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WEAKLY ALMOST PERIODIC
SEMIGROUPS OF OPERATORS

W. M. RUEss AND W. H. SUMMERS

We address the question as to when a motion or almost-orbit « of
a strongly continuous semigroup (S()),>0 of operators in a Banach
space X will be weakly almost periodic in the sense of Eberlein.
In particular, we show (a) that this is the case in practice exactly
when u uniquely decomposes as the sum u = S(-)y + ¢ of an al-
most periodic motion S(-)y: R — X of (S(¢));>0 and a function
¢: R* — X that vanishes at infinity in a certain weak sense, and
(b) that an almost-orbit u of a uniformly bounded Cj-semigroup of
linear operators will be weakly almost periodic provided only that «
has weakly relatively compact range. Our results on existence and
representation are then applied to a qualitative study of asymptotic
behavior of solutions to the abstract Cauchy problem in which the
focus is on almost periodicity properties and ergodic theorems.

Introduction. The point of departure for our work in this paper is
the problem of distinguishing properties related to almost periodicity
for solutions to the abstract Cauchy problem associated with the gen-
erator of a strongly continuous semigroup (S(¢));>o of operators in a
Banach space X . In the homogeneous case, solutions can be realized
as motions of (S(#));>0, and so the study of their asymptotic behavior
reduces to a corresponding study of semigroup motions. Since weak
or integral solutions to the inhomogeneous problem are almost-orbits
of the associated semigroup in many concrete instances, moreover, we
include almost-orbits as well as motions of (S(¢));>o within the scope
of our investigation.

In [21] (and the survey article [22]), we have treated the problem of
characterizing motions that are asymptotically almost periodic; i.e.,
those for which their set of translates is relatively compact in the
sup-normed space (Cp(R*, X), || - ||c) of all bounded continuous
functions from R* into X . Our present purpose is a study of mo-
tions and almost-orbits that are weakly almost periodic in the sense
of Eberlein [9], which corresponds to the set of translates being rela-
tively compact with respect to the weak topology of the Banach space
(Cp(R*, X), || lloo) - Following a preliminary section, we show in §2
that (a) an almost-orbit u: R — X of (S(¢));>0 is weakly almost pe-
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riodic if and only if there exist a unique element y in the weak w-limit
set of # and a uniquely determined Eberlein-weakly almost periodic
function ¢: R™ — X with the zero function in the weak closure of its
set of translates such that u = S(-)y+¢ and S(-)y: RT — X is almost
periodic (Theorem 2.4), and (b) every almost-orbit with weakly rela-
tively compact range of a uniformly bounded Cj-semigroup of linear
operators is weakly almost periodic (Theorem 2.1). In §3, we then
apply our results to the questions of existence and representation of
weakly almost periodic and almost periodic solutions to the abstract
Cauchy problem.

1. Preliminaries. Throughout the paper, X will denote a (real or
complex) Banach space, which we shall tacitly assume to be complex
whenever spectral properties of linear operators enter the picture. The
dual of X will be denoted by X*, and By~ will denote the dual unit
ball. For a subset D of X, the closure and weak closure of D will
be denoted by cl D and w-cl D, respectively, while co D will denote
the convex hull of D. Furthermore, (S(#)),>¢ will hereafter denote a
strongly continuous semigroup of operators on a weakly closed subset
C of X.

For a function u: R* — X, we will refer to y(u) = {u(¢): t > 0}
as the orbit of u and to wy, () = {y € X: 30 < ¢, — oo such that
u(ty,) — y weakly in X} as the weak w-limit set of . In case
u = S(-)x is a semigroup motion through some x € C, however, we
shall follow the standard practice of denoting these sets by y(x) and
wy(Xx), respectively.

1.1. DEFINITION [19, p. 351]. A continuous function u: Rt — C
is said to be an almost-orbit of (S());>o if

lim sup ||u(t + h) — S(h)u(t)|| = 0.

{—00 hert

As mentioned in the Introduction, the broader concept of an almost-
orbit (which might more aptly be termed an almost motion) of a semi-
group includes weak or integral solutions to certain classes of the inho-
mogeneous Cauchy problem associated with a generator 4: Z/(4) C
X — X of a strongly continuous semigroup (S(¢));>o of operators on
C =w-clZ(A4), and we pause to note two specific instances:

1.1.1. Assume that (S(¢));>0 is a uniformly bounded Cj-semigroup
of continuous linear operators on X , and let x € X. If f € L!(R*, X),
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then it readily follows that the function

u(t) =S{t)x + /OIS(t -5)f(s)ds

is an almost-orbit of (S(¢));>0. In particular, mild solutions of the
inhomogeneous Cauchy problem

u(t) = Au(t) + (1), t>0,
{mm=xex

are almost-orbits of (S(¢));>0 whenever f € L'(R*, X).

1.1.2. Assuming that X is uniformly convex and A is m-dissipative
in X, if f € L'(R*, X), then the integral solution (in the sense of
Bénilan [3]) to the Cauchy problem

{u(t)eAu(t)+f(z), t>0,
u@=xecC

is an almost-orbit of the contraction semigroup (S(¢));>0 [19, p. 362].

The spaces of all bounded continuous functions from R* into X
and from R into X will be denoted by Cp(R*, X) and C,(R, X),
respectively, and we shall hereafter assume that each of these spaces is
equipped with the supremum norm. For J € {R*, R}, fe C,(J, X),
and w € J, moreover, we put f,(t) = f(t+w), t € J, and let
H(f) ={f»: w € J} denote the set of all translates of f.

1.2. DerFINITION. (a) A function f € C,(R, X) is said to be al/most
periodic (a.p.) if H(f) is relatively compact in Cp(R, X).

(b) A function f € C,(R*, X) is said to be

(1) asymptotically almost periodic (a.a.p.) if H(f) is relatively
compact in Cp(R*, X), and

(i) Eberlein-weakly almost periodic (E.-w.a.p.) if H(f) is weakly
relatively compact in Cp(R*, X).

Of these notions, (a) dates back to Bohl, Bohr, and Bochner (cf.
[4]), (b) (i) to Fréchet [11, 12] for dim X < oo (cf. [31] and [21, 22,
24] for general X), and (b) (ii) to Eberlein [9] in the scalar case (cf.
[18] and [22, 25] for general X).

The spaces of all almost periodic, asymptotically almost periodic,
and Eberlein-weakly almost periodic functions will be denoted by
AP(R, X), AAP(R*, X), and W (R*, X), respectively. Further, we
shall let Wy(R*, X) denote the vector subspace of W(R*, X) con-
sisting of all ¢ € W(R*, X) for which the zero function belongs to
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the weak closure of H(¢p), while Cy(R*, X) will designate the set of
those ¢ € C,(R*, X) that vanish at infinity on R*.

For future reference, we shall need the following basic facts con-
cerning the notions of (almost) periodicity defined above.

1.3. THEOREM. Let u € Cp(R*, X).
(a) The following are equivalent:
(i) ue AAP(R*, X);
(i1) there exist uniquely determined functions g € AP(R, X) and
@ € Co(RT, X) such that u= g|R* +¢.
(b) The following are equivalent:.
(i) ue W(R*, X);
(ii) there exist uniquely determined functions g € AP(R, X) and
@ € Wo(Rt, X) such that u=g|R* + ¢;
(iii) given any sequences ((tm, X3,))m in Rt X By- and (wy), in
R*,
li;n li;ln(u(tm +wn), Xp) = lirgn li’rln(u(tm + wn), X))

whenever both iterated limits exist.

Concerning 1.3(a), see Fréchet [11, 12], DeLeeuw and Glicksberg
[7], and [22, 24]. The equivalence of (b) (i) and (b) (ii) follows from
results in [7], while the equivalence of (b) (i) and (b) (iii) is established
in [18] and [25].

In order to place the periodicity properties considered above in
perspective—and to motivate the study of these notions in the context
of operator semigroups—we make note of their relationship to com-
monly studied modes of asymptotic behavior for semigroup motions
((a), (d), and (e), below) before closing this preliminary section.

Let u € Cp(R*, X), and consider the following assertions:

(@) || -l — lim;—oo u(2) exists;

(b) u€ AAP(R*, X);

(c) ue WR", X);

(@) ||| = limz_oo & fy u(t)dt exists;

(e) y(u) 1s weakly relatively compact in X .

Then (a) implies (b), (b) implies (c), and (c) implies both (d) and
(e).

The fact that (c) implies (d) is the extension of the classical ergodic
theorem for scalar valued weakly almost periodic functions due to
Eberlein [9] to the case of an arbitrary Banach range space given in
[27] (also see [26]). The other implications are obvious.
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2. Eberlein-weak almost periodicity for almost-orbits. Our presenta-
tion centers around two results. The first (Theorem 2.1) shows that
Eberlein-weak almost periodicity arises quite naturally in the context
of linear semigroups in that the only requirement for an almost-orbit
u of a uniformly bounded Cj-semigroup of linear operators on X
to be E.-w.a.p. is that its orbit y(u) be weakly relatively compact in
X . (A nonlinear counterpart of this result [26, Thm. 1.4] (also see
[23, Théoreme 1]) has been established for contraction semigroups in
uniformly convex Banach spaces.) The second result (Theorem 2.4),
which is valid for general (nonlinear) strongly continuous semigroups,
provides a precise representation of E.-w.a.p. almost-orbits as “small”
perturbations of (classical) almost periodic motions.

2.1. THEOREM. Assume that (S(t));>o0 is a uniformly bounded Cy-
semigroup of continuous linear operators on X, and let u: R™ — X
be an almost-orbit of (S(t));>0. Then u is Eberlein-weakly almost
periodic if and only if y(u) is weakly relatively compact in X .

2.2. CorROLLARY. If (S(?))i>0 is a uniformly bounded Cy-semigroup
of continuous linear operators on a reflexive Banach space X, then
every almost-orbit of (S(t))>0 is Eberlein-weakly almost periodic.

Before turning to the proof of Theorem 2.1, some comments are in
order.

2.3. REMARKS. 1. The assertion of Theorem 2.1 does not carry
over to nonlinear operator semigroups, and even fails to hold in the
case of contraction semigroups in Hilbert space. To see this, consider
the example by Baillon [2] of a contraction semigroup (S(f));>0 in
[, generated by —0¢, where ¢ is a convex l.s.c. function such that
09~ 1(0) # @ and, for some x € clD(p), | - |-lim;—o S(¢)x does
not exist. The motion S(-)x in this example is bounded, and thus has
weakly relatively compact range, but S(-)x is not E.-w.a.p. Indeed,
according to [27], if it were, then |- [|-lim7_q + fOT S(t)xdt would
exist. However, Bruck [5, p. 25] has shown that

lim =0

T—o0

S(T)x — % /O " S(oxd

in the setting at hand, which would then yield the desired contradic-
tion.
2. In the context of contraction semigroups on closed convex subsets
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of uniformly convex Banach spaces, however, we have shown [26,
Thm. 1.4] (also see [23, Théoréme 1]) that a bounded almost-orbit «
will be E.-w.a.p. provided that it is asymptotically isometric; i.e., if
lim,_ o ||u(t + k) — u(t)|| = p(h) exists uniformly over s € R*.

3. The literature relating to weak almost periodicity properties of
solutions to differential equations (e.g., see [1], [6], [17]) has hereto-
fore dealt only with the notions of either a weakly almost periodic
(w.a.p.) function f € Cu(R, X) (i.e.,, x*f € AP(R) for all x* € X*)
or a weakly asymptotically almost periodic (w.a.a.p.) function f €
Cp(R*, X) (ie., x*f € AAP(R") for all x* € X*); we are not aware
of any previous results pertaining to Eberlein-weak almost periodicity
in the context of differential equations. Contrary to what might have
been expected at the outset, however, Theorem 2.1 and [26, Thm.
1.4] cited above taken together with results from [27] and [28] indi-
cate that Eberlein-weak almost periodicity occurs more naturally than
weak asymptotic almost periodicity when it comes to motions and
almost-orbits of operator semigroups, and can as well lead to stronger
conclusions:

(a) In the case of a uniformly bounded linear Cyp-semigroup (S(?));>0
on X, a motion through x € X is E.-w.a.p. provided only that its
range y(x) is weakly relatively compact in X, whereas it is shown in
[28] that y(x) must necessarily be relatively compact with respect to
the (generally stronger) topology of uniform convergence on the sets
{S(t)*x*: t € R*}, x* € X*, in order for S(-)x to be w.a.a.p. For
an example where the two notions actually differ, let X = W(R") en-
dowed with the sup-norm, and take (S(¢));>0 to be the restriction to
X of the usual translation semigroup on the space BUC(R*) of all
bounded uniformly continuous functions on R*. Then |S(¢)|| <1
for every t € R*, and every motion S(-)f: Rt — X through f €
W (R") has weakly relatively compact range (by definition of W (RY)),
whereby every motion is E.-w.a.p. by Theorem 2.1. However, each
motion S(-)g: Rt — X through some g € W(R*)\AAP(R") is ob-
viously not w.a.a.p. Concrete examples of functions belonging to
W(R*)\AAP(R*) are given in Examples 3.7 and 3.8 of [25].

(b) According to the ergodic theorem for E.-w.a.p. functions from
1271, |I-lI-Flim7— oo % fOT f(t+h)dt exists uniformly over # € R* when-
ever f € W(Rt, X). Thus, Eberlein-weakly almost periodic functions
behave as well as almost periodic functions with respect to convergence
of ergodic means. For weakly (asymptotically) almost periodic func-
tions, on the other hand, one can generally only conclude existence
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of the ergodic limit in the weak topology (provided that X is weakly
sequentially complete).

Proof of Theorem 2.1. Since an E.-w.a.p. function necessarily has
weakly relatively compact range, we need only show that u is E.-w.a.p.
when y(u) is weakly relatively compact. To this end, we assume that
y(u) is weakly relatively compact in X and choose sequences (wj),
in R* and ((¢m, X;,))m in R X By- so that the limits

o= li'rinlir%n(u(tm +wyn), x,,) and B = lirgn lign(u(tm + wy), X;,)

both exist. According to Theorem 1.3, it will suffice to show that

a=f.
Case 1. (wp), is bounded.

We can thus assume that w, — @ € R*, whereby (4, )» converges
uniformly on R* to u, since u is uniformly continuous (cf. [19,
p. 351]). From this, we conclude that g = lim,,(uy(tm), Xx;,). Now,
given ¢ > 0, choose np € N so that ||ug (¢)—uw(?)|| < e forall n > ng
and all ¢t € R*. Putting «a, = lim,,(u(t, + w,), x;;,), n € N, we have
that

lan — Bl = ligln](u(tm + Wn) —Uu(t), x| <&

for all n > ny whence o =lim,a, = f.
Case 2. (wp), is unbounded.

Here, we can assume that w, — oo, as well as that (u(wy)), 1is
weakly convergent to some xy € X since y(u) is weakly relatively
compact. For each m € N, since u is an almost-orbit of (S(¢))r>0,
we thus have that

lirltn(u(tm +wn), X)
= Wm((u(tm + @n) = S(tm)u(@n) , Xpn) + (S(tm)U(@wn) , X))
= <S(tm)X0 P x;;‘l) 5

and hence B = lim,(S(¢n)xo, Xx;,). Further, since (S(tm)*X;)m
is a bounded sequence in X*, there exist x; € X* and a subnet
(S(tm,)*xp )2 of (S(tm)*X;)m which is w*-convergent to xg. Now,
given ¢ > 0, choose ng € N so that

(1) [(u(wn) —xo, x5)| < €/2 when n > ny and

(1) Jlu(t+wn)—S(t)u(wy)|| < e/2 forany n > ny and all 1 € R .
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Again setting «, = lim,,(u(ty, + w,), x;,) for n € N, if n > ny, we
then have that

lcn = B1 = T [(ul(tm, + @) = S(tm)Xo , X3,
< 1im |(u(tn, + @) = S(tm, Ju(@n) , X3,
+ T (S (1, J4(@n) = S(tm,) X0, X3, )
< &/2+ |(u(wn) - X0, X3)| < ¢.

Having thus shown that « = £ in this case as well, the proof of
Theorem 2.1 is complete.

In what follows, we shall say that a function f € C,(R", X) is
almost periodic if f is the restriction to R* of an almost periodic
function g € AP(R, X).

2.4. THEOREM. Assume that (S(t)),>o is a strongly continuous semi-
group of operators on a weakly closed subset C of X, and let u: Rt —
C be an almost-orbit of (S(t))>0 Such that

(x) S(h)|w-cly(u): w-cly(u) — X is weak-to-weak continuous for
each h € R*.

Then u € W(R', X) if and only if there exist unique elements y €
wy(u) and ¢ € Wo(R*, X) such that

(i) u=S()y+e¢, and

(i) S(-)y is almost periodic.

In other words, an almost-orbit u of (S(¢));>0 for which (x) holds
is E.-w.a.p. if and only if u is a perturbation of an almost periodic
motion of (S(t))>o by a function in Wy(R*, X). Before proving this,
we pause to make some further observations.

2.5. REMARKS. 1. Condition (*) in Theorem 2.4 could be replaced
by the following formally weaker assumption:

(xx) For any sequence 0 < t, — oo, if (u(¢,)), is weakly convergent
to some y € C, then (S(h)u(t,)), converges weakly to S(h)y for
every h € Rt.

In fact, as the following technical lemma shows, conditions (%) and
(%) are actually equivalent under the circumstances at hand.

LEMMA. Assume that C is a weakly closed subset of X, S: C — X
is continuous, and u: R — C is a continuous function with weakly
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relatively compact range. Moreover, assume that

(#) for any sequence 0 < t, — oo, if (u(ty))n converges weakly to
some y € C, then (Su(t,)), converges weakly to Sy .

Then S|w-cly(u): w-cly(u) — X is weak-to-weak continuous.

Starting from the fact that weakly compact subsets of separable
Banach spaces are weakly metrizable (cf. [8, p. 434]), a proof of this
lemma follows along elementary lines.

2. Clearly, condition (*) of Theorem 2.4 is always satisfied by
a linear Cy-semigroup (S(¢));>0 on X and any almost-orbit u of
(S(#))r>0. According to [10, Thm. 3.1], and taking the foregoing
lemma into account, (*) is likewise satisfied by a (nonlinear) con-
traction semigroup (S(?));>o on a reflexive Banach space X and any
bounded almost-orbit u# provided that (S(¢));>0 has an everywhere
defined weakly sequentially continuous generator. In view of Remark
2.5.1 and [26, Lemma 1.7], moreover, (*) holds for any contraction
semigroup (S(¢));>0 on a closed convex subset C of a uniformly
convex Banach space X in case u is a bounded almost-orbit that is
asymptotically isometric (i.e., such that lim,_, ||u(z+h)—u(?)|| = p(h)
exists uniformly over 42 € R"). This latter situation arises in various
settings (e.g., see [19, Prop. 5.5 and Cor. 6.2] and [15, §9.3]); we here
note only the following one: If X is a Hilbert space, (S(f));>0 is a
contraction semigroup on a closed convex subset C of X, 0 € C,
and there exists a constant L > 0 such that

IS()x + SOYI? < lIx +pII> + LIxI12 = 1S@x112 + Iy 11> = 1SOy)1?)

forall t€ R* and x, y € C, then every almost-orbit u of (S(#));>0 is
asymptotically isometric [19, p. 361]. In particular, the above estimate
holds (for L =0) if C =—-C and (S(t));>0 is odd (i.e., S(#)(—x) =
—S(t)x forall teRt and all x e C).

3. For a uniformly bounded Cj-semigroup (S(#));>o of bounded
linear operators on X, Theorems 2.1 and 2.4 together show that any
motion S(-)x with weakly relatively compact range is Eberlein-weakly
almost periodic and uniquely decomposes into the sum S(-)x = S(-)y+
¢ of an almost periodic motion S(-)y and a motion ¢ = S(-)(x — )
belonging to Wy(R*™, X). We wish to point out that direct applica-
tion of the DeLeeuw-Glicksberg theory [7, Thm. 4.11] to the semi-
group (S(7));>o only yields a decomposition of the form S(:)x =
S()xr + S(-)xo where S(-)x, is almost periodic and S(-)x( is such
that 0 € w-cly(xy). Consequently, even when attention is restricted
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to motions, Theorem 2.1 provides an improvement over direct appli-
cation of the DeLeeuw-Glicksberg theory through the additional in-
formation that the motion S(-)xp—and thus S(-)x itself—is actually
E.-w.a.p.

Proof of Theorem 2.4. Since the decomposition specified in Theorem
2.4 is certainly sufficient to guarantee that u € W(R*, X), we need
only show that it is also necessary, and so let us assume that the almost-
orbit u is E.-w.a.p. By Theorem 1.3, therefore, there exist uniquely
determined functions g € AP(R, X) and ¢ € Wy(R*, X) such that
(1) u=g|R" +¢.
As ¢ € Wp(R*, X), there exists a sequence 0 < w, — oo such that

(2) (9w )n converges weakly in C,(R*, X) to the zero function.
Moreover, we can assume that

(3) (u(wn))n is weakly convergent to some z € wy,(u), and

(4) (8w, )n converges uniformly on R to some f € AP(R, X).
For each ¢ > 0, since g € AP(R, X), there exists a relatively dense
subset P;(g) of R such that ||g(¢+ 1) — g(2)|| < ¢ for each 7 € P;(g)
and all ¢ € R [4]. Thus, choosing 7, € [2w,, ) NPy /p(g), nEN, it
is easy to see that

(5) (&, )n converges to g uniformly on R.

For each ¢ € R*, taking (*) and the fact that u is an almost-orbit
of (S(¢))>0 into account, we also have that (S(¢)u(w,))» converges
weakly to S(¢)z and lim, ||u(t + w,) — S(t)u(w,)|| = 0. Combining
these observations with (1), (2), and (4), we conclude that

(6) f(t)=S(t)z for each ¢t € RT.
We now claim that

(7) (ft,-w )n converges uniformly on R to g.
Indeed, given ¢ > 0, choose 7o € N so that ||gy () - f(?)|| < &/2 and
llgz (1) — g(2)ll < &/2 forall £ €R and every n > ng. Then

lg(®) = fr,-0, (Dl

<|1g@®) = g, (Ol + 18w, (t + Tn — Wn) = f(t+ 10 — )| < &

for all 1€ R and every n > ny.

At this point, setting y, = S(1, — w,)z, n €N, it follows from (6)
and (7) that

(&) Il - [|I-lim, y, = £(0).
For each n € N, moreover, again using (*) and the fact that « is an
almost-orbit of (S(¢));>0,

Yn = w-lin11nS(rn — wp)u(wny) = w-limm U(wm + th — W) € Wy (u).
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As we note in the following technical lemma, however, w,(u) is
weakly closed, and hence

(9) ¥y =8(0) € ww(u).
Finally, according to (6), (7), and (9), we have that

S@y =[I- [-imS(@)yn = || - [-Uim f; -, (1) = &(2)
for each 7 € R, which completes the proof of Theorem 2.4.

2.6. LEMMA. If u: Rt — X is weakly continuous and u(R") is
weakly relatively compact in X , then wy,(u) is weakly compact.

Proof. Since there is no loss of generality in replacing X by
cl(span(u(R*))), we may assume that X is separable. Thus, since
K = w-clu(R*) is weakly compact, K is weakly metrizable [8, p.
434]. As wy(u) C K, it would therefore suffice to show that w,, (u«)
is closed in (K, d), where d is a metric on K that induces the rela-
tive weak topology a(X, X*)|K, but this is obvious.

REMARK. Lemma 2.6 leads to the following extension of a result
by Slemrod [29, Lemma 2.1] for weak (semi)dynamical systems on
separable reflexive Banach spaces.

2.7. PROPOSITION. Assume that n: RT™ x X — X is a weak dynam-
ical system on the Banach space X, and that, for some x € X, y(x)
is weakly relatively compact in X. Then wy(x) is nonvoid, weakly
compact, and invariant.

3. Applications and related results. In view of the connection be-
tween solutions of abstract Cauchy problems associated with a genera-
tor A of a strongly continuous semigroup (S(¢));>0 of operators and
motions or almost-orbits of (S(#));>0, the assertions of Theorems 2.1
and 2.4 can thus be used to

(1) determine whether such solutions are Eberlein-weakly almost
periodic,
and thereby to
(2) obtain existence of (classical) almost periodic solutions even in
the absence of a priori norm-compactness assumptions,
and
(3) establish the existence of the norm-limit of ergodic means for
solutions.
We will begin by illustrating these features, and shall here focus on
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the linear case; the case of abstract Cauchy problems associated with
m-dissipative (generally multivalued) operators in uniformly convex
Banach spaces (see Remark 2.5.2) has been treated in detail in [26].

Throughout the remainder of the section, we assume that 4: Z(4)
C X — X is the infinitesimal generator of a uniformly bounded Cp-
semigroup (S(#));>0 of continuous linear operators on X . We shall
further consider both the homogeneous Cauchy problem

{ u(t) = Au(t), t>0,

(CPn) 4(0) = xo

with initial data xy € X and, for a given function f € L!(R*, X),
the inhomogeneous Cauchy problem

{u(t):Au(t)+f(t), t>0,

(CP) u(0) = xo

associated with A4.

It is well known (cf. [13], [20]) that u = S(:)xp is the (unique)
strong solution of (CPy) in case xy € Z(4), and that the mild solu-
tion u(t) = S(t)xo + fot S(t —s)f(s)ds of (CP) is the candidate for a
(classical) solution. As noted in 1.1.1, moreover, every mild solution
of (CP) (i.e., the mild solution corresponding to any xy € X) is an
almost-orbit of (S(#));>0.-

3.1. THEOREM. 1. If (CPy) has a strong solution u with weakly
relatively compact range, then u = S(-)xy is Eberlein-weakly almost
periodic and has a (unique) decomposition u = S(-)y + ¢, where
0 € Wo(RY, X) and y € wy(xg) is such that S(-)y is almost periodic.

2. If the mild solution u of (CP) has weakly relatively compact
range, then u is Eberlein-weakly almost periodic and has a (unique)
decomposition u = S(-)y + ¢, where ¢ € Wo(R*, X) and y € wy(u)
is such that S(-)y is almost periodic.

3.2. COROLLARY. 1. Assume that X is reflexive. Then

(a) every strong solution of (CPy) is Eberlein-weakly almost peri-
odic;

(b) if xo € Z(A), then there exist y € W, (x9)NZ (A) such that the
strong solution u = S(-)y of (CPy) for the intial condition u(0) =y
is almost periodic;

(c) every mild solution of (CP) is Eberlein-weakly almost periodic.

2. If (S(8))i>0 is a differentiable semigroup and u: Rt — X is any
strong solution of (CPy) with weakly relatively compact range, then
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there exists y € wy,(u) such that S(-)y: Rt — X is an almost periodic
strong solution of (CPy) (with initial vector xy =y).

As Corollary 3.2 makes plain, Theorem 3.1 can be used to deduce
existence of almost periodic strong solutions of (CPy) without a priori
norm-compactness assumptions. We mention that every strong solu-
tion of (CPy) with norm-relatively compact range is asymptotically
almost periodic [21, Corollary 2.5], which also leads to the existence
of almost periodic strong solutions to (CP;,) in view of the decompo-
sition of an a.a.p motion of (S(¢));>0 [21, p. 150] as the sum of an
a.p. motion and a function belonging to Cy(R*, X).

We now turn to the question of convergence of ergodic means. In-
stead of just considering the limit of the Cesaro means % fOT u(t)dt
of a solution u to either (CPy) or (CP), moreover, we shall take into
account means with respect to any strongly regular kernel; a function
Q: Rt x Rt — R is said to be strongly regular if

(i) {Q(s, ): s €R"} is a bounded subset of L!(R*),

(i) limy_e fo° Q(s, t)dt =1,

(iii) limy_o fiy |Q(s, t)|dt =0 for each 7> 0, and

(iv) limg.eo [o7|Q(s, t+h) — Q(s, 1)]dt =0 for all heR*.

3.3. THEOREM. Assume that (S(t));>0 is a uniformly bounded Cy-
semigroup of continuous linear operators on X, and let u: R* — X
be an almost-orbit of (S(t));>0 with weakly relatively compact range.
Then there exists z € clco wy(u) such that

- hm/ Os, u(t +h)dt = z
§—00
uniformly over h € Rt for any strongly regular kernel function Q: R* x
Rt — R. Moreover, z is a fixed point of (S(t))i>0, and the only such
in clcowy(u).

Theorem 3.3 is a consequence of Theorem 2.1 taken in conjunction
with the strong ergodic theorem for Eberlein-weakly almost periodic
functions from [27]. In the special case that u is a motion S(:)x of
(S(#))i>0 through some x € X, Theorem 3.3 becomes a version for
individual motions of the well known mean ergodic theorem for uni-
formly bounded Cj-semigroups on reflexive Banach spaces (cf. [13]).

3.4. COROLLARY. Assume that u: R — X is either a strong solu-
tion of (CPy,) or a mild solution of (CP). If u has weakly relatively
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compact range, then there exists a unique fixed point z of (S(t))r>0 in
clco wy(u) such that

I tim [~ 0G5, tute+ myde = 2

uniformly over h € R for any strongly regular kernel function Q: R* x
RTY — R.

Before taking up further specific applications, we pause to recall the
following fact (cf. [19, p. 350]): For fe€ C,(R*, X) and x € X, if
(i) f— fw € Co(RT, X) (respectively, f — f, weakly vanishes at
infinity on R*) for each w >0, and

(i1)
.17
I Jim o [ fs+yds = x
1 T
respectively, w- lim — / f(s+h)ds=x
Tooo T 0
uniformly over # € R*, then
II-|I- im f(¢) = x (respectively, w- lim f(¢) = x) .
—00 {—00
Taken together with Theorem 3.3, this leads to the following result.

3.5. COROLLARY. Assume that (S(t))>0 is a uniformly bound-
ed Cy-semigroup of continuous linear operators on X, and let u:
Rt — X be an almost-orbit of (S(t))>0 with weakly relatively
compact range. If lim,_ ||u(t + k) — u(t)|| = 0 (respectively,
w-lim; oo (u(t + h) — u(t)) = 0) for each h € R*t, then
| - I-lim;oo u(2) (respectively, w-lim;_,., u(t)) exists and equals
I - lim7—o + f) u(t) dt.

In case the uniformly bounded Cj-semigroup (S(¢));>o generated
by A is the restriction to R* of an analytic semigroup of type (a, M)
[13, p. 33], ||z4S(#)x|| £ M||x|| for each ¢ > 0 and every x € X,
whereby it easily follows that, given any x € X,

tlilg IS(t+h)x —S(t)x|| =0
for each 4 € R* . Since the restriction to R* of any analytic semigroup

of type (a, M) is necessarily uniformly bounded, this observation
coupled with [19, Prop. 6.3, p. 361] and Corollary 3.5 yields the
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next assertion, which includes a version for individual motions of a
known result for analytic semigroups on reflexive Banach spaces (cf.
[13, Exercise 17, p. 61]).

3.6. COROLLARY. Assume that (S(t))>0 is a Co-semigroup of
bounded linear operators on X which is the restriction to R* of an
analytic semigroup of type (a, M), and let u: R* — X be an almost-
orbit of (S(1))i>0- If u(R") is weakly relatively compact in X, then
| - I-lim, oo u(2) exists and equals | - ||-lim7_ o + fOT u(t)de.

Concerning stability properties of the Cy-semigroup (S(#));>0 gen-
erated by A4, additional information about the point spectrum g,(A4)
of A leads to the following result.

3.7. PROPOSITION. Assume that A is the infinitesimal generator
of a uniformly bounded Cy-semigroup (S(t))>0 of continuous linear
operators on X, and let u: Rt — X be an almost-orbit of (S(¢))i>0
with weakly relatively compact range. If d,(A) N iR = &, then u €
Wo(R*, X). In particular, |-||-limz—c + fOT u(t+h)dt =0 uniformly
over h € Rt whenever g,(A)NIR =J.

REMARK. For the connection between Proposition 3.7 and stabil-
ity of (S(¢));>0, recall that (S(¢));>0 is said to be strongly (respec-
tively, weakly) stable if | - ||-lim/~. S(¢£)x = 0 (respectively,
w-lim;_,o, S(t)x = 0) for each x € X . This, in turn, is equivalent to
requiring that, given any x € X, there exists a sequence 0 < w, — c©
such that the corresponding sequence (S(-+w,)x), of translates con-
verges to the zero function in C,(R*, X) (respectively, uniformly in
Cy(R*, Xy), where X,, denotes X with its associated weak topol-
ogy o(X, X*)). According to Proposition 3.7, if g,(4)NIR = &
and u is any almost-orbit of (S(#)),>0 with weakly relatively compact
range, then there does exist a sequence 0 < w, — oo such that (uw") n
converges to the zero function with respect to the weak topology of
Cp(R*, X). Of course, the condition ag,(A4)NiR =< is necessary for
the weak stability of (S(7));>0.-

Proof of Proposition 3.7. From Theorems 2.1 and 2.4, we know that
u=3SG)y+¢, where p € Wo(R*, X) and y € wy(u) is such that
S(-)y is almost periodic. For u € R, let

.1 T
ay, w) = - |- lim = /0 e~ HS (1) di
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be the corresponding Fourier coefficient of (the almost periodic func-
tion) S(-)y. It is then easy to check that e~ '“'S(f)a(y, u) = a(y, u)
for all ¢t € R™, and hence a(y, u) = 0 in view of the assumption
on ogp(A). Since a(y, u) =0 for each u € R, S(t)y = 0 for every
t € R, and thus u € Wy(R*, X). Since this implies that 0 € w,,(u),
the final assertion now follows as an immediate consequence of The-
orem 3.3.

3.8. COROLLARY. Assume that X is reflexive, and let A be the
infinitesimal generator of a uniformly bounded Cy-semigroup (S(2));>0
of continuous linear operators on X . Then the following are equivalent:

(@) op(A)NIR=O;

(b) every almost-orbit of (S(t));>0 belongs to Wy(R, X);

(c) S()x € Wy(R*, X) for each x € X

(d) liminf; o [(S(t)x, x*)| =0 foreach x € X and all x* € X*.

Corollary 3.8 includes [14, Thm. 2] as a special case. In much the
same way, our approach also yields a short proof (of an extension) of
(14, Thm. 1].

3.9. COROLLARY. Assume that A is the infinitesimal generator of a
uniformly bounded Cy-semigroup (S(t));>0 of continuous linear op-
erators on X such that o,(A)NiR = & and let u: R* — X be
an almost-orbit of (S(t));>0 with weakly relatively compact range. If
x*u € AAP(R") for some x* € X*, then x*u € Cy(R").

Proof. According to Theorem 1.3, we have that x*u = g|R* + ¢,
where g € AP(R) and ¢ € Co(R*), while x*u € Wy(R") in view of
Proposition 3.7. Consequently, there exists a sequence 0 < w, — oo
so that ((x*u—¢)e )n converges pointwise on R* to the zero function.
A routine argument based on the fact that g € AP(R) now shows that
g is identically zero, whereby the proof is complete.

Our final set of applications concerns an abstract version of the
principle of local energy decay for solutions of the wave equation
in exterior domains as considered in [16, Chap. V], [30], and [14].
More specifically, we give a short and straightforward treatment of
(an extension of) the material presented in [14, Section 1.2].

To set the context for these results, we assume that X is a reflex-
ive Banach space, and take F to be a Fréchet space (i.e., a complete
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metrizable locally convex space) in which X is continuously embed-
ded. (In applications, for instance, X = L*(Q) and F = L2 (Q).)
Furthermore, 4:'2(4A) € X — X will be the infinitesimal generator
of a uniformly bounded Cy-semigroup (S(¢));>o of continuous linear

operators on X .

3.10. PROPOSITION. Assume that 0,(A) N iR = . Then
F-lim; o, S(H)x =0

for each x € X such that H(S(-)x) = {S(- + w): w € R*} is rela-
tively compact in Cy(R*, F) with respect to the topology of uniform
convergence.

Proof. Fixing x € X so that H(S(-)x) is relatively compact in
Cy(R*, F) with respect to the topology of uniform convergence, it
then follows that S(-)x = g|R* + ¢, where g € AP(R, F) and
¢ € Co(R*, F) [21, p. 147]. By Corollary 3.8, moreover, S(:)x €
Wo(R*, X). Thus, since g|RT = S(-)x — ¢, we again have that g|R*
is identically zero, and the proof is thereby complete.

3.11. PROPOSITION. Assume that o,(A)NIR=, andlet x € X . If
y(x) is relatively compact in F , then there exists a sequence 0 < w, —
oo such that the corresponding sequence (S(-+ wn)x), of translates of
S(-)x converges to zero in Cy(R*, F) with respect to the topology of
uniform convergence on the compact subsets of R* .

Proof. Given x € X, and again applying Corollary 3.8, ¢ = S(-)x €
Wo(R*, X), and so there exists a sequence 0 < w, — oo such that
(9w, )n converges to the zero function with respect to the weak topol-
ogy of Cp(R*™, X). Assuming that y(x) is relatively compact in F ,
therefore, we may further suppose that (S(z + w,)x), converges to
zero in F for each ¢t € R*. Since S(-)x: R — F is also uniformly
continuous, the desired conclusion now follows readily.

REMARK. Propositions 3.10 and 3.11 extend Theorems 3 and 4 of
[14].

In closing, we mention that analogues of our results for semigroups
can be deduced for groups of operators through the same techniques,
and we state one particular result.
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3.12. THEOREM. Assume that (G(t)):cr is a uniformly bounded Cj-
group of continuous linear operators on a Banach space X, and let
x € X. Then G()x € W(R, X) if and only if G(-)x has weakly
relatively compact range in X . In this case, G(-)x = G(-)y + ¢, where
9 € Wo(R, X) and y € wy(X) with G(-)y € AP(R, X).
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