(D; — (Z1ND;))U(Z,NH)U(Z,NGH).



MEASURE PROPERTIES OF ANY SETS 385

Then
(8.7) S1US; =A,UA; UD;U((Z,UZ)NH)U(Z,NG)U(Z,NGy),

and S NS, = D since Z, N Z, # O and A,, Ay, D;, H, Gy, G, are
mutually disjoint. Concerning the set D; — (Z; N D;) in (8.6), one
has that m;(X — Z;) = 0 from Theorem 9, and by Lemma 3, with
M = X and S = Z, and L = D,, that m.(Z, N D;) = m(D;) and
mi(Di—(ZmD,-)) =0. By Lemma 2, me(Di—(Zl ﬂDi))+mi(Zl ﬂDi) =
m(D;), so that m.(D; — (Z, N D;)) = m(D;), since m;(Z;) = 0. Thus,

(8.8)  mi(Di—(ZnND;)=0, me(D;—(Z ND;))=m(D;).
If K is any measurable set C X, then

(8.9) me(Zy N K) = me(Zy NK) = me((Z1 U Zy) N K) = m(K),
KcCX,

by Theorem 9 for N = 2 and Lemma 3.

The four sets on the right-hand side of (8.5) are contained in mu-
tually disjoint measurable sets; likewise for the four sets on the right-
hand side of (8.6), and for the six sets on the right-hand side of (8.7).
In forming their respective unions, as in (8.5), (8.6) and (8.7), their
interior and exterior measures are additive, by Lemma 1. Therefore,
from (8.5), since m;(Z,NK) = m;i(Z,NK) =m;((Z,UZ,)NK) =0
by Theorem 9 for N = 2,

(8.10) mi(S))=a;+0+0+0=a;, m.(S))=a;+d;i+h+g =b
by (8.9), and these are the first line of (8.2). From (8.6), using (8.8)
and (8.9),

(8.11) m;i(S3) =a,+0+0+0=a,, m.(S;)=a,+d;+h+g, = b,,
(8.12) mi(S1US))=a,+a,+d;i+0+0+0=a,+a,+d;=a,

(8.13) me(S1US))=a,+a,+di+h+g +g=0hb,

which give the second to fourth lines of (8.2). Theorem 10 is proved.

Theorems 5 and 10 are the main theorems concerning the six quan-
tities m;(S) and m,(S) for S = S1,S,, and S; U S,, where S| and S,
are disjoint sets contained in a measurable set X. They state that the
quantities a;, by, a», by, a, b, defined in (6.4) and (6.5), are subject
to six independent inequalities, that a;, a,, d;, h, g1, & are each > 0
and the inequality a; + a, +d; + h + g1 + g2 < m(X). These are valid
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for every pair of disjoint sets C X, and any other numerical relation
involving a,, by, ay, b,, a, b, which is valid for every pair of disjoint
sets C X, is a consequence of these.

Without the use of the quantities d;, 4, g1, £>, the six inequalities
are, besides b < m(X),

a1 20, a,>0, a>a +a
(8.14) a+b<a +b+ay+b,
b>a +by,, b>a+b.

Theorem 7 states further that the six non-negative quantities a;, ay,
d;, h, g1,8>, which are the transposed forms of the six inequalities
in the finite case b < oo, can have any values independently subject
merely to their sum being < m(X). In the infinite case when b = oo,
which is a; + ar +d; + h + g1 + g = oo = m(X), the inequalities can
be written as

a,a,d;,h,g,g are each >0, and
a=a +a+d,
a+b+a+by=a+b+h,

b=a +b,+g, b=a+b +g.

(8.15)

These are also the inequalities (8.14) in the finite case b < oco.

In words, the non-negativeness of interior and exterior measures,
and the relation m;(S) < m,(S), and the monotone increasing prop-
erty (1.2), and the superadditivity of interior measure and subadditiv-
ity of exterior measure (1.3), and Theorems 1 and 4, form a complete
set of conditions on the quantities m;(S) and m.(S) for S = §;, 5>,
and S; U S;, valid for every pair of disjoint sets S; and S,.

9. Linear combinations of #1;(S) and m,(S). As an immediate ap-
plication of this article, consider set functions f(S) which are homo-
geneous linear combinations of m;(.S) and m,(S), i.e.

(9.1) f(S) = eim;(S) + cam,(S),

where ¢; and ¢, are constants. Various properties will be considered,
such as subadditivity, superadditivity, etc. The quantity f(S) is sub-
additive if

(9:2) F(§1US:) < f(S1) + f(S2)
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for any two disjoint sets .S;,S>. There is the following:

THEOREM 11. The quantity f(S) = c;m;(S)+c,me(S) is subadditive
for all pairs of disjoint sets, S\NS, = &, ifand only ifc; > 0 and c; > c;.

Proof. Suppose f(X) to be subadditive, place (9.1) into (9.2), trans-
pose when m,(S; US>) is finite, and use (1.4) and (1.5). There results
Cld,'(Sl . Sz) < C‘zdg(Sl ,Sz), or using (62),

(9.3) (c1 = ¢2)di(S1,82) < 2h(S1,52).

The quantities d; and 4 can be assigned non-negative values indepen-
dently, by Theorem 10. Selecting S;,S, so that d; = 0, 2 > 0 gives
¢, > 0; selecting S;,S; so that h =0, d; > 0 gives ¢; — ¢; < 0. Con-
versely, if c;—c; < 0and ¢, > 0, then (9.3) holds since 0 is between the
two sides of (9.3); and (9.3) gives ¢1d,(S1,5,) < 2d.(S},S;), which
on transposing is (9.2). The theorem is proved.

Note that if f(S) is subadditive for two particular pairs of sets
S1,S,, such as selected in the proof above, then it is subadditive for
all pairs of sets S;,.S>.

For other properties of set functions, f(S) is monotone increasing

if
(9.4) f(S) < f(T) whenever S C T.
Placing (9.1) for .S and 7 into (9.4), and picking S = & and T such that
mi(T) =0, m,(T) > 0, (9.4) gives ¢, > 0; picking S such that m;(S) =
0, m.(S) >0, and T O S to be a measurable set with m(7T) = m,(S),
(9.4) gives ¢; > 0. Conversely, ¢; > 0 and ¢, > 0 gives (9.4), since
m;(S) and m,(S) are monotone increasing. Thus, f(S) is monotone
increasing if and only if ¢; > 0, ¢; > 0.

A combination of this last result and Theorem 11 yields:

THEOREM 12. The set function f(S) = c;m;(S) + came(S) is sub-
additive for disjoint sets, and monotone increasing, if and only if ¢; >
¢y > 0. The set function f(S) may also be written in the form f(S) =
Eimy(S) + é,me(S), where ¢, and ¢, are constants, and is subadditive
for disjoint sets and monotone incrasing if and only if &, > 0, & > 0.

Proof. The first sentence of Theorem 12 has already been obtained.
The quantity f(S) can be written as
f(S) = c1mi(S) + came(S)
m;(S) + me(S)
= 2c 1

5 ) + (€2 — c1)me(S)
= 2c1mq(S) + (2 — ¢1)Me(S),
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so that ¢; = 2¢;,¢, = ¢ —c¢y. Then ¢; > ¢; > 0 is equivalent to ¢, > 0,
¢, > 0. Theorem 12 is proved.
The set function f(S) is superadditive if

(9.5) S(§1US2) 2 f(S1) + f(S2), SinS=0.

Then —f(S) is subadditive, and Theorem 11 shows that f(§) is su-
peradditive if and only if ¢; < 0 and ¢, < ¢;. (Then f(S) can be put
in the form ¢,m;(S) + é;m,(S) with ¢, > 0 > &;.)

THEOREM 13. The set function f(S) = cim;(S) + c;m.(S) is super-
additive for disjoint sets, and non-negative, if and only if ¢c; = 0 and
Cc1 2 0.

Proof. The non-negativity of f(S) is
f(S)>0 forallsS.

Picking a set .S with m;(S) = 0 and m.(S) > 0 gives ¢c; > 0, and
picking S to be a measurable set with m(S) > 0 gives ¢; + ¢, > 0.
Conversely, ¢, > 0 and ¢; + ¢, > 0 gives

S(8) = (c1 + c2)mi(S) + c2(m(S) — mi(S)) 2 0,

so that ¢, > 0 and ¢;+¢, > 0 is the condition for nonnegativity of f(S).
Combined with the condition ¢; < 0 and ¢, < ¢; for superadditivity
gives ¢; = 0 and ¢; > 0. The theorem is proved.

Note that a monotone increasing property of f(S) implies its non-
negativity, since f(S) > f(J) = 0.

The Theorems 12 and 13 show a difference between interior and
exterior measure in an interesting form. Considering set functions
f(S) as in (9.1) which are monotone increasing, then only a non-
negative multiple of m;(S) is superadditive, while c;m;(S) + c;m,(S)
is subadditive for ¢; > ¢; > 0. The latter can be put in the form
E1mg(S) + é;me(S) with ¢, >0, &, > 0.

Concerning a complementation property, f(S) is complementary if

(9.6) S8+ A(L-S)=f(L)

where S C L and L is a mesurable set of finite positive mesure. In-
serting (9.1) into (9.6) gives (c; — ¢1)(me(S) — m;(S)) = 0, using (2.3).
For any single non-measurable set S C L, so ¢; —c¢; = 0. Reversing
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this, ¢c; — ¢; = 0 implies (9.6). Thus,

THEOREM 14. The quantity f(S) = c;m;(S)+came(S) (or ¢, my(S)+
¢ame(S)) is complementary if and only if ¢; = ¢, (or ¢ = 0).

Also, if one desires that f(S) = m(S) when S is measurable, the
condition is that ¢; + ¢; = 1, or é; + ¢ = 1. This condition can be
added to the theorems above.
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