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THE STRUCTURE OF PURE
COMPLETELY BOUNDED AND COMPLETELY POSITIVE
MULTILINEAR OPERATORS

ZHONG-JIN RUAN

Let A be a C*-algebra and B(H) the algebra of all bounded
linear operators on a Hilbert space //. We study the structure of
pure completely bounded and completely positive multilinear operators
from A¥ = Ax---x A into B(H).

1. Introduction. The definition of completely bounded (resp. com-
pletely positive) multilinear operators from one C*-algebra into an-
other was introduced by Christensen and Sinclair [4]. We begin by
recalling these definitions for our convenience.

Throughout this paper, we assume that C*-algebras are unital.
Let 4 and B be C*-algebras. We denote M,(A4) = {[a;j]: a;j € A}
(resp. M, (B))the C*-algebra of nxn matrices over A (resp. B). If
¢: Ax = Ax---x A — B is a k-linear operator, the k-linear operator
én: My(AK — M, (B) is defined by

k+1

n
On(dy, Azs s )= | Y P@ii @iy e i)
i2

s i =1

forall 4; = [a,-J;M] € M,(A) (1 <j<k). We define the norm of ¢,
by
lonll = sup{||¢n(A1, A2, ..., Ap)|: Aj € M, (A)
with ||4;]| < 1 for 1 < j <k}
and define the completely bounded norm of ¢ by

l¢llco = sup{l|$nll: n € N}.

A k-linear operator ¢ is called completely bounded (resp. com-
pletely contractive) if the completely bounded norm | ¢||., is finite
(resp. ||¢|lc» < 1). We denote CB(AX, B) the complex Banach space
of all completely bounded k-linear operators from A% into B. If
¢: A¥ - B is a k-linear operator, the adjoint k-linear operator ¢*
from A¥ into B is defined by

¢*(ay, ..., ax)=¢(ay, ..., a;)"
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for all a;,...,a, € A. If ¢ € CB(4A*, B), then so is ¢* with
l#*llce = lI®llcp - This gives an involution on the complex Banach space
CB(A*, B). A completely bounded k-linear operator ¢ € CB(A4%, B)
is called symmetric if ¢ = ¢*. We denote CBs(A*, B) the set
of all completely bounded symmetric k-linear operators from AX
into B. Then CB(A4%, B) is just the real space of all selfadjoint ele-
ments in CB(AX, B). A k-linear operator ¢: A — B is called com-
pletely positive if:

(i) k=2l-1 odd. Wehave ¢,(A4}, ..., 4 |, A, A_y, ..., A1)
>0 forall 4y,...,A4,_, € M,(A), A€ M,(A)" andall ne N, or

(i) k =2l even. We have ¢,(4}, ..., A}, 4;,..., A1) >0 for
all 4;,...,4, € My,(4) andall ne N.

We denote CB*t(4%, B) the set of all completely bounded
and completely positive k-linear operators from A* into B. Then
CB*(A*, B) is a proper positive cone in the real Banach space
CBs(A¥ , B). It is known from [18], [10], [12] and [4] that CBy(4*, B)
= CB*(4*, B) — CB*(4*, B) if B is an injective C*-algebra. This
gives a natural partial ordering on CB;(AX, B) defined by v < ¢ if
¢ —w € CB*(4*, B).

REMARK. The above definition of completely bounded (resp. com-
pletely bounded symmetric, completely positive) k-linear operators
from A% into B is a natural generalization of the usual definition
of completely bounded (resp. completely bounded self-adjoint, com-
pletely positive) linear operators from C*-algebra A into C*-algebra
B . In the case of k =1, we know that every completely positive lin-
ear operator between C*-algebras is already completely bounded with
ll¢llce = |l@ll- Unfortunately, this is not true for completely positive
k-linear operators when k > 2 (see [4], page 155).

DEeFINITION 1.1. A completely bounded and completely positive k-
linear operator ¢ € CB* (4%, B) is pureif, for every w € CB*(4*, B),
v < ¢ implies ¥ = A¢p for some 4> 0.

From the above definition, ¢ € CB*(4¥, B) is pure if and only
if the ray Ry = {A¢: 1 > 0} determined by ¢ is an extreme ray in
CB*(4*, B) (cf. G. Choquet [2], Volume II).

Now we consider B = B(H), the algebra of all bounded linear op-
erators on a Hilbert space H. If kK =1 and B(H) = C, it is well
known that every pure element in CB* (4, C) = (4*)* is just a pos-
itive linear functional on 4 whose GNS representation is irreducible
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(cf. Takesaki [17] Chapter I). The pure elements in CB* (A, B(H))
were studied by Arveson [1].

In this paper, we study the structure of pure elements in
CB+(4*, B(H)) for k = 2I. In particular, we give a detailed dis-
cussion for pure completely bounded and completely positive bilinear
operators from A? into the matrix algebra M,(C). Applying [4],
Theorem 4.1, we show, in §2, a representation theorem for pure com-
pletely bounded and completely positive k-linear operators from AX
into B(H). We show, in Theorem 3.2 and Theorem 3.3, that a com-
pletely bounded and completely positive bilinear operator ¢ €
CB* (A%, M,(C)) is pure if and only if there are bounded linear func-

tionals fi, ..., f» on A such that ¢ = F*® F, where
fi S
L
0 --- 0

Such a linear operator F is unique up to multiplication by a complex
number of module one. We generalize Theorem 3.2 and Theorem 3.3
to completely bounded and completely positive 2/-linear operators
from A% into M,(C) in Theorem 3.4. In §4, we discuss the normal
version of the above results. In §5, we apply the results in §3 (resp.
in §4) to study the pure elements in multivariable Fourier-Stieltjes
algebras (resp. in multivariable Fourier algebras).
To close this section, we state a result of [4].

THEOREM 1.2 ([4], Lemma 3.1 and Corollary 4.2). Let H be a
Hilbert space, let A be a C*-algebra, and let ¢ € CBy(A*, B(H))
with k > 2. Let 9. A — B(H) be a completely positive linear operator
given by ¢ =V*nV, where n is a *representation of A on a Hilbert
space K and V € B(H, K) is a bounded linear operator with K =
[z(A)VH]. If we have

—¢n(X*X) S¢n(X*, AZ’ ce sAk—la X) S ¢n(X*X)

Jor all X € My(A) and all (Az, ..., A1) = (A;_;,..., 43) €
My(A)*=2 with 4] <1 (2 < j < k=1), then there is a y €
CBs(A*=2, B(K)) with ||w|l.p <1 (when k =2, w is just a fixed
selfadjoint linear operator in B(K)) such that

day, ..., aq)=Vr(a)y(az, ..., q_)n(a)V



158 ZHONG-JIN RUAN

forall ay, ..., a, € A. If, in addition, ¢ is completely positive, then
S0 is y.

REMARK. In Theorem 1.2, we considered a given representation
{n,V,K} of ¢p with K =[n(A)VH] the norm closure of n(A)VH,
which is called a minimal representation of ¢ in [1]. If A is a unital
C*-algebra, the representation of ¢ obtained from the Stinespring
construction (cf. [1] and [16]) is minimal. Since any two minimal
representations of ¢ are unitarily equivalent, the result in Theorem
1.2 is essentially the same as that in [4] Lemma 3.1.

2. A representation theorem for pure completely bounded and com-
pletely positive k-linear operators. Let 4 be a C*-algebra, let K and
H be Hilbert spaces, let 7 be a *-representation of 4 on K and let
V € B(H, K) with K = [n(4)VH]. For any integer k > 2, we can
define a map I': CB(4%~2, B(K)) — CB(4*, B(H)) by

L(y)ar, ..., a) =V'r(ay(az, ..., a_)n(a)V

for all a;,...,a, € A. Here we denote B(K) = CB(A°, B(K)).
It is clear that I" is a well-defined bounded linear operator from
CB(A*~%, B(K)) into CB(A*, B(H)), which maps CB;(4*~2, B(K))
into CBs(A4X, B(H)) and CB*(4%-2, B(K)) into CB*(4*, B(H)).
It follows from K = [n(A)VH] that I' is a linear injection. If
V € B(H, K) is a contraction then so is I'.

LEMMA 2.1. The linear operator T is a linear order isomorphism
from CBs(A*=2, B(K)) onto its image T(CBy(4*~2, B(K))).

Proof. We only need to show that, for any ¢ € CB* (4%, B(H))n
I'(CBs(AX-2, B(K))), there is a v € CB*(4X-2, B(K)) such that
I(y)=¢.

Given ¢ € CB+(A4%, B(H)) NT(CBy(4*~2, B(K))), there isa v €
CB;(A*=2, B(K)) such that I'(y) = ¢. For each n € N, and all
(Azs ooy Agoy) = (A5_(, ..., A3) € My(A)k=2 with 4,y >0 if k is
odd, where m = (k +1)/2, and for all 1, = n,(X)(V ®id,)&, , when
X € M,(A) and &, € H", we have

(WH(AZa e Ak—l)’?n, ’7”)
= ((V*®1idn)n(X*)Wn(A42, ... s A_1)Tn(X)(V ®1dn)En, &n)
= (¢n(X*’ A2a ey Ak~l ) X)éns én) > 0.

Thus v € CB*(4¥~2, B(K)) since n(A)VH is dense in K . i
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Let ¢ € CB*(4*, B). The order interval [0, ¢] is defined by
[0, ¢] = {$ € CB* (4", B): 0< $ < ¢}.

LeEmMMA 2.2. If ¢ = I'(w) for some w € CB*(A*~2, B(K)), then
the order interval [0, ¢] is contained in T(CB*(4*=2 B(K)) and T
is an affine isomorphism from [0, y] onto [0, ¢].

Proof. Without loss of generality, we assume that ¢ = I'(y) for
some y € CB*(4*~2, B(K)) with |ly|l;, = 1. Let ¢ = V*zV.
Since

_IS WH(AZa ey Ak—l) SIa
we have
—0n(X*X) < pn(X*, A2, ..., Ak—1, X) S 9n(X*X)
forall X € My(A)and(4y, ..., Ax_y) = (4}_,, ..., A3) € My(A)*2

with ||[4,| <1 (2 <j < k-1). We need to show that, for any

¢ €[0, 4], there is 7 € [0, y] such that I'(¢) = ¢.
Given ¢ € [0, ¢], we claim that

—n(X*X) < Pu(X*, Aps ooy Ak_1, X) < Pn(X*X)

forall X € M,(A4) and (Aa, ..., Ax_y) = (A}_,, ..., A5) € M,(A)<2
with ||4;|<1 (2<j<k-1),andall neN.
To see this, if k =2/+ 1, we have

(A3, ..., Ag_\)=(B},..., B}, B\, B, ..., B

for some B; € M,(A4) with |B;|| <1 (j=2,...,/+1) and B,
selfadjoint. Hence we can write B, | = B,erl — B[, where Bl’fH and
B, are positive in M,(A) with the norms less than or equal to 1.
Since
0<n(X*,B3,...,B},BE ,By,..., By, X)

< ¢n(X*,B5,...,Bf,Bif,,B;,..., By, X)

< on(X7X)
we have

—pn(X*X) < $u(X*, B3, ..., B}, B}, B,..., By, X) < ¢pn(X*X).
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If k =2/, we have
(Ayy oo, Ag)=(B5, ..., B}, By, ..., By)
for some B; € M,(A4) with ||B;|| <1 (2<j<]I);then we have

—pn(X*X) <0< $u(X*,B},..., B!, By, ..., By, X)
< ¢n(X*,B,...., B!, B,..., By, X)
< dn(X*X).

By Theorem 1.2, there exists a completely bounded and completely
positive (k—2)-linear operator € CB*(4*=2, B(K)) such that I'()
= V*nynV = ¢. Since ¢ < ¢ and, by Lemma 2.1, T is a linear order
isomorphism from CBy(4*~2, B(K)) onto I'(CB;(4*~2, B(K))), we
have ¥ € [0, v]. O

LEMMA 2.3. A completely bounded and completely positive k-linear
operator y € CB*(4¥=2 B(K)) is pure if and only if its image ¢ =
I'(w) is pure in CB*(A4*, B(H)).

Proof. From the definition, we know that y (resp. ¢ ) is pure if and
only if [0, y]={Ay:0< A < 1} (resp. [0, 4] = {1g;0< A< 1}).
The conclusion follows easily from Lemma 2.2 o

THEOREM 2.4. Let A be a C*-algebra, let H be a Hilbert space and
let ¢ € CB*(A*, B(H)) with k > 2. Then ¢ is pure if and only if
(1) kK =2l+1 odd. There are *-representations m,, ..., n;.; of
A on Hilbert spaces K, , ..., K;,, with m;,, irreducible on K, , and
linear operators V; € B(K;_,, K;) for 1 < j<I[+1, where Ky = H,
Kj = [ﬂj(A)V}Kj_I] forall 1<j<Il+1 and

1/2
Vil Vel = Nl
such that
¢(al: cee s ak)
=Vin(ar) - ma)Vi T (@) Viam(ay,) - mi(a)h
forall a;,...,a,€A.
(ii) k = 2l even. There are *-representations my, ..., n; of A on
Hilbert spaces K, , ..., K;, linear operators V; € B(K;_,, K;), where

Ko=H, K; = [n;(A)V;K;_\] for 1< j <[ and

1/2
Vil vl = llellle?
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and a rank one projection T in B(K;)" such that

(]5(611, ’ak)

=WVin(a)Vyny(ay) - -my(a) Try(a,,) - ma(ae-_1) Vam (@)
forall ay,...,a,€A4.

Proof. Applying [4], Theorem 4.1, we have

(i) k = 2/ +1 odd. There are *-representations 7, ..., ;.
of A on Hilbert spaces K, ..., K;;; and linear operators V; €
B(Kj_l, Kj), where KO = H, Kj = [ﬂj(A)VjKj_l] for all 1 < ] <
[+ 1 and

IAll - 1Viall = 1125

such that
¢(ala DI ak)
=Wm(ay) - m(a)Vi (@) Viaim(apes) - - m(a) Vi

forall a;,...,a; € A. By Lemma 2.3 and induction on /, we have
¢ € CB*(A*, B(H)) is pure if and only if y = Vi w1 V4 1s pure
in CB*(A, B(K;)) if and only if 7 is an irreducible representation
on K, ; (see Arveson [1]).

(ii) k = 2/ even. There are *-representations =n;,...,n; of A
on Hilbert spaces K, ..., K;, linear operators V; € B(K;_, Kj),

where Ko=H, K; =[n;(A)V;K;_;] for 1 <j <[ and

1/2
Vil 1Vl = liglleh”
and a positive linear operator 7' € B(K;)™ with ||T|| = | such that

dlar, ..., a)

= W'r(a)Vsma(ay) - ma)Try(a,) - ma(ak—1) Vami(a) Vi

forall a;,...,a, € A. By Lemma 2.3 and induction on /, we have
¢ € CB*(AX, B(H)) is pure if and only if 7 is pure in B(K;)*, the
set of all positive linear operators on K;, with ||7T|| = 1 if and only
if T is a rank one projection. O

3. The structure of pure completely bounded and completely positive
multlinear operators. In this section, we study the structure of pure
completely bounded and completely positive 2/-linear operators from
A?! into M,(C). Let f and g be [-linear functionals from A4’ into
C. We define a 2/-linear function f® g: 4% — C by

(f®g)(ala-"3a2/)=f(als 9a1)g(a1+lﬁ ’a2/)
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forall a;,...,a; € A. Let F =[f;;] and G =[g;;] be [-linear oper-
ators from A’ into M,(C). Then we can define a 2/-linear operator
F-G: A* — M,(C) by

n
FOoG= [Eﬁk®gk,~ .

k=1

For an [-linear operator F = [f;;]: Al — M,(C), the adjoint /-
linear operator F* of F can be written as F* = [ j}*i]. The [-
linear operator F is completely bounded if and only if each f;; is
a completely bounded /-linear functional on A’. If F is completely
bounded, then so is F* with ||F*||.; = [|F|lcp -

Let F = [fij]: Al — M, (C) be a completely bounded /-linear op-
erator. Forall 4;=[a;; ]€ My(A) (1 <j<2l),wehave

(F*(:)F)m(Al, ,A21)
m

= (F* @F)(al l LR aiz/i2/+l):l

— * .. ..
- ( F (al]l2 R al,ll+,))
ll+l
( I+l IR aiztiz/+|))]
ll+2

—F* Al,u )Fm(Al+1,-- Azl)
in My,(C)® M,(C). Since
Fo (A7, ..., 4]) = (Fm(4;, ..., A))*
forall 4,,..., A; € M,,(A), we have

(F*OF)m(A, ..., A, A;, ..., A})
= Fi(A, ..., A)Fn(d), ..., Ay)
= (Fm(A, oo A F(4;, ..., A)).

This implies that F* ® F: 42 — M,(C) is completely positive.

LEMMA 3.1. Let F = [f;;]: A\ — M,(C) be an I-linear operator.
Then the corresponding 2l-linear operator ¢ = F*® F: A¥ — M,(C)
is completely positive. The [-linear operator F is completely bounded
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if and only if the 2l-linear operator ¢ = F*OF is completely bounded.
In this case, we have ||@||.p = ||bnll = |F |2,

Proof. The first statement is obvious. For the rest of the proof,
we consider the case / = 1 without loss of the generality. If F is
completely bounded, we have

“¢”Cb = SuP{II¢m(Xs Y)”: Xs Y € Mm(A)
with | X||, [[Y]| <1, me N}
= sup{||Fp(X)Fm(Y)|: X, Y € Mn(A)
with IX, Y] < 1, m € N}
< IF*leollFllce = IF112-
Hence ¢ is completely bounded. On the other hand, if ¢ is com-
pletely bounded, we have

IF1I2, = |Ful|*  (by [15])
= sup{||Fx(X)|*: X € Mu(A), | X|| < 1}
= sup{||(Fu(X))*Fa(X)|: X € Mn(4), || X|| < 1}
= sup{||¢a(X*, X)|: X € Mu(4), | X|| < 1}
< ||¢n" < ”¢"cb

Hence F is completely bounded and we have ||F|?, = ||F,|? =

l[@nll = llpllcs - O

Now we are ready to study the structure of pure completely bounded
and completely positive multilinear operators. For our convenience,
we first consider the bilinear case.

THEOREM 3.2. If ¢ € CB*(A%, M,(C)) is pure, then there are

bounded linear functionals f;, ..., fn on A such that ¢ = F*O F,
where
fi
e
0 --- 0

The linear operator F is completely bounded with ||F||2, = ||®||cs -
Furthermore, if
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is another completely bounded linear operator from A into M,(C)
such that ¢ = G* ® G, then there is a complex number A with |A| = 1
such that F = AG.

Proof. To avoid technical complications, we only discuss the case
n = 2. The calculations are in the same spirit for general n € N .

Let ¢ # 0 € CB*(4%, M,(C)) be a pure element. By Theorem 2.4,
there 1s a *-representation 7 of 4 on a Hilbert space K, a bounded
linear operator V: C2 — K with K = [n(4)aVC?] and |V| = ||g{>||il/,2
and a rank one projection 7 in B(K) such that

P(x,y) =Va(x)Tr(y)V

for all x,y € A. Let & be a unit vector in K such that 7K =
[Tr(A)VC?] = span{¢o} andlet {e; = [}], e2 = [?]} be the standard
basis for C2. For i = 1, 2, there are linear functionals f; on A such
that

Ji(x)6o = Tn(x)Ve,

for all x € A. Then we have

(sem 2] [2]) = i Bros($(x, e, €1

RIS RRR)
fx) 0 0 0 ar |’ | B
for all x,y € A and for all «;, f; € C (i =1, 2). This implies
that ¢ = F*@ F , where F = [/ %] . It follows from Lemma 3.1 that
F: A— M,(C) is completely bounded with (|F||2, = |¢||p -
Suppose that G =[% %]: 4 — M>(C) is another completely bounded

linear operator such that ¢ = G* © G. Since ||[F*|.p = ||Fller =
l|p]| :,1/)2 # 0, we may assume that f # 0. Then there is an element
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Xo € A such that f*(xo) # 0. Thus for all x € 4, we have

Ui (x0) f5(x)] = (F* © F)(x0, X) = ¢(x0, X)
= (G0 0)(x, x) = [&(x0)&;(x)].
If we let 4 = g7 (x0)/f"(x0) , then we get fj(x) = Ag;(x) forall x € 4

(j=1,2), ie we get F =G. Since |Gl = I9l1)> = |Fller =
A[|Gllcp » then |A] = 1. O

THEOREM 3.3. Let

0 - O1. 4= a0
0O --- 0

be a completely bounded linear operator. Then ¢ = F* O F is a
pure completely bounded and completely positive bilinear operator in
CB* (4%, My(C)) with |||l = [|FIIZ,

Proof. It follows, from Lemma 3.1, that ¢ is a completely bounded
and completely positive bilinear operator from A4 into M,(C) with
ll¢ller = || F|12, - 1t suffices to show that ¢ is pure in CB* (4%, M,(C)).
Here we only prove the case n =2 as in Theorem 3.2.

Since ¢ = F* ® F € CB*(A4%, M>(C)), by [4] Theorem 4.1, there
is a *-representation 7 of 4 on a Hilbert space K, a bounded linear
operator V: C? — K with K = [n(4)VC?] and ||V|| = ||¢|l}?, and
a positive linear operator 7 in B(K) with ||T|| =1 such that

¢(x,y)=V'r(x)Tr(y)V

for all x, y € A. From Theorem 2.4, it suffices to show that 7T is a
rank one projection.
Since very element 1 € n(A4)VC? can be written as

n(xi)Ve

I
gl

forsome x;€ 4 (i=1, 2), wedefine a linear functional f n(A)VC?
— C by

2 2
(Z (xi) Vel) = Zﬁ(-xl)
= =1
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for all "2, n(x;)Ve; € n(A)VC?. Since

2

Jilxi) fi(x;)

1

JE () fi(x))

[ 2[5 =6 [4])

=< g) 0
G i)

i

1~ 50

I

~

(T ®idy)n; <)8 02]) idy) [2] ’

o5 ) el

2
<TZ7: x;)\Ve;, Zn(xi)Vei> ,
i=1

i=1

it follows that f is well-defined and we have

(2 2 12 2 2 2
.f (Z n(x; Ve,) Zf(x, = <TZ¢ xi)\Ve;, Zn(xi)Vei>.
i=1 i=1 i=1 i=1
Therefore,
) 2 2
Il = sup{ (E n(xi)Vei) Z n(xi)Ve; }
i=1 im1

1/2

i=1 i=1

f
2
= up{ <TZn(x,~)Ve,-, Zn(xi)V€i>

(x:)Ve;

:

Since m(A4)VC? is a dense subspace of K, there is a unique norm
preserving linear extension of f from n(A) VC? to the whole Hilbert
= [n(A4)VC?], still denoted by f. For x;,y;, €4 (i=1,2),

=Tl = 1.

space K
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the identities

2 2
(Zn x,)Ve,) (Z n(yj)Vej)
i=1

j=1

2 2 2 2
= (Zf;“( ) (Z (y,) = <T2n(y,~>Ve,~, Zn(x,->Ve,~>

j=1 i=1

lead to
FmF© =(Tn, ¢

for all #, { € K. Since ||f]] = 1, there is a unit vector wy € K
such that f(1) = (, wo) for all n€ K. Let K| = span{w,}. Since
(ker 7 ) = K-, the Hilbert space K can be orthogonally decomposed
into the direct sum of K; and ker f ,1.e. K=K, @®ker f .

Finally we want to show that T is a projection from K onto the
one dimensional subspace K; of K. For every n € ker f, we have
Tn =0 since (Tn,{) = f(n)f(C) =0 for all { € K. Suppose that
Twy = awg + 1o for some a € C and 5y € ker 7. It follows that

~ a

a=(Twy, wy) = f(wo)f(wo) = | Flwo)|* =

and

Inoll? = (Two, no) = fewo)f(no) =

Hence we have Twy = wy. This shows that T is a projection from
K onto K. O

Finally we generalize our results in Theorem 3.2 and Theorem 3.3
to the 2/-linear operators. The proof is essentially the same as those
in Theorem 3.2 and Theorem 3.3.

THEOREM 3.4. Let ¢ € CB*(A*, M, (C)). Then ¢ is pure if and

only if there are completely bounded [-linear functionals f,, ..., fu
on A' such that ¢ = F*® F , where
fi o fa
P 0 --- 0
0 ... 0

The I-linear operator F is completely bounded with ||F||?, = ||¢||cp -
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Furthermore, if

g1 - &n
=% O
0o --- 0

is another completely bounded /-linear operator from 4’ into M, (C)
such that ¢ = G* © G, then there is a complex number A with || =1
such that F = AG.

4. Pure completely bounded and completely positive normal multilin-
ear operators. If R is a von Neumann algebra, a completely bounded
k-linear operator ¢: RX — B(H) is called normal if ¢ is o-weakly
continuous in each component (cf. [11] and [4]). We denote
CB°(Rk | B(H)) the space of all completely bounded normal k-linear
operators from RX into B(H). We write

CB? (R, B(H)) = CBs(R*, B(H))n CB°(R*, B(H))
and
CB°*(R*, B(H)) = CB*(R*, B(H))n CB°(R*, B(H)).

In this section, we discuss the structures of pure completely bounded
and completely positive normal 2/-linear operators from R into
M,(C). First we consider a normal version of Theorem 2.4.

THEOREM 4.1. Let ¢ € CB°*(R* , B(H)) be a completely bounded
and completely positive normal 2l-linear operator R*' into B(H) for
some Hilbert space H. Then ¢ is a pure element in CB°+(R? | B(H))
if and only if there are normal *-representations n;, ..., n; of R on
Hilbert spaces K, , ..., K;, linear operators V; € B(K;_,, K;), where
Ko=H, K; =[n;(R)V;K;_] for 1 < j<I and

2
Al 1Vl = llellL)
and a rank one projection T in B(K) such that
éay, ..., ay)=Wmn(a)  -ma)Tray,): - ni(ay)V

forall ay, ..., a, €R.

Proof. Given ¢ € CB°*(R*, B(H)) a completely bounded and
completely positive normal 2/-linear operator. It follows from [4],
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Theorem 4.1, and the proof of Corollary 5.7 that there are normal *-
representations 7, ..., 7; of R on Hilbert spaces K|, ..., K;, lin-
ear operators V; € B(K;_;, K;), where Ko =H, K; = [n;(R)V;K;_]
for 1<j <! and
1/2
WAl 1Vl = llol

and a positive linear operator 7' in B(K) with ||7|| =1 such that

dlay, ..., ay)=Wr(ar) -ma)Tra,,) - n(ay)Vi

for all a;,...,a; € R. By Lemma 2.3 and induction on /, we get
that ¢ is pure if and only if 7 is pure in B(K;)* with ||T|| =1 if
and only if the positive linear operator 7 is a rank one projection. O

THEOREM 4.2. Let ¢ € CB*(R¥ , M,(C)) be a completely bound-
ed and completely positive 2l-linear operator. Then ¢ is pure in
CB°*(R¥ , M,(C)) if and only if there are completely bounded normal

[-linear functionals fi, ..., f, on R such that ¢ = F* ® F , where
fi [
P 0 --- 0
0 ... 0

The normal [-linear operator F is completely bounded with ||F|?, =

”d’“cb

Furthermore, if

g1 - 8n
=% O
o --- 0

is another completely bounded normal l-linear operator from R! into
M, (C) such that ¢ = G* © G, then there is a complex number A with
|A| =1 such that F = AG.

Proof. The whole proof of this theorem is similar to those in The-
orem 3.2 and Theorem 3.3. The only thing we need to point out
here is that, if ¢ € CB°*(R* , M, (C)) is pure, then there are com-
pletely bounded normal /-linear functionals f;, ..., f, on R' such
that ¢ = F* ® F, where
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We can get /-linear functionals fi, ..., f;, normal on R’ since we
can choose normal representations 7, = R — B(K;) (1 <i <) in
Theorem 4.1. o

5. Application to multivariable Fourier-Stieltjes algebras and mul-
tivariable Fourier algebras. Throughout this section, we let G be a
discrete group, C*(G) the full group C*-algebra of G, A the (left)
regular representation of G on the Hilbert space I2(G) and vN(G)
the group von Neumann algebra of G. The Fourier-Stieltjes alge-
bra B(G) is the space of all coefficients of unitary representations of
G: f € B(G) if and only if there exists a unitary representation 7 of
G on a Hilbert space H and two vectors £ and # in H such that

f(0) = ({r()¢, n)
for all ¢t € G. The norm is given by
I/l = inf{léllinll; where & and 7 as above}.

It is known by Eymard [9] that B(G) is a commutative Banach *-
algebra of functions on G with the pointwise multiplication and com-
plex conjugation, and that B(G) can be identified with C*(G)* the
dual space C*(G) as follows:

For any w € C*(G)*, we have by GNS representation

w(a) = (n(a), n)
for all a € C*(G), where n is a *-representation of C*(G) on H and
&, n € H. Thus the corresponding element f, € B(G) can be defined
by
Jo(t) =(n(t), ¢, n)
forall t€G.
The Fourier algebra A(G) is the space of all coefficients of the (left)

regular representation 4 of G: f € A(G) if and only if there exist &
and 1 € [2(G) such that

f(0) = 0E, n)
for all ¢ € G. The norm is given by
Il£1l = inf{||€]|||n]|; where & and # as above}.

Then A(G) is a closed ideal of B(G) and A(G) is isometrically iso-
morphic to ¥ N(G)., the predual of v N(G) (cf. Eymard [9]).

The multivariable Fourier-Stieltjes algebra BX(G) and the multi-
variable Fourier algebra 4%(G) have been studied in [8], where we
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identified B¥(G) with (C*(G)®;,--®;, C*(G))* the dual space of the
Haagerup tensor product of C*(G)’s and we identified AX(G) with
(vVN(G) ®] ---®7 VN(G)). the predual space of the normal Haagerup
tensor product of v N(G)’s. We notice that C*(A4) ®;, --- ®, C*(G)
and vN(G) ®] ---®) vN(G) are operator space and o-weakly closed
operator space, respectively, and we denote that

CB(C*(G)®, -~ ®, C*(G), B(H)) = CB(C*(G)*, B(H))
and
CB°(vN(G)®j7 ---®; VN(G), B(H)) = CB°(vN(G)*, B(H)).

For the detail about Haagerup tensor products, please refer to [6], [13],
[14], [7] and [3].

In this section, we will restrict our attention to study the pure ele-
ments in the bi-Fourier-Stieltjes algebra B%(G) (resp. the bi-Fourier
algebra 4%(G)). We recall by [8] that f € B%(G) if and only if there

are unitary representations n; of G on Hilbert spaces H; (i=1, 2),
T € B(H,, H,) and ¢ € H; and n € H, such that

f(t2, 1) = (ma(2) Ty (81)E, 1)
for all ¢, t, € G. The norm is given by
IA) = inf{||T||IEIlz]| ; where T, & and i as above}.

Identifying B2(G) (resp. B2(G)*) with CB(C*(G)*,C) (resp.
CB+(C*(G)?, C)), there is natural order structure on B2(G) given
by the positive cone B?(G)* with B?(G) = spanB2(G)*. It follows
easily from [4], Theorem 4.1, that f € B%(G)* if and only if there
is a unitary representation 7 of G on a Hilbert space H, a positive
linear operator 7 € B(H) and a vector & € H such that

ftz, 4y) = (m(L2)Tr(t)¢, §)

for all ¢;,t, € G. Applying Theorem 3.2 and Theorem 3.3 to the
pure elements in B2(G)*, we have

THEOREM 5.1. Let f € B*(G). Then f is pure if and only if there
is an element g € B(G) such that

f=¢9s.
We have |f|| = ||g||* and the element g is unique up to multiplication

by a complex number of module one. Therefore, the algebraic tensor
product B(G) ® B(G) = span{all pure elements in B*(G)*}.
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REMARK. If we identify M,(B%(G)) with CB(C*(G)?, M,(C)) for
n € N, we get an Z*-matricial norm over B2(G) so that B2(G)
is an operator space (cf. [14] and [7]). For each n € N, there is a
natural order on M, (B2%(G)) given by the positive cone M, (B*(G))*
— CB*(C*(G)?, My(C)) with M,(BX(G)) = spanM,(B%(G))*.
It follows from Theorem 3.2 and Theorem 3.3 that an element @ €

M,(B%(G))* is pure if and only if there are elements f;, ..., f, €
B(G) such that ® = F*© F and ||¢|| = ||F||?, where
fi o S
0 --- 0
F=|" """ 7| eM(B(G)) = CB(B(G), My(C)).
0O --- 0

Similar arguments apply to the pure elements in the bi-Fourier
algebra 4%(G). It follows by [4] and [8] that f € A4%(G) if and
only if there are Hilbert spaces H, and H,, a linear operator T €
B(I*(G)® Hy , I*(G) ® H,) and vectors & € I2(G)® H, and 7 € I2(G)
® H, such that

f(t2, 1) = ((A(12) ® 1y )T (A1) ® 1,)c , 1)

for all ¢;,¢ € G, and that f € A%(4)* = CB°*(vN(4)?,C) if
and only if there is a Hilbert space H, a positive linear operator
T € B(I*(G)® H) and ¢ € [?(G) ® H such that

f(ta, 1) = ((At2) ® 1p) T(A(t1) ® LH)E, &)
for all ¢,,t € G. Applying Theorem 4.2 to the pure elements in
A%(G)*, we have

THEOREM 5.2. Let f € A*(G)*. Then f is pure if and only if there
is an element g € A(G) such that

f=8g"®g.

We have ||f|| = || g||*> and the element g is unique up to multiplication
by a complex number of module one. Therefore the algebraic tensor
product A(G) ® A(G) = span{all pure elements in A*(G)*}.

REFERENCES

[1] W. B. Arverson, Subalgebras of C*-algebras, Acta Math., 123 (1969), 142-224.
[2] G. Choquet, Lectures on Analysis, W. A. Benjamin, Inc., 1969.



B3]
(4]
(3]
(6]
(7]

(8]
9

[10]
(11]
[12]
(13]

(14]
(15]

[16]

(17]
[18]

POSITIVE MULTILINEAR OPERATORS 173

E. Christensen, E. G. Effros and A. M. Sinclair, Completely bounded multilinear
maps and C*-algebraic cohomology, Invent. Math., 90 (1987), 279-296.

E. Christensen and A. M. Sinclair, Representations of completely bounded mul-
tilinear operators, J. Funct. Anal., 72 (1987), 151-181.

E. G. Effros and U. Haagerup, Lifting problems and local reflexivity for C*-
algebras, Duke Math. J., 52 (1985), 103-128.

E. G. Effros and A. Kishimoto, Module maps and Hochschild-Johnson cohomol-
0gy, Indiana J. Math., 36 (1987), 257-276.

E. G. Effros and J.-Z. Ruan, Representations of operator bimodules and their
applications, J. Operator Theory, 19 (1988), 137-157.

——, Multivariable multipliers for groups and their operators algebras, to appear.
P. Eymard, L algébre de Fourier d’un groupe localement compact, Bull. Soc.
Math. France, 92 (1964), 181-236.

U. Haagerup, Decomposition of completely bounded maps on operator algebras,
unpubl. ms. 1980.

____, The Grothendieck inequality for bilinear forms on C*-algebras, Adv. in
Math., 56 (1984), 93-116.

V. L. Paulsen, Completely bounded maps on C*-algebras and invariant operator
ranges, Proc. Amer. Math. Soc., 86 (1982), 91-96.

V. I. Paulsen and R. R. Smith, Multilinear maps and tensor norms on operator
systems, J. Funct. Anal., 73 (1987), 258-276.

Z.-J. Ruan, Subspaces of C*-algebras, J. Funct. Anal., 76 (1988), 217-230.

R. R. Smith, Completely bounded maps between C*-algebras, J. London Math.
Soc. (2), 27 (1983), 157-166.

W. F. Stinspring, Positive functions on C*-algebras, Proc. Amer. Math. Soc., 6
(1955), 211-216.

M. Takesaki, Theory of Operator Algebras 1, Springer-Verlag, Berlin, 1979.

G. Wittstock, Ein operatorwertiger Hahn-Banach Satz, J. Funct. Anal., 40
(1981), 127-150.

Received June 28, 1988 and in revised form May 1, 1989. This research was partially
supported by a grant from the National Science Foundation.

UNIVERSITY OF ILLINOIS
URBANA, IL 61801








