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A CHARACTERIZATION
OF THE FINITE MOUFANG HEXAGONS
BY GENERALIZED HOMOLOGIES

H. VAN MALDEGHEM

A generalized homology of a generalized hexagon % is an auto-
morphism of . fixing all points on two mutually opposite lines or
fixing all lines through two mutually opposite points. We show that
if & is finite and if it admits “many” generalized homologies, then
% is Moufang and hence classical.

1. Introduction and notation. A (finite thick) generalized hexagon
of order (s, ?) is a point-line incidence geometry . = (P, B, I)
satisfying (GH 1) up to (GH 4).

(GH 1) There are s + 1 points incident with each line, s > 1.

(GH 2) There are ¢+ 1 lines incident with each point, ¢ > 1.

(GH 3) Every two varieties (a variety is a point or a line) lie in a
common circuit consisting of six points and six lines.

(GH 4) For every circuit consisting of k points and & lines it must
be that k£ > 6.

At present there are, up to duality, only two classes known of fi-
nite generalized hexagons and they are related to the Chevalley groups
G»(q) and 3D4(q) . We denote them respectively by G,(g) and 3Dy(q)
(see e.g. [4]). Of course, there are two mutually dual choices for these
generalized hexagons, but we fix one by saying that 3D,(g) has order
(¢, ¢®) and G,(q) is a subgeometry of 3D4(q). We will define these
hexagons below using Kantor’s description (see [4]).

We now introduce some further notation. Let ¥ = (P, B, I) be a
finite generalized hexagon. We will always assume that . is thick. A
circuit consisting of six points and six lines (as in (GH 3)) is called
an apartment. Let A be an apartment and x a variety of .. We
denote the set of all varieties incident with x but distinct from the
12 varieties of A by A*(x). A chain of seven distinct consecutively
incident varieties is called a root. If the middle element of a root is a
point, then we call the root short, if the middle element is a line, then
we call it a long root. Let R = (xoIx;I --- I x¢) be a root. If a is
an automorphism of % fixing all varieties incident with x;, x;, X3,
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X4 or Xxs, then we call a an fR-elation or, in general, a root-elation.
If the group of R-elations acts transitively on the set of apartments
containing R (for fixed M), then we call R a transitive root. In
that case the action just mentioned is regular. If every root of &
is transitive, then . is called Moufang and it was observed by Tits
(see [9]) that a theorem of Fong and Seitz [3] implies that, amongst
other things, all finite Moufang generalized hexagons arise from the
Chevalley groups mentioned above.

Two varieties x and y of % are called opposite if they lie at dis-
tance 6 from each other in the incidence graph, i.e. if they are opposite
vertices or opposite sides in every apartment containing them. Let x
and y be two opposite varieties and let o be an automorphism of .
fixing every variety incident with x or y. Then we call o a general-
ized homology or an (x, y)-homology. Consider the group #(x, y)
of all (x, y)-homologies. The number of orbits of #(x, y) on the
set of all varieties incident with a given variety z which is in turn
incident with x or y is independent of the choice of z and it is at
least 3 (since {x} or {y} is an orbit, as is the unique variety incident
with z and nearest to x or y). If that number is exactly 3 for some
(and hence for all) such z, then we say that . is (x, y)-transitive
and that (x, y) is a transitive pair. If every pair of opposite varieties
of a given apartment A is transitive, then we call A itself transitive.
If every apartment of % is transitive, then we say that % has tran-
sitive apartments. The aim of the present paper is to show that the
latter is equivalent to . being Moufang. Hence our main result:

MAIN RESULT. A4 finite thick generalized hexagon ¥ is Moufang if
and only if it has transitive apartments. If & has order (s, t) with s >
2 and t > 2 and &7 is Moufang, then all root-elations are generated
by generalized homologies.

There is an immediate corollary.

COROLLARY 1. A finite thick generalized hexagon % has transitive
apartments if and only if & or its dual is isomorphic to G,(q) or to
3D4(q) for some prime power q .

In §2 we will show that both G,(g) and 3D4(q) have transitive
apartments (and hence also their duals). In §3 we prove the converse.

2. The classical generalized hexagons G,(g) and 3D4(gq). We start
with Kantor’s description of 3D,(q) (see [4]).
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Let
Q={(a,B,c,d,e)a,c,ecGF(q); B, € GF(q*)}, and
(a,B,c,d,e)d,p',c,d,¢€)
=(a+d,B+p,c+c+de—-tr(f'd),6+6",e+¢€),
where tr(y) = y+yq+y‘12. So Q isagroupoforder ¢°. If 1<i<5,
let x; be the element whose ith coordinate is x and all others 0, and

let X; be the set of all such x;. Define for all x € GF(q3) an
automorphism xg of Q by

(a,B,c,0,e)%
=(a, B+ax, c—a’x"tH _ (B9 x) — tr(afxItT),
8 +axite 4 Bix? 4+ pUx4,
e+ ax a4 r(BxIHT) + tr(dx)).
Now identify ¢ € GF(q) with t¢ and define

Ay(c0) = X5, Ai(t) = X{,

Az(00) = Xy X5, A(t) = (X1 X2)',
A3(00) = X3X4 X5, A3(t) = (X1X2X3)",
A4(00) = XpX3X4 X5, A4(t) = (X1 X2 X3Xy)".

Now let ¢ run over GF(gq3)U{oo} and g over Q. Then the points of
3D4(q) are a symbol (o), all possible cosets A4(¢)g and A,(t)g, and
all elements g. The lines of 3D,(g) are the elements ¢ and the cosets
A3(t)g and A;(t)g . Incidence is obtained via (suitable) inclusion and
moreover ¢ is incident with A44(z)g and also with (c0).

Restricting f, 0 and ¢ above to GF(gq) produces G»(q).

Now we fix the following apartment 4 in 3D4(q).

A = (A4(00) I A3(00) I Ax(oc0) I Ay(o0) I (0,0,0,0,0) 71 A,(0)
I A5(0) I A3(0) I A4(0) I 01 (00) I oo I Ag4(00)).
Let T € GF(q3) and define the following automorphism 67 of Q.
0r:(a, B,c,8,¢e)— (a, TR, T\H+0 ¢, THT 5, T1+a+0g),

Define 67 also on the group of automorphsims #4 by mapping t¢ —
(T't)s. Then it is an exercise to show that the mapping 67 produces
an automorphism of 3D4(q) leaving all elements of 4 and all points
incident with the line oo invariant and mapping the line ¢ into the
line T¢t. So we obtain a group of order g3 — 1 acting transitively
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on A*((00)). This group is isomorphic to the multiplicative group of
GF(q3). Hence 3D4(q) is (x, y)-transitive for all pairs (x, y) of
opposite points (since the full automorphism group of 3D4(q) acts
transitively on such pairs).

Now let U € GF(q) and define the following automorphism 7y of
0.

nu:(a,B,c,d,e)— (Ua,UB, U, Ué, Ue).

Then this induces an automorphism of 3D,(g) leaving all elements of
A and all lines incident with the point (oo0) invariant and mapping
the point (a, 0, 0, 0, 0) into the point (Ua, 0, 0, 0, 0). As above,
we conclude that 3D4(q) is (x, y)-transitive for all pairs (x, y) of
opposite lines. Hence 3D4(g) has transitive apartments.

Restricting #,0,¢t and T to GF(q), we see that also G,(g) has
transitive apartments. This shows one way of our main result.

3. Finite generalized hexagons with transitive apartments.

3.1. Generalities. From now on we fix a given finite thick general-
ized hexagon . of order (s, ¢) and a certain apartment A4 in .%.
We suppose that . has transitive apartments. By duality, we can
assume that s > t. We denote the elements of 4 by

LlIp11L21p3IL4Ip5IL61p6IL5Ip4IL3IpZIL1.

If x1,x,...,X;, i apositive integer, are varieties of . then we
denote by #(x;, X2, ..., x;) the group of automorphisms of . fix-
ing all varieties incident with at least one of X, ..., x;. If we want
the group fixing moreover varieties y;, y5, ..., y; for some positive
integer j, then we write .,y yj)(xl, ..., Xi). We denote the
identity of the automorphism group of . by the usual 1. Here are
some useful lemmas.

LemMA 1. Let p € {p;,p3}, L € {Ly,Ly, Ly} and pIL. If
Hp,,p)P> L) # 1, then |Zy, p,(p, L)| = t. Also the dual holds.

Proof. This is obvious if ¢ = 2, so suppose ¢ # 2. Let 1 # o€
Hp,.p)(P> L) and a € # (L, L¢). Consider a~'oa. Then L oa =
(L")" runs over all elements of 4*(p,) as a varies over Z”(Ll , Lg).
But clearly a~'oa € %, ,y(p, L). u]

LEMMA 2. If s > 2 and t > 2, then the group of automorphisms of
&7 generated by all generalized homologies of . acts transitively on
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the triplets (p, L, B) where p is a point incident with the line L and
both lying in the apartment B.

Proof. 1t is easy to see that the group in question acts transitively
on the set of points opposite to a fixed point, hence it acts transitively
on the set of points. Dually, it acts transitively on the set of lines and
even on the set of pairs (p, L) of points p incident with a line L. If
B and B’ are two apartments containing such a pair (p, L), then it
is again elementary to see that we can map B’ to B fixing (p, L).O

LEMMA 3. Suppose s > 2. Then we have:

(a) Suppose & does not contain a proper thick subhexagon with s+1
points on a line. Then %, (p1, L) # 1. If moreover #(L,, L¢) =
#(Ly, Ls), then #(Ly, Lg) = # (L3, L) and every long root is tran-
sitive. On the other hand, if moreover # (L, L¢) acts regularly on
A*(Ly), then 2 (L1, p1, L) # 1. Also the dual holds.

(b) Suppose #(L,, Ls) acts regularly on A*(p;). Then
Hp,.p) 01, L) # 1. Also the dual holds.

Proof. (a) Let (po I M31q41 MsI gl MgI ps) be a (long) root not
lying in A. Let 1 # a € #(L;, Lg) and choose S € #(L;, Mg)
such that of fixes at least one element of A*(p;). Clearly af #
1. Suppose aff fixes a line M incident with p, and distinct from
L,. Then it fixes a whole apartment, all points incident with L,
and at least three lines through p; ; hence it fixes a thick subhexagon
with s + 1 points on a line. By assumption this implies aff = 1,
a contradiction. Suppose now af does not fix a line M incident
with p;. Let L be any element of A*(ps) and consider the (L;, L)-
homology «; mapping Lg into Lg'B . If also L' € A*(ps), then
araj! is an (L;, Lg)-homology and hence, if L # L', then araj!
does not fix M, so M # M* . But there are ¢t—2 valid choices for
L, so {M°} contains the ¢ — 2 lines incident with p; and distinct
from M, L, and L,. Hence we can choose L such that a; maps M
into M*# . But similarly as before, aﬁazl fixes A, it fixes all points
incident with L; and it fixes M ; hence it is the identity, contradicting
the fact that o does not fix L. Hence af must fix all lines incident
with p;. But af fixes ps, and hence the first assertion follows.

Suppose now #(L,, L¢) = #(L, Ls). Then by Lemma 1,
#(Ly, Lg) = #(L3, Ly). So af above fixes also all points inci-
dent with L, or L4. But since af acts semi-regularly on the lines
incident with p, (distinct from L;), it has to fix at least one line
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M' € A*(p3). By symmetry and by Lemma 1, there exists an auto-
morphism o € #(L,, L,, p3, Ls) mapping L3 into Lg‘ﬂ. So afo!
fixes 4, M' and all points of L, ; hence it fixes .. So aff = 7,
and hence af € #(L;, p1, L, p3, Ly). The second assertion now
follows from Lemma 1.

Similar to the first assertion, one shows that every element of
#,(P1, L) must also fix all points of L, .

(b) This is similar to the first part of (a). O

LEMMA 4. Suppose p € {p,,p2,ps} and L € {L,, L3}. Suppose
both groups #(p, p') and #(L, L', where p' is opposite to p in A
and L' is opposite to L in A, act non-trivially on A*(L,) and at least
one of them acts (modulo the kernel of the action) semi-regularly on
A*(Lz). Then #y ,1)(p, L) contains non-trivial elements. If more-
over #(p, p') or (L, L') contains non-trivial automorphisms fixing
A*(x) elementwise, for some variety x € {p\, L1, p», L3, ps}, then
A, )P, L, x)=Hr 1, L). Also the dual holds.

Proof. Let g3 € A*(L,) and suppose g3l MyIqsI MglIqggl Ls.
Choose a € #Z(p, p') not fixing g3 and B € Z(L, L") not fixing
D3, where L" € {My, Mg} is opposite to L (this can be done by as-
sumption (use also Lemma 2) possibly by taking a “new” point g3 ).
Put ¢ = a”!fap~!. Clearly 0 € #; 1)(p, L). Suppose o is the
identity. Then p§ = p3; hence (pf )* = pf and similarly (qg')ﬂ =q5.
But this contradicts the semi-regularity of #(p, p') or #(L, L") on
the appropriate set of points. Hence the first assertion. The second
assertion now follows easily by the construction of g above and by
Lemma 1. o

LEMMA 5. Let o be an automorphism of &% fixing Ly, p1, Ly, p>,
Ls, p4, Ls and acting semi-regularly on the set of points distinct from
py incident with Ly. Let x € {py, Ly, p2, L3, ps} and suppose
#(x,y), where y is opposite to x in A, acts non-trivially on A*(L;).
Then there exists a non-trivial automorphism t of . fixing all vari-
eties incident with x, fixing Ly, p;, ..., Ls and fixing Ly or Ly
pointwise and py, p» or ps linewise whenever o does. Also the dual
holds.

Proof. Let a be an (x, y)-homology acting non-trivially on A*(L,).
Possibly by replacing ¢ by B~ 'oB for some B € #(p;, ps), we see
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that o does not fix p. Defining 7 = a~!gac~!, the assertion follows
similarly as in the proof of the previous lemma. O

From here on, we have to distinguish between three different cases:
s=t; s>t and .%¥ contains a subhexagon of order (s', ¢), 1 <§' <
s; s>t and % does not contain any subhexagon of order (s’, ¢) for
any 1 <s' <s.

3.2. The case s =t. Suppose s = t. By Cohen-Tits [1] (see also
Tits [8]), we may assume s > 2; otherwise . is Moufang. If some
non-trivial a € #(p,, pg) fixes some point p € A*(L,), then it fixes
a subhexagon of order (s', 5), 1 < s’ and hence by a theorem of Thas
[6], s% > s"2s2, contradicting s’ > 1. Hence #(p;, ps) acts regularly
on A*(Ly). Dually, #(L,, Lg) acts regularly on A*(p;). By Lemma
3, the groups #1_(p;, Ly) and#, (py, L) are non-trivial.

Suppose first that #(L;, Lg) = #(p3, ps). Then, by the above
argument, #(L;, Lg) acts regularly on A*(L,;) and hence by
Lemma 3, #, (L, p1, L) is non-trivial. Dually, one shows that also
Z1,(p1s L1, p2) is non-trivial. By [10], % is Moufang.

Hence we may assume that #(L,, Lg) # #(p3, p4). Suppose
#(py, ps) = #Z(p2, ps). By Lemma 3, all short roots are transitive.
Suppose a € #(L,, Ls) fixes some M € A*(p;). Let p be any ele-
ment of 4*(L;) and let f € #(p;, ps) be such that p® = pf. Then
af~! fixes 4, M and p; hence it fixes a thick subhexagon of #.
So there exsits a point p’ € A*(L,) fixed by af~! (since L, belongs
to that subhexagon). So clearly # must fix p, a contradiction. Hence
#(L,, Ls) acts regularly on A4*(p,). By Lemma 3, ’%szps)(pl , Lp)
is not trivial. By Lemma 1 and Van Maldeghem-Weiss [10], . is
Moufang. Similarly .# is Moufang if # (L, Lg) = #(L,, Ls).

By the preceding paragraph, we may assume #(L;, Lg) #
#(Ly, Ls), #Z(p1,ps) # # (P2, ps) and #(Ly, L) # #(P3, Pa)-
So the group #(p;, ps) acts non-trivially on A*(p,). But if a non-
identity element o € Z(p;, pe) fixes at least one element of 4*(p;),
then it must fix a subhexagon of order (1, s) and hence o fixes all
elements of A*(p;). So up to its kernel, the action of #(p;, ps)
on A*(p;) is non-trivial and semi-regular. By Lemma 4, the group
Hp,,p,) (D1, L2) 1s non-trivial. Dually, the group AL,,L )(pz, Ly is
non-trivial. By Lemma 1 and Van Maldeghem-Welss [10], & is
Moufang.

Clearly, there follows from our proof that, if s > 2 and ¢ > 2,
the set of generalized homologies generate all root-elations. This com-
pletes the case s =¢.
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3.3. Case s >t and & contains a subhexagon of order (s', 1),
1 < §' < s. In this case, we can assume by Lemma 2 that there is a
subhexagon %’ of order (s', t) containing 4. Let p be a point of
&' incident with L,. Consider a € #(p;, ps) mapping p into a
point p’ not lying in %’. Then S'*N.%' is a proper subhexagon of
&' of order (s", t). By Thas [6], s't > s2t?, so by Haemers-Roos [2],
3 > s > s'?t, and hence s’ < ¢. Again by Thas [6] 12 > 5t > 5s"%12, so
s"=1,s=tand s=1£.

Now let p be as above and consider B € #(p;, ps) mapping p
into any other point of .’ in A4*(L;). Again using Thas [6] one sees
similarly as above that ' = .%'. Also every (L, L')-homology of
& preserves &' (granted L and L' are opposite lines in .’ ). Hence
%' has transitive apartments and since s’ = ¢, .’ is Moufang by the
first part of the proof. If ¢t = 2, then the result follows again by the
uniqueness of the generalized hexagon of order (8,2) (see Cohen-Tits
[1]). So suppose ¢ > 2. Again by Thas [6], . does not contain a
proper thick subhexagon with s + 1 points on a line. So by Lemma
3, Zp,, Ps)(pl , L1) is non-trivial and hence it contains a non-identity
element o. But restricted to any subhexagon of order (¢, ¢) contain-
ing A, o is a root-elation. Since every variety incident with L, L;,
L4, p; or p; lies in such a subhexagon, it must be fixed by o. Hence
o is a root-elation of &% and by Lemma 1 all long roots of . are
transitive.

If some non-trivial element of #(L;, L) fixes an element of
A*(L,), then it must fix a subhexagon of order (s, ¢'), implying ¢ =t
by Thas [6] again. Hence #(L;, L¢) (and also #(L3, L4)) acts
semi-regular on A*(L;). By Lemma 4, there exists a non-trivial o €
#i, (p1, L1) and by Lemma 5 we can choose o such that it also fixes
every point incident with L;. But now we can assume (by Lemma
1, e.g.) that & contains pJ. Hence o is a root-elation in .*' and
hence it fixes all lines through p, and ps. So o is a root-elation and
by Lemmas 1 and 2, all short roots of . are transitive. Hence % is
Moufang.

Again it it clear by the proof that every root-elation is generated by
generalized homologies. This completes the proof of the second case.

3.4. Case s >t and . does not contain any subhexagon of or-
der (s',t), 1 <s'<s. As in the previous case, . does not contain
proper thick subhexagons with s+ 1 points on a line. Note that ¢ > 2.
By assumption, ¥ does not contain a proper thick subhexagon with
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t+ 1 lines through a point. So by (the dual of) Lemma 3, Z1,(p1, L1)
is non-trivial. Also, similarly to the previous step, # (L3, L4) and
#(p3, p4) both act non-trivially on A4*(L,). Hence by Lemma 5,
Z(p1, L1, L3, ps) is not trivial. Since . has no proper thick sub-
hexagons with s+ 1 points on a line or ¢+ 1 lines through a point, the
order of the group # (L, L¢), resp. #Z(p;,pg),is t—1,resp. s—1.
Since s > t, there must be a (p;, pg)-homology acting non-trivially
on A*(L,;). By Lemmas 5 and 1, all short roots of . are transitive.

By Lemma 3, # (p1,L;) is non-trivial and by Lemma 35,
#(Ly, p1, Ls) is non-trivial. Let 0 € #Z(L,, p1, Lg). Then o acts
semi-regularly on the set of ¢ lines through p, distinct from Lj.
Hence ¢ cannot act semi-regularly on the set A*(p3) of size ¢t — 1.
So o fixes at least three lines through p;. By Lemmas 1 and 2, there
exists 7€ #(Ly, p3, Ls) mapping L3 into L. But then at~! fixes
A, it fixes all points incident with L, and it fixes at least three lines
through p;. By assumption, ot~! is the identity and hence o = 1;
hence # (L, p1, p3, L4) 1s non-trivial.

Suppose # (L, p1, Ly, p3, Ls) = 1. This implies that the com-
mutator

[%(pl’Llsp2’L3:p4)’%(p39L25p15Llap2)]

(which is in general a subset of #(L,, py, Ly, p3, Lg)) is also
trivial and this implies geometrically that every element of
Z(p1, L1, pa, L3, ps) fixes every line meeting L; or L,.

Since s > ¢ there exists a € #(p;, pg) fixing at least three lines
through p, and hence o fixes a subhexagon S’ of order (1, ¢).
Clearly every element t of #(L,, p,, p3, Ls) stabilizes %’ and
therefore 7 fixes at least two points incident with every line through
pp or p3. Let p I L I p; and suppose 7t fixes p # p;. Then
T € #(p1,p3, Ls) and it is easy to see that # (L, p;, p3, Ly) =
Z(p1, p3, Ls). Hence 7 fixes all points incident with L (or use
Van Maldeghem-Weiss [10] to conclude that in this case % is
Moufang). So 7 fixes every point collinear with p; or p;. Now let
og€#(1, Ly, py, L3, p4) be arbitrary and consider & =t~ lgto™!.

Suppose there exists a line M I p, such that o does not fix
the unique point of ¥/ on M. Then we choose 7 (of the pre-
ceding paragraph) such that L] = M. Hence pf # ps. Let P I
L I p, with p # p, and L ¢ A*(p;). Consider the unique t* €

#(p,L,p1,Ly,p;) mapping p to ps. Then ét*€%, (L,p;, L1 ,p2).
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If &t* # 1, then this would imply as above that #(L, p,, L,, p», L3)
is not trivial and hence by Lemma 1, % would be Moufang. So we
can assume that ¢ = (t*)~! and hence £ € #(p, L, p1, L, p;) and
it fixes all points at distance two from p; except possibly those inci-
dent with L, ; it also fixes all lines through these points since p and L
are arbitrary. So suppose ¢ does not fix all points incident with L,.
By Lemmas 1 and 2, all elements ¢ of #(p,;, Ly, p>, L3, ps) fix all
points at distance two from p, except for some points on one unique
line L, through p,. Since ¢ > 2, we can take a f € #(L;, L¢)
not fixing L,. Then ¢' = B~'¢B € #(p1, L\, p2, L3, p4) and
L, # L,. But considering pp' € (1, L1, p2, L3, p4), this leads
to a contradiciton. Hence every ¢ € #(p1, L1, D2, L3, ps) fixes
all points at distance two from p,. Similarly one shows that every
peX (1, Li, Dy, L3, psy) must fix every line at distance three from
D> . By Ronan [5], % is Moufang.

Suppose now ¢ fixes on every line through p, the unique point of
&' distinct from p,. Let M be such a line and p,, the corresponding
point. Consider the unique ¢’ € #(p;, Ly, p2, M, pys) mapping p§
back to p3. Then go’ € #p,.p,) P15 L1, p2). So if g’ # 1, then by
Van Maldeghem-Weiss [10], % is Moufang. Hence we can assume
that ¢ = ¢'. But that implies that ¢ fixes all points of M and all lines
meeting M since o’ does. Since M was arbitrary, ¢ fixes all lines
at distance three from p,, hence again by Ronan [5], %, is Moufang.

Note however that this third case cannot occur since all Moufang
generalized hexagons of order (s, ¢) with s > ¢ have subhexagons of
order (¢, t). This completes the proof of our main result.

4. Remarks. A similar theorem for generalized quadrangles fol-
lows immediately from Thas [7]. The finite thick generalized quadran-
gles with transitive apartments are the classical ones of order (g, ¢q),
(g, q% and (g2, q), for prime powers ¢g. The classical generalized
quadrangle H(4, g?) or order (g2, ¢3) is only (x, y)-transitive for
all pairs (x, y) of opposite points. However, the result in Thas [7] is
stronger than that. Indeed, for generalized quadrangles it is enough to
require (x, y)-transitivity for all pairs (x, y) of opposite points in
order to conclude that the generalized quadrangle is Moufang.

As for the generalized octagons, they behave much like the H(4, g2)
generalized quadrangle above with respect to generalized homologies.
So there exists no finite thick generalized octagon with transitive apart-
ments (and presumably neither an infinite one).
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